A VARIATIONAL PRINCIPLE FOR IMPULSIVE SEMIFLOWS
JOSE F. ALVES, MARIA CARVALHO, AND CARLOS H. VASQUEZ

ABSTRACT. We deduce a variational principle for impulsive semiflows defined on compact
metric spaces. In particular, we generalize the classical notion of topological entropy to
our setting of discontinuous semiflows.
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1. INTRODUCTION

An impulsive semiflow is built from a continuous semiflow ¢ acting on a compact metric
space X, which governs the state of the system between impulses, and a compact set D C X
where the semiflow ¢ experiences some drift specified by a continuous function 7 : D — X.
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Dynamical systems with impulse perturbations seem to be an efficient mathematical tool
to describe real world phenomena that exhibit abrupt transitions in their phase space; see
the introduction of [2] and references therein for a thorough list of applications of impulsive
semiflows, particularly in Life Sciences and Physics.

A major problem in this field is inherent to the dynamics: an impulsive semiflow is dis-
continuous. So, a first concern has been to understand the behavior on the non-wandering
set, which may be non-invariant, and to find out sufficient conditions for the system to
preserve a probability measure on the g-algebra of the Borel sets. These issues have been
successfully addressed in [2]. The second main query in this context is the existence of
probability measures suitable for specific investigations or applications. A natural way
of selecting invariant measures is provided by the variational principle [8, 4], a relation
between the topological and the measure-theoretic entropy which aims to find relevant
extremal elements of the convex set of invariant probability measures.

However, the classical notion of topological entropy [6] requires continuity of the dynami-
cal system, a demand we can no longer fulfill. Accordingly, in Section 1.1 we introduce
a generalized concept of entropy, which coincides with the classical one for continuous
semiflows and is invariant under flow conjugacy. This new entropy concept turns out to be
adequate to the kind of discontinuities under consideration and the right notion to establish
a variational principle for impulsive semiflows.

1.1. Topological entropy. Here we recall the usual notion of topological entropy when
X is a compact metric space and ¢ : Rf x X — X is a continuous semiflow and introduce
a modified definition adapted to our setting.

1.1.1. The classical definition. Given x € X, T' > 0 and € > 0 we define the dynamic ball
B(z,,T,¢) ={y € X : dist(pe(x), pe(y)) < ¢, for every ¢ € [0,T]}.

The continuity of ¢ implies that B(z, ¢, T, ¢€) is an open set of X since it is the open ball

centered at x of radius € for the metric

dist?(z,y) = max {dist(:(x), ¢:())}.

A set E C X is said to be (¢, T, €)-separated if, for each x € E| inside the ball B(z, ¢, T, ¢€)
there is no other point of E besides x. As a consequence of the compactness of X and the
continuity of ¢, any set £ C X which is (¢, T, €)-separated is finite. If we denote by |F|
the cardinality of E, then we define the largest number of distinct, up to e, initial T-blocks
of orbits of ¢ by
s(p,T,e) =max {|E|: E is (¢, T, €)-separated},
and the growth rate of this number as
h(p, €) = lim sup 1 log s(p, T, €).
T—+o00 T
The topological entropy of ¢ is then given by

huop(ip) = Lim h(p, e).
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1.1.2. A modified definition. We now change the previous definition of topological entropy.
Let X be a metric space and ¢ : Rf x X — X a (not necessarily continuous) semiflow.

Definition 1. Consider a function 7 assigning to each x € X a strictly increasing sequence
(70(2))nea(w) of nonengative numbers, where either A(xz) = {0,1,...,¢} for some ¢ € N or
A(x) = Ny, such that 7o(x) = 0 for all z € X. We say that 7 is admissible with respect to
Z C X if there exists n > 0 such that:

(1) 1i(z) > nfor all x € Z;
and for all z € X and all n € N with n +1 € A(x)

(2) Tug1(w) — Tlx) > 15
(3) Ta(Vs(x)) = Tp(x) — s i 1 1(x) < 8 < T(2);
(4) Ta(¥s(7)) = Tnia () if s = 7,(2).

For each admissible function 7, z € X, T'> 0 and 0 < § < /2, we define
Jrs(x) = 0,71\ |J (75(2) = 6,7(x) + 9).
JEA(T)

Observe that J7.5(z) = (0, 7] whenever 7,(x) > T. The 7-dynamical ball of radius € > 0
centered at x is defined as

BT (z,9,T,€,6) = {y € X : dist(¢y(z),¢(y)) <e, Vt € J}ycg(x)} :

Accordingly, a set £ C X is said to be (¢, 7, T, €,0)-separated if, for each x € E, we have
y ¢ B"(x,9,T,¢€,6), Vye E\{z}.
As before, define
s"(¢,T,e,0) =sup{|E|: E is a finite (¢, 7, T, €, §)-separated set},
and the growth rate
h7 (1, €,d) = lim sup % log s™ (1, T €,0),

T—+oo

where log oo = 0o. As the function € — h7(1), €, 6) is decreasing, the following limit exists

h™(¢,0) = lim A" (1), €, 9).

e—0t

Finally, as the function § — h7 (1), ) is also decreasing, we define the 7-topological entropy

of ¥
hiop(¥) = lim AT(1), 5).

6—0t

Theorem A. Let ¢ : Rf x X — X be a continuous semiflow on a compact metric space X

and T an admissible function on X. Then hi, () = hiop(¢).
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1.2. Impulsive semiflows. Consider a compact metric space X, a continuous semiflow
¢ : Ry x X — X, a nonempty compact set D C X and a continuous map [ : D — X.
Given & > 0, let

D, = U{gpt(x) 0 <t <&} (1.1)
zeD
Definition 2. We say that D satisfies a half-tube condition if there is & > 0 such that:
(1) D¢ is an open set for each 0 < & < &p;
(2) if pi(x) € Dg, for some x € X and ¢ > 0, then there is 0 < t' < t with ¢y (z) € D;
(3) {pi(m1) : 0 <t <&} N{pe(x2):0<t <&} =0 forall 1,29 € D with z1 # xo;
(4) there is C' > 0 such that, for all z1, 29 € D with x; # x5, we have

0<t<s<& = dist(pxr),vi(r2)) < Cdist(ps(1), ps(w2)).

The first visit of each p-trajectory to D will be registered by the function 7, : X — [0, +-00]
defined by
inf {t > 0:¢i(x) € D}, if p(x) € D for some t > 0;
TE = 400, otherwise.

It is known that the function 7y is lower semicontinuous on the set X \ D; see [5, Theo-
rem 2.7]. Additionally, the tube condition proposed in [5] ensures that the restriction of 7
to X \ D is also upper semicontinuous.

In this work, our main assumption on 7y, as done in [2], is that 7 (x) > 0 for all x € X.
This requirement prevents the existence of trajectories of ¢ that cross D and return to D
after an arbitrarily short time; in particular, the semiflow ¢ cannot have singularities in
D. Tt is worth pointing out that this assumption is valid in rather interesting and general
settings, as, for instance, whenever ¢ is a C*! flow and D is transversal to (.

The impulsive trajectory ~, : [0,T(x)) — X and the subsequent impulsive times of a
given point x € X are defined according to the following rules:

(1) If 0 <t < (), then we set v,(t) = pi(z).
(2) If 7y (z) < oo, then we proceed inductively:
(a) Firstly we set

Defining the second impulsive time of = as

m(z) = 11(z) + 11(e(11(2))),
we set
V2(t) = Prri(@)(V(T1(2))),  for mi(z) <t < 7o(2).
(b) Assuming that ~,(¢) is defined for ¢ < 7,(x), for some n > 2, we set
Vo (T (@) = 1(r, (2)=rn1(2) (V2 (Tn-1(2))))-
Defining the (n + 1)™ impulsive time of z as

Tn—i—l(x) = Tn<x> + Tl(%c(Tn(x)))a
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we set

Y (t) = Prorn(@)(Va(Tn(2))),  for m(z) <t < Ty ().
Finally, we define the time length of the trajectory of = as

T(x) = sup {ma(z)}

We say that (X, ¢, D, I) is an impulsive dynamical system if
() >0 and T(zr)=+oo, forallze X.

As observed in [2, Remark 1.1], under the condition I(D)N (D) = () we have T'(z) = oo for
all z € X and 7 = {7,() },,>1 is an admissible function with respect to D. The impulsive
semiflow 1 of an impulsive dynamical system (X, ¢, D, I) is defined by
v RfxX — X
(t,x) +— 7.(t),
where 7,(t) is the impulsive trajectory of x determined by (X, ¢, D, I). It has been proved

in [3, Proposition 2.1] that v is indeed a semiflow, though not necessarily continuous.
For £ > 0 we define

Xe=X\(DeUD,).
Observe that, as D is compact, I is continuous and (D) N D = (), we may choose £ small
enough so that I(D) N D¢ = . Therefore, since we are also assuming that D satisfies a
half-tube condition (see item (2) of Definition 2), the set X is forward invariant under ¢
(that is, (X)) C X for all ¢t > 0).
To control the moments a (p-trajectory visits D, we introduce the function
" Xe UD — [0, +00]
defined by
T*(x) _ Tl(.T), lf x € X&,
0, ifxeD

and, in what follows, we will assume that 7* is a continuous map.

Definition 3. We say that I(D) is transverse if there are sy > 0 and & > 0 such that

(1) pi(x) € I(D) = prys(x) ¢ I(D), V0 < 5 < s9;
(2) {pe(z1) : 0 <t < &PN{pi(as) : 0 <t <&} =0 for all 1,25 € I(D) with z1 # wy;
(3) there is C' > 0 such that, for all x1, 25 € I(D) with 27 # x5, we have

0<t<s<& = dist(pxr),vi(r2)) < Cdist(ps(1), ps(w2)).

This property holds, for instance, when ¢ is a C! tubular semiflow and (D) is transversal
to the flow direction.
The map [ is said to be I-Lipschitz if for all z,y € D we have

dist (I(x), I(y)) < dist (x,y).
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Theorem B. Let v be the semiflow of an impulsive dynamical system (X, ¢, D, 1) such
that I is 1-Lipschitz, (D) N D =0, D satisfies a half-tube condition, 1(D) is transverse
and 7* 15 continuous. Then there exist a compact metric space )?, a continuous semiflow
QZ in X and a continuous invertible bimeasurable map h : X¢ — X such that QZt oh =hoy
for all t >0 and hi, (1) = hyop(1)).

top

We are left to relate the topological entropy of QZ with the metric entropies of the time-
one map v, induced by the impulsive semiflow ¢. In the sequel, M (X) will stand for the
set of probability measures defined on the o-algebra of the Borel subsets of X and invariant
by the impulsive semiflow associated to the impulsive dynamical system (X, ¢, D, I).

Theorem C. Let 1) be the semiflow of an impulsive dynamical system (X, @, D, 1) satis-
fying the assumptions of Theorem B and such that My (X) # 0. Then

hiop (V) = sup {hy, (1) : 1€ My(X)}.

Regarding the additional request in the statement of the previous theorem (that is,
My(X) # (), we recall that [2, Theorem A] shows that conditions I(D) N D = () and
Iy N D) C Qyp\ D together are sufficient for M, (X) to be nonempty, where €2, denotes
the non-wandering set of ).

In the last section, we will present a simple example satisfying the assumptions of our
theorems. These results also apply, for instance, to the discontinuous local semiflows for
Kurzweil equations studied in [1].

2. TOPOLOGICAL ENTROPY: CLASSICAL AND NEW

In this section we will verify that the modified definition of topological entropy coincides
with the classical one for continuous semiflows defined on compact metric spaces. We start
proving that the trajectory of any point is uniformly continuous.

Lemma 2.1. Let ¢ : R x X — X be a continuous semiflow on a compact metric space X .
For each o« > 0 there exists f > 0 such that, for allx € X and all t,u > 0 with [t —u| < S,
we have dist(¢i(x), pu()) < a.

Proof. First notice that, as X is a compact metric space, then ¢ : [0,1] x X — X is
uniformly continuous. In particular, given o > 0, there exist 5y > 0 such that for all
y € X and all ¢y, ug € [0,1] with |ty — ug| < o we have
dist (01, (¥), ue (¥)) < .
Take f = min{fy, 1/2} > 0. For every t,u > 0 with |t —u| < [, there exist an integer
no > 0 and tg, ug € [0, 1] such that t = ng+to, u = ng+up and |tg —ug| = [t —u| < 8 < Bo.
Taking y = ¢y, (), then
diSt(SOt(x)7§0u<x>> = diSt(¢n0+to(x)v90n0+UO(x)>
= diSt((pto((pnO(SC)),(puO((pnO(SC)))

= dist(1,(Y), Puo(¥))
< Q.
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|

2.1. Proof of Theorem A. As 7 is admissible, consider 7 given in Definition 1, and fix
0<d<n/2,e>0and T > 0. Notice that for every = € X we have

B(z,¢,T,¢) C B™(x,p,T,¢,0),
and
ST(()D7T7 675) S S(@? T7 6)7

SO

h:op(go) < htOP((lp) :

Let us now prove the other inequality. Fix T" > 0 and o > 0. By Lemma 2.1 there exists
[ > 0 such that, for all z € X and all ¢,u > 0 with [t — u| < §, we have

dist(¢i(2), pu(z)) < a/4. (2.1)
Hence, if z,y € X and t € [0, T satisty
dist(ee(x), pe(y)) > «a, (2.2)

then, for every u € (t — 5,t + ), we get

dist (¢ (), ¢i(y)) < dist(pi(z), pu(x)) + dist(pu (), pu(y)) + dist(wu(y), ©:(y))
which, together with (2.1) and (2.2), implies
dist(pu(7), pu(y)) > a/2. (2.3)

Consider now E C X being (¢, T, a)-separated. As ¢ is continuous, the set E is finite.
By definition, for every z,y € E, x # y, there exists ¢ € [0, 7] such that

dist (¢ (), pe(y)) = o
Choose 0 < § < min{n,5/2} and 0 < € < «a/2. It follows from (2.3) that for each
u € (t —20,t+ 20) we have
dist(p. (), u(y)) > a/2 > €.
As J75(2)N(t—20,t426) # 0, theny ¢ B7(x,¢,T,¢,0), and so Eis (o, 7, T, €, 0)-separated.
Consequently, for every 0 < 0 < min{n, 3/2}, 0 <e < «a/2 and T > 0,
s(p, T, a) < s7(p,T)€,0),
and so
1 log s(p, T, a) < %log s (o, T,€,0).

T
Taking the upper limit as T' — 400, we get

h(p,a) < h7(p,€,0).

Now, if € — 0,
h(p,a) < BT (p,0).
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Noticing that 5 = f(«) and § = §(«), we deduce that, when o — 07, we have 6 — 0%,
and therefore

hiop() < hiop(9)-

2.2. Monotonicity of h{,,. Given 7 and 7’ two admissible functions in X, we say that 7/
refines 7, and write 77 > 7, if for all z € X and n € N there exists m = m(n,z) € N such
that 7,(z) = 7/ (x). Next lemma proves that the new concept of topological entropy is
monotone with respect to the refinement of admissible functions.

Lemma 2.2. For any semiflow ¢ : R x X — X, if 7/ = 7 then hl,,(¢) > hi, (¥).

Proof. Given € > 0, T > 0,0 < 6 < n/2 and a finite (¢, 7', T, €, §)-separated subset F, as
7' > 7, the set E is a (¢, 7,7, €,0)-separated as well. Therefore

ST (), T,e,6) < s, T,¢,6).
O

Given two semiflows 1 : Rf x X — X and e Ry x X — X, acting on metric spaces
(X,d) and (X, CZ), and two admissible functions 7 and 7 defined on X and X, respectively,
we say that a uniformly continuous surjective map h: X — X is a (1, T)-semiconjugacy
between 1 and Y if

(1) ¢y 0 h = h oy, for all t > 0;
(2) 7(h(z)) = 7(x), for all z € X.

Lemma 2.3. Leth: X — X be a (1, T)-semiconjugacy between the semiflows ¥ and ¥ on

X and )~( with admissible functions T and 7, respectwely, such that the pre-image under h
of each ﬁmte set is a finite set. Then htop(w) > h{op(w)

Proof. Let ¢ : Rf x X — X and ¢ : Rf x X — X be two semiconjugate semiflows and
h be such a semiconjugacy. As h is uniformly continuous, given € > 0 there exists v > 0
such that B

d(a,b) <~y = d(h(a),h(b)) <e Va,be X.
Fix T'> 0 and 0 < 0 < n/2, and consider a finite (@E, 7,T,€,0)-separated set B C X. Then

A = h71(B) is finite, although it may have a cardinal bigger than the one of B. Moreover,
Ais a (¢, 7,T,7,0)-separated set of X. Indeed, for all a,b € A, there are ¢, € J{:jé(h(a))

and s, € J7 5(h(b)) such that

d(t, (h(a)), Py, (A(b))) Z ¢ and  d(,, (A(a)), ¥y, (h(D))) = €
that is, . B
d(hoty, (a),hoy, (b)) >e and d(hoty, (a),ho),, (b)) > e

Therefore,

AWy, (a),r, (b)) =~ and  d(¢s,(a), s, (b)) =7

)
Taking into account that, by definition of semiconjugacy, t, € Jf s(a ) and s, € J75(b),
we deduce that

sT(,T,7,8) > s (1, T, €,0).
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When € — 0, we have v = v(¢) — 0, and so we finally conclude that

hi, () > hiy, (V).

3. TIME AND SPACE RESTRICTIONS

Consider a compact metric space X, a continuous semiflow ¢ : R x X — X, a compact
set D C X and a continuous map I : D — X under the assumptions of Theorem B. Let
7 be the admissible function with respect to D of the impulsive times associated to the
impulsive semiflow (X, ¢, D, I).

The assumption that /(D) is transverse (see Definition 3) ensures that the function that
assigns to each x € X the sequence of visit times to I(D), say 0(x) := (6,(x))nen, is an
admissible function with respect to I(D). Moreover, as I(D) N D = (), we may re-index
the sequences 7(z) and 6(z) in order to assemble them in a unique admissible function 7/,
with respect to both D and (D), where 7/ (z) is either 7,,(z) or 6,,(x), for some m. This
way, we have 7/ = 7.

Lemma 3.1. h, (¢) = hi,,(¢).
Proof. As 7' = 7, by Lemma 2.2 we have h7,_(¢) < hi_(¥).

top top
Concerning the other inequality, we first observe that as the set I(D) is compact and

disjoint from D and 7* is a lower semi-continuous strictly positive function on X \ D (recall
[5, Theorem 2.7]), we may find a compact neighborhood of (D), say

V ={x e X :dist(z, [(D)) < A}
for some small enough A > 0, such that:
(a) there exists p > 0 satisfying

n(zx)>p VaxeV; (3.1)

(b) for all z € V, there is (, > 1/2 such that the map ¢ € [0, (.| — () is continuous;
(c) given a > 0, there exists 0 < < p such that, if z € V and 0 < u < f3, then
dist (¢, (), ) < a.
Take T' > 0, 0 < € < A/2, a = ¢/8 and its corresponding 3 given by (c) above. Fix
0 < § < min{n/2,5/2}.
We already know that
s (¥, T,e,8) < s7(, T, 0).

If s7' (¢, T,€,8) < s7(1, T,€,6), then s7 (1, T, €,8) is finite and we may consider a maximal
(v, 7', T, €, d)-separated set E. The set E is also (¢, 7, T, €, §)-separated, though not max-
imal. Therefore, we may find z € X such that F U {z} is still (¢, 7,7, ¢, d)-separated but
no longer (¢, 7', T, €, d)-separated. This means, in particular, that:

(1) For every x € E,
Jv=w, € Jrs(x):  dist(y(2), () > €
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and
Ju=u, € Jrs(2):  dist(¥u(2),Yu(r)) > €
(2) There is e € E satisfying:
e cither z € B7 (e,1,T,¢,0), that is,

Ve Jisle) dist(vy(z),1i(e)) < e
in which case
ve € Jrs(€) \ Jqe),
which means that there is 6;(e) satisfying

ve € (0;(e) —9,0;(e) + 0);
e or e € B"(2,9,T,¢€0), that is,
Vr e Jps(z)  dist(en(2),4,(e)) <e
and so we must have
u, € Jrg(2) \ J%ja("')
or, equivalently, there is 6,(z) such that
u, € (0e(2) — 0,00(2) +9).

Assume that z € B (e, 1, T, ¢, ) and consider
m = 60;(e) — 0.
As m € Jfs(e), we know that
dist (¢ (2), Ym(e)) < e
Moreover, as 0;(e) —m =6 < 8 and g, (e) € I(D) C V, we have
dist (¥ (€), Yo, e)(€)) < a =€/8
and therefore, as 0 < max{v. —m, |0;(e) — ve|} < B, we get
st (Y (), 0, (€)) < dist(thn(e), B, 0(€)) + dist (W, 0 (€), D, ()
< at+a<e/d
and
ist(Gn(2), 1(D)) < dist(Gin(2), vy (€)
dist(¢m (2), Um(e)) + dist(m(e), o, e (€))
< e+e/d <A

That is, ¢¥,(2) € V and so, as 0 < v, — m < f3,
dist (¢ (2), 1o, (2) < €/4.

Analogously, as v, —m < 6 < 8 and ¥, (e) € V, we have

dist(¢m(e), 1y, (€)) < €/4.

<
<
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Thus
e < dist(¢,(2), Yu.(€))
< dist(thy, (2), Y (2)) + dist (Y, (2), Ym(e)) + dist(,(e), 1y, (€))
< e/4 + dist (Y (2), Ym(e)) +€/4
hence

diSt(¢m(Z)a 1Z)m(e)) > €/2.
This means that z ¢ B (e,¢, T, ¢/2,6).

In a similar way, we conclude that, if e € B™ (2,4, T,¢,0), thene ¢ B™ (2,9, T, ¢/2,6). In
any case, we deduce that the set EU{z}, which is s7(1, T, €, §)-separated, is s™ (¢, T, €/2, 6)-
separated as well.

Consequently, for every T'> 0, 0 < § < min{n/2,3/2} and 0 < € < A, we get

sT(), T, e,0) < s™ (¢, T,€/2,0)
and therefore
hZOp(w) S h;-op(w)'
O

As the distance between the compact sets D and I(D) is strictly positive, fixing n > 0
and & > 0 given in Definition 1 and Definition 2, respectively, we may choose

0 <& <min{n/4,&/2} (3.2)
small enough so that I(D)N D = (). The next result shows that, with this suitable choice
of £, the 7 and 7'-topological entropies of the semiflows 1) and 1, X coincide.

Lemma 3.2. h{;p(g/)) = h[;p(gb‘xg).

Proof. As X¢ C X, then
hz—op(w\xg) S hz—op(f(b)'

We are left to prove the other inequality.
Take e > 0,7 > 0,0 < < n/4 and a finite (¢, 7/, T, €, )-separated set F C X. Let

A=EN(DUD;) and B=FENX;.
The set B is (¢|X§,T’,T,e,5)—separated in X¢, and so it has at most sT/(@/ng,T,e,é) ele-

ments. We claim that the cardinal of A is bounded by 57'(¢| e T,€1,0) for a suitable €.
Indeed, for each pair of points a,b € A, take

ue Jis(a) and v € J74(b)
such that
dist(¢,(a), ¥, (b)) > € and  dist(w,(a), 1, (b)) > e.

If u, v > &, then u — &, v — & > 0 and so the previous inequalities may be rewritten as

dist(Vu—¢(Ve(a)), Yu—e(e(b))) > € and  dist(thy_¢(Ve(a)), Yue(¥e(b))) > €.
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As D satisfies a half-tube condition (check item (4) of Definition 2), the points ¢¢(a) and
1e(b) are distinct and are not in D U D. Additionally, as 7 is admissible with respect
to D (Definition 1)

u—&€ Jps(ve(a) and v — &€ Jrs(ve(D)).
If u <& and v <&, by the half-tube condition and the assumption £ < 1/4, we have
§/4 € Jrs(ve(a)) N Jrs(te(D))

and

dist (Ve/a(h(a)), Yea(1 (b)) = €/C.
If u<&andwv > ¢, then
§/4 € Jps(ve(a)) and v — &€ Jp,(te(b))
and
dist(ve/a(Ve(a)), Yesa(e(b))) = €/C and  dist(u—e(ve(a)), Yu-e(e(b))) = €.
A similar conclusion is valid if u > £ and v < €.
Thus, in all cases the set 1¢(A) is (1Z)|X5 , 7', T, €1,0)-separated, where ¢; = min {¢, ¢/C'},
and so
’1/)§<A)| S s (1/J|Xg ’ T7 €1, 6)
Finally, by item (3) of Definition 2, [1)¢(A)| = |A|. Therefore
Bl = |A] + |B| = [ve(A)| + 1B| < 5™ (01, . T.e1,8) + 57 (Y1, T\ €,)
and so, as €1 < €,
ST (), Tye,8) < 287 (Y1, Ty €1, 0).
Letting 7" — 400, this inequality implies that
h" (wv €, 6) < hT/(w|X£ ) €15 5)
and consequently, as €, €1, 0 may be chosen arbitrarily small, this last inequality yields
Wop() < g (Y, ):
O

Remark 3.3. As we are assuming that I(D) is transverse, a similar argument proves that

Mo () = Mo (Wl 1))

4. A QUOTIENT SPACE

Given an impulsive dynamical system (X, ¢, D,I), consider the quotient space X/.
endowed with the quotient topology, where ~ is the equivalence relation given by

r~y & x=y, y=I1x), z=I1y) or I(z)=I(y).
Let 7 : X — X/. be the natural projection.



A VARIATIONAL PRINCIPLE FOR IMPULSIVE SEMIFLOWS 13

4.1. The induced metric. If d denotes the metric on X, the metric d in m(X) that
induces the quotient topology is given by

d(z,y) = inf{d(p1,q1) +d(p2,q2) + - +d(Pn, @)},

where p1,q1,...,Pn, qn is any chain of points in X such that p; ~ x, q1 ~ p2, g2 ~ p3, ...
qn ~ y; see §23 of [9]. In particular, we have

d(f,g)gd(l‘,y), ViL’,yGX.

Yet, the length n of the chains needed to evaluate d (Z,9) may be arbitrarily large, pre-
venting us from comparing d (&, §) with d (p,q) for all p ~ z and ¢ ~ y. This difficulty is
overcome if we are able to uniformly bound the range of n; this is feasible, for instance,
when the map I does not expand distances.

Lemma 4.1. If I is 1-Lipschitz, then for all &,y € n(X) there exist p,q € X such that
p~w, gy and  d(pg) <2d(%,9).
Proof. We will show that
Vi, gen(X) d(@,g) =nf{d(pq):p~r.q~y}
Clearly, for all Z,y € 7(X), we have

d(z,y) <inf{d(p,q) : p~ =, q~y}.
Conversely, take a chain p1,qi,...,pn, ¢, € X such that
pP1~T,q1 ~P2,q2~P3y, --gn Y.
(1) If g1 = py, then
d(p1,q1) +d(p2,q2) =d(p1,q1) +d(q1,q2) > d(p1,q2).
(2) If p» = I(q1), then

d(p1,q1) +d(p2,q2) = d(I(p1), (q1)) + d(p2,q2) = d(L(p1), )
(3) If g1 = I(p2), then

d(p1,q1) +d(p2,q2) > d(p1,q1) + d(I(p2), I(q2)) > d(p1,1(g2))-
(4) If 1(q1) = I(p2), then

d(p1,q1) +d(p2,q2) = d(I(p1), I(q1)) +d(I(p2), [(g2)) > d(I(p1),I(q2))

As I(g2) ~ q2, we may proceed by induction on n, thus concluding that there are P, @ € X
such that P ~ z, Q) ~ y and

Therefore

d(#,5) > inf {d (p,q) : p ~ x,q ~ y}.
Having proved that

d(z,y5) =inf{d(p,q) :p ~x,q ~ y},
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we may find p ~ z and ¢ ~ y such that d(p,q) < 2J(i, 7). O

4.2. An induced semiflow. Assuming that I(D) N D = (), then each point in the set
Xe = X \ (D¢ UD) has a representative of the same equivalence class in X \ D,. This
implies that
W(Xg) :7T(X§UD) (41)

and, by the half-tube condition (see item (1) of Definition 2), this is a compact set. In
particular, m(X¢) with the quotient topology is a compact metric space: indeed, as X U D
is a compact metric space and (4.1) holds, then 7(X,) is a compact pseudometric space;
moreover, as D is compact and [ : D — X is continuous, 7(X¢) is a Tj space, and so the
quotient topology in 7(X¢) is given by a metric; see [2] for more details.

For any z,y € X¢ we have x ~ y if and only if # = y. This shows that 7|x, is a continuous
bijection (not necessarily a homeomorphism) from X, onto 7(X¢). Then, setting

U(t, &) = m(Y(t, z)) (4.2)

for each x € X¢ and ¢t > 0, we have that
P RY x m(Xe) = m(Xe)
is well defined and obviously satisfies for all t > 0
by o x, = oY x,. (4.3)
In what follows we will show that 1& is continuous.

Lemma 4.2. Assume that 7 is continuous and I(D)ND = (). Then moiy|x, is continuous
for allt > 0.

Proof. Given t > 0, let us prove the continuity of 7 o ¢;|x, at any point z € X¢. By an
inductive argument on the impulsive times of z, it is enough to show that, when y € X,
is close to x, then 7(1s(y)) remains close to m(1s(z)) for all 0 < s < 7y(z). Notice that
such an inductive argument on the impulsive times can be applied because we are sure
that I(D) C X\ D. The proof follows according to several cases:

Case 1. Ty (z) > t.

As 7* is continuous and 7y coincides with 7% in X, we must have 7;(y) > ¢ for any point
y € X¢ sufficiently close to x. Therefore, the result follows in this case from the continuity
of the semiflow ¢.

Case 2. 71(z) < t.

Given y € X sufficiently close to z, by the continuity of the semiflow ¢ the 1-trajectories
of z and y remain close until one of them hits the set D. At this moment the impulsive
function acts and, therefore, their y-trajectories may not remain close at this first impulsive
time. Now we distinguish three possibilities:

Subcase 2.1. 71(x) = 11 (y).

The continuous map I keeps the points I (-, ) (x)) and (¢, ) (y)) close, and this implies
that 1s(z) and 14(y) remain close for all 0 < s < 7y (z).
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Subcase 2.2. 11(x) < 11 (y).

By the continuity of ¢ we have ¢s(y) close to ps(z) for y sufficiently close to z and
0 < s < 7i(x). This in particular implies that ¥,(y) is close to 1s(z) for 0 < s < ().
It remains to check that 7(1;,()(y)) is close to m(¢;,(z)(x)). This is clearly true because
©r () () is close to ¢r, () (), and so

7T(¢T1(z) (y)) = 7T(907'1(x) (y))
is close to
W(Qpn(x)(x)) = W(I(Spﬁ(z)(x») = 7(1/171(35)@))'
Subcase 2.3. T (x) > 11 (y).

Again, by the continuity of ¢, we have 14(y) is close to 14(z) for 0 < s < 71(y). We are
left to verify that 7(¢s(y)) is close to w(¢(x)) for 71 (y) < s < 7 (x).

By the definition of first impulsive time we have ¢, (,)(y) € D; so, as we are assuming
that I(D) N D = () and have adequately chosen &, we know that ¢, () (y) = (7)) (y)) €
Xe, which, by (3.1), yields

71 (Ynw)(y)) = p-

Using that 7* is continuous at x, we have 7*(x) — 7*(y) small for y close to x; we may
ensure, in particular, that

T () =T (y) < p.
Hence, for 71(y) < s < 7y(x), we have

bs(y) = Pori0) Vr) (V) = Pamri () (L (P (%))
Observing that s — 7 (y) < 7 (x) — 7 (y) is close to 0 for y close to z, we have

Pari)L(Erw(Y))  closeto  I(ern)(y)).
Hence for 71 (y) < s < 11(z) we have

m(¥s(y))  closeto  w(I(nw)(¥) = T(Prnw)(Y))-

Now we just need to notice that, for 7 (y) < s < 7i(x), we have ¢, (,)(y) close to ¢s(y)
which is itself close to ,(x). This way, we get, for 7 (y) < s < 7(x),

m(pnw(y))  coseto  w(ps(z)) = 7m(s(2)).
Lastly, recall that for s = 7y (x) we have 7(¢r ) (%)) = T(I(r,(2)(2))) = T(Vr()(2)). O

Proposition 4.3. The semiflow ¢ : R x w(X¢) — 7(X¢) is continuous.
Proof. Considering for each & € w(X¢) the map E Ry — m(X¢) defined by
O () = (¢, 7),

it is enough to prove that )% and i are continuous for all 7 € 7(X¢) and all £ > 0.

Let us start by proving the continuity of ¢* for z € Xe¢. Take first ¢y > 0 which is not
an impulsive time for z. In this case we have, for ¢ in a sufficiently small neighborhood of

toinRS_, ~
v (t) = 7(p(t,x)
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and, as ¢ is continuous, this obviously gives the continuity of ¢ at t,. On the other hand,
if ty is an impulsive time for z, then we have
lim J7(t) = lim 7(t(t,2)) = lim w(p(t, 7)) = 7(p(to, 2)).

t—ty t—t, t—ty

As o(to, z) € D, it follows from the definition of 1(to, ) and the equivalence relation that
yields the projection 7 that

m(ip(to, x)) = m(1(o(to, ) = m(¥(to, x)) = U7 (to).

This gives the continuity of ¢* on the left hand side of ¢5. The continuity on the right
hand side of ty follows easily from the fact that, by definition, the impulsive trajectories
are continuous on the right hand side.

Let us now prove the continuity of 1@ for t > 0. Notice that, as we are considering
the quotient topology in m(X¢), we know that Y, is continuous if and only if ¢y o 7| X, 18

continuous. The continuity of ¢, o 7|x, is an immediate consequence of Lemma 4.2 and
(4.3). O

4.3. Proof of Theorem B. We take X = 7(Xe), the semiflow 9 as given in (4.2) and
the map h : X¢ — X given by h(z) = n(z) for all z € X,. It follows from (4.3) that
Yo h =hoty for all t > 0. Thus, we are left to prove that

h;rop<1/]) = htop(,lvb) :

Let f: X = m(X¢) be given by f(z) = m(x). The map f is a continuous bimeasurable

(see [7]) bijection, so, using it, we define admissible functions 7 and 7 for the semiflow )
as

7(f(z)) =7(x) and F(f(x)) =7'(2).

Notice that f is a (7, 7)-semiconjugacy between 1, Xe and ).
As I7Y(D) = (), we have, for all z € D,

m ({m(2)}) = {a, I(x)} U I ({I(2)}).

So, we may restrict f to X¢ \ I(D) and define the map
9: X\ I(D) = n(Xe) \ (D), g(x) = f(z).

Observe that, as g is a restriction of m and 7 is uniformly continuous on X, then g is
uniformly continuous as well.

Lemma 4.4. If I is 1-Lipschitz, then g=' is uniformly continuous.

Proof. As in X¢ \ I(D) each equivalence class in X has only one member, we deduce from
Lemma 4.1 that, for all 7,7 € n(X¢) \ (D), we have

d(z,y) <2 CZ(:Z’, 7).

1

This in turn implies that ¢~ is uniformly continuous. U



A VARIATIONAL PRINCIPLE FOR IMPULSIVE SEMIFLOWS 17
After Lemma 4.4, we define
T(g(x)) = 7'(x)
and this way ¢ is a (7/,7')-semiconjugacy between w|X5\I(D) and QAW(X&)\W(D), and g7!is a
(7', 7")-semiconjugacy between &‘ﬂ(xg)\W(D) and ¢Ix§\1(p>-
Lemma 4.5. hig, () = hip, (¥ )-

Proof. From Lemma 2.3 applied to the semiconjugacy f : X¢ — m(X¢) we deduce that

hzop (1/}) < hz—op (1/}|X§)

Conversely, Lemma 4.4 ensures that the map g~! is a (7, 7')-semiconjugacy between

w“"(xg)\ﬂ'<D) and @Z’ng\up)a and so we get from Lemma 2.3

top(¢|7r (Xe)\m(D ) > hZOp(¢\X§\I(D))'

As h{op(mxg\l(m) = h{ép(mxg) (see Remark 3.3), we conclude that

hiop(¥) > hioy (V]r(xone(p)) > hfop(wxg\w)) top(wxg)

0

Lemma 4.6. (1)) = hiy, (1)),

Proof. Firstly, by Theorem A and Lemma 4.5 we get

hiop($) = higy () = Bioy (W1, )-
Then, by Lemma 3.2 we obtain
Wi (W, ) = Hi ().

g

To conclude the proof of Theorem B, we have just to notice that from Lemma 3.1 we
get

hiop(¥) = higy(¥)
and by Lemma 4.6 we deduce that

T (V) = huop ().
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4.4. Proof of Theorem C. Firstly, Theorem B ensures that

h;rop<¢) - htop(¢)-
Additionally, by Proposition 4.3, we may apply the Variational Principle [4, 8] to ¥, getting

hiop(¥0) = sup { A, (¢1) : v € My(m(Xe))}.
To conclude the proof of Theorem C, we are due to connect the measure theoretical infor-
mation of 9 to the corresponding one of 1, and to ascertain that we may replace X, by
X in the previous equality. Accordingly, we will start verifying that the space restriction
Xe = X'\ (De¢UD) is negligible within the measure theoretical context we are dealing with.

Lemma 4.7. Let p be a probability measure invariant by the semiflow 1.
(a) If I(D)ND =0, then u(D) = 0.
(b) If (D) N D =0 and D satisfies a half-tube condition, then p(Dg) = 0.

Proof. Supposing that (D) > 0, it follows from Poincaré Recurrence Theorem that for u
almost every = € D there are infinitely many moments ¢ > 0 such that ¢;(x) € D. Clearly,
if I(D)N D = (), then the t-trajectories do not hit D for ¢ > 0, and so we arrive at a
contradiction.

Assume that p(D¢) > 0. Then, for p almost every x € Dg, there are infinitely many
times ¢t > £ such that ¢y(z) € De. Yet, as I(D) N D = () and D satisfies a half-tube
condition (see item (2) of Definition 2), no ¢-trajectory enters D, unless it has previously
crossed D; and, once at D, it is sent, by the impulsive semiflow ¢, to (D). Thus, no
p-trajectory comes back to D for ¢ > &; this way we reach a contradiction. ]

We remark that, as D, is an open set, the proof of the previous lemma also shows that
Qw C Xf uUD.

Let us now exchange ergodic data between 12 and 1. Consider the continuous bimeasu-
rable bijection

f : Xg — W(Xg)
r +— 7(x)
and the inclusion map 7 : X¢ — X. In the next two lemmas we follow the strategies used
to prove [2, Lemmas 5.2 & 5.3].
Lemma 4.8. (io f7!),: Mg(m(Xe)) — My(Xe) is well defined and is a bijection.

Proof. To see that (io f~'), is well defined, we need to check that if v € Mz(m(X¢)), then
one necessarily has (i o f71),v € My (X¢). Now, from
fom:qztof, for all ¢ > 0,

or equivalently N
Ppoft=floy, foralt>0 (4.4)
we clearly have that

veMy(n(Xe)) = ([T eMy(Xy) = ilf e My(X).
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Finally, as i.(f1).v = (io f~1).v, we conclude that (i o f~!).v € My(X). This shows
that (i o f71), is well defined.

It remains to check that (i o f1), is bijective. As (1o f7!), = i, 0 f7! and (f71), is
invertible, we only need to prove that i, is invertible. Clearly, being injective, ¢ has a left
inverse; this implies that i, has a left inverse. Thus i, is injective as well.

To prove that 4, is surjective, given u € M, (X), let v be the restriction of u to the Borel
subsets of X¢. Noticing that the support of y is contained in €2y, that €, € XU D and
that p(D) = 0, we know that v € My (X¢). Using the ¢-invariance of p, we also deduce
that, for any Borel set A C X,

V(i1 (A) = p(vy H(A) N (Xe)) = uldyr ' (A) = u(A) = (AN (Xe)) = v(A).
Moreover, for any Borel set A C X, we have
i.0(A) = V(7 (A)) = V(AN (X)) = (AN (Xe)) = p(A).
Consequently, v € M, (X¢) and i,v = p. O

So, Lemma 4.8 ensures that

htop(w) = sup {hu(wl) HVURS Mw(Xg)}
Besides, from Lemma 4.7 we get
sup {h, (1) : € My(Xe)} = sup {hy,(¢1) : p € My(X)}.
Hence,

hiop (V) = sup {h, (1) : 1€ My(X)}.

5. AN EXAMPLE

Consider the phase space
X ={(rcosf,rsinf) e R®:1<r <2 6¢€l0,2n]}
and define ¢ : Rf x X — X as the semiflow of the vector field in X given by

{r’ =0

0 =1.

The trajectories of ¢ are circles spinning counterclockwise around zero. Take now
D={(r0)eX:1<r<2}

and the map

1 1
I:(r,00eD +— I(r,0)= (—5—57’,0)

whose Lipschitz constant is 1/2.
The non-wandering set of the semiflow ¢ of the impulsive dynamical system (X, ¢, D, I)
is
Qy = {(cosf,sinf) : m < 6 <27}
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and, by [2, Theorem A], v has some invariant probability measure. For a suitably small

£>0,

D = {(rcosf,rsinf):1<r<20<6<2n¢}
Xe = {(rcos@,rsin@)€R2;1§T§2,06[27r§,27r)},

As regards the requirements of Theorem C, we have, I(D) N D = (; the set D satisfies
a half-tube condition (with 0 < &y < 1/2); the function 7* : X U D — [0, 27] is given by

. 2r — 0, if x = (rcosf,rsinf) € Xg;
m(z) = :
0, ifreD

so it is continuous; whenever 1, (z) € I(D), we have {¢;4(x) : 0 < s <} N I(D) = 0;
and, finally, I(2, N D) = I({(—1,0),(1,0)}) = {(-1,0)} C Q4 \ D.
The equality (4.3) and Proposition 4.3 build a conjugacy between 1) 2,\D and the semiflow

¥ on the quotient structure, where it acts as a circle rotation. Therefore

hiop(¥0) = sup {hu(¢1) : p € My(X)} =0.
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