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Abstract

Let U,(g") be the quantized enveloping algebra of the nilpotent Lie
algebra g* = sl | which occurs as the positive part in the triangular
decomposition of the simple Lie algebra sl,,+1 of type A,. Assuming the
base field K is algebraically closed and of characteristic 0, and that the
parameter ¢ € K* is not a root of unity, we define and study certain
quotients of U, (g") which coincide with the Weyl-Hayashi algebra when
n = 2 (see [16], [2] and [15]). We show that these are simple Noethe-
rian domains, with a trivial center and even Gelfand-Kirillov dimension.
Hence, they play a role analogous to that played by the Weyl algebras in
the classical case. In the remainder of the paper we study the primitive
spectrum of Uy(sl}) in detail, somewhat in the spirit of [17]. We deter-
mine all primitive ideals of Uy (sl ), find a set of generators for each one,
compute their heights and find a simple U, (sl} )-module corresponding to
each primitive ideal of Uy (sl}).

1 Introduction

This paper is concerned with the primitive ideals of the quantized enveloping
algebra Uy(g™) of the nilpotent Lie algebra gt = 5[2f+1 of strictly upper trian-
gular matrices of size n + 1, with an emphasis on U,(s[}). In the classical case,
the primitive factors of the enveloping algebra U(g™) of g* are isomorphic to
Weyl algebras, and consequently the primitive ideals of U(g™) are simply its
maximal ideals. For example, if n = 2 then U (5[3‘) admits generators z, y, z,
satisfying the relations:

Te = 2T, Yyz = 2y, TY —Yyr = 2.

The center of U(sly) is the polynomial algebra in the central variable z, and
U(sl])/(z—1) is isomorphic to the first Weyl algebra over the ground field. Here,
the quantum scenario differs from the classical one: it is well-known that there
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are primitive ideals of U,(sl4) which are not maximal (see [20], for example),
and consequently U, (g*) has non-simple primitive quotients, in general.

Let K be an algebraically closed field of characteristic 0 and assume g € K*
is not a root of unity. Then, U,(g") is the K-algebra with generators e1, ..., e,
which satisfy the so-called quantum Serre relations:

€i€; — €56 =0 if "L - ]‘ 7é ].,
6126]' - (q + qil)eiejei + ejef =0 if ‘Z — .]‘ =1.

The center of U, (g") was computed by Alev and Dumas [1], and by Caldero [6,
7). Tt is the polynomial algebra over K in the central indeterminates 21, ..., 2,
where | = | %+ |, the greatest integer not exceeding “+*. If n = 2, then Uy(sl])
can be presented by generators X, Y, Z, satisfying the relations:

ZX =q¢'XZ, ZY =qY Z, XY —q¢ 'YX =27

The center of U,(slj) is the polynomial algebra in the variable z; = (XY —
Y X)Z.

In [16], Kirkman and Small showed that (z; — 1) is a maximal ideal of
U,(sl3) and that the factor algebra A, = U,(sl3)/(21 — 1), in spite of not
being isomorphic to the Weyl algebra A, (K), shares a number of ring theoretical
properties with it: it is a simple Noetherian domain with trivial center, Gelfand-
Kirillov dimension 2 and Krull dimension 1. In the first part of this paper,
we generalize these results of Kirkman and Small to U,(g"), for all n > 2.
Specifically, we show that (21 — a1,...,2 — o) is a maximal ideal of U,(g")
for any ag,...,q € K*, and conclude that the corresponding factor algebra
is a simple Noetherian domain with trivial center and even Gelfand-Kirillov
dimension, which is not isomorphic to a Weyl algebra over K.

We then proceed to the second part of the paper, where we study the (left)
primitive ideals of U, (s} ) in full detail. To make use of the stratification theory
of Goodearl and Letzter [12], we consider the natural action of the 3-torus
H = (K*)3 on U,(sl]). Relative to this action, the prime spectrum of U,(s[})
is partitioned into 4! = 24 strata (as shown, in a much more general context,
in [14]), given in Proposition 4.1. By analyzing the maximal portion of each
stratum, we obtain all primitive ideals of U,(sl]), and we also compute their
heights using the catenarity of U,(sl]) and Tauvel’s height formula (see [11]).
This was achieved by Malliavin [20] for U, (s!3 ) and, recently, by Launois [17] for
U,(s03). In the latter case, Launois succeeded in computing the automorphism
group of U,(so3 ), using partial results of Andruskiewitsch and Dumas [3]. A
noteworthy by-product of our study is that the Gelfand-Kirillov dimension of
the primitive factors of U,(s[]) is one of 0, 2 or 4. In particular, as in the
classical case, this dimension is always even. Note that this is also the case with
U,(s13) and U, (so7) (see [17]), so it is natural to expect that, in general, the
primitive factor algebras of U,(£"), where £ is a finite-dimensional complex
semisimple Lie algebra, have even Gelfand-Kirillov dimension. We are unaware
of a general result of this kind in the literature.

Finally, we construct a simple U, (s[; )-module with annihilator P, for any
primitive ideal P of U, (s[;). This, of course, doesn’t exhaust the simple U, (s[; )-
modules, but it solves the problem of deciding whether or not an element be-
longs to a specified primitive ideal of U, (5[1')7 and thus makes it quite easy to
distinguish between the primitive ideals of this algebra.



2 Basic set-up

We work over an algebraically closed field K of characteristic 0 and fix a pa-
rameter ¢ € K* which is not a root of unity. Let g = sl,; be the complex
semisimple Lie algebra of traceless (n + 1) x (n 4+ 1) matrices and consider its
maximal nilpotent subalgebra g+ = sl 41 consisting of the strictly upper tri-
a*—q7*

angular matrices in g. As usual, [k] = L=15

k € Z.

is the g-version of the integer

2.1 The algebra U,(g")

The quantized enveloping algebra U,(g") is the associative unital K-algebra
given by the Chevalley generators ey, ..., e,, subject to the quantum Serre re-
lations

67;€j — ejei =0 if "L - ]‘ 7é ]-a (1)
eiej — (g +q Neejei +ejef =0 if i —j[ =1 (2)

Let Q@ = Z™ be the free abelian group of rank m with canonical basis
{a1,...,a,}, and QT = N" be its submonoid. There is a nondegenerate bi-
linear form on @ x @ determined by (a;, ;) =2,—1or0ifi=j, [i—jl =1
or |i — j| > 1, respectively. By the homogeneity of the quantum Serre relations
it follows that U,(g*) has a Q*-grading given by assigning degree «; to the
generator e;. We use the terminology weight instead of degree for this grading
and write wt(u) = 8 if u € U,(g") has weight 3 € Q.

2.2 PBW basis

As in [22, App. 2|, we recursively define weight elements X;;, 1 <i < j <n+1,
by setting X; ;41 = e¢; and X;; = Xikaj—qleijik, forl<i<k<j<n+l
(this is independent of the choice of k). Note that wt(X;;) = o + -+ + a1,
for i < j. The set {X;;} can be linearly ordered using the rule

Xij<Xm <<= (k<i) or (k=17 and [<j),

and we use the alternative notation Xj for the kth element in this increasing
chain, so that {X;;}i<icj<n+1 = {Xk}i<k<m, where m = %n(n +1). We also
write X = X% ... Xbm for b= (by,...,by) € N™.

The following results of Ringel are well-known.

Theorem 2.1 ([22, Thm. 2, Cor.]). Let vj; = (wt(X;), wt(X;)).
(a) The algebra Uy(g") is an iterated skew polynomial ring of the form
K[X1][X2; 72, 02] -+ [Xon; Tons O]

where, for i < j, T; is the algebra automorphism given by 7;(X;) = ¢"* X;
and 6; is a K-linear 7;-derivation such that 0;(X;) is a linear combination
of weight wt(X;) + wt(X;) of monomials in X;41,...,X;_1;

(b) The monomials in {X® | b € N™} form a basis of U,(g");

(¢) The prime ideals of Uy(g™) are completely prime.



2.3 The degree of an element of U,(g")

Define an order relation on N by b < ¢ <= there is 1 < k < m such that
bi < ¢ and by = ¢; for all ¢ > k. Along with Theorem 2.1(b), this determines
an increasing filtration {Fa }acnm of Uy(g") given by

Fa =P KX,
b<a

and the corresponding graded algebra is the quantum affine space with gener-
ators 01, ...,0,, and relations 0;0; = ¢"7*0,0; for i < j, where 0; = gr X; and
vji = (wi(X;), wi(X;)).

For u € U,(g"), set deg(u) = a € N™ if u # 0 and a is the unique element of
N™ that satisfies u € F, and u ¢ Fy, for any b < a. We say that u has degree
a. Note that deg(uv) = deg(u) + deg(v) for all nonzero u,v € U,(g*).

2.4 Normal elements of U,(g")

According to work of Alev and Dumas [1], and Caldero [7, 8], there exist weight
elements Aq,..., A, of U,(g") such that the following theorem holds.

Theorem 2.2 ([7, 8]). For 1 <4,j <n, we have:
(a) eiAj = qéiji&i’"*l*j Ajel-;

(b) The subalgebra of Uy(g") generated by the A; is a (commutative) polyno-
mial algebra K[Aq, ..., Ay] in n variables;

(c) The center Zy(g") of Uy(g™) is the polynomial algebra in the variables
{AkAni1-k | 1 < k < n/2} if nis even and {ApApp1-p | 1 < k <
(n—1)/2} U {A(n+1)/2} if n is odd.

It was noted in [19, 4.4] that
gr(8i) = gr(Xin1) gr(Xioin) - - 97 (Xones—i) 97 (X1 np2-i), 3)

in the graded algebra of 2.3.

We fix some more notation for the entire paper. The center of U,(g") is
denoted by Z,(g") and | = [ 2L |, where |k] is the greatest integer that doesn’t
exceed k. The elements z1, ...,z are defined by

AjAp 1 if i<l

Zi = AA if ¢=1and n is even,
A if i=1and n is odd,
so that Z,(g") = K[z1,...,2]. The integer m is the number of positive roots

of the Lie algebra sl,,11, i.e., m = In(n + 1).

2.5 The prime and primitive ideals of U,(g")

In this brief paragraph we summarize a portion of stratification theory of Good-
earl and Letzter that is essential for our study. The reader should refer to [12]
and [4] for further details, all proofs, and an explanation of the terminology.



Only left primitive ideals are considered; in view of the antiautomorphism
e; — e; of Uy(g"), this is not a serious restriction.

Let H be the n-torus (K*)". Corresponding to each A = (A1,...,\,) € H
there is an automorphism o, of U,(g™) given by o, (e;) = Aje;, forall 1 < i < n.
This defines a rational action of H on U,(g") such that the induced grading of
U,(g*) by the character group of H coincides with the weight space decom-
position of 2.1 (identifying the ith projection map A +— ); with the simple
root «;). Since H acts by automorphisms, the action carries over to the spaces
Spec Uy(g™) and Prim U,(g") of prime and primitive ideals of U,(g"), respec-
tively, equipped with the Jacobson topology. Let H-Spec U,(g") C Spec U,(g*)
be the subspace of H-invariant prime ideals, that is, H-Spec U, (g") consists of
the prime ideals J of U,(g") that are generated by weight elements of U,(g™).
By [12, Prop. 4.2] and Theorem 2.1, H-Spec U,(g") is a finite set consisting of
the ideals of the form (P : H) := [, c4 h-P, for P € Spec U,(g™).

The above determines a decomposition of Spec U, (g") into H-strata:

Spec Uy(g7) = U Spec; Uy(g7),
JeH-Spec Ug(gt)

where Spec; U, (g7) = {P € Spec Uy(g") | (P : H) = J} is the H-stratum of J
in Spec U,(g"), and similarly for Prim U,(g"). It follows from [12, Thm. 4.4]
that the primitive ideals of U,(g") are the maximal elements of Spec; U,(g"),
for each J € H-Spec U,(g'). Furthermore, since K is algebraically closed,
[12, Thm. 2.6 or Thm. 6.8] imply that H acts transitively on each of the
sets Prim; U,(g*). Therefore, the H-orbits of primitive ideals of Uy(g™) are
parametrized by the elements of the set H-Spec U, (g"), which has cardinality
(n+ 1)! by work of Gorelik [14, Prop. 5.3.3] (see also [3, 3.4.1]).

Given J € H-Spec U,(g"), let =; be the set of nonzero weight elements of
U,(g*)/J, with respect to the Q" -grading inherited from U,(g"). The following
result of Goodearl and Letzter describes the H-strata of Uy(g™).

Theorem 2.3 ([12, Thm. 6.6]). Let J, Z; and Spec; U,(g") be as above.
Then =y is an Ore set in Uy(g")/J. If Uy(g")s denotes the localization of
U,(g%)/J at E;, we have:

(a) The localization map Uy(g") — U,(g")/J — Uy(g™) s induces a homeo-
morphism of Spec; U,(g") onto Spec Uy(g™).

(b) Contraction and extension induce mutually inverse homeomorphisms be-
tween Spec Uy(g™1) ;s and Spec Z(U,(g7) 1), where Z(Uqy(g™) ) is the center

of Uyg(g7).1-

3 Generalizations of the Weyl-Hayashi algebra

If n = 2 then Zq(slg') is a polynomial algebra in the central variable z;. The
factor algebra U, (sl )/(z1 — 1) was introduced by Hayashi in [15], in connec-
tion with oscillator representations of quantized enveloping algebras of semisim-
ple Lie algebras of types A and C. In [16], Kirkman and Small showed that
U,(s13)/(21 — 1) is a simple Noetherian domain of Gelfand-Kirillov dimension
2, which is not isomorphic to the Weyl algebra A; (K) (see also [2] and [20]). The
relevance of their result is that the primitive factor algebras of the enveloping



algebra of a finite-dimensional nilpotent Lie algebra over a field of characteristic
0 are isomorphic to Weyl algebras over the base field (see [10, Thm. 4.7.9]). In
particular, those primitive factor algebras of Gelfand-Kirillov dimension 2 must
be isomorphic to A;(K). For these reasons, U,(sl3)/(z1 — 1) is known as the
Weyl-Hayashi algebra. In this section we generalize the result of Kirkman and
Small to U,(g"), thus proposing other analogues of the Weyl algebras A (K).

3.1 Grobner bases

Let us introduce some basic techniques from the theory of Grobner bases. We
follow [5]. Recall the filtration, associated graded algebra and the notion of
degree defined in 2.3 in terms of the PBW basis of U,(g"). Given a subset F
of Uy(g™), set deg(F) = {deg(f) | 0 # f € F} C N™. It is clear that if L is a
left, right, or two-sided ideal of U,(g"), then deg(L) is stable under translation
by elements of N™; in other words, deg(L) is a monoideal of N™. The set
{f1,...,fs} C L is said to be a Gréobner basis for L if (see [5, Def. 2.8])

S

deg(L) = | (deg(f;) + N™).

j=1
Recall also from 2.4 that the center of U,(g") is Zy(g") = Klz1,...,2].
Let t = (t1,...,t;) € K" and set ff = z; —t;, I* = Zé’:l Uy(g®)f} and I* =
!
Zj:l Zq(ng)f;-
Proposition 3.1. The set {ff,..., ft} is a Grobner basis for I*.

Proof. Tt is enough to show that
l
deg(I%) C U deg(ff) +N™),

since the other inclusion follows from the fact that deg(I*?) is a monoideal and

{ft,..., ffy C I
Recall that by our separation of variables results [19, Lem. 1, Thm. 2], there
is a set M consisting of monomials X? (a € N™) in the PBW basis elements

X1,...,X,, such that
") = P uZ,(a")

ueM

Furthermore, by construction,
X*e M= a—deg(z;) ¢ N, foralll<j<lI. (4)

In the notation of [19, Sec. 5], M is obtained from K = S~!(H), as defined
n [19, 5.2, 5.3], by multiplying the monomials in K by the monomial basis of
K[Aq,...,A,] over Z,(g") (see the paragraph preceding [19, Thm. 2]), con-
structed using the procedure described in [19, Lem. 1].

Thus,
I = Uy(gM)I* = @ ul® (5)
ueM



Assume u,u' € M, p,p € I* and deg(up) = deg(u'p’). By (3), the elements
deg(z;), 1 < j < I are free generators of the monoid deg(Z,(g")), and in

particular deg(It) C @izl Ndeg(z;). Let a,b € N™ be such that v = X and
u' = XP. There exist n;,n; € N, 1 <i <[, with

! l
a+ Z nideg(z;) = b + Z nideg(z;).

i=1

Assume a # b. Then there is 1 < ¢ < [ such that n; # n}. Without loss of
generality assume n; < n}. Then,

! !
a—deg(z) + Z nideg(z;) = b +nfdeg(z1) + Z nideg(z;), (6)

=2 =2

for n{ = (n} —ny — 1) € N. But (6) implies that a — deg(z1) € N™ by (3), and
this contradicts (4). Thus a =b and u = u’.

Let 0 # f € I*. Then by (5) we can write f = Z?:l ujp; with u; € M,
0#p; € It and the u; pairwise distinct, 1 < j < k. The discussion above shows
that deg(f) = max; deg(u;p;), with respect to the total order on N™ defined
in 2.3. Say deg(f) = deg(u1p1). We have

deg(py) € deg(I*) <@ Ndeg(z; ) {0} C U (deg(z;) + N™),

since It is a proper ideal of Z,(g"). Finally, as deg(ff) = deg(z;) for all 1 <
i < [, we obtain the desired conclusion:

l
deg(f) = deg(u1) + deg(p1) € U deg(ft) + Nm).
i=1

O

For 0 # f € Uy(g™) write f = >, cym caX?, where ¢, € K and the sum is
finite. Define N (f) = {a € N™ | ¢, # 0}. We are going to use the division
algorithm developed in [5, Thm. 2.1] to prove the next result.

Corollary 3.2. For all t € K!, the ideal I® of U,(g") is semiprime.

Proof. Using for example [13, Thm. 2.7], it is enough to show f? € I* = f €
It for all f € U,(g"). By the (left) division algorithm of [5, Thm. 2.1], there
exist elements g1, ..., g, 7 € Uy(g") (unique under certain conditions) such that

l
f = Zngzt + T,
i=1

with either r = 0 or N'(r) C Nm\Uéz1 (deg(ff) +N™). If r = 0 there is nothing
to prove, so assume r # 0. Since

I's f? = Z ngtggwarng +Zngtr+r

1,7=1 j=1



and the fF are central, it must be that r? € I*. If deg(r) = (a1, ...,an), then
deg(r?) = (2a1,...,2a,,) € deg(I*). By Proposition 3.1, there are 1 < i < [
and b € N™ such that deg(r?) = deg(ff) +b. But by (3), deg(f}) is a string of
zeros and ones, so it follows that deg(r) € deg(fF) + N™, which contradicts the
assumption on A/(r). Therefore r = 0 and f € I*. O

3.2 The H-stratum of (0)

We want to describe the space of all primitive ideals of U,(sl,41)" that do
not contain nonzero weight elements, i.e. Prim) Uy(g™). By [12, Thm. 4.4]
and Theorem 2.3, this space is homeomorphic to the space of maximal ideals
of Z(Q), where Q is the localization of U,(g") at the Ore set Z(g) of nonzero
weight elements of Uy(g™), and Z(Q) is the center of Q.

Lemma 3.3. The center of Q is the commutative Laurent polynomial algebra
Z(Q) = K[, ..., 2.

Proof. Let A be the set of nonzero weight elements of Z,(g"). First we want
to show that Z(Q) = Z,(g")[A™!], the localization of the center of U,(g")
at A. Fix b~'a € Z(Q), where a,b € U,(g") with b a nonzero weight element.
Without loss of generality, it can be assumed that a is a weight element, as Z(Q)
is graded by Q. Consider the set L = {u € Uy(g") | ub~ta € Uy(g7)}. Asb la
is central, L is a (nonzero) two-sided ideal of U,(g"). We can use [7, Thm. 5.2]
to conclude that there is a nonzero z € Z,(g") such that zb='a € U,(g*). Once
more, by weight considerations,  can be assumed to be a weight element, so
that © € A. Therefore, b='a = 27! (zb~'a) with x € A and zb~'a € Z,(g").
The above shows that Z(Q) C Z,(g")[A~!]. The reverse inclusion is obvious.
Now we determine the set A. It is easy to see, for example from [7, 3.1],
that wt(z1),...,wt(z) are Z-independent elements of Q*; in fact, wi(z;) =
2(wj + wpt1—;) for 1 < j <, where wi,...,w, are the fundamental weights
of g. Since Z,(g") is the polynomial algebra K[z1,..., 2], it follows that the
weight elements of Z,(g") are precisely the scalar multiples of the monomials
200z, Thus, Z,(g7)[A] = K[z, ..., 2], and the lemma is proved. O

By the above lemma, the maximal ideals of Z(Q) are those of the form

S Z2(Q)(z—t;),  fort=(t,.... 1) € (K. (7)

Fix t € (K*)!. The ideal (7) corresponds to the maximal ideal 22:1 Q(z; —tj)
of Q, by extension (see Theorem 2.3(b)), and the latter corresponds to the ideal

T (3006 - 1)) (Uhta) (5)
j=1

of U,(g™) under the homeomorphism of Theorem 2.3(a) with J = (0). Thus T
is maximal within the H-stratum of (0) in Spec Uy(g™), and by [12, Thm. 4.4],
T* is a primitive ideal of U,(g") containing no nonzero weight elements. Fur-
thermore, by construction, any primitive ideal of U,(g") with this property is
of the form T, for some t' € (K*)".



Recall the definition of I* in 3.1. The next proposition gives the ideal T* a
more familiar form.

Proposition 3.4. Let t € (K*)!. Then the ideal It is primitive. In fact,
1
TC=1"=% Uy(e") (2 — 1)
j=1

Proof. Assume t € (K*)!. Note that the inclusion I* C T* is clear. Let P be any
prime ideal of U,(g") containing I*, and suppose P contains a nonzero weight
element. Then (P:H) # (0), and hence there is a nonzero weight element
g € (P:H)N Z,(g"), by [7, Thm. 5.2] and the fact that (P :H) is a graded
ideal. In particular, g € P. We have

PN Zy(g") 21N Zy(g"),

and g € PN Z,(gt)\ I* N Z,(g"), as I* contains no nonzero weight elements
since It C T*. But

I*NZy(a%) =Y Zy(ah) (2 — 1))
j=1

is a maximal ideal of Z,(g"), and therefore P N Z,(g%) = Z,(g"). The latter
is a contradiction since 1 ¢ P. This shows that (P :H) = (0) and thus P €
Spec(g) U,(g"). Hence P extends to a prime ideal P¢ of Q with

l
pe;ZQ(zj—tj), 9)

as P D I*. The ideal on the right-hand side of (9) is a maximal ideal of Q, and
thus equality must hold in (9). Therefore, P is the contraction to Uy(g") of
>, Q(z —t;), which by definition is 7*.

We have seen that 7" is the unique prime ideal of U,(g") containing I*.

However, it was shown in Corollary 3.2 that I is an intersection of prime ideals,
which forces It = T*. O

We remark that it is necessary to require that t € (K*)! for Proposition 3.4
to hold. If, for example, t; = 0 and n > 2, then I* is not even a prime ideal
(even though it remains semiprime by Corollary 3.2), since A1A,, = z; € I* and
yet neither A; nor A, is in I*, by Proposition 3.1. The only possible exception
to this type of counterexample would be to have t; = 0 and n odd, as in this
case z; = A;; we have not investigated this situation in general. However, in
the case of U,(sl]), we show in Proposition 4.6 that the ideal () is indeed
primitive, for a € K*.

Theorem 3.5. Assume t € (K*)!. Then I* is a mazimal ideal of U,(g*). It is
also minimal among primitive ideals of Uy(g™).

Proof. Assume I* is not maximal. Then there is a maximal ideal P of U,(g")
such that I* C P C Uy(g"). Since (I*:H) = (0) and I* is primitive by



Proposition 3.4, it follows that I® is a maximal element of Spec(g) Uq(g™), by [12,
Thm. 4.4]. Hence (P : H) # (0). As in the proof of Proposition 3.4, this yields
a contradiction. Thus I*® is indeed a maximal ideal.

The other statement of the theorem follows because U,(g"') is an iterated
skew polynomial ring over K, hence a constructible K-algebra (see [21, 9.4.12]),
and by [21, Thm. 9.4.21] it satisfies the Nullstellensatz over the algebraically
closed field K. If M is a simple U,(g")-module, this property implies that
Endy, (g+)(M) ~ K. Let P =ann M be the corresponding primitive ideal. The
representation p : U,(g+) — Endg (M) restricts to an algebra homomorphism
from Z,(g") to Endy, (g+)(M) =~ K; thus, for every i = 1,...,[, there exists
a; € K with z; — a; € kerp = P. This shows that every primitive ideal of
U,(g™) contains an ideal of the form I*, for some unique t € K!, hence proving
the minimality of I* (t € (K*)!) among the primitive ideals of U,(g"). A direct
proof of this fact can also be obtained by noting that if P is primitive and
P C It for some t € (K*)!, then (P :H) = (0) and as a consequence both P
and I* must be maximal in Specq) U,(g"), implying that P = I*. O

3.3 Gelfand-Kirillov dimension of U,(g")/I*

It is a simple matter to compute the GK (Gelfand-Kirillov) dimension of the
factor algebra U, (g")/I*. We can use Proposition 3.1 along with the techniques
of [5, Sec. 4] for example, as we did in [18, 5.2.3]. Another approach is via [11,
Thm. 4.8], where the authors show that U,(g") is catenary and that Tauvel’s
height formula holds in U,(g"). By the latter property, given P € Spec U,(g*),

GKdim(U,(g+)/P) = GKdim(U,(g+)) — height(P) = m — height(P).  (10)

If t € (K*)! and J C I* is a prime ideal, then clearly J € Specg) Uy(g™). Since
the spaces Spec g U,(g") and Spec Z(Q) are homeomorphic, it follows that the
height of I* equals the height of the corresponding maximal ideal (7) of Z(Q),
which is [ by Lemma 3.3. Therefore, (10) yields GKdim(U,(g")/I*) = m —
for t € (K*)!, a result which holds more generally for all t € K!, as seen in [18,
5.2.3].

Corollary 3.6. Lett € (K*)!. The factor algebra U,(g+)/I* is a simple Noethe-
rian domain with center K and GK dimension m — . In particular, the GK
dimension of Uy(g")/I* is always even but U,(g*)/I* is not isomorphic to a
Weyl algebra Ay (K) for any k > 1.

Proof. The statement about the center of U,(g*)/I* is a consequence of the
Nullstellensatz for U, (g") (see the proof of Theorem 3.5 for more details), as the
center of Uy(g™)/I* embeds in Endy, (g+)(M) ~ K, where M is a simple U, (g7 )-
module with annihilator I*. The last statement follows since A; is invertible in
U,(gh) /Tt as A1 A, —t; € I and t; # 0, whereas the only invertible elements
of A;(K) are the nonzero scalars. O

Remark 3.7. When ¢ = 1 the central elements z; (except for z; if n is odd)
specialize to the square of the generators of the center of U(g"), as determined
in [9, The. 1]. Therefore, neither the Weyl-Hayashi algebra U, (s[3)/(z; —1) nor,
more generally, the algebras U,(g")/I%, t € (K*)!, specialize to Weyl algebras
at ¢ = 1, as the resulting algebras are not even prime. The situation is different
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in the By case, as in [17, Sec. 3] Launois constructs simple quotients of U, (s07 ),
some of which specialize to the first Weyl algebra when ¢ = 1. It would be of
interest to study the algebras of Corollary 3.6 in more detail and to compare
them with other quantum algebras available in the literature.

4 The primitive ideals of U,(s[})

In this section we study the primitive spectrum of U, (sl]) in full detail. This
was done for U, (sl3) in [20], and for U,(so7) in [17]. We begin by determining
the set H-Spec U, (s[]) of all H-invariant (completely) prime ideals of U, (sl]).
It is a finite set of cardinality 4! = 24 whose elements parametrize the H-
orbits of primitive ideals of U,(sl]), by the stratification theory of Goodearl
and Letzter [12] and work of Gorelik [14]. Then, we explicitly describe each H-
stratum in Prim U, (s[] ), compute the height of all primitive ideals of U, (sl]),
and give an example of a simple Uq(5[1')—module with annihilator P, for each
P € Prim U, (sIf). An interesting outcome of this analysis is that all primitive
factor algebras of U, (sl]) have even GK dimension, as occurs in the classical
case.

4.1 Structure of U,(sl})
A PBW basis of U, (sl} ), as seen in 2.2, is given by

—1
X1 =es, Xo = ege3 — q “esea, X3 = ey,

—1 —1
Xy =e1Xo — g Xaeq, X5 =e1ea — ¢~ ezeq, Xe = ey,

and we can take
Ay = Xy, Ay = Xo X5 — ¢ ' X3Xu,

Az =q? ((q — ¢ " )PX1X3Xe — (¢ — ¢ D)X1Xs — (¢ — ¢ )Xo X6 + X4)7
21 = A1As, 29 = Ao,

so that Z,(slf) = K[z1, 22].
Consider the diagram automorphism n of U,(sl]), where n(e;) = eq—; for
1 =1,2,3. The element Az above was defined so that n(A;) = As.

4.2 H-Spec U, (sl])

In [18, 5.3.3] we used the ideas of Goodearl and Letzter to obtain Proposition 4.1
below; specifically, we used [12, Lem. 3.2] and the proofs of [12, Lem. 3.3,
Prop. 3.4]. As it is known that |H-Spec U,(slf)| = 4!, another approach to
proving this result would be to show that the ideals listed therein are distinct
prime ideals of U, (sl), as they are clearly H-invariant. Notice that the au-
tomorphism 7 defined in 4.1 acts on H-Spec U, (sl]) and each 5-orbit has size
either one or two, since % = 1.

Proposition 4.1. The space H-Spec U, (slf) consists of the 24 ideals in the fol-
lowing list, where ideals that are in the same n-orbit have been grouped together:
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1 (0);
2. (Aq);
3. (A1), (As);
4- (A1, Ag);
5. (erez —qezer), (ezes —q 'eses);
6. (erea —q 'ezer), (ezez — qesen);
7. (e1), (es);
8. (erez — qeger, ezes — qesez), (erea — q leger, exe3 — q leses);
9. (erez — q 'ezer, eze3 — qeses);
10. (e1ez — qezer, ezes — g tesen);
11. (ege3 — qezea,e1), (erea —q teser,es);
12. (eze3 — q tesea,e1), (erea — qeseq,es);
13. (e1,e3), (e2,e3);
14. (e2);
15. (e1,e3);
16. (e1,eq,e3).

4.3 Prim U,(sl})

Finally, we can determine all primitive ideals of U,(sl]) and compute their
heights by studying each of the spaces Prim; U, (sl]), for all possible choices
of J € H-Spec U,(sl;). We denote the ideals given by Proposition 4.1 by .J;,
Jia or J;p according to their position in that list, so that Jiz, = (e1,e2),
Jizp = (e2,e3) and Jiy = (ez), for example. If M is a U,(s[])-module, we
denote its annihilator by ann M.

Recall from [1] that the center of U,(sl3) is the polynomial algebra in the
quantum Casimir element

Q= (169 — q Léaé1) (162 — qéaéy) € Uy(sly), (11)

where é; and é5 denote the Chevalley generators of U, (5[3 ). For i =1,2let S;
be the subalgebra of U,(sl]) generated by e; and e;;;. Then S; ~ (5[3 ) and
therefore the center of S is the polynomial algebra K[€;] in the variable

Qi = (eieir1 — ¢ teirier)(eieir1 — qeiyie;). (12)
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4.3.1 Annihilators of the finite-dimensional simple U, (s[} )-modules:
the H-strata of (es), (e1,e2), (ea,e3), (e1,e3) and (e, eq,e3)

As a result of all prime ideals of U,(s[]) being completely prime, and given
the assumption that K is algebraically closed, it can be shown that the simple
finite-dimensional U, (sl} )-modules are one-dimensional. If V = Kuy is such a
one-dimensional module, then there exist scalars a; € K with either ay = 0, or
as # 0 and a1 = 0 = ag, satisfying e;.v9 = a;vg, for ¢ = 1,2,3 (the conditions
on the scalars o; follow directly from the quantum Serre relations (2)). Conse-
quently, the primitive ideals that occur as annihilators of finite-dimensional sim-
ple U, (s[} )-modules are the maximal ideals of the form (e; —ay, ea— g, e3—as3),
with the «; as above; these belong to one of the following H-strata: (e, ez, e3),

(e1,e2), (e2,e3), (e1,e3), (e2).

Proposition 4.2. (a) Prim, ¢, c.) Uq(sq) = {(e1,ea,e3)};

Primye, e,y Uy (sl

(b) Prime, e;) Uq(sl]) = {(e1,€2,e5 — @) | @ € K*};
D) ={(e1 — a,ez,e3) | @ € K*};
1=

)
()
(d) Prim, e,) Ugy(sl {(e1,€2 — av,e3) | @ € K*};

(e) Prim,,) Uy(sli) = {(e1 — a,e2,e5 — B) | o, B € K*}.
The primitive ideals described above have height 6.

Proof. Parts (a)—(e) follow easily from the (commutative) Nullstellensatz, as
U,(st5)/(e2) =~ K[z, y] and U,(sl])/(e1,e3) ~ K[z]. The last statement follows
from Tauvel’s height formula (10) since GKdim(U,(s[;)) = 6 and U, (sl )/P ~
K for any of the primitive ideals listed in (a)—(e). O
4.3.2 The H-stratum of (0)

Proposition 4.3. Let z; and zo be the generators of the center of Uq(slj[), as
defined in 4.1. Then,

Prim ) Uys1) ={(z1 —a, 20 — B) | o, B € K*} (13)
and these primitive ideals have height 2.

Proof. The equality (13) was proved in Proposition 3.4, and the height of the
ideal (z1 — «, 29 — ), for a, B € K*, was computed in 3.3. O

In [19, 6.3] we defined U, (sl )-modules M, g), for (a, 3) € K2, which were
shown to be pairwise non-isomorphic, and simple under the assumption that
a # 0. It was also shown that (z; — a?, 29 — 3) C ann M(q,)- In particular, if
o, € K* and o is a square root of o in K, then

ann M(a’,ﬁ) = (Zl —Q, 2 — ﬁ), (14)

since the ideal on the right-hand side of (14) is maximal.
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4.3.3 The H-stratum of (Ay)

Let Q € Prima,) Uy(sl]). Since U, (s[]) satisfies the Nullstellensatz over K (see
the proof of Theorem 3.5), there exist scalars «, 8 € K such that z; —«a, 20— 0 €
Q@; hence 8 = 0 as, by hypothesis, zo = Ay € Q. If « =0 then z; = A1A3z € Q,
which implies that A; € (Ag) or Ag € (Az) because z; is a weight element and
Q is completely prime. This is a contradiction, as (A;, Ag) # (Ag) for i = 1,3,
and hence z; — a € Q for some a € K*. Indeed, let U,(sl]) act on the vector
space A = K][z,y] of all polynomials in the variables x and y, by the formulas
(a,b>0):

er.aty’ = [aJa®hy,
eo.xy’ = Tyt (15)
ez.xty’ = [plzty’l,

where el.yb =0 =e3x®

Lemma 4.4. The formulas (15) above endow A with the structure of a simple
U, (st} )-module with ann A € Prima,) Uy(s[]). We also have 21 —q~* € ann A.

Proof. Tt is easy to check that the formulas in (15) extend to give an action
of Uy(slj) on A, and that A thus becomes a simple U,(s[])-module. Also,
straightforward computations yield:

Al.l‘ayb — 7qa7b71xayb7
Ag.l‘ayb = 0,
Asg.z®y® = —gP7o eyt for all a,b > 0.

Therefore, z; — q¢~2,25 € ann A. Let P = ann A. We use Proposition 4.1 to see
that P € Prima,) Uy(s[} ): noting that

+1 +1
Pﬁ{6176256376162iq €2€1,€2€3 — @ 63627A17A3}:®

and Ag € P (recall that P = ann A and it is thus easy to check if a given
element is in P), it must be that (P : H) = (A2). O

Our next goal is to find generators for the primitive ideal ann A and its con-
jugates under the action of the torus H = (K*)3, as this group acts transitively
on Prima,) Uy(sl]). We begin by computing the center of U,(s[})/(As). For
u € Uy(slf), @ denotes its canonical image in U, (sl})/(Axz).

Lemma 4.5. The center of U,(slf)/(Az) is the polynomial algebra in the vari-
able z;.

Proof. Let N = K[Ay, Aa, A3] be the polynomial subalgebra of U,(sl}) gener-
ated by the g-central elements A;, i = 1,2,3. By our separation of variables
result [19, Prop. 1], U,(sl]) is free over N, with basis (over N):
{XTX3X5 | (a,b,¢) € N’} U{XTXSX{ | (a,b,c) € N°}
U{XTX5XE | (a,0,¢) € N} U{XTXZXE | (a,b,¢) € N} (16)
U{X5X5X5 | (a,0,¢) € N} U{X{XXE | (a,b,¢) € N}
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(see [19, p. 597]). It follows easily that U, (sl )/(Az) is free over N/AyN =
K[A1, As], with a basis obtained from (16) by replacing X; with X;.

It is clear that Z; is central and that it generates a polynomial algebra (in
fact, a subalgebra of K[A1, A3]), so we need to prove that any central element
of U,(sl])/(Asz) is a polynomial in z;.

Let 6 € U,(sl])/(Az2) be central. In particular, §A; = A;0. Since

Ay (XTXXSXIXG) = ¢ 70° (XT X3 XEXTXE) A,
6 can be written (uniquely) as
> X{XEXGTTL Y XXX
a>0,6>0 a,b>0
+ 3 xexbxers) + Y xpxbxerl)
a,b>0 a>0,b>0

(17)

for some polynomials TLEZ; € K[A1,Az]. As Ay is a weight element, the algebra
U,(s17)/(Az) inherits a Q*-grading from U, (sl]) and the center of U, (s[})/(Az)
is a graded subalgebra. Therefore it can be assumed that 6 is a weight element.
By decomposing (17) into weight components, we are thus assuming that either

o= Xpxixetpll, + Y xettxbxep?) (18)
0<b<t 0<b<t

for some fixed t > 0 and a > 0, or otherwise

0= Xexbxep®, + > Xpxixep, (19)

0<a<t 0<a<t

for fixed t > 0 and b > 0. In (18) and (19), pl(j) is a polynomial in K[A;, As]
which is a linear combination of monomials in A; and Az all of which have total
degree k. -
We first consider the case that 6 is given by (18). Using the relations
XiA1 =q 'AL Xy,
X143 = qAsX,
X1 X6 = X6X,
X1 Xo =q7 ' XXy
X!—le = qik)f(l)f(g + qi(kil)[k]Xg_lAl
XeA1 = g1 Xo
and comparing the expressions of both sides of the equality X0 = X, in the

given basis of U, (s[])/(Az) over K[Ay, A3], we arrive at the following equations
(b>1):

PV (31, 83) = pi (g1, ¢ As) + ¢ “aptY, (gAy, g Ag) (20)
b

iy (81, 85) = ¢"pi0, (4A1, ¢ A3) (21)
p1(t2)b( ,A3) =q~ pi,)b(qﬁl,q‘ A3)

+q b+ 1]A1p§2_)(b+1) (gA1,q ' As)
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Similarly, by considering the equality X¢0 = X4, we obtain:

@) (a7 A1, q83) = ¢"p\>, (A1, A3) (23)
(1) (

P, b, (1)

Y2
Up(a7 a1, q83) = ¢ "piY, (81, 85) + ¢TI+ a1 (A1, 35) (24)
where equation (23) holds for b > 1 whereas equation (24) holds for b > 0.

Assume there is b > 1 such that pf_)b % 0 and let b be maximum with this
property. By (22),

pgg(ﬁh A3) = q_bpgg(qﬁl, q ' a3), (25)

which combined with (23) yields also

<)

PP (b1, g7 85) = pZ (a7 A1, qBs), (26)

From this last equation it follows that p (Al, A3) is a polynomial in A;As, as

¢ is not a root of unity, and from (25) we conclude that b =0, a contradiction.
Thus pgz_)b =0 for all b > 1. Now assume there is b > 1 such that pil_)b # 0 and
let b be maximum with this property. By (24),

P (a7 A1, q8) = 7, (81, Bg)

and by (21),

a b,(1) (

pt_)~(51753) =qp, qa1,q"'A3).

We conclude, as before, that b = 0. Hence, p b =0 for all 5> 1 and, for b =
(24) yields

(1)(

—1 = — 1 _ _
P (g7 Ay, qig) = piV (a4, A3),

)

which means that p( is a polynomial in Z; = A;As. In particular,

6= X1 Xg )

with pgl) central. This implies that

0=0Xz — Xaf = (¢ — ¢")X{ X X¢ p}") + lalg™ TV X{XG aupf?.

Since we are assuming that a > 0, it must be that pg ) =0 = 0. This concludes
the case where 0 is of the form (18). In case 6 is given by (19) we proceed in
a similar fashion, first using the equality X30 = X3, along with the relation

XoX5 = ¢ 1 X3A, to deduce that § = X& pg ), for some b > 0. Then, we use
the equation 8X; = X0 to infer that either b = 0 and p§3) is a polynomial in
Z1 or p§3) =0 = 6. We leave these details to the reader. O

The following proposition determines the H-stratum of (Ag). The proof is
essentially that of [17, Prop. 2.3], which we include for completeness.

Proposition 4.6. The H-stratum of (As) in Prim U,(sl]) s
Prim(A2) Uq(ﬁ[Z) = {(AQ,Zl — a) | a < K*},

and these primitive ideals have height 2.
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Proof. Let Q € Spec(a,) Uy (sI]) and assume z; € Q. As z; is a weight element,
it follows that z; € (Q : H) = (Az), which is a contradiction (as seen at the
beginning of 4.3.3). Hence As; € @ and z; ¢ Q. Conversely, suppose @ is a
prime ideal of U,(sl]) such that Ay € Q and z; € Q. If we set J = (Q : H)
then Ay € J and A; ¢ J for ¢ = 1,3. By Proposition 4.1, the only possibility is
J = (Az). We have thus seen that

Speca,) U,(sl;) = {Q € Spec U,(sl]) | Az € Q and 2 € Q}. (27)

Let T be the localization of U, (sl])/(As2) at the multiplicatively closed set
generated by the central element z;. Since both Ay and z; are H-eigenvectors,
the action of H on U, (s} ) induces a rational action of 1 on T by automorphisms
(see [4, Ex. I1.3.A]). By (27) and standard results of localization theory, the
localization map U, (slj) — U,(slf)/(A2) — T induces a homeomorphism of
Spec(a,) U,(slf) onto SpecT. Furthermore, as this map is H-equivariant and
(Az) is the only H-invariant ideal in Speca,) Uq (sI]), it results that (0) is the
only H-invariant prime ideal of T. Now, every proper H-invariant ideal of T' is
contained in a prime ideal of T' which is H-invariant (one can take, for example, a
minimal prime over it and show that this prime ideal is necessarily H-invariant);
hence, T is H-simple, i.e., (0) is the only proper H-invariant ideal of T'.

By the last paragraph, we can apply [4, Cor. 11.3.9] to conclude that contrac-
tion and extension provide mutually inverse homeomorphisms between SpecT
and Spec Z(T'), where Z(T) is the center of T. From Lemma 4.5 we know that
the center of U,(sl])/(As) is the polynomial algebra K[2], and so it is easily
deduced that Z(T) = K[zi!]. As we are assuming that K is algebraically closed,
we have SpecT = {(0), (z; — )T | a € K*}.

Claim: For a € K*, (21 — )T NU,(sI)/(A2) = (21 — @)U, (s17)/(A2).

Proof of claim: The claim can be proved in the usual way (see [17, Prop. 2.3]).
It follows from the claim that Spec,,) Uy(sth) = {(A2), (Ag, 21 — @) | @ € K*}
and Prima,) Uy(sl] ) = {(A2,21 — a) | @ € K*}, as the latter space consists of

the ideals which are maximal in Spec,,) Uy (slf).
The chain of prime ideals

(0) € (A2) € (Az,21 — @)

gives height(Ag, 21 — ) > 2, for a # 0. The reverse inequality can be obtained
as in [17, Prop. 2.3], or by using the Generalized principal ideal theorem (see
for example [21, 4.1.13]). O

Let P = ann A, where A is the simple U, (s[] )-module defined in (15). As a
result of the previous proposition and Lemma 4.4, we have that P = (Ag, 21 —
q~2). The task of finding a simple U,(s[} )-module with given annihilator Q €
Prima,) Uy(sl]) is now trivial: if @ = o, (P), then @ is the annihilator of the

1

simple module obtained by twisting A by the automorphism o =0,

4.3.4 The H-strata of (A1) and (Aj)

Consider the U,(sl} )-module P, g,y = K[z, y*'], defined in [19, 6.3] in terms
of the parameters o, 3,7 € K. Taking o = 0,3 =1 and v = ¢!, we obtain the
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following formulas for the action of U, (s[]) on Po,1,q-1y:

oatyp = { V@ ey b1
g~ zy + [alz Ty if b<0,
b,.a+1,b :
a,b Q" y iftb>0
€2.T y = { IaJrlyb if b - 07
a—b a—1, b+1 .
Wty — —q*la]z* "y ifb>0
€3.27Y = { _[a]xa—lyb-i-l ifh< —1.

Lemma 4.7. The module Py 4-1y is simple and P € Prima,) U, (sl]), where
P= annP(Oqufl).

Proof. First, we show that P -1y is simple. Let (0) # W C P 1,4-1) be a
submodule and take p = p(x,y) € W \ {0} such that the z-degree of p is as
small as possible, say a > 0. If @ > 0, then e3.p is a nonzero element of W with
smaller z-degree, which is a contradiction. Thus a = 0 and p = p(y) € K[y*1].
Notice that ezes.y® € K*.3#+! for all k € Z and hence, acting by a high enough
power of ezes, we can assume that p € K[y] and choose such a nonzero element
of W with minimum y-degree, say b > 0. Assume b > 1 and write

p=cot-+ay’ "+

with all ¢; € K. Since e;.y* = ¢ *y* for all k € Z, we have
a1(g =g U+t alg P =) =g p—epe W, (28)

Given the minimality of b, the element in (28) must be equal to 0; hence ¢, = 0
for all 0 < r < b and p = 3. Computing still, we obtain

Y = (geres — g ea) .y’ €W,
which contradicts the minimality of b. Therefore b = 0 and 1 € W. By
construction, the modules P 3,) are generated by 1 € K[z,y*!] and hence
W = P,1,4-1), proving the simplicity of P 1 4-1)-

Let P = ann Pg,4-1). We have just seen that P is a primitive ideal of
U,(slf); thus P € Prim; U,(sl}), for some J € H-Spec U,(s[]). It is easy to
check that none of the following weight elements is in P: e, es, €3, e1ea —
qilegel, eges3 — qi1€3€2 (neither, except for es, annihilate 1 € P(O’Lq—l), and e3
does not annihilate x, for example). Therefore, by Proposition 4.1, J must be
one of the following ideals (0), (A1), (Az), (As) or (A1, As). Again by [19, 6.3]
(or by direct computation) we see that A; € P and Ay — ¢~ € P, and we can
also check that Az ¢ P (for example, Az.1 = —(¢q—q~')y). Thus J = (A;). O

Let Q(o,1,4-1) be the U, (sl )-module obtained by twisting Po,1,4-1) by the
diagram automorphism 7 of 4.1. Recall that if P 4-1) is given by the repre-
sentation p, then Q(g,1,4-1) is defined by the representation pon. The following
lemma is an easy consequence of Lemma 4.7.

Lemma 4.8. The module Q1,41 is simple and Q € Prima, U, (slf), where
Q =annQq,1,4-1)-
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Proof. The simplicity of Q(g,1,4-1) follows from Lemma 4.7 and the fact that n
is onto. In particular, @ is a primitive ideal and Q = ker pon = n(P), as n? = 1.
Furthermore,

Tininging O =N000 1\ for all (A1, A2, A3) € H, (29)

and thus (Q : H) = n((P : H)) = (A3), since n(A;) = As. Therefore, Q €
Prima,) Uy(sl}). O

We can finally characterize the H-strata of (A;) and (A3) in Prim U, (sl]):
Proposition 4.9. (a) Prima,) Ug(slf) = {(A1, A2 —a) | a € K*};
(b) Prima,) Ug(sli) = {(A3, Az — @) | a € K*}.
The primitive ideals described above have height 2.

Proof. For the proof of part (a) we can use arguments similar to those of the
proofs of Lemma 4.5 and Proposition 4.6.
Part (b) follows from part (a) by applying the diagram automorphism 7. O

4.3.5 The H-stratum of (A, Ay)

Let B = K[t] be the vector space of all polynomials in the variable ¢. It is easy
to see that the formulas

er.tt = [K]tF1,
eath = ¢hHL
ezttt = [k]tFT,

define an action of U,(sl}) on B. Let P = ann B.

Lemma 4.10. With the action described above, B becomes a simple Uq(sli')—
module and P € Prima, ) Ug(sl)).

Proof. Tt is routine to check that B is simple; therefore the ideal P is primitive
and P € Prim; U,(sl]), for some J € H-Spec U,(sl]). As none of the weight
elements e, es, €3, e1ea — g leger, eaes — qtleses, Ay annihilates B, yet Ap
and Az do annihilate it, it must be that J = (A1, A3), as desired. O

Recall the quantum Casimir element Q € U,(slj) and the elements Q;,
i = 1,2, of Uy(sl]) defined in 4.3. Let P’ = (A1, Az,e; —e3,Q; —1). By
computing, we check that
e1 —e3, 21 —1€ P=annB,
and consequently P’ C P.
Lemma 4.11. Let P’ be as before. Then,
Uq(sly)/(Q = 1) = Uy(slf) /P, (30)

and P = P'.
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Proof. The inclusion U, (sl3) — U,(sl]), é& + e;, i = 1,2, induces an algebra
homomorphism ¢ : U,(sl3) — U,(sl])/P’, which is onto because e; — ez € P'.
Moreover, since ¢p(Q2 —1) = (21 — 1)+ P’ = P, it follows that Q2 —1 € ker ¢. By
Theorem 3.5, (2 — 1) is a maximal ideal of U,(sl3); thus ker¢ = (2 — 1) and
¢ induces the desired isomorphism (30). In particular, U,(slf)/P’ is a simple
algebra and hence P’ is a maximal ideal of Uq(sq'). This shows that P’ = P,
as we had already observed that P’ C P. O

Proposition 4.12. The H-stratum of (A1, Ag) in Prim U, (s[}) is
Prima, ay) Ug(sli) = {(A1, Az, e1 — ae3, Q1 — B) | o, B € K*},

and these primitive ideals have height 4.

Proof. We have seen that P = (A1, Az, e; —e3,Q1 — 1) € Prima, a,) U, (st]).
Since K is algebraically closed, the space Prima, a,) Uy (sl]) consists of a single
‘H-orbit and it is easy to check that

H.P={(A1,As,e1 — ae3, 1 — B) [ o, 3 € K}

The statement about the height of the primitive ideals in the H-orbit of P follows
from Tauvel’s height formula and Lemma 4.11, as GKdim(U,(sl3) /(2 —1)) = 2
by Corollary 3.6. O

4.3.6 The H-strata of (ejes — gt leger) and (eges3 — g leses)

We consider only the H-stratum of J5 ;, = (e2e3 — g ‘esez) in detail, the cases of
the H-strata of J5 4, Js,o and Jg , being similar. The factor algebra U, (5[1')/J5$b
is isomorphic to R := S1[Y;v], where v is the algebra automorphism of S
given by v(e;) = e; and v(ez) = ges. Indeed, there is a surjective algebra
homomorphism ¢ : U,(sl]) — R such that ¢(e;) = e;, i = 1,2, and ¢(e3) = Y.
As eses — g teses € ker ¢, ¢ induces a surjective map, which we still denote
by ¢, Uy(slf)/Jsp — R. The natural map S; — U, (sl]) — U,(slf)/J5, can
be extended to an algebra homomorphism ¢ : R — U,(slf)/J5, such that
(YY) = es + Js, by the universal property of Ore extensions. The maps ¢ and
1 just defined are inverses of each other; in particular, ¢ : U,(slf)/Js — R is
an algebra isomorphism.

The algebra R is Q*-graded so that ¢ becomes an isomorphism of graded
algebras. Hence, the spaces Spec;, , U, (slf) and Spec(g) I can be identified via

o.
Lemma 4.13. The ideal Js;, of U,(slf) is primitive.

Proof. 1t suffices to show that Spec(g) R = {(0)}, as Prim, , U, (sIT) consists of
the maximal elements of Spec;, , Uq (sI]), by the stratification theory of Good-
earl and Letzter [12].

Let P € Spec() R and assume P # (0). As P is a completely prime ideal
of R (because R is a homomorphic image of U, (s[;) and the latter algebra has
the property that all of its prime ideals are completely prime), it follows that
P’ = PN S, is a (completely) prime ideal of S ~ U,(sl3). Since P contains no
nonzero weight elements, the same is true of P’ and by [20, Thm. 2.4], either
Q — a € P’ for some o € K* or P/ = (0).
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Assume Q1 — a € P’, where a € K*. In R, we have
YO = @0, (31)

and thus
(@ —1DaY =Y(Q —a) - ¢*(Q —a)Y € P. (32)

This is a contradiction, as Y is a nonzero weight element of R and (32) implies
that Y € P. Therefore P’ = (0).
Let f € P\ (0), say
f:u0+"'+ukyk7

with k > 0, ug, ...,ur € S; and uy # 0, and assume such an element was chosen
with minimum k. Then, by (31) and the fact that €, is central in St,

(1= o+ + (1= @)ue1 Y Q1 = fO — >0 f € P. (33)

Since P is completely prime and Q; ¢ P, the minimality of k implies that
u, = 0 for all 7 < k. Hence f = uY"* and again it must be that u; € P, as
Y ¢ P. Thus up € PNS; = (0), a contradiction. The contradiction resulted
from our assumption that P # (0), so Spec(g) R = {(0)} and Spec _ , Uy (sly) =
{J5.p}- O

Proposition 4.14. (a) Primy, , U,(sl]) = {(e1e2 — gezer)};
(b) Primy, , Uy(sl}) = {(eaes — ¢ 'esea)};
(¢) Primy,, Uy(sl]) = {(ere2 — g "eze1)};

(d) Primy,, Uq(s[i') = {(eze3 — gezea) }.

The primitive ideals described above have height 2.

Proof. Part (b) of the proposition is Lemma 4.13 and the others are similar (for
example, for (a) we need only use the automorphism 7). The height of these
primitive ideals can be computed using Tauvel’s height formula. For example,
height(J5 ;) = 2 because GKdim(U,(s[])/J5,) = GKdim(R) = 4. O

To finish this paragraph, we give an example of a simple Uq(ﬁli)—rnodule
C with annihilator Js ;. Simple U, (sl])-modules with annihilators Js 4, Jo.a
and Jsp can be readily obtained by twisting C' by n and/or replacing ¢ by
¢! in the formulas below. Let C' = K[z,y*!] be the vector space with basis
{z%® | a > 0,b € Z}, and define an action of U,(s[;) on C by

era’y’ = laJa" "y,
eraty’ = ¢ latTyt, (34)
es.xty’ =zt a>0,beZ.

(We leave it as an exercise to show that (34) does give a well-defined action of
Uy(slf) on C.)

Lemma 4.15. The U, (sl})-module C defined above is simple and ann C' = J5 ;.
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Proof. Let P = annC. The simplicity of C' is easy to check, as it is to verify
that Js, C P. Thus, P € Prim; U,(sl]) for some J5;, C J € H-Spec U, (sl]).
Since

{e1,€2,e3,e1€9 — g leser, exes — gesea} NP =1 (35)

and
eses —q tezea ¢ (A1) U (A2) U (As) U (A1, Az) U (0), (36)

(note that (36) was verified when we studied each of the individual strata in-
volved), it can only be that J = J5 3, by Proposition 4.1, and therefore P = Js j,
by Proposition 4.14. O
4.3.7 The H-strata of (e;) and (es3)

Since U,(sli)/(e1) =~ Uy(sl3), the spaces Prim.,) Uy(sl} ) and Primg) Uy(sl3)
can be naturally identified. As we have seen in 3.2, or otherwise by [20, Thm.
2.4],

Primg) Uy(sl3) = {(2 — ) | a € K*}, (37)

where ) is given by (11).
Proposition 4.16. Let Q;, i = 1,2, be defined as in (12). Then,
(a) Prim.,) Uy(sl]) = {(e1, 0 — a) | a € K*};

(b) PI‘il’Il(eS) Uq(ﬁ[i) = {(63,91 - Oé) | a < K*}

The primitive ideals described above have height 4.
Proof. Part (a) follows from (37). Since

Uy(sti)/(e1, Q2 — a) = Uy(slf) /(2 — a)

and GKdim(U,(sl])/(Q — «)) = 2, by Corollary 3.6, the last statement follows
from Tauvel’s height formula. Part (b) is analogous and can be obtained from
(a) via the automorphism 7. O

An example of a simple U, (s[3 )-module with annihilator (2 — 1) C U, (sl3)
is the vector space D = K[t], with action induced by

er.th = [k]tFTL
eg th = thFL E>0

(see [19, 6.2]). This action extends to U, (s} ) by defining e3.t* = 0 for all k& > 0,
and hence we obtain a simple U, (sl])-module with annihilator (e, Q; — 1).
Twisting this action by the automorphisms of the form o, A € (K*)3, and 7,
we easily get examples of simple U, (s[} )-modules corresponding to each of the
primitive ideals of Proposition 4.16.
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4.3.8 The H-strata of (ejes — gt leser, eae3 — g leses)

Let 0, ¢ € {—1,1}, and consider the quantum affine space K [z, y, 2], generated
by x, y, z with relations zz = zz, ry = ¢‘yz, yz = ¢°zy. There are isomorphisms

Ug(st7)/ Jsa ~ Kun[z,y, 2], Ug(sli)/Jsp ~K 1 a[z,y,2], (38
Uq(s[;f)/Jg ~K; _1[z,v, 2], Uq(sq)/Jlo ~K_11[x,v, 2], (39)

each sending eq, eo, e3 to x, y, z, respectively.

Denote the localization of Ks ([z, y, z] at the multiplicatively closed set gen-
erated by the normal elements x, y and z by K(;,E[xﬂ,yﬂ,zil]. It follows
from [12, Thm. 4.4] and Theorem 2.3 that the isomorphism U,(slf)/Jy =~
K;,_1[z,y, 2] provides a homeomorphism between Prim s, U, (s} ) and the space
of maximal ideals of Ky _1[z*!, y*!, 2*1], and similarly for Jg ., Jsp and Jio.
Furthermore, by Theorem 2.3(b), contraction and extension induce mutually in-

verse homeomorphisms between the space of maximal ideals of K ([ L g EL 2

and the space of maximal ideals of Zs., the center of K [z*!, yjEl 2t

Lemma 4.17. The center of Ks [#F1, y*1, 2% is a Laurent polynomial algebra

in the variable ws. = = 2%2¢:

K[wés]

Proof. Let w € K&e[ajil,yil,zil] be nonzero. Then w € Zj. exactly when
dw = wd for all d € {x,y, z}. Write

w= Z Ma, b, ¢)xyb2°,
(a,b,c)€Z3

where the A(a,b,c) € K are all but finitely many equal to 0. A simple compu-
tation shows that zw = wz is equivalent to the equation

Z Ma, b, c)x2T Lyt = Z Ma, b, c)q~ Lot lybze, (40)
(a,b,c)eZ3 (a,b,c)eZ3

and thus, since ¢ is not a root of unity, b = 0 whenever A(a,b,c) # 0. So, we
can write

and it is clear that w now commutes with both x and z. Similarly, we can
show that a necessary and sufficient condition for w to commute with y is that
ea = dc whenever \(a,c) # 0. Hence, since 2 = 1, we can express the central
element w in the form

w = Z Ma)z®2 = Z Ma)(ws )’ € K[w(S 1.

a€Z a€Z

Note that the integer powers of w;s . are linearly independent, and therefore the
subalgebra of Ks [v*!, y*1, 2*1] generated by w;,. and wj ! is indeed a Laurent

polynomial algebra. O
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It follows from the stratification theory of Goodearl and Letzter and the
lemma above that the primitive ideals of K [z,y, 2] with no nonzero homo-
geneous elements (relative to the grading induced by the isomorphisms of (38)
and (39)) are those of the form

I = Kselw,y, 2] N K(;,e[xﬂ, ytL zjd](w(;,6 —a), (41)
for o € K*.
Lemma 4.18. Let o € K*. Then,
(a) 17y = Kialz,y, 2](2z — a);
(b) 1% 1 =K 1 a[z,y,2](zz — a™t);
(c) It = Ki_1[x,y, 2](x — az);
(d) 12, =K 1a[z,y, 2)(z — ax).

Proof. We prove only (c), the proofs of the other parts being similar.

First, observe that x — az is a normal element of K; _i[z,y, 2], so that
Ki, 1]z, y, 2](x — az) is indeed an ideal of Ky _1[z, y, 2]; also, this ideal is prime
as the factor algebra is a quantum plane. On the other hand, the prime ideal
Ky _q ot y* 25 (227t — @), a # 0, of Ky _1[zF!, ¥, 2F1] has height 1, by
the Principal ideal theorem [21, 4.1.11], and hence so does the ideal I*_; of
Ki,_1[x,y, 2], by localization theory. Therefore, as

0) S Ky [z, y,2](z — az) CIT_4, (42)
equality must hold at the latter inclusion of (42). O
Proposition 4.19. (a) Primy, , Uy(slf) = {(e1e2 — geseq,e1e3 — ) | a €
K*};

(b) Primy, , Uy(sl) = {(e1e2 — ¢ 'ezer, e1e5 — @) | € K*};

(¢) Primy, U, (sl]) = {(e1ea — g Leaer, e1 — ae3) | a € K*};

(d) Primy,, Uy(sl]) = {(e1ea — geser, e1 — aes) | a € K*}.

The primitive ideals described above have height 4.

Proof. Parts (a)-(d) are a consequence of the isomorphisms of (38) and (39),
Theorem 2.3, [12, Thm. 4.4] and Lemma 4.18, noting that for all « € K*

(6162 — (géz€1, €263 — (€3€2,€1€3 — a) = (6162 — géz€1, €163 — Oé),

as two-sided ideals of U, (sl] ), and similarly for the other ideals involved in this
proposition.

Let P € Primy, , U,(sl]), say eje3 — a € P, with a # 0. There is an
algebra isomorphism K, [p:tl, 9] — Uq(s[j{)/P sending p, 6, p_l to eq, ea, 04_163,
respectively, where K,[p*!, 0] is the algebra generated by p, p~1 and 6, subject
to the relations

ppt=1=p""p, pf = qbp. (43)
Since K, [p*!,0] has GK dimension 2, it follows from Tauvel’s height formula
that P has height 6 — 2 = 4. The other cases are analogous. O
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Consider the action of U, (sl;) on the vector space E = K[t*!] of Laurent

polynomials in the variable ¢, given by the formulas (k € Z, a € K*):
eq.tF = tF L, eq.tF = gFth 1, es.th = athL (44)
Then E = E,, becomes a simple U, (s} )-module and it is easy to see that
ann B, = (e1ez — ¢ teger, eres — a).

To obtain simple U, (s[;)-modules with annihilators in Prim s, U,(sl]) we can

consider the module E/,, given by the following action of U,(s[}) on K[t*!]:
eq.tF = atht, eq.tF = gFth1, es.th = ¢FtHL, (45)

Finally, by twisting E, by the automorphism 7 and changing ¢ into ¢~! in the

formula for the action of e on E/, in (45), we get simple U, (s[} )-modules with
annihilators in Prim, , Uy(sl]) and Prim,, U,(s[}), respectively.

4.3.9 The H-strata of (ezes — gt leses, e1) and (e1es — gt leser, e3)

Let K[z, y] be the quantum plane, given by generators x and y, satisfying only
the relation yr = gqzy. It is well-known that K, [,y] is primitive; in fact, let
K,[z,y] act on F = K[t*!] as follows:

z.th = tht y.th = gFtht keZ.

Then, F is a faithful representation of K,[z,y] which is simple. Since there is
an isomorphism

Kylz,y] — Uq(sti)/(eaes — geses, e1), (46)

mapping x to ez + (eaes — gesea, e1) and y to ex + (ezes — gesea, e1), we obtain
the simple U, (sl )-module F' = K[t*!] given by

er.th =0, eq th = Mt eg.th = th+L kEeZ.  (47)
Note that ann F' = (ege3 — gezea, e1), by construction. Simple U, (s[} )-modules
with annihilators (ezes—q~'eses, e1) and (erea—gt'eger, e3) can be obtained, as
before, by interchanging ¢ and ¢~ in (47) above and by using the automorphism
7.
Proposition 4.20. (a) Primy,, , Uy(sl}) = {(eae3 — gesea, e1)};

(b) Primy,, , Uy(sl

<3

) = {(e1e2 — g tezer,e3)};

(c) Primy, , Uy(sl

<3

) = {(e2e5 — ¢ 'ezez, €1)};

(d) Primjlz’b Uq(s[j) = {(6162 — qegel,eg)}.
The primitive ideals described above have height 4.

Proof. For (a), we have just seen that (eses — geses,er) € Primy,, , Uy(sl]).
Equality holds because Prim,, , U,(sl]) consists of a single H-orbit. Since
GKdim(Kq[z,y]) = 2, the last statement of the proposition follows from the
isomorphism of (46) and Tauvel’s height formula. Parts (b)—(d) are analogous.

O
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