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Abstract

In this article, we present first and second order necessary conditions of optimality
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1 Introduction

After some initial advances before the sixties in the last century and significant
progresses since then, today the optimal control theory for impulsive systems
constitutes a rich body of results.

In this article, results on necessary conditions of optimality for impulsive con-
trol problems recently obtained by the authors is surveyed, being some rela-
tions with comparable results in the literature discussed having in mind to
provide insight for future developments.

We only consider systems generating state trajectories of bounded variation
whose dynamics are given by measure differential equations. That is, the com-
ponents of the trajectory that evolve singularly with respect to the Lebesgue
measure (for example, discontinuities or jumps) are obtained by extending the
usual class of measurable controls in order to include measures which enter
affinely in the dynamics. The state trajectory is obtained by integrating the
dynamics in the sense of Lebesgue-Stieltjes. However, since we consider vec-
tor fields associated with the singular term of the dynamics depending on the
state variable, the fact that the control measure may contain atoms implies
that some care is needed in defining the trajectory. This will be presented be-
low and reveals the need to characterize a path joining the endpoints of each
frajectory jumps.

We will consider, for now, the following basic problem:

(P) Minimize ey(p) (1)
subject to dz(t) = f(t, z(t), u(t))dt + G(¢, z(t))du(t), t € [to, t1], (2)
e1(p) <0, ealp) =0, (3)

vueld, duek (4)

Here, p = (z(to), z(t1), to, t1), to < #; are fixed, and the functions f : [tg, ;] %
R*xR™ — R™, G : [tg, 1] xR™ — R and ¢; : R* x R* — R4 4 =0, 1, 2,
with d(eg) = 1, are given. By d(f) it is denoted the dimension of the range
space of the function f. The function u is the conventional measurable control,
being

U:={ueLllt,t1] :ult)e Ult) L ael. (5)

The impulsive control dy is a g-dimensional Borel measure taking values in
the cone K, given by

{du € C*([to, t1]; RT) : Vo ({to, t1]) s:t. B(t) € K° ¥,



/¢(t)du > 0V Borel B C [to, t1]}-
B

Here, K is a given convex, closed, pointed cone from R?, and K° is its dual.

Although, a wide range of different problems have been considered in the lit-
erature, the paradigm considered here appears to be the one for which more
results have been derived and emerges as a natural extension of the conven-
tional optimal control problem.

One of the key features of our optimality conditions is that these do not de-
generate, i.e., they remain informative even for abnormal control processes.
While for the first-order conditions a certain controllability assumption is re-
quired in order to ensure the nondegeneracy, for second-order conditions no a
priori normality assumptions are imposed. Here, the second-order information
is used in order to select informative multipliers.

In order to derive the necessary conditions of optimality the following set of
basic assumptions will be considered.

B1) The functional ey, the vector functions e;, es, and the matrix function G
are continuously differentiable.

B2} f is continuously differentiable in (z, u) for almost all ¢, and, together with
its partial derivatives in z, is measurable in ¢ for all fixed (z, u).

B3) f and its partial derivatives in z are bounded on any bounded set and
continuous in (z, %) uniformly in ¢.

B4) The set-valued function U is measurable in ¢, and bounded, being U(t)
convex and closed for almost all ¢.

Since the first-order and the second-order necessary conditions were derived for
somewhat different problems and under different assumptions, the additional
features and assumptions will be presented in the corresponding sections.

The definition of trajectory associated with a control pair (xg,u, ¢t} solution
to (2), z, has been presented, for example, in (3). It is a function of bounded
variation satisfying, V¢ € (¢, t1]:

2(t) =0 + [1f(5,2(5), u(s)) + G(s,(s))wac(s)lds

£:<i

+ [ 6o, 2(6))disels) + 3 At

where Wag, ditse, and dptse == Y, < #({t:})6:, (), are, respectively, the abso-
lutely continuous, the singular continuous, and the atomic components of the



control measure, and Az(t;) = &(1) — z(¢;), being &; solution to

&i(s) = Gt &i()msal{t:]), 0,1] —ae,  &(0) ==(t). (6)

An admissible process (x}, u*, 1*) is a local minimizer of the problem (P) if
there exists € > 0 and, for any finite-dimensional subspace R C L™ [ty, 1],
er > 0 such that the process (x§, u*, u*) yields a minimum to the problem
(P) with the additional constraints {la — a*|| < €, ||dp — dp*||c-(o.eajmey < &,
u € U (u") defined as the set of controls u satisfying [|u — ©*||lzmp.e) < €R,
v € R, and u(t) € U(%).

Besides the technical motivation underlying the extension of the rich body of
optimal control theory well established for systems with absolutely continuous
trajectories for those with trajectories which are merely of bounded variation,
there is a wide range of applications driving the progress in this field:

e Space navigation, (17; 18; 16; 11).

o Finance and resources management, (8; 4; 11; 12)
e (Quantum electronics,(12).

e Nonsmooth impact mechanics, (5; 6; 7)

This article is structured as follows. In the next section, we present first-order
conditions for the free-time impulsive control problem with state constraints.
Here, there are two variants requiring different sets of assumptions: a weakened
Maximum Principle, and nondegenerate necessary conditions of optimality.
'The third section concerns nondegenerate second-order necessary conditions
of optimality for the fixed time impulsive control problem without state con-
straints. These conditions are proved without a priori normal assumptions.
Finally, we close the article with a discussion of the presented results in the
context of the state-of-the-art in impulsive optimal control.

2 First-Order Optimality Conditions

In this section, we present first-order necessary conditions of optimality for a
free time impulsive control problem which, besides state endpoints equality
and inequality constraints and control constraints, also includes state con-
straints of the form

o(z,t) <0, Vtée [ty 1] (7)

where ¢ : R x [tg, ;] — R¥¥) is assumed to be continuously differentiable in
all its arguments. A remark concerning this inequality is in order: it has to



hold not only for all £ € [to, #;] but also for all points in the trajectory path
Joining the jump endpoints, i.e., for any atom ¢; of i, we have @(&;(s), ;) <
0, ¥s € [0, 1], where &; is solution to (6).

Furthermore, the control measure is scalar, i.e., ¢ = 1, and the vector function
f in (2) is linear in the conventional control variable u.

The two results presented here - a Maximum Principle and a weakened Max-
imum Principle - were proved in (2) under different subsets of the following
set of assumptions:

F1) f is continuously differentiable in all arguments, and the set-valued map
U(-) is constant and convex and compact valued.
F2) The endpoint constraints are regular, i.e., for any endpoint vector p =
(Zo, 71, to, t1) satisfying (3):
1) {egp(p) :3=1,..,d(eqs)} is linearly independent.
2) 3p € R™™2 s.t. ep,(p)p = 0, and (e (p),p) > 0, Vj s.t. el(p) = 0.
F'8) The state constraints are regular: ¥(z,t) s.t. (7}, 3g = ¢(x,t) € R" s.t.

(l(z,t),q) > 0 for all j s.t. ¢/ (z,t) =0.

F4) The state constraints are compatible with endpoint constraints at p* sat-
isfying (3) and w(z*(t}),t;) <0, k= 0,1, i.e., e > 0 such that

{peR™?: |p—p*| < elp) <0,exp) =0} C {p: plarte) <0,k =0,1}.

F5) The reference trajectory z*(-) is controllable at the end points with regard
to state constraints: Ju, € U and my € [0,400), k£ = 0,1 such that, Vj
with @ (2*(t}), 1) = 0,

(~DF (" (8), we, ) + Gla* (1), B mi, (e (), 1)
T+l (2 (), 1) < 0.

F6) Let 2*(-) be the reference optimal trajectory on [t), t]], By = (" (t51), t3),
EY = (z*(t]7),#]). The function ¢ is twice continuously differentiable
and satisfies: 3§ > 0 s.t. VE € R* x R with |[E — F}| < 6 Vj,k and
o(Bp) = Wi =0,

Wi(E) > 0

where, for j = 1,.., d(p), Wi(z,t) = (@i (z,t), Gz, 1)), and W = (GG, ©l)+

(G, ¢! .G) is the evolution derivative of W7 along the arc joining the jump
endpoints.

While the assumptions F'1) - F'5) are needed in order to ensure the nondegen-
eracy of the necessary conditions of optimality, F'6) together with F4) is used
to obtain time transversality conditions for problems with state constraints
and dynamics measurable in ¢.



In order to present our results, we need to introduce some notation. For some
A= ()\0, )\1,/\2) € R x Rd(e1) x Rd(e2), let H = Ho + Hl’U, Hg(l', ’U.,’Qb,t) =
(Flz,u,t),4), Hi(z,¥,t) = (Glz,1),¥), and U(p, ) = T7_o{e;(p), Ay

Furthermore, in order to facilitate following the results, we adopt a short no-
tation as follows: Ho(f, u) = Ho(z*(¢), u, ¥(t),t), Ho(t) = Ho(t,u*(t)), Hy(t) =
Hi(z*(t),9¥(t),t), Hoz(t) = Hox(x*(t), u*(£),¥(t), 1), ..., etc. In other words, if
Hy, Hy or their partial derivatives miss some of arguments z, 1, u, then it is
understood that the values z*(t), ¥(¢), and u*(t) are considered in their place.
Let also, T* = [t3.£}], and Af = p*({t;}), k=0, 1.

Theorem 3.1 (Weakened Maximum Principle). Let (p*,u*, u*}, with p*
(z*(t5), z*(11), 15, t1), be the solution to the optimal control problem (1)-
and (7) whose data satisfies the basic assumptions B1)-B4) and F4).

(4)
Then, there exist

e number \g > 0, vectors A, € R¥e) )\, > 0, \, € Retle2)

e vector function ¥ € BV™(T*),

e vector measure n = (n*,..,n%¥)), 5 € C2(T*), s.t. Ds(p*) N Ds(op) = B V5,
and

e for every atom r € Ds(u*),
- vector function o, € BV"*([0, 1]),
- vector measure 7, = (n}, .., ¥, ni € C1([0,1]), 5 =1,..,d(y),

satisfying:

b(t) ¢0—[H0:,, ds—lem d,uc-l—fgoxa: §)dn

(5.4 [t5:¢]

+ Y (e () =), (8)

r€Ds{p*), r<i
day(s) = glag(s),7)A7, s €[0,1],
do.(s) = =Gl {ar(s),m)o.(s)Ards + ] (a}(s),r)dn,, s €[0,1], (9)
a;(0) =2*(r7), o(0)=v(r"), Al=p({r}),

@bO - ao(p :/\): 'l»bl _g?_l_(p :’\) (10)
(Glap(s), ), 00(s)) =0 VSE [0,1], Vvr € Ds(u") (11)
supp (1) € {86 0,1] : @' (en(s),r) = WW(aj(s),r) =0} Vj, (12)
(/\_hel( p)) =

@' (z"(2), )=0n’ae, vj (13)
urgg()t() Ho(u,t) = Ho(t) a.e, (14)
Hi(t) <0 Vi, Hi(t)=0 yg -ae., (15)



essliminf max Ho(z*(t;), u, ¥(t}), 1) + (—l)k%(p*, A) <0, k=0,1,(16)

t—ty  wel(t)
M+nl+ 3 Inl=1
r€Ds(u*)

Furthermore, when assumption F'6) holds, then, for the case where A} = 0,
we can obtain, instead of (16},

esslimsup max Ho(z"(t;), u, ¥(t;), t) + (—1)'“&(19*,)\) > 0,
t—oty  ueU(t) Oty k=0.1
ol S
* * k
esshgl_l,gilfulggé)ffo( (tR) s p(th), 1) + (—1) o, (7, 2) <0,

Here is our main result of this section, the nondegenerate necessary conditions
of optimality for the free time impulsive control problem in its full generality,
i.e., with endpoint state constraints and state constraints.

Theorem 3.2. (Nondegenerate Maximum Principle). Let (p*,u*, u*), with
p* = (x*(ty), x*(t]), 15, t}), be a solution to problem (1)-{4) and (7) which is
assumed to satisfy the basic hypotheses B1)-B4), and F'1)- F'5).

Then, besides Ao, M1, A, ¥, 7 = (n',..,7%9), and a pair (o, € BV™([0,1]),
ne = (n}, .., n%¥N)) for every atom r € Ds(u*), as in Theorem 3.1, there exist

e a scalar function ¢ € V(T™), and,
e a scalar function 8, € V([0,1]) for every atom r € Ds{u*),

satisfying (8)-(10),

o(t)= 0+[Hgt Yds + /Hu s)du, — /cpt z*, 8)dn

[t5-£] [t5.t]

+ > 161 =),

reDs(u*), r<t

do,(s) = (Gu(a(s),7), on(s)) Ards — @/ (ai(s),m)dns, 6,(0) = $(r7),

ol {
¢0=——8'E(p*7/\)) ¢1 8_( A):

(11)-(15), and

max Hol(u,t) =¢(t) ¥Vt e (t;, 1)),
Yo+ L({t: [w@I>0) + T L({s:lo-(s) > 0})Ar =1.

reDs(u*)



3 Second-Order Optimality Conditions

In this section, we present second order conditions of optimality for a fixed
time impulsive control problems with control and endpoint state trajectory
constraints. The result presented here can be regarded as an extension of the
result proved in (3} in that, now, we consider also control constraints. However,
this is not an essential feature of the overall result.

Besides dropping the state constraints and considering a fixed time problem,
and therefore p = (z(to), z(t1), now, the set U(t) in the constraint on the
conventional control in (5) is defined by U(t) := {u € R™ : M(t,u) = 0} for
some function M : R x R™ — R¥M) satisfying a regularity assumption.

Let us consider the basic problem with the following assumptions. This es-
sentially consist in higher smoothness of the data as well as in the Frobenius
condition to be satisfied by the singular vector field, that is, B1)-B4) are now
replaced by:

S1) Functions e, €1, e; and G are C?.

52) The function f is twice continuously differentiable w.r.t. {z,«) for all
t € [to, t1].

83) Functions f and G and their first and second order derivatives are bounded
on any bounded subset and measurable w.r.t. ¢.

S4) The n x ¢ matrix G satisfies the so called Frobenius condition, i.e.,

Go(t,2)F (t,2) — GL(t,2)G'(t,2) =0, 4,j=1...q,i#7,  (19)

where G is #** column of G.
55) The function M satisfies the following regularity condition: For any set
V C R™, e > 0 such that, for a.a. t € [to, 1],

det( M (t, u) M (t,u)) = €
for all u € V s.t. |[M(t,u)] <e.

Notice that, given S2), the uniqueness is guaranteed by the Frobenius con-
dition, $5). This ensures the robustness of the dynamic system (2) with re-
spect to the approximation of generalized control di by conventional controls
v(-) € LI ([to, t1]; K) (see (11; 20; 217 ; 35)).

The key feature of this result consists in the fact that second-order conditions
are used to select an adequate subset from the set of all multipliers that
satisfy the local maximum principle. This subset of multipliers is such that
the optimality conditions remain informative for optimal abnormal control
processes in the absence of a priori assumptions.



Let us now restate the first-order optimality conditions discussed in the pre-
vious section in the context of this section, i.e., absence of state constraints,
specific structure of the conventional control constraints, and fixed time inter-
val.

We say that a process (p*, u*, p*) satisfies the local maximum principle if there
exists A = (Ao, A1, A2) # 0, such that Ag > 0, Ay > 0, (A, e;(p*)) =0 a vector
function ¢ € BV™([ty,t1]), solution (in the integral sense of the definition
introduced in the first section) to the adjoint system

—dy(t) = Ho.(t)dt + H,, (t)du’ (),
—(t1) = ey (P7, A),

(20)

and a vector function m € L¥M) [ty ;] which satisfy the following conditions:

P(to) = Ly (p": A), (21)
H,(t) — M, (t)ym(t)=0 L-ae,
(Hy(t),v) <0 V(t, v) € [to, t1] % K,
(Hy(t),w"(t)) =0 dp'-ae,
where w*(t) = cﬁﬁ—(:)% is the Radon Nicodym derivative of the measure dp* with

respect to its total variation measure. Remark that any adjoint trajectory 1(t)
and the function H(t) depend on A due to the transversality condition {21).
The jump of ¥ at the atom r € Ds(p*) is now given by ¢(r) = ¢"(1) being
o (-) solution to the adjoint limiting system

—6"(8) = Hiz(r, 0" (s),0"(s))A7, 0" (0) =9(r)
with a"(-) and Af as in (9).

Let us denote by A(p*,uw*,u*) the set of all normalized (i.e., ||A]]| = 1) La-
grange multipliers A satisfying the local maximum principle. The following
necessary condition of optimality is well known (see (1)) : if (p*,u*, ") is a
local minimizer for (1)-(3), then A(p*,uw*, #*) is nonempty.

We preserve the short notation adopted in the previous section and also not
that the dot over the function label means the total derivative with respect
to time, and that an argument variable appearing in sub index means that a
OPH

(t).
Oudz

partial derivative is being considered, e.g., H;, (t) =

Given the complexity of the formulae that follows, we will assume that the
control measure has no singular continuous components, i.e., it takes the form



du(t) = v(t)di+ > wu({r})s.(t). Furthermore, in order to ensure the compact-

reDs
ness of the statement of the second order conditions, we shall use the total

derivative w.r.t. time along the solution to the following ordinary differential
system

T = f(t,z,u) + G(t,z)v
_l()b = H:L‘(t: x, @b, U, 7")
W = v, v(t)e K

where w is the right continuous function of bounded variation associated with
4. Under the Frobenius condition, this derivative does not depend on v.

Ker - Cone of critical variations. A variation (ézg, du, dw) € R™ x L% [tg, t1] X
BV is critical if the corresponding state trajectory variation, éz € BV™,
satisfies the following conditions:

Le*

{eop(p”), )

(e1p(p"), 0a)

<€2p P} 519) €2z, 1
op = (8z(to), 6z(tr)), 5w1 = dw
6z = (fr + Go) )0z + £, ()0

M,(t)éu(t) =0 L-—ae.

d(éw) € K + Lin{du*}, dw(te) =0 (22)
oz (r) = dq(1;r, p*({r})), Vr e Ds(u’) (23)

1]
o
g

(e0s, (P7), G
(e12,(p7), G
(62, (9"), G

=3
HOIA A

3
*
S
—
=
\_/‘-__/C)“OO

I
—
em.
|
-
S—
=
&
e
H.
»/
¥ 7]
~—
—

where éq(s;r, p*({r})) := 6¢"(s) is a solution to

8q7(s) = [Hiy(r, 0" (s),07(s))p” ({r 04" (s), (24)
with 6¢"(0) = dx(r~) for r > ty and 8¢*(0) = dxo, being o’ (-) and o7(-) as
defined above.

Quadratic form. For any A € A, we define the quadratic form

151
QMdzg, bu, Sw) = 5pTl;‘p(p*)6p + QM (dp, dwy) — fQ’\(éa:, du, dw)(t)dt

+ f5u (8 )wadu(t)dt

10



where @* and @} are the following quadratic forms:

QMéz, bu, dw) = suT H u + 2627 H), du — 26w” (H),6u
—SuwT () 6w — 20wT (H)) 6z + 82T HX oz
Qi‘ ((SSE(), (57.01) = 26$(t0)TlA (p*)G(t1)5w1 - 2(5$(t1)THEAv (t1)6w1

+5w1Tg;l(t1)(lilm1(a*)G(tl) — Hp,(t1))0w, (25)
— 3 82T ()TN (5)0z(s) — 2T (s7)¥M(s7)bx(s7)).
s€Ds(u")

Here, the ¢ dependence in @* is not explicit, and §z(-) is the corresponding
solution to (22), (23), (24), dz(ty) = dxzo, w(ty) = 0. The n x n matrix
UA(t) € BV™™ in formula (25) is given by

VM) = =Z7(1;8) fy 27T (s, t) Hrau(s; 1) 27" (5;8)ds Z (15 ),

where Hizo(s;t) is Hipa(t, o*(s;1),0%(s; ), w*(¢)) and the n X n matrix Z(s; t)
satisfies the linear differential equation

_dZ(s;1)
ds

= Z(s; t)[le(ta a’(s, t): o*(s, t))'l‘U*(t)]E# Z(0;t) =1,

with a*(s;t), 0*(s;t) being the solutions to the corresponding limiting systems
with o*(1;¢) = *(t), and o*(1;t) = 9¥(t).

In order to state the main result of this section, it is convenient to consider
the following modified variational equation for ¢ ¢ Ds(u*):

0z = (fr + G2v) ()62 + fu(t)du — (H,)y(t)now, (26)
with jump conditions (23) and (24), with

6z(0) = dz¢ € R™, dw € LE 6u € L, with u(t) € KerM,(t) (27)

oo}

where 7 is the matrix of the orthogonal projection from R? onto the linear
subspace N = K N (—K).

Define the quadratic form €2} on R™ x L™ x LI x R7 obtained from Q* by
formally replacing dw; by h. Put e = (e;,e;) and denote by K, the linear
subspace of R™ x LT x L% x RY of all tuples (6z,du,dw, h) such that the
corresponding solution of (26) with (23), (24), satisfies

ep(p")op + e, (p")G(t)nh =0, (h € RY).

11



Define the linear operator A : K, — R%® by the formula

A(62(0), du, bw, h) = e, (p")0xo + €5, (p*)0z1 + Ly, (p*)G(t)7h,

where dz is the corresponding solution to (26), (27), (23), (24). Let d =
codim (I'm.A).

Consider the subset A, (z*, u*, w*) (or A, for short) of vectors A € A(x*, u*, w*)
such that the index of the form Q) on the subspace K, is not greater then
d. We recall that the index of a quadratic form ¢ on a given subspace V is
the maximum dimension of any subspace of V where the quadratic form is
negative definite.

Theorem 4.1. (Necessary conditions of optimality). Let the control process
(z*,u*,w*) be a local optimal to the problem (P). Then, A, # @ and, for any
(g, bu, dw) € K., we have

max O (8zg, bu, dw) > 0. (28)

The proof of this result is organized into several steps as follows. First, (P)
is transformed into an equivalent problem whose impulsive dynamics do not
depend on the state variable which can be easily converted into an abstract
optimization problem. Then, the optimality conditions proved in (1) are ap-
plied, and the stated local maximum principle and second-order conditions are
obtained by decoding the abstract conditions in terms of data of the original
problem.

4 Discussion

There is a substantial body of literature addressing impulsive optimal control,
and, in particular, necessary conditions of optimality. For an excellent survey
see (22) and for somewhat complementary comprehensive overviews consult
(23; 11; 35; 33).

Degeneracy of the necessary conditions of optimality is an important issue that
has an important history for conventional optimal control problems, (1; 9; 14).
However, this is not the case in impulsive control. One of the most distinct
features of our optimality conditions relatively to comparable results in the
impulsive control literature, see for example (13; 29), is the fact that they
do not degenerate. While, for first-order conditions, we have to assume some
assumptions concerning the controllability of the reference control process
relatively the the constraints, as well as their regularity, and compatibility, for

12



second-order conditions, the second-order information is used to restrict the
set of multipliers in such a way that the conditions remain informative even
for abnormal control processes.

The solution concept adopted in both results in this paper is in the spirit of the
works of (5; 6; 23; 19; 26; 31). These have their roots in the reparameterization
techniques used in some of the first studies on impulsive control, (27; 24; 34),
which were formulated having in mind to ensure the existence of solution
to optimal control problems with unbounded controls emerging, for example,
in minimum fuel and optimal space navigation problems. The existence of
solution is ensured by enlarging the control space in order to include measures
and the necessary conditions of optimality were derived by decoding in terms
of the original data, the conditions for an equivalent conventional optimal
control problem. This is generated by reparameterising time so that, for each
atom of the control measure, there corresponds a new time subinterval, being
the graph of the trajectory (in the new parameterization) completed according
to the singular dynamics.

However, these approaches require that time be treated as an additional com-
ponent of the state variable, this meaning that the time dependence and the
state dependence of the data have to be of the same nature. Like in (26; 32; 26),
we derived first-order necessary conditions of optimality in the form of a max-
imum principle for impulsive control problems for which only the measurabie
dependence of the absolutely dynamics w.r.t. time is required. Although the
optimality conditions derived in (28) is for problems with data also merely
measurable on time, this work concerns generalized problems of Bolza with
Lagrangians jointly convex in (z,%) and the duality interpretations of the
multipliers as well as properness assumptions are emphasized.

Unlike any of these references, the optimal impulsive control problem that
we consider for first order conditions was more complete in the sense that
the endpoints of the time interval are free, and state constraints have to be
satisfied by any feasible trajectory. These features not only greatly increase
the complexity of the optimality conditions but also make the arguments of
the proof extremely more involved.

It can be seen that our first-order conditions can be extended for the case of
vector valued control measures (quite common in the literature). In fact, this
is the case for our result on second-order conditions where we assumed the
Frobenius condition to be satisfied by the singular vector field. This property of
differential geometric character is present in most results for impulsive control
with vector valued measures, (5; 20; 21; 10; 15; 13), in order to ensure the
correctness. One of the challenges is to derive the optimality conditions for
our optimal control problem without this condition, as in (6; 26).
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