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1 Introduction

Higgs bundles and their moduli were first studied by Hitchin and Simpson and have been
around for almost 30 years. They continue to be the subject of intensive investigations
with links to diverse areas of mathematics such as non-abelian Hodge theory, integrable
systems, mirror symmetry, the Langlands programme, among others.

In this paper we focus on the moduli space of Higgs bundles on a compact Riemann
surface X. The topology of this moduli space has been studied extensively. Some early
calculations of Betti numbers were carried out by Hitchin for rank 2 and the first
author [§] for rank 3. Further significant progress has been made by a number authors,
see, e.g., [17), (18, 2T, [T, 22} 15, [5, T4, 13, 10, 11]. Recently Schiffmann [25] has completely
determined the additive cohomology in the case of Higgs bundles with rank and degree
co-prime.
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2 STRATIFICATIONS ON THE MODULI SPACE OF HIGGS BUNDLES

On the other hand, the homotopy theory of the moduli space of Higgs bundles has not
been the subject of a lot of interest. Hausel [12] in his thesis studied the case of rank 2
Higgs bundles, while in [4] some results were obtained for general rank. The latter paper
used the Biatynicki-Birula stratification of the Higgs bundle moduli space coming from
the C*-action given by multiplying the Higgs field by scalars. In rank 2 this stratification
coincides with the Shatz stratification, which is given by the Harder—Narasimhan type
of the vector bundle underlying a Higgs bundle. As already observed by Hitchin and
exploited by Hausel and Thaddeus [12], [I7] this makes the case of rank 2 Higgs bundles
akin to a finite dimensional version of the infinite dimensional situation of Atiyah—Bott
[2].

However, in general the Bialynicki-Birula and Shatz stratifications do not coincide,
and it is therefore of interest to study their relationship. In this paper we carry out such a
study in the case of rank 3 Higgs bundles, where it turns out that the situation is already
fairly complicated. Indeed, our main result, Theorem [B.Il shows that each Shatz stratum
is intersected by several different Bialynicki-Birula strata. Moreover, knowledge of the
underlying vector bundle of a Higgs bundle is not sufficient to determine its Biatynicki-
Birula stratum, one also needs knowledge of the Higgs field. However, for sufficiently
unstable underlying vector bundles the situation is simpler and the Shatz strata coincide
with Bialynicki-Birula strata: this is described in Theorem

Our results should serve as a useful pointer to the general situation for higher rank
Higgs bundles. Moreover, in the aforementioned work [12, [17], Hausel and Thaddeus
consider the moduli space of k-Higgs bundles (where the Higgs field is allowed to have
a pole of order k at a fixed p € X), and show that in the limit & — oo this moduli
space approximates the classifying space of the gauge group. This is used by Hausel
[12, Theorem 7.5.7] in the rank two case to calculate certain homotopy groups of the
moduli space of Higgs bundles, using implicitly that the Bialynicki-Birula and Shatz
stratifications coincide. One might thus hope that an extension of our results to Higgs
bundles with poles could be useful in extending Hausel’s results to higher rank.

This paper is organized as follows. In Section [2] we give some preliminaries about
Higgs bundles and their moduli spaces and we explain the Bialynicki-Birula and Shatz
stratifications of the moduli space. Next, for completeness, in Section [3 we present the
aforementioned result of Hausel on the equality of the two stratifications for rank 2 Higgs
bundles. After that, in Section [d] we give some bounds on the Harder—Narasimhan types
which occur in the moduli space of rank 3 Higgs bundles. Finally, in Section B we give
our main results on the relation of the two stratifications.

This paper is partly based on the Ph.D. thesis [28] of the second author and an
announcement of some of our results has appeared in [27].

2 Preliminaries

2.1 Higgs bundles and their moduli

Let X be a closed Riemann surface of genus g and let K = Kx = T*X be the canonical
line bundle of X.

Definition 2.1. A Higgs bundle over X is a pair (E,®) where the underlying vector
bundle E'— X is a holomorphic vector bundle and the Higgs field ® : £ — EF ® K is a
holomorphic endomorphism of F twisted by K.
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The slope of a vector bundle E is the quotient between its degree and its rank: u(E) =
deg(E)/rk(E). Recall that a vector bundle E is semistable if u(F') < p(F) for all non-zero
subbundles F' C FE, stable if it is semistable and strict inequality holds for all non-zero
proper F', and polystable if it is the direct sum of stable bundles, all of the same slope. Any
semistable vector bundle has a Jordan—Holder filtration Fy C F; C --- C E such that the
subquotients F;/E;_; are stable. The isomorphism class of the associated graded bundle
@ E;/E,_; is unique, and semistable vector bundles are S-equivalent if their associated
graded bundles are isomorphic. Each S-equivalence class contains a unique polystable
representative. The corresponding notions for Higgs bundles are defined in exactly the
same way, except that only ®-invariant subbundles F' C E (satisfying ®(F) C F ® K)
are considered in the stability conditions.

The moduli space M(r,d) of S-equivalence classes of semistable rank r and degree
d Higgs bundles was constructed by Nitsure [23]. The points of M(r,d) correspond
to isomorphism classes of polystable Higgs bundles. When r and d are co-prime any
semistable Higgs bundle is automatically stable and M(r, d) is smooth.

There are no stable Higgs bundles when g < 1 and the theory has quite a different
flavour (see, for example, the work of Franco-Garcia-Prada-Newstead [0 [7] on Higgs
bundles on elliptic curves), and so we shall also assume that g > 2.

We shall need to consider the moduli space from the complex analytic point of view.
For this, fix a complex C* vector bundle £ of rank r and degree d on X. A holomorphic
structure on & is given by a 0-operator dp: A°(E) — A%N(E) and we thus obtain a
holomorphic vector bundle E = (£, dg). From this point of view, a Higgs bundle (E, ®)
arises from a pair (Jp, ®) consisting of a d-operator and a Higgs field & € AM(End(&))
such that 95® = 0. The natural symmetry group of the situation is the complex gauge
group G€ = {g: £ = £ | g is a C* bundle isomorphism}, which acts on pairs (9, ®)
in the standard way:

9 (0, ®) = (godpog ',go®og™).
The moduli space can then be viewed as the quotientﬁ

M(r,d) = {(0g,®) | 9g® =0 and (E, ®) is polystable}/G".

2.2 Harder—Narasimhan filtrations and the Shatz stratification

The Harder-Narasimhan filtration of a vector bundle was introduced in [9, Proposi-
tion 1.3.9] and studied systematically by Shatz [24, Section 3]. It plays an important role
in the work of Atiyah and Bott [2, Section 7]. We refer the reader to these references for
details on what follows.

Let E be a holomorphic vector bundle on X. A Harder-Narasimhan Filtration of E,
is a filtration of the form

HNF(E): FE=FE;DFE;, 1D ---DE DEy=0 (2.1)
which satisfies the following two properties:

() p(Ej/E;) < p(E;/Ej) for 1 <j<s— 1L

3Strictly speaking one should use appropriate Sobolev completions as in Atiyah and Bott [2, Sec-
tion 14]; see, for example, Hausel and Thaddeus [I7, Section 8] for the case of Higgs bundles.
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4 STRATIFICATIONS ON THE MODULI SPACE OF HIGGS BUNDLES

(i) E;/E;_; is semistable for 1 < j <s.

For brevity, when we have a filtration £ = E;, D E,; D -+ D E; D Ey = 0 we shall
sometimes write £; = E;/E,;_; for the subquotients. The associated graded vector bundle
is

Gr(E) = E;/E;1 = PE;.
j=1 =1

Any vector bundle E has a unique Harder—Narasimhan filtration. The subbundle
E, C E is called the mazimal destabilizing subbundle of E; its rank is maximal among
subbundles of F of maximal slope. Consider the Harder—Narasimhan polygon as the
polygon in the (r, d)-plane with vertices (rk(E;), deg(£};)) for j = 0,...,s. The slope of
the line joining (rk(F;_;),deg(F;_1)) and (rk(E;), deg(F;)) is u(E;). Condition (i) above
says that the Harder—Narasimhan polygon is convex. Clearly this is equivalent to saying
that u(E;) < p(E;—) for j =2,...,s.

The Harder—Narasimhan type of E is the following vector in R":

HNT(E) = p = (u(E1), ..., w(EY), ..., u(Ey), ..., n(Ey))

where 7 = rk(E), and the slope of each E; is repeated r; = rk(F;) times.
There is a finite decomposition of M(r,d) by the Harder-Narasimhan type of the
underlying vector bundle E of a Higgs bundle (E, ®):

M(r,d) = U, (2.2)

where U/, C M(r,d) is the subspace of Higgs bundles (FE,®) whose underlying vector
bundle E has Harder—Narasimhan type u. When (E, ®) is strictly semistable we take its
Harder-Narasimhan type to be that of the polystable representative of its S-equivalence
class. As a consequence of Shatz [24, Propositions 10 and 11] the decomposition ([22) has
nice properties and for this reason it is known as the Shatz stratification. Note that there
underlying vector bundle F is itself semistable (see Hitchin]20l Proposition 6.1] in the
rank 2 case and [4, Proposition 3.12] for general rank). Since ® € H°(End(E) @ K) =
HY(End(FE))* (by Serre duality), such a Higgs bundle represents a point in the cotangent
bundle of the moduli space of stable bundles N*(r, d) when FE is stable. Thus, if (r,d) = 1

.....

2.3 The C*-action and the Bialynicki-Birula stratification

We review some standard facts about the C*-action on M(r,d). For more details see,
e.g., Simpson [26, Section 4], especially Lemma (4.1.).
The holomorphic action of the multiplicative group C* on M(r,d) is defined by the
multiplication:
2 (E,®)— (E,z- ).

The limit (Ey, po) = lim, 2 - (E, ®) exists for all (E,®) € M(r,d). Moreover, this
limit is fixed by the C*-action. A Higgs bundle (E, ®) is a fixed point of the C*-action if
and only if it is a Hodge bundle, i.e. there is a decomposition £ = @/_, E; with respect
to which the Higgs field has weight one: ®: F; — FE;.; ® K. The type of the Hodge
bundle (£, ®) is (tk(Ey), ..., rk(E))).
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Let {F)} be the irreducible components of the fixed point locus of C* on M(r,d). Let
Ui ={(E,®) e M | li_)r%z - (E,®) € F)\}.
Then we have the Biatynicki-Birula stratification (cf. [3|, Theorem 4.1]) of M(r,d):

M=JUy.
A

Note that there is a distinguished component
Fmin = N<T7 d)

of the fixed locus corresponding to semistable Higgs bundles with zero Higgs field and
that we have a corresponding Biatynicki-Birula stratum U, . Let (E, ®) be a semistable
Higgs bundle. When the underlying vector bundle F is itself semistable, clearly lim,_,q z-
(E,®) = (E,0). Conversely, if lim, 0z - (E,®) = (E£,0) € M(r,d), then (E,0) is a
semistable Higgs bundle and hence E' is a semistable vector bundle. Thus we have the
following result, valid for any rank.

Proposition 2.2. Let (E,®) € M(r,d). Then lim, ,oz - (E,®) = (E,0) if and only if
E is semistable. O

In view of this result the following proposition is now immediate.

Proposition 2.3. The following subspaces of the moduli space M(r,d) coincide:

3 The rank 2 case

In this section we recall, for completeness, a theorem of Hausel, which says that in rank
2 the Shatz and Bialynicki-Birula stratifications coincide.

Let (E,®) be a semistable rank 2 Higgs bundle corresponding to a fixed point of the
C*-action on M(2,d). In view of the results explained in Section 23] either ® = 0 or
(E, ®) is of the form

(E,®) = (B, @ By, ( g 8 )). (3.1)

Let dy; = deg(F1), then deg(FEs) = d—d;. Semistability of (£, ®) immediately shows that
d; must satisfy the bounds
d<2d1 <d—|—2g—2.

If d < 2d; then ¢ # 0, and if d = 2d; then such a Higgs bundle is S-equivalent to
(E,0). Thus, the components of the fixed locus are Fy,;, = N (2,d) and, for each d; with
d < 2d; < d+ 29 — 2, a component Fy, consisting of (F, ®) of the form [BI]). (It is easy
to see that Fy, is indeed connected, cf. Hitchin [19, Sec. 7].)

The methods employed in the present paper readily give the following result (cf.
Remark [B.7).
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Proposition 3.1. Let (E,®) € M(2,d) be a rank 2 Higgs bundle such that E is an
unstable vector bundle with maximal destabilizing line bundle Fy C E. Then the limit
(EQ, (IDQ) = llmz_m(E, z (I)) 18

0 O
Ey, By) = <E E/E, )
(Eo, ®) 1@/1<<p21 O)
where po 1s induced from ®. The associated graded vector bundle is Gr(Ey) = Gr(E). O

Combining Proposition B.Ilwith Proposition 2.2limmediately gives the following corol-
lary.

Corollary 3.2 (Hausel [12], Proposition 4.3.2]). The Shatz stratification of M(2,d) co-

incides with the Biatynicki-Birula stratification. More precisely, U(’d/27d/2) = Ul =
T*N(2,d) (where the last identity holds for d odd), and Uy, 4_4 = Uy for each dy satis-
fying d < 2d; < d+ 2g — 2. ]

4 Bounds on Harder—Narasimhan types in rank 3

Let (E,®) be a rank 3 Higgs bundle. Let (p1, f12, i3) be the Harder—Narasimhan type of
E, so that py > pe > ps and pug + pe + pu3 = 3u, where p = p(E). We can write the
Harder—Narasimhan filtration of the vector bundle E as follows:

HNF(E) 0=FEyCFE, CE,CE3=F,

where we have made the convention that F; = E; if p; = p;. Thus, for example, if

i1 = po > pg then the Harder-Narasimhan filtration is
HNF(E): 0=EyCE1=FE, CFE3=FE

and rk(F;) = rk(FEy) = 2. Similarly, if p; > pg = pz then rk(E;) = 1 and rk(Es) = 3.
We shall next introduce some notation which will be used throughout the remainder
of the paper.
Let p91: By — F/E; ® K be the map induced by ® and let

I C E/E, (4.1)

be the subbundle defined by saturating the subsheaf @9, (F)) @ K~' C E/FE;. Similarly,
let @39: By — F/FEy; ® K be the map induced by ® and let

N = ker(ps2) C Es (4.2)

viewed as a subbundle.

Remark 4.1. Let (FE,®) be a stable Higgs bundle such that E is an unstable vector
bundle of Harder—Narasimhan type (p1, o, £3). Then Ey C E is destabilizing and hence,
by stability of (E,®), we have yo; # 0. Similarly Fy C E is destabilizing and so ¢35 # 0
(unless po = pu3 <= Ey = F).

Proposition 4.2. Let (E,®) be a semistable rank 3 Higgs bundle of Harder—Narasimhan
type (:ula 2, :u3) Then

9—2, (4.3)
g—2. (4.4)
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Proof. The fact that the differences ;1 — p; are non-negative is just the convexity of
the Harder—Narasimhan polygon.

If E' is semistable the result is clear, so we may assume that this is not the case.

If py > po then tk(F;) = 1, and I C E/F; is a line bundle, since o1 # 0 by
Remark 4.1] It follows that we have a non-zero map of line bundles F; — I ® K and so

u(I) +29 =2 = p(Er) = .

Also, since Ey/FE) C E/E; is the maximal destabilizing subbundle, we have that

u(l) < p(Ez/Er) = po
(note that this inequality also holds if ps = p3). Combining these two inequalities proves
B3).

If p1o > pg then rk(Ey) = 2, and N C E, is a line bundle, since ¢35 # 0 by Remark .1
It follows that we have a non-zero map of line bundles Ey/N — E/FE; ® K and so

w(E/Es) +2g —
<~ U3 + 2g —

Also, since F; C F, is maximal destabilizing, we have that

n(N) < p(Er) =

(note that this inequality also holds if z; = p2). Combining these two inequalities proves

@) O

Note that the proof of the preceding Proposition gives the following bounds on the
slopes of the bundles I and .

Proposition 4.3. Let (E,®) be a semistable rank 3 Higgs bundle of Harder—Narasimhan
type (u1, p2, pi3) and define I C E/E; and N C Ey as above.

(1) If uy > ps then I C E/E is a line subbundle of a rank 2 bundle and p; — (29 —2) <
u(l) < pa.

(2) If pa > pg then N C Ey is a line subbundle of a rank 2 bundle and py + po — pg —
(29 —2) < p(N) < .

O

5 Limits of the C*-action

The purpose of the present section is to analyse the limit as 2 — 0 of z - (F,®) as a
function of the Harder—Narasimhan type of E. Note that the case of trivial Harder—
Narasimhan filtration, corresponding to (E, ®) with semistable underlying vector bundle
FE, is covered by Proposition
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5.1 Non-trivial Harder—Narasimhan filtrations

Again we limit ourselves to considering rank 3 stable Higgs bundles (E, ®). We shall use
the notation introduced in Section @]

Theorem 5.1. Let (E, ®) € M(3,d) be such that E is an unstable vector bundle of slope p
and with Harder—Narasimhan type (p1, pio, 13). Then the limit (Ey, o) = lim,_,o(E, z- P)
is given as follows.

(1) Assume that ps < p. Then py > po > us, the subbundle I C E/E; defined in (Z1)
is a line bundle, and one of the following alternatives holds.

(1.1)

(1.2)

(1.3)

(1.4)

The slope of I satisfies iy — (29 — 2) < p(l) < —ip1 + 2po + 2p3. Then
(Eo, ®g) is the following Hodge bundle of type (1,2):

(Eo, @g) = (El@E/El, ( 9021 8 )),

where @9y is induced from ®. The associated graded vector bundle is Gr(Ey) =
Gr(FE).

The slope of I satisfies p(I) = —%p1+§u2+%,u3. Then (Eq, ®o) is the following
strictly polystable Hodge bundle:

(Fo,@0) = (i@ 1, ( - ) )& ((B/E)/1,0),

21

where o1 is induced from ®. The associated graded vector bundle is Ey =
Gr(Ey) = E1 ® (E/Ey) /I @ I and its Harder—Narasimhan type is HNT(Ey) =
(p1, e, _é,ul + %Mz + §M3)-

The slope of I satisfies —%p1 + 2po + 2ps < p(I) < ps. Then (Eo, ®o) is the
following Hodge bundle of type (1,1,1):

0 0 O
(EQ,(PQ)(El@]@(E/El)/I,(SOﬂ 0 0)
0 @3 0

Here @91 and 3o are induced from ®. The associated graded vector bundle
is By = Gr(Ey) = Ey @ (E/Ey)/I & I and its Harder—Narasimhan type is
HNT(Eo) = (1, pro + piz — pu(L), pu(1))-

The slope of I satisfies (1) = ps. Then the strict inequality us < po holds,
the line bundle I = Ey/Ey, and (Ey, ®g) is the following Hodge bundle of type
(1,1,1):

0 0 0
(Ep, ©p) = <E1 D E/E,®E/Ey, | w1 0 0 ;
0 @32 0

where p3o is induced from ®. The associated graded vector bundle is Ey =

Gr(Ey) = Gr(E).

(2) Suppose that ps > p. Then py = ps > pg, the subbundle N C Ey defined in (L2)
is a line bundle, and one of the following alternatives holds.

8
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(2.1) The slope of N satisfies py + pto — ps — (29 — 2) < u(N) < . Then (Ep, Dp)
is the following Hodge bundle of type (2,1):

(Eo, @) = <E2@E/E2, ( SOO 8 ))

32

The associated graded vector bundle is Gr(Ey) = Gr(E).

(2.2) The slope of N satisfies 1 = p(N). Then (Eo, ®g) is the following strictly
polystable Hodge bundle:

(Eo, ®o) = (N,0) & <E2/N@E/E2’< y 8 ))

P32

where p3o is induced from ®. The associated graded vector bundle is Ey =
Gr(Ey) = E2/N @& N & E/FEy and its Harder—Narasimhan type is HNT(Ey) =

(B 4 2po — Lpta, o, pt3).
(2.3) The slope of N satisfies p < u(N) < pa. Then (Ey, @) is the following Hodge
bundle of type (1,1,1):

0 0 0
(E0,®Q)<N@E2/N@E/E2,(SO2I O 0)
0 @3 0

where w91 and p3o are induced from ®. The associated graded vector bundle
is By = Gr(Fy) = Ey/N & N & E/E, and its Harder-Narasimhan type is
HNT(Ey) = (pu1 + pa — p(N), o(N), paz)-

(2.4) The slope of N satisfies u(N) = py. Then the strict inequality py > po holds,

the line bundle N = FEy and (Egy, ®g) is the following Hodge bundle of type
(1,1,1):

0 0 0
(Ep, ©p) = <E1 ® Ey/E, & E/E,, ( w1 0 0 ) ;
0 @32 0

where w91 and s are induced from ®. The associated graded vector bundle is
EQ = GI‘(EQ) = GI‘(E)

(8) Suppose that jo = . Then py > po > s, the subbundles I C E/E, and N C Es
defined in [AJ) and [E2) are line bundles, and one of the following alternatives
holds.

(3.1) The equivalent conditions N = Fy and I = Ey/FE;y hold. Then (Fy, ®q) is the
following Hodge bundle of type (1,1,1):

0 0 O
(Ep, ©p) = <E1 @ Ey/E, & E/E,, ( w1 0 0 ) ;
0 @32 0

where w91 and s are induced from ®. The associated graded vector bundle is
EQ = GI‘(EQ) = GI‘(E)
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(3.2) Otherwise (Fo, ®q) is the following strictly polystable Hodge bundle:

(Fo, @) = (1 & B/ B, ( o ) ) @ (B2/Ex,0),

where @31 is induced from ®. The associated graded vector bundle is Gr(Ey) =

Gr(FE).

Remark 5.2. The Cases (1.2), (2.2) and (3) cannot happen when the rank and degree are
co-prime, i.e., (3,d) = 1.

Remark 5.3. The condition py < p is equivalent to pg > —%,ul + %/@ + %Mg. In particular
the range for p(/) in Case (1.2) is non-empty.

Before proceeding with the proof of Theorem [B.1] we deduce a couple of interesting
consequences. The theorem shows that, in general, knowledge of the Harder—Narasimhan
type of E does not suffice to determine the underlying bundle Fy of the limit (Ey, ®g) =
lim, ,o(F, z-®). However, there are some Harder—Narasimhan types (p1, 2, pt3) for which
Ey is determined by E. We note that, by Proposition 2], one has 0 < py — pug < 49 — 4.

Corollary 5.4. Let (E,®) € M(3,d) be such that E is an unstable vector bundle of
slope 1 and Harder—Narasimhan type (1, o, p13). Assume that py — ps > 29 — 2. Then
the limit (Ey, ®9) = lim, ,o(E, z - ®) is given by (1.4) of Theorem [51 if pa < p, by
(2.4) of Theorem [51) if o > p, and by (3.1) of Theorem [21 if s = p. In particular
EQ = GI‘(E()) = GI‘(E)

Proof. We only have to show that in all the other cases of Theorem [B.1] we have 1y — p3 <
2g — 2.

In Cases (1.1), (1.2) and (1.3) we have p(/) < ps (cf. Remark B.3]). Moreover, by (1)
of Proposition 3] we have 3 — (29 — 2) < p([I). It follows that py — (29 — 2) < pg as
desired.

Similarly, in Cases (2.1), (2.2) and (2.3) we have u(N) < pe2 and, by (2) of Proposi-
tion 3], p1q + pe — g — (29 — 2) < p(N). Hence pg + po — ps — (29 — 2) < pp which gives
the conclusion.

Finally, in Case (3.2) we have ¢3; # 0 (since otherwise F would be semistable) and
hence p; — ps3 < 29 — 2. O

In a similar vein, we shall next see that certain types of Hodge bundles can only be the
limit of a Higgs bundle whose underlying vector bundle has the same Harder—Narasimhan
type as that of the Hodge bundle.

Before stating the result we recall (see, e.g., [8] or Hausel-Thaddeus [16]) that fixed
points of type (1,1, 1) of the form

0 0 0
(E07 (I)O) = (Ll DLy ®Ls, [ par 0 O )
0 @3 0

are usually parametrised by the numerical invariants

my = deg(Ly) — deg(Ly) + 29 — 2,
mo = deg(L3) — deg(Ly) + 29 — 2,

10
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subject to the conditions

m; =20, 1=1,2,
2mq + meo < 6g — 6,
mq + 2ms < 6g — 6,
mi1+2my =0  (mod 3).

For our purposes it is more natural to translate to the invariants (ly,ls,l3) with [; =
w(L;) = deg(L;) (subject to the condition l; + I3+ I3 = 3pu). We then have corresponding
components Fy, ;,,) of the fixed locus and the invariants (I1,ls,l3) are subject to the
constraints

i —L4+29-2>0, i=1,2,
1 2
l1+3l 3l3>0
1 1
-l
373

=y

1
3
2 =3 > 0.
3 3

0
Corollary 5.5. Let (Ey, ®g) = (L1 ® Ly @ Ls, (@81 0 0)) be a Hodge bundle of type

w32 0

(1,1,1) with p(Ly) — p(Ls) > 29 —2. Then p(Ly) > pu(Le) > p(Ls3) and any (E, ®) such
that lim, ,o(E, z - ®) = (Ey, ®o) satisfies Ey = Gr(FEy) = Gr(E).

Proof. 1t is easy to see that polystability of (Ey, ®¢) and the condition p(L;) — u(Ls3) >
2g — 2 together imply that s and (35 non-zero.

Inspecting the various cases of Theorem [5.1] we see that only in cases (1.4), (2.4) and
(3.1) the limit is a Hodge bundle of type (1,1,1) with u(L;) — pu(Ls) > 2g — 2. The
conclusion follows since in these cases Fy = Gr(Ey) = Gr(E). O

The two previous corollaries lead to an identification between Shatz and Biatynicki-
Birula strata in some cases. Recall that U(J[IJQJS) denotes the Bialynicki-Birula stratum
of Higgs bundles whose limits lie in F{;, 1, 1,) and that Uy, ;, ;) denotes the Shatz stratum
of Higgs bundles whose Harder—Narasimhan type is (1, l2, [3).

Theorem 5.6. Let (I1,1s,13) be such that ly — I3 > 2g — 2. Then the corresponding Shatz
and Bialynicki-Birula strata in M(3,d) coincide:
U(/ll U(ll

J12,03) l2,l3)"

5.2 Proof of Theorem [5.1]

For the proof, we adopt the complex analytic point of view as explained in Section 2.1
Let € be the C* bundle underlying E and consider the pair (g, ®) representing (F, ®)
in the configuration space of all Higgs bundles. Our strategy of proof is to find a family
of gauge transformations g(z) € G¢, parametrised by z € C*, such that the limit in the
configuration space

(O, ®o) = lim(g(2) - (9, = - @)

gives a stable Higgs bundle (Fy, ®g). It will then follow that (Fy, ®y) represents the limit
in the moduli space.
We now need to consider several cases.

11



12 STRATIFICATIONS ON THE MODULI SPACE OF HIGGS BUNDLES

5.2.1 Proof of Theorem [5.1] - Case (1)

Suppose that po < p. Then, since p; > p, we must have pq > o > pg. It follows from
(1) of Proposition @3l that I C E/FE) is a line bundle and that 1y — (29 —2) < u(l) < po.
We consider two separate cases.

Case A: 111 — (29 —2) < p(l) < —3p1 + 2p2 + 2ps.
We have a short exact sequence 0 — £y — E — E/FE; — 0. Let £, & and &, be the
C* vector bundles underlying E, F; and E/E}, respectively. Then
E=E DE (5.1)

and the holomorphic structure on & is given by the d-operator:

5 _ (0 B
8E - < 0 52 ) )
where 0; and 0, are J-operators defining the holomorphic structures on & and &, re-

spectively, and 8 € A% (Hom(&y, &;)). With respect to the smooth decomposition (&),
the Higgs field ® € AM(End(£)) takes the form:

P — ( P11 P12 ) .
P21 P22

Consider, for each z € C*, the constant gauge transformation g(z) € G© defined by

o= 0 )

with respect to the decomposition (5.I]). Then:

g(2) - (z- @) = g(2) (2 - D)g(z) = < Z(’pfl” Zj"éf ) — ( @21 8 ) when z — 0

and, moreover,
= a(2) Lo d _ (O =B 0 0
9(2) -0 = g(2) " 00gog(z) = ( 0 o ) — ( 0 3, ) when z — 0.

Note that this simple formula for the gauge transformed d-operator is valid because the
gauge transformation is constant on X. Thus, in the configuration space of all Higgs
bundles the limit lim, ,o z - (E, ®) is gauge equivalent to

(Ey, @) — (E1 ® E/E, (@21 8))

This Higgs bundle will represent the limit in the moduli space M (3, d) provided that it
is stable.

To show stability, we note that there are three kinds of ®¢-invariant subbundles of
Ey, namely Ey @ I, E/E;, and an arbitrary line bundle L C E/FE;. We deal with each
case in turn:

12
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1. The subbundle Ey®1 C Ey@® E/E;. By hypothesis pu(I) < —gp1+ 2412+ 313 which
is equivalent to u(Ey & 1) < u(E) = pu(Ey) as required.

2. The subbundle F/FE, C F; ® E/FE;. It is immediate from the properties of the
Harder-Narasimhan filtration that u(E/E)) < u(E) = u(Ep).

3. A line subbundle L. C E/E,. From the properties of the Harder-Narasimhan fil-
tration we have that either Fy/E; C FE/F; is maximal destabilizing (if ps < ps)
or E/FE; is semistable (if us = pg). Either way we have that u(L) < pse. Since
po < p= p(E) by hypothesis, it follows that p(L) < u(E) = p(Ep).

Finally note that, clearly, Gr(Fy) = E1 @ FEy/Ey ® E/FEy = Gr(E). Altogether we
have seen that, under the given conditions on the slope of I, the limiting bundle (Fy, ®¢)
is as stated in Case (1.1) of the theorem.

Case B: —p1 + 2p2 + 2p3 < pu(I) < pio.
Define Q) = (E/E1)/I so that we have a short exact sequence 0 - [ — E/E} — Q —
0. Let &, Z and Q be the C* bundles underlying E;, I and @), respectively, so that we
have a C'*°-decomposition
E=&01a 0. (5.2)

Recalling that Z comes from ®(F;) ® K~!, we may write the Higgs field ® as:

P11 P12 $i13
¢ = P21 P22 P23
0 w32 ¢33
with respect to the decomposition (.2). Moreover, the holomorphic structure on F is of
the form -
(D Bu P
Op=1| 0 0y [
0 0 O

Now, for each z € C* take the following constant gauge transformation:

0
0
52

S v O

1
g(z) =10
0

of € with respect to the decomposition (B.2)). Then

9(2) - (z- @) = g(2) ' (2 ©)g(2)

Zopn 2o 20 o3 0 0 0
= P21 20y 22-pa3 | — | w1 0 0 | when z—0
0 V32 Z P33 0 @32 0
and
9(2) - 05 = g(2) "' 0 dp o g(2)
Oz P 22 Pus o 0 0
= 0 O z -7523 — 0 0O, 9 when z — 0.

O 0 83 O 0 63

13



14 STRATIFICATIONS ON THE MODULI SPACE OF HIGGS BUNDLES

Hence, in the configuration space, lim, ,o z - (E, ®) is gauge equivalent to

0 0 O
(Eo, ®) = <E1 e le(E/E)L| ou 0 0
0 32 0

Now we prove that (Ey, ®g) is a semistable Higgs bundle. The ®¢-invariant subbundles
of Fy are the following:

1. The subbundle I & (E/Ey)/I C Ey. We have that u(I @ (E/Ey)/I) < u(E) <~
w(Ey) > p(E), which holds by properties of the Harder—Narasimhan filtration.

2. The subbundle (E/Ey)/I C Ey. The condition u((E/E1)/I) < p(E) is equivalent
to —5p1 4+ 2p2 + 213 < (1) which holds by assumption.

Consider the situation when —zp1 + 2p9 + 23 = p(1); this is the only case in which
(Eo, @) is strictly semistable. Then @) = (E/FE;)/I is a ®-invariant subbundle with
w(Q) = p, and it follows that the polystable representative of the S-equivalence class
of (Ey, ®p) is obtained by setting p3s = 0 in ®y. This leads to the description given in
Case (1.2).

It remains to analyze the Harder—Narasimhan type of Ey when —%ul + % o + % 13 #
w(I). There are two situations to consider.

The first situation is when p(/) < p(Q). Then the Harder—Narasimhan type of Fjy
is HNT(Ey) = (u(E1), u(Q), u(I)). Hence, using Shatz’s theorem [24, Theorem 3] that
the Harder—Narasimhan polygon rises under specialization, we conclude that p(l) <
w(E/Es). This leads to the description given in Case (1.3).

The second situation is when u(7) > p(Q). Then the Harder-Narasimhan type of
Ey is HNT(Ey) = (u(Er), pu(1), 1(Q)). Hence, from Shatz’s theorem we deduce that
w(l) = p(E2/Ey). But I C E/E; so, from the properties of the Harder-Narasimhan
filtration, we conclude that in fact p(l) = po. If pz = po it follows that p(l) = u(Q),
contradicting p(I) > u(Q). Hence pus < pe and I C E/FE; is the unique maximal
destabilizing subbundle, i.e., I = Ey/FE; and so Case (1.4) occurs.

This completes the proof of Case (1).

Remark 5.7. The arguments given for Case A above apply word for word to prove Propo-
sition Bl except that the argument to show that (Ey, ®¢) is a semistable Higgs bundle
is simpler: indeed, in the rank 2 case, the only ®-invariant subbundle of Ey is E/FE;.
This satisfies u(E/E;) < p(E) = u(Ep) because the subbundle E) is destabilizing, i.e.,

w(Er) > p(E).

5.2.2 Proof of Theorem [5.1] - Case (2)

Suppose that po > p. Then, since ps < @, we must have pq > po > pg. It follows from
(2) of Proposition that N C E, is a line bundle and that p; + pe — ps — (29 — 2) <

1(N) < pa.
We consider two separate cases.

Case C: py +p2 — i3 — (29 — 2) < u(N) < p.
We have a short exact sequence 0 — Fy — F — E/FEy — 0. Let £, & and &; be
the C'*° vector bundles underlying F, Es and E/FE,, respectively. Then £ = &, @ £ and

the holomorphic structure on & is given by a d-operator of the form 0y = (% 5’2 ), while

14
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the Higgs field ® € AM(End(€)) takes the form: ® = (£22 £23). The same calculation as
in Case A shows that in the configuration space of all Higgs bundles, lim, .oz - (F, ®) is
gauge equivalent to

(Eo, ®y) — (E2 ® E/E, (@22 8))

This Higgs bundle will represent the limit in the moduli space M(3,d) if it is stable.
There are three kinds of ®gp-invariant subbundles to check:

1. The subbundle N C Ey @ E/FE5. By hypothesis u(N) < p = p(E) = u(Ep).

2. The subbundle E/Ey C FEy ® E/FEy. It is immediate from the properties of the
Harder-Narasimhan filtration that u(E/Ey) < u(E) = u(Ep).

3. Subbundles L & E/Ey C Ey @ E/Ey for L C FEs a line subbundle. From the
properties of the Harder-Narasimhan filtration we have that either F; C FEs is
maximal destabilizing (if 1 > po) or Ey is semistable (if 1 = pg). Either way we
have that p(L) < py. It follows that

2L @ E/Ey) = pu(L) + 3p — p1 — po
< 3p— i
<2,

where we have used the hypothesis ps > p in the last step. Hence u(L @ E/FEs) <
= p(E) = u(Ey) as desired.

Finally note that, clearly, Gr(Fy) = E1 @ Fy/E, ® E/FEy = Gr(E). Altogether we
have seen that, under the given conditions on the slope of I, the limiting bundle (FEy, ®¢)
is as stated in Case (2.1) of the theorem.

Case D: < u(N) < py.
Define R = F5/N so that we have a short exact sequence 0 - N — Ey — R — 0.
Let N/, R and &3 be the C* bundles underlying N, R and E/E,, respectively, so that

we have a decomposition of C**°-bundles
E=NODORDEs. (5.3)

Recalling that A comes from ker(ps;), we may write the Higgs field ® as:

P11 P12 P13
o = $21 P22 P23
0 32 33

with respect to the decomposition (B.3]). Moreover, the holomorphic structure on F is of
the form

) O P2 P
Ip=| 0 0» [
0 0 O
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O O

00
z 0 ) of £ with respect to the
0 2

Now take the constant gauge transformation g(z) = <
z

decomposition (B3). The same calculation as in Case B shows that in the configuration
space lim, oz - (F, ®) is gauge equivalent to

0 0O O
(Eo, ®o) = (N@Ez/N@E/Eza w1 0 0
0 @32 0

We now prove that (Fp, ®g) is a semistable Higgs bundle. The ®g-invariant subbundles
of Fy are the following:

1. The subbundle E/FEy C Ey. From the properties of the Harder-Narasimhan filtra-
tion we have u(E/Es) < u(E) = u(Ep).

2. The subbundle Fy/N @ E/Ey C FEy. The hypothesis u(N) > p is equivalent to
p(Ex/N & E/Ey) < p= p(E) = p(Eo).

Consider the situation when (V) = p; this is the only case in which (Fy, @) is strictly
semistable. Then Ey/N & E/Ey C Ey is a ®-invariant subbundle of slope pu(FEy/N &
E/Ey C Ey) = p, and it follows that the polystable representative of the S-equivalence
class of (FEy, ®g) is obtained by setting 91 = 0 in ®y. This leads to the description given
in Case (2.2).

It remains to analyze the Harder—Narasimhan type of Fy when p(N) # u. For brevity
we write R = Ey/N. There are two situations to consider.

The first situation is when u(N) < p(R). Then the Harder-Narasimhan type of Ej
is HNT(Ey) = (u(R), u(N), ps). Hence, once again using Shatz’s theorem, we conclude
that u(N) < pe. This leads to the description given in Case (2.3).

The second situation is when pu(N) > p(R). Then the Harder—Narasimhan type
of Ey is HNT(Ey) = (u(N), u(R), u3). Hence, from Shatz’s theorem we deduce that
wW(N) = py. But N C FEjs so, from the properties of the Harder—Narasimhan filtration, we
conclude that in fact u(N) = py. If pg = py it follows that p(N) = pu(R), contradicting
w(N) > u(R). Hence ps < pp and so N C E, is the unique maximal destabilizing
subbundle, i.e., N = E; and Case (2.4) occurs.

5.2.3 Proof of Theorem [5.1] — Case (3)

Suppose that po = p. Then, since E is unstable, we must have p; > po > ps. It follows
from Proposition that the subbundles I C F/FE; and N C FE5 are line bundles.
Consider the line bundle N C FE,. If N # E; we have a non-zero map

N — EQ/El.

It follows that u(N) < u(Es/Ey) = o = p. Arguing as in Case C above, we see that in
the configuration space of all Higgs bundles, lim, .oz - (E, ®) is gauge equivalent to

0 O
Ey, &y) = (E @ E/FE,, )
o= (s #75, (°?)
and that this is strictly semistable. Moreover, the subbundle F; @ E/FE5 is ®-invariant

and has slope u(Ey; @ E/Es) = ps = p. Hence the polystable representative of the
S-equivalence class of (Ey, ®¢) is as stated in Case (3.2).

16
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Now suppose that N = E;. In this case we can argue as in Case D above and see that

the limit is as stated in Case (3.1).

In an analogous manner, we see that if I # E,/F; the polystable representative of

the S-equivalence class of (Ey, @) is as stated in Case (3.2), while if I = E5/F; the limit
is as stated in Case (3.1).

Since the Cases (3.1) and (3.2) are mutually exclusive, we see that in fact the condi-

tions N = Fy and I = Ey/F; are equivalent. This completes the proof of Case (3) and
thus the proof of Theorem [5.11
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