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Abstract In this paper we consider a control problem for a cascade of hydro-electric power stations
where some of the stations have reversible turbines. The objective of our work is to optimize the profit
of power production satisfying restrictions on the water level in the reservoirs. From mathematical point
of view this is a problem of minimization of an infinite-dimensional quadratic functional subject to cone
constraints. We obtain sufficient conditions of optimality and illustrate them with some example.
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1 Introduction

Water is becoming a scarce resource and this has impact on how the water is used to produce electric
energy. The management of multireservoir systems has attracted the attention of many researchers in
different contexts [1]. It is especially important if there is also a possibility of reusing the downstream
water in a situation of drought. This may be implemented in modern reversible hydro-electric power
stations, associated with reservoirs along a river basin with a cascade structure, where it is possible
both to turbine water from upstream to produce electric power and to pump from downstream to
refill an upstream reservoir. Here we consider a simplified model (based on [2,3,4,5]) for a cascade of
hydro-electric power stations where some of the stations have reversible turbines. The water level in the
reservoirs is subject to some constraints. The problem is considered in the framework of optimal control
theory. Its abstract formulation leads us to consideration of local (non-isolated) minima of infinite-
dimensional quadratic functionals subject to cone constraint. This subject is considered in section 3.
Sufficient conditions of optimality for local minimizers and also for directional minimizers are established.
To our knowledge the treatment of sufficient conditions for directional minimizers is knew. Quadratic
forms play an important role in the Calculus of Variations [6,7]. Usually principal attention is paid to
Legendre condition. Here we consider quadratic forms depending on the trajectories only and not on their
derivatives. However, we assume that the trajectories and the derivatives are subject to some geometric
constraints. Second order sufficient optimality conditions for optimal control problems have been studied
by many other authors; see, for example, [8,9,10] and the references therein. In general these results
are deduced under very strict hypothesis or are elaborate and difficult to apply to particular problems.
Taking advantage of the particular structure of the problem we prove sufficient conditions of optimality
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Fig. 1 Cascade of five hydro-electric power stations

allowing one to show that a given solution is optimal in a local sense. Moreover, in the case of one power
station we analytically show an improvement of the profit, due to the use of reversible turbines.

2 Notations and problem statement

We shall use the following notations: the closure of a set A is denoted by clA, if L is a linear map then kerL
stands for the kernel of L, the graph of a set-valued map F is denoted by graphF, C([0, T], R) represents
the space of real continuous functions defined on [0, T], L2([0,T], R) (Lo ([0, T], R)) represents the space
of measurable functions f : [0, 7] — R whose square is integrable (essential supremum is finite), the space
of functions f : [0,7] — R of bounded variation is denoted by BV ([0,T], R), the space of absolutely
continuous functions f : [0,7] — R is denoted by AC([0,T], R).

The problem under consideration here is associated to a system of N hydro-electric power stations
with a cascade structure. The following picture represents a scheme for a possible cascade of five stations.

The dynamics of water volumes, Vj(¢), in the reservoirs k¥ = 1, N, is described by the following
control system

Vi(t) = Ap —ue(®)+ > um(t), te€[0,T], k=TN, (1)
meM (k)
where M (k) is the set of indices for upstream reservoirs immediately before reservoir k.

Set V(-) = (Vi(+),...,Vn(-)) and u(-) = (u1("),...,un(:)). The controls u(t) = (u1(t),...,un(t))
are the turbined/pumped flows of water for reservoirs at time ¢, and A, are the incoming flows, k = 1, N.
The equation (1) is called water balance equation and is present in many references (see, e.g. [11]).

The control variables and the water volumes satisfy the following technical constraints :

Vie(0) = Vi (T), Vi(t) € [V V], up(t) € [ug' i’ ).

Here V}]"* and VkM , k=1, N, stand for the imposed minimum and maximum water volumes, respectively;
uy’ and uﬁ[, k = 1, N, are the imposed minimum and maximum turbined/pumped water flows. The
objective is to find optimal controls @i (-) € Loo ([0, T], R) and respective volumes V;,(-) € AC([0,T], R),
that lead to an optimal strategy for the management of water in the system:

N T
imi N V) = o) wniny (VO gy Viw®
maxinioe J(u(): V() = 3 /O (1) ur(t) ( o - g J(k)) @@

Here c() is the price of the energy, Hy, k = 1, N, are the liquid surface elevations, and Sy, k = 1, N,
are the areas of the reservoirs. The index j(k) is associated to the (unique) downstream reservoir which
receives water from reservoir k. In (2) the price c(t) is multiplied by an expression representing potential
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energy (for simplicity it is assumed that the reservoirs have cylindric form and that the gravity constant
is equal to one). It is assumed that all the potential energy is converted into electric energy.

3 Local minima of quadratic functionals subject to cone constraints

In this section we consider the problem of minimization of quadratic functionals subject to cone con-
straints.

Let X be a Hilbert space, Y and Z be normed spaces, K C Z be a closed convex cone, V : X — X,
A: X =Y, and C: X — Z, be linear bounded operators, and v € X be a vector. The operator V is
symmetric. Consider the following minimization problem (P):

J(z) = %(m,Vx) + (v, z) — min,
ze={zeX|Az =0, —Cz € K}.

We say that 2 € §2 is a (local) minimizer point for problem (P) if there exists ¢ > 0 such that
J(z) > J(&), for all z € 2N (Z + eBx).

In this work we will also use the concept of directional minimizer. The point T € 2 is a directional
minimizer point if for all T satisfying  + hz € 2 for h € [0, hz], where hz is some positive constant,
there exists ez > 0 such that J(& + hZ) > J(Z) for all h € [0, ez].

Our aim is to deduce sufficient conditions assuring that zero is a local minimizer for problem (P).
Set L = kerA NkerC. Assume that the following conditions are satisfied:

1. (p,Vp)>0,pe€ L

2. there exist y* € Y* and 2* € Z* such that A*y* + C*2* +v = 0.

Note that the classical sufficient conditions of optimality in the general mathematical programming
problem (see, [12], e.g.) involve the inequality (p, Vp) > (const)|p|?, p € L. This guarantees that zero is
an isolated local minimizer. In this work, we deal with non-isolated minima and, as a consequence, need
a weaker condition. The non-negativity of the quadratic functional (p, Vp) on the subspace L alone does
not guarantee that zero is a local minimum and we shall also assume that one of the following additional
conditions is satisfied:

(Co) (2*,Cq) <0, qe Lt NkerA, —Cqe K, q # 0;

(Cy) there exists v > 0 such that (z*,Cq) < —v|q|, ¢ € Lt Nkerd, —Cq € K.

Lemma 3.1 Let x = p+q € kerA, where p € L and q € L. Then the following inequality holds:
* 1
J(2) =2 —(=",Ca) + (¢, Vp) + 5{a. Va)-
Proof. Indeed, we have

J(z) = (z,v) + %(x,Vm).

From this and condition 2 we obtain

J(z) = —(z",Cq) + (¢, Vp) + %(p, Vp) + %(q, Vg).

Condition 1 implies

J(z) > —(z",Cq) + (¢, Vp) + %(q, Vg). O

Proposition 3.1 Assume that condition (Cy) is satisfied, then for all x € kerA and —Cx € K there
erists € > 0 such that the inequality J(tz) > 0 holds, whenever t € [0,¢], i.e., 0 is a local directional
MANIMIZET.
Proof. From Lemma 3.1 and condition (Cp) we have
2

. t
J(tz) > —t(z*,Cq) + t*(q, Vp) + 5 (a0, Va) >0,

whenever ¢ > 0 is sufficiently small. O
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Proposition 3.2 Assume that condition (C) is satisfied, then for all x € kerA and —Cz € K there
erists € > 0 such that the inequality J(z) > 0 holds, whenever |z| < ¢, i.e., 0 is a local minimizer.

Proof. From Lemma 3.1 and condition (Cy) we have

J(z) > —(2",Cq) + (¢, Vp) + 5(q,Vq)

>t (v w1 (1w + ) >0

whenever |z| is sufficiently small. O

N[ =

Example 3.1 There are directional minimizers that are not minimizers.

Proof. Let X = L2([0, 1], R). Consider the problem

J(2() = —/le(s)ds _ /Ola:2(s)ds s min,

z(s) <0.
Let Z = X, K = {2(-) € L2([0,1],R) | 2(s) > 0, s € [0,1]}, A= 0, C = I, and L = {0}. Condition
(Cop) is satisfied with z* = 1. By Proposition 3.1 zero is a local directional minimizer. Consider the
sequence
[ —vn,s€][0,1/n],
on(s) = {0, t€]l/n, 1].

Obviously, |zn ()|, = 1 and J(tzn(-)) =t (L - t) >0, only if ¢ <

1
/n vn D

Lemma 3.2 Let M C X be a closed subspace, and let N C X be a finite-dimensional subspace. Then
dim(M N (M* + N)) < +oo.

Proof. Let N = Lin{e1,...,en}. Denote by mp;(y) the orthogonal projection of y € X onto M. Set
pi = mar(e;), i = 1,n. Consider z € M N (M* + N). Then there exist £1,...,&, € R and ¢ € M~ such

that
n
=g+ Z §iei.
i=1
Since
n n
r=my(z) = ZEﬂM(ei) = Zﬁipzw

i=1 i=1

we see that any z € M N (M* 4 N) is a linear combination of vectors p1,...,pn. O

Proposition 3.3 Assume that Z = R", K = R}, and z* > 0. Then condition (Cy) is satisfied.

Proof. Since (kerC)® = imC* is a finite-dimensional subspace, from Lemma 3.2 we see that the
subspace

kerA N LT = kerA N cl((kerA)* 4 (kerC)™) = kerA N ((kerA)* + (kerC)™t)

is finite-dimensional. Suppose that there exists a sequence g; € kerA N L+, —Cq; € K, |q;j| = 1 such
that (z*,Cq;) 1 0. Without loss of generality ¢; converges to a vector go. Obviously qo € kerA N Lt
—Cqo € K, (2*,Cqo) = 0, and |go| = 1. Since z* > 0, we have Cqo = 0, i.e., go € kerA NkerC = L.
Therefore we have go € L N L = {0}, a contradiction. O

Consider functionals 2} € K*, j = 1,n. Set &;(x) = (C*z],x) and

§(z) = (&1(2),..., &n(@)).
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Assume that Y = R™ and that the problem has the following special form:

J(x) = %(f(m), VE(z)) + (v, &(x)) — min,
Ag(x) =0,
—Cz € K.

Consider an auxiliary finite-dimensional majorant problem

J(x) =
Ag =0,
£<0.

(& V& + (v,£) — min,

N =

Proposition 3.4 Assume that the following conditions are satisfied:

1. (p,Vp) >0, p € kerA,
2. there exist y* € R™ and z* € R™ such that A*y* + 2" +v =0 and 2* > 0.

Then £ = 0 is a local minimizer for the auziliary problem, and x = 0 is a local minimizer for the original
problem.

Proof. From Proposition 3.3 we see that £ = 0 is a local minimizer for the auxiliary problem. Let
x be an admissible point. If the norm of z is sufficiently small, then |£(z)| is also small. Moreover,
the inclusion —Cxz € K, implies the inequality £(z) < 0. Therefore £(z) is an admissible point for the
auxiliary problem and J(z) > 0. O

Example 3.2 Consider the problem

2

/le(t)dt— (/le(t)dt) s min,

z(t) > 0.
Zero 18 a local minimizer.

Proof. Set X = Z = L2([0,1],R), C =1, z* =1, and

1
£(z) = / (t)dt.
0
Obviously £ = 0 is a solution to the problem

{—52—>min7
£>0. O

We shall deal with the problem
J(z) 4+ (g, x) — min,
x € (2.
Set Bx ={z € X ||z| <1}
Proposition 3.5 Assume that there exist € > 0, y* € Y™ and 2* € K* such that

2. J(z) >0,z € 2NeBx.

Then J(z) + (g9,z) > 0 whenever z € 2 NeBx.
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Proof. Indeed, if x € 2N eBx, then we have
J(2) + (g,2) > (g,2) = —(Cz,2") > 0. O

The second condition can be deduced from Proposition 3.4, for example. Indeed, consider the problem

1(2) = 3 (€(e), VE(®)) + (v, () + {g,2) — min,
Ag(x) =0,

Az =0,

—Czr e K.

The following result is an immediate consequence of Propositions 3.4 and 3.5

Proposition 3.6 Assume that there exist € > 0, y* € Y™, and 2 C K* such that

1. A +C*2* +¢g=0,
2. condition of Proposition 3.4 are satisfied.

Then I(z) > 0 whenever x € 2NeBx.

The following example shows that if the second condition of Proposition 3.4 is not satisfied then
there can exist local directional minimizers that are not local minimizers.

Example 3.3 Consider the problem

1
/ 6(s)ds — 6>(1) = min,
0
¢=u, ¢(0)=0,
o(s) > 0.
Zero is a local directional minimizer but not a local minimizer.

Proof. The problem can be written in the following form:

2

J(x(.))z/ol/osx(r)drds (/Olm(s)ds) s min,

/0 2(r)dr > 0,

Here X = L([0,1],R), Z = C([0,1],R), Z* = BV([0,1,R), A = 0, C = — [;, K = {z() €
C([0,1],R) | 2(s) > 0, s € [0,1]}, L = {0}, and condition (Cy) is satisfied with z* = du(s) = ds.
Indeed, if

S

q(r)dr >0 and ¢q(-) #0, then Jse[0,1] : / q(r)dr > 0,
0

S—

because

/S q(r)dr =0, se€]0,1],
0

implies ¢(-) = 0. By Proposition 3.1 zero is a local directional minimizer. Consider the sequence

zn(s) =

0, tel0,1—1/n],
{\/57 sell—1/n,1].

Obviously, |zn ()|, = 1 and J(tan(-)) = £ (ﬁ - t) >0, only if t < ;1. O
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4 Sufficient conditions of optimality for control of hydro-electric power stations

In this section, motivated by the previous considerations, we deduce sufficient conditions of optimality
for control of hydro-electric power stations.
Using (1) the cost function can be written as

J(u(), v ( ))—Z/ () [V + 4+ Y uml®)

meM (k)

Vie(t) Vi () )
X + Hy, — —H; dt. 3
( Sk k Sj(k) (k) ( )

Lemma 4.1 The following equality holds:

N
/OTZc(t) Vilt) -y um(t)—uk(t)ng)m it = 0.
k=1

Sk et I (k)

Proof. If m € M (k) then k € j(m). Moreover j(k) is empty or has only one element. Therefore we
have

Vi(t) " _ Vi (1)
/0 k=1 Sk meZM:(k) 0 =) g Sj(k) a
T N v
e (38 W0- 3 5000 a
0 m=1 kej(m) =1 "9k
N .
- / e(t) Z 3 Vm(t> ngﬁ):f) (t) | dt
k=1 mej(k) k=1

/ (t) (Z J(k()(t) Z Vi (1) )dt _ 0 o

k=1 Stk k1S(k)

We assume that c(-) € BV([0,T], R), c(+) is right continuous and ¢(0) = ¢(T).
Without changing the notation for the cost function J, we convert the maximization problem into a
minimization one. Integrating (3) by parts and using Lemma 4.1 we obtain the following problem:

minimize J(u(-),V()) =

N Ak T
_ kz::l ?k/o c(t)Vi(t)dt + (Hy — Hj(k)) /(07T] Vi (t) + me%:(k) Vin () | de(t)
+ ﬁ /( - 0! dc(t)] ,
Vilt) = Ap —up(®) + Y um(t)
meM (k)
Vi(0) =Vi(T), Vi) e Vi ViM], w(t) € [uf,up).

Let M(k) be the set containing the indices corresponding to all upstream reservoirs appearing in cascade
before reservoir k.
First we deduce sufficient conditions for local directional minima.
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Theorem 4.1 Let (ﬁk(),Vk()), k =1,N, be a control process. Assume that the following conditions

are satisfied:

1. there ezist right continuous functions pi(-) € BV ([0, T],R) and ui(-) € BV([0,T],R), k = 1, N,
satisfying

dpy(t) = —%:C(t)dt — (Hy, — Hjj(y) de(t)

—~
>~
N

- - ) - B et + o)
lEM—1 (k) k

pr(0) = pp(T);

2. the equality

N
max Zpk(t) —ug + Z Um
k=1

ur€lu u], k=1,N

holds;
3. the functions pi(-), k =1, N, satisfy the inequalities

dp(t) <0, if  Ve(t) =W dp(t) >0, if V(1) = W
dug(t) =0, i Vi(t) Vi, Vi[5
4. if de(t) > 0, then the functions up(-), k = 1, N, satisfy the inequalities
dug(t) <0, if  Vi(t) = W du(t) >0, if  Vi(t) = Vs
5. if V(t) €lV™ VM then de(t) < 0.

Then J(a(-) + hﬁ(~),‘7(~) +hV()) > J(ﬁ(),V()) wherever (ty(-) + ﬁk(),Vk() +Ve(), k=1,N, is
an admissible process and h > 0 is sufficiently small.

Note. In equation (4) we use the notation dv(t) = f(t) de(t) to express the relationship v(t) —v(0) =

f(t) dp(t), this integral being a Lebesgue-Stieltjes integral. Also in 3., 4. and 5. the conditions
(0,%]
dv(t) >0 (< 0,=0), for t € E, mean that [}, f(t)dv(t) > 0 (< 0,= 0) for every nonnegative continuous

function f.
Proof. Let (ux(-) + ux(), Va(-) + V&(+)), K = 1, N, be an admissible process, and let h > 0 be

sufficiently small. Then we have

AJ = J(a() +ha(), V() +hV () = J(a(), V()

N T ~
-y [h/o g—:c(t)f/k(t) dt + h/(o . ((Hk CHj) + V’;(t)) Vi (1) de(t)
k=1 5

k

_ h2 _ 5
h S (He - Hgy) /(QT] U (0)de(®) + /(O,T] V2(t) de(t)

meM (k)

Using (4) we get

N % —
AJ:; h /(OﬁT]vk(wdpk(m S (H - Hyg) / Vi (6) de(®)

leM—1(k) (0,7]
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/( . Vk(t)duk(t)> —h > (Hy Hj(k))/(OT Vin (t) de(t)

; meM(k) T

Observe that

M=
I
g
I
WE
N

From this we obtain

N 2
= V - % _ V2 (4) de
AT = ];1 {h </(0,T] Vi (1) dpi (1) /(0 . Vi(t) dl%@)) 25}, /(O,T] Vi (t) d (t)} .

Integrating by parts and using periodicity conditions we get

N

T
AT=>" h/ prt) | an(t) = Y am(t) | dt

k=1 0 meM (k)

2
h / Velt) dpun () — T / V2(t)de(t)| > 0. O
(0.7] 25 Joo,1)

Under some additional conditions on the structure of the problem we can prove sufficient conditions
for local minima. Consider a partition of the interval [0,T],0 =79 <711 < ... < Tg = T. Assume that
the price is a piecewise constant function:

C(t):clb te [Tquq—&-l[» q:O’Qf]_

(We set cq = co.)

Theorem 4.2 Let (i (-), Vi (1)), k = 1, N, be a control process. Assume that the following conditions
are satisfied:

1. there emist right continuous functions pi(-) € BV (][0, T],R) and piecewise absolutely continuous
functions py(-), k =1, N, satisfying

dpy(t) = —%:C(t) dt — (Hy, — Hjyy) de(t)

Vi (t
= > (Hy = Hjgy)de(t) - g( )dc(t) + dpsg,
leM—1 (k) k

pr(0) = pr(T),
Q
pr(t) = ve(t) + 25%(7:1)}[(75 —Tq),
qg=1

where v (-) € AC([0,T),R) and H(-) stands for the Heaviside step function;
2. the equality

N
max Zpk(t) —uy, + Z Um
k=1

up€fupt upf], k=1,N meM (k)

N
=> ) [+ D am() |,
k=1

meM (k)
holds;
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3. the functions vi(-), k = 1, N, satisfy the inequalities
dvp(t) <0, if Vi(t) =WV, duy(t) >0, if Vi(t) = VM,
dug(t) =0, if Vi) €™, Vi
4. if cq—1 < cq, for some ¢ = 0,Q then for all k =1, N, the inequalities
App(rq) <0, if  Vi(rg) = Vi" and Aug(rg) >0, if  Vi(rg) = Vi,

hold;
5. if Vi(t) E]Vm,VM[, then de(t) < 0.

Then J(a(-) +@(-), V() + V() = J(@(), V() wherever (i(-) + k(). V() + Ve()), & = LN, is an
admissible process and max, 55 kTN Vi (1q) is sufficiently small.

Proof. Let (i, (-) + (), Vie(:) + Vie(-)), k = 1, N, be an admissible process. Arguing as in the proof

of the previous theorem we get

N T
AJ = m — Um dt — Vi (t) dv
g;Azmw W)m§@>@)t Aﬂkw k()
Q L e )
=) Vilrg) A (rq) — 25, D (g —cq-1)Vi(7q) | 20,
q=0 q=0

whenever max, _g5 ;1 Vi (7q) is sufficiently small. O

Assume that the price c(t) is a T-periodic function. We shall show that in this case the optimal
process is a T-periodic extension of the process optimal on the interval [0,7]. Let S > 1 be an integer.

Consider the problem

N ST ,
maximize J(u(-), V() = Z/O c(t) ug(t) (V’;iit) + Hy, — Vfgﬁ(:) - j(k)) dt.

k=1

Vilt) = A —up(®) + > um(t), te€[0,ST), k=TN,
meM (k)

Vi (0) = Vi(ST), Vie(t) € [V, Vi, ug(t) € [uf, up'].

Theorem 4.3 Let (ii,(-), Vi(-)), k = I, N, be a control process satisfying conditions of Theorem 4.1 or
4.2 on the nterval [0,T]. Then its T-periodic continuation to the interval [0,ST] is a local directional

minimizer (local minimizer) for the above problem.

Proof. It suffices to take the functions uy(-) satisfying the conditions ug(t) = pg(t — sT) + pp(sT),
€ [sT,(s+1)T], s=1,5 — 1, and follow the proof of Theorem 4.1 or 4.2. O
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5 Case of one power station

Here we analyze the case of a system with one power station. We consider a simplified model for real
case systems with reversible turbines like the Alqueva dam in Guadiana river in south of Portugal. The
Alqueva dam constitutes one of the largest dams and artificial lakes, 250km?, in Western Europe.

Consider the case of one power station with single incoming flow A. Assume that v™ < 0 < A < u™
Let 7, c1, c2 be constants such that 7 E]O,T[ and c¢1 < cg. Take

c1,t € [O,T[,
c(t) =1 e, t €1, T, (5)
ci,t="T.

A direct method, i.e. with no intervention of multipliers, allow us to exclude the possibility of the
optimal solution 4(t) = A, V(¢) = VM for the problem. In particular, this implies that the use of

reversible turbines always improves the profit.
Let the price be as in (5). Consider the problem (P):

Minimize J(u(-), V(-)) = — /0 " () (@ 4 H) dt,

or equivalently,

Minimize J(u(-), V() = 7% OT V() di — % i v ar
FH(ez — e1)V(0) + %(02 —e)V2(0) 4 H(er — e2)V(7) + %(q — ) VE(r)
subject to
V(t) = A—u(t),
V(0) = V(T),

V(t) e [vm, vM],

u(t) € [u™, u].

Lemma 5.1 If (a(-),V(-)) is an optimal process for problem (P) and V(0) = VM then V(t) = VM,
for all t € 10,T7].

Proof. Let (i(-),V(-)) be an optimal process for problem (P) and V(0) = VM. Then for every
admissible process (u(-),V(-)) satisfying V(0) = VM we have,

J(u(-), V() = H(ca — cr)VM +*(C2 )V M

oA OT V(t)dt - % V) di 4 H(er — )V (7) + ps(er — e2)V2()

T

1 M 1A co A M
> _ i B _ =2
H(cag —c)VM + 25( —c1)V 5 /0 VM at 5 V dt

T

FH(er —e)VM 4 Loy — o) (VM2

28

If V(t) < V™ on some subset, the above inequality is strict. Since the inequality is still valid for
(u(-),V(-)) = (a(-), V(-)) and this process is optimal we obtain V(t) = VM. O

Lemma 5.2 The optimal process (4(-), V(-)) for problem (P) satisfies V(0) < VM.
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Proof. Assume that V(0) = V™. Then by Lemma 5.1 we have V (t) = V™. Moreover 4(t) = A.
Consider the family of processes (uy(-), Vy(-)), defined as

u™, if t €[0,al,
uy(t) =< A, ifte|a,pl,
uM it t e 8,7,

and
y+ (A—u"™), if t € [0, ],
Vy(t) =< vM if t € [, B,
VM (A —uM)(t - p), ifte BT
with VM_y VM_y
a= and B:T—m,

where VM — y > 0 is small enough to satisfy y > V'™ and o < 7 < 8.
Then we have

I(uy(-), Vy () = J(a(), V() =

V(-
= —% (ya+ (A—um)%2 —VMa) - % ((A—uM)(TQﬂ)Z)

+H(co —c1)(y— VM) +

55e2 = e0) (o — (VM)?)

_ %Q(VM _y)— % ((A—uM)L;B) >

H(es — )y~ VM) + (2 - en)(y? - (VM)?)

_aAd (VM —y)? A (VM —y)? v oMy, L s o
=95 A—um T ag ar—a THle2me)ly= V) + gl —a)lym - (V)Y

where

_MVM—y CQAVM—y 1 M
W) =55 G—um T 25 wr—a M=) = ggle )V,

Since G(y) is linear in y and G(VM) = —H(ca — 1) — L(c2 — 1) VM

< 0, we have

I (uy (), Vy()) < J(@(), V()

whenever y < VM s close to VM7 a contradiction. O

Theorem 5.1 Let (4(-),V(-)) be an optimal process for problem (P). Then 4(t) < 0 on some non null
measure set.

Proof. By Lemma 5.2 we have V (0) < VM. Consider the set of admissible trajectories V (-) satisfying
V(0) = V(0). The associated cost is

J(u(-), V(")) = H(cz — c1)V(0) + %(@ —1)V3(0)

T T
_ad V(t)dt — c24
S 0

1
< V(t)dt + H(cr — e2)V(T) + ﬁ(cl —e2)V3(7).

T

Suppose that @(t) > 0, a.e.t € [0,T]. Take § = min{s | V(s) = rr%ax] V(t)}. Since ¢z > ¢1, we have
telo,T
max V(t) > V(0).

t€[0,T]
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Consider the process (ii(-),V(-)), with V(0) = V(0) and
u™, ift €[0,ql,
at) =4 A, ifte a0l
a(t), ift €[0,T].

0
Here « is chosen to satisfy V(a) = V(6). Therefore we have Af — / @(7)dr = a(A —u™). Hence,
0

Af — u(T) d
_ fo a(r)dr - Af

A—ym _A—um<9'

Since @(t) > 0, by definition of & we have V() > V(t) on [0, 6] and V(t) = V(t) on [, T]. Comparing

cost functions we obtain

J(a(-), V() = J(@a(), V() =

a contradiction. O
Thus we see that the use of reversible turbines improves the profit.
Under an additional condition we can explicitly find an optimal process.

Theorem 5.2 Let V™ < VM — (A —u™), where

clA c1A

e

0= A — (T - 7).
Assume that 0 < 7. Then the process (ﬁ(),V()), where
u™, te[0,6],
at) =< A, te€)o,T],
uM t €7, T),
and
VM L (t—0)(A—u™), te0,6],
V)= vM, t €], 7],
VM 4 (t—7)(A—uM), t €]r, T,
is optimal.

Proof. Consider also the functions

0, t €]0,6],
M(t) = C1 (t - O)A/S’ te [977—[7
ci(tr—0)A/S + Ap, t € [1,T),
and
(0 —t)c1A/S, € [0, 0],
_ )0 [0a7—[7
p(t) = pr — (t —T)c2 A/ S, t € [|r, T,
p(T) =0c1A/S, =T,
where 4 A
C1 Cc2 A A
=6 4 (12 R0 - T(0)
and
pr=—( LV (r) + Ap.

() - V(o) dt - < (‘7(9) -
0

If pr < 0, then, since V(7) < 0 and Ay > 0, from Theorem 4.2 we see that (a(-),V(-)) is a local

minimizer for the problem. Note that in this case we have
c2 —c1
25
whenever V(-) + V(-) is admissible and V() is sufficiently small. O
Consider an illustrative example.

AT > —ApV (1) — V3(r) >0,
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Example 5.1 Let A=1,T =12, 71=6,c1 =2, ca =5, u" = -1, M =2, v =3, vM = 10,
S =100. Then V(0) = 4 and 0 = 3. The condition pr < 0 is satisfied. The optimal process is shown in
Fig. 2.

Fig. 2 Optimal process

Note that 4(t) = —1, t € [0, 3], i.e. the water is pumped. In this way the station accumulates water
when the price is low to be used when the price is higher.

6 Conclusions

In this work we analysed an optimal control problem modeling a cascade of hydro-electric power stations
where some of the stations have reversible turbines and with objective the optimization of the profit
of power production. This is a problem of minimization of an infinite-dimensional quadratic functional
subject to cone constraints. Results on this subject where deduced. Generally and for the considered
problems the minimum point may be not isolated or even it can be only a directional minimizer point.
In such cases sufficient conditions of optimality are much more effective when compared to necessary
conditions. Besides sufficient conditions of optimality for the problem of minimizing the profit on a
cascade of hydro-electric power stations, it was determined the structure of the solution for such problem
when the price is periodic. This can be important in real situations. The particular case of one power
station was studied in more detail. It was proved that the use of reversible turbines always improves the
profit in that case.
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