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ON THE GENERALIZED LEBEDEV INDEX TRANSFORM

S. YAKUBOVICH

ABSTRACT. An essential generalization of the Lebedev index transfeith the square of the Macdonald func-
tion is investigated. Namely, we consider a family of inegrperators with the positive kernb((ma) /2(X) |27

a >0, x>0, TeR, whereKy(z) is the Macdonald function ands the imaginary unit. Mapping properties
such as the boundedness, compactness, invertibility aestigated for these operators and their adjoints in the
Lebesgue weighted spaces. Inversion theorems are pravgmhrtant particular cases are exhibited. As an in-
teresting application, a solution of the initial value pesb for the second order differential difference equation,
involving the Laplacian, is obtained.

1. INTRODUCTION AND PRELIMINARY RESULTS

Leta > 0. The main goal of this paper is to investigate mapping pitggseof a family of index transforms
[1] and their adjoints, involving the Macdonald function iretkernel, namely,

Fo() = [ [Kirsao f0dx TR, (11)

Ga¥) = [ [Kireaa0 g0)dr, xR, (12)

wherei is the imaginary unit. The Macdonald functig (2) [3], Vol. Il is the modified Bessel function of
the second kind, which satisfies the differential equation

2
22%+23—sz—(22+u2)u:0. (1.3)
It has the asymptotic behaviour
\ /2
Ku(2) = (2_z> e ?[1+0(1/z)], Z— oo, (1.4)
and near the origin
'Ky (2) =271 (u) +0o(1), z— 0, (1.5)

Ko(z) = —logz+0O(1), z— 0.
The Macdonald function can be represented by the integral

Ku(2) :/0 e 2% cosiuu)du, Rez> 0, u e C. (1.7)
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Concerning the product of the Macdonald functiéfg, q)/2(2)K(;—a)/2(2) the key formula, which will be
used in the sequel is relation (2.16.5.4)4h [Vol. I

00 1 3
Kuwuvﬂ@Kuhuvﬂ@:{A Ku(Z(X+;>)X“ldx Rez>0. (18)

Letting in (1.1), (1.2)a = 0, we come up with the operator of the Lebedev index transtorchits adjoint,
which is associated with the square of the Macdonald fundtf [6]. We note that, indeed, an essential
generalization of the Lebedev transform will be investghtince it is impossible to reduce (1.1), (1.2) to
the Lebedev operator via any substitution of parametersrwtions. Other index transforms related to the
product of Macdonald’s functions of different argumentagidered by the author irY], [8]. Our method

of investigation of the operators (1.1), (1.2) will involaesimilar technique, which was employed to study
the boundedness and invertibility properties of the Kooxah-Lebedev transfornB] and general index
transforms 10].

2. BOUNDEDNESS AND COMPACTNESS INEBESGUE S SPACES

Let us introduce the following Lebesgue functional spaces

In particular, as we will show below, it contains spabe§,(R+) for somev € R, 1 < p < oo with the norms
oo 1/p
Il = ([ P t00Pax) < 22)
’ 0

[[f]]v.0 = €SS Sup.o|x” f(X)| < co.

Whenv = % we obtain the usual norm in, denoted by{| [p-
Lemmal.Leta >0, v+a <1,1< p<o, q= . Then the embedding holds

Lv.p(R +) cL (23)

and

2

ria(g(1—v 1-v a 1-v a
||f||La§[ e (4 *?7‘2)] Mg 1<pso (@24
Ifllue < sup[KE 200X~ | 1l (25)

whererl (z), B(z,w) are Euler's gamma and beta functions, respectively.

Proof. In fact, with the definition of the norm (2.1) and theldér inequality we obtain
(1 v)g-1 14 p
Iflhe = K2 2001110 < ([ KEL00x V5 %ax) flpa= Py (26)
and the latter integral via asymptotic behavior of the Maad function (1.4), (1.5), (1.6)
v+ a < 1. Hence integral (1.7) and the generalized Minkowski iradityayield

1/q 00 00 2q 1/q
(/ Ka/z (1~ V)qldx) — (/ x(1-v)a-1 (/ excosmcosk(au/Z)du) dX)
0 0

converges for
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o o 1/a\ 2
< (/ cosk(au/Z)du(/ x(l")qlequcosmdx) )
JO JO

o 2
(Zq) (v—1) FZ/Q(q( v)) (/O wdu) .

costt
Calculating the integral with hyperbolic functions viaatbn (2.4.4.4) in 4], Vol. |, we come up with the
estimate (2.4). For the cage= 1 we end up immediately with (2.5), using (2.6), where thersoqum is
finite via the conditiorv 4+ o < 1. Thus the embedding (2.3) is established and Lemma 1 iggdrov
O

Letting in (1.8)z=x < Ry, 4 =it and making a simple substitution, equality (1.8) becomes
K iray/200]? = /700 Kir (2xcostt) etdt, x> 0, 2.7)

Moreover, appealing to the representation (1.7) of the Maattl function, we substitute the corresponding
integral into the right-hand side of (2.7). Changing theeoraf integration due to the absolute convergence
of the iterated integrals, we find the formula

®a 1 (X) = |Kirsay 29 _/ Kq (2xcostt) ™dt, x > 0. (2.8)

The representation (2.8) is a key identity, which will bediwed to establish a differential difference equation
for the kernelbq (x). Precisely, it has
Lemma 2. The kernelb, ;(x) satisfies the following second order differential - diffeze equation

d?®q ¢ L1 ddg ¢
dx2 X dx

Proof. In fact, differentiating two times both sides of (2.8) withspect tok, motivating it by the absolute
and uniform convergence of the integral and its derivatiwesobtain { means the derivative)

2
T
+ ﬁq)a"[ = (D2+C{,T + qua"[ + @27(1!1-, X> 0 (29)

@ (%) 4/ KY ( 2xcoskt)e'“cosﬁtdt_4/ K/ (2xcostt) €™dt

+4/ K/ (2xcosht) €™ sintPtdt.

Meanwhile, the second derivative of the Macdonald functian be expressed as (c8],[Vol. 11)

1 1
Ka(2) = 2 [Kata(2) +Ka-a(2)] + éKa (2).
Hence,
dZCDaJ " Tt
g2~ Pzrar(®) = Pogc(X) — 2Par(x) = 4 K (2xcosht) €™ sintPtdt. (2.10)

On the other hand, integrating twice by parts in the Iattwgral and eliminating the integrated terms via
asymptotic formula (1.4), we fin(r # 0)

4/ K/ (2xcosht) €™ sintPtdt = — 2”/ K/, (2xcostt) €™ sinhtdt

2 [ jTt _ T\?2 / it o
5 /,MK“ (2xcosht) €™ coshtdt = — (;) ¢a’r(x)+ﬁ/,mK°’ (2xcosht) €' sinhtdt

4 [ i . T\2 1
o /700 Kg (2xcostt) @™ cosft sinhtdt = — ()" ®a.r(x) — 5 ®a.r(¥
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, . B T\?2 1 d /1
|de/ K/, (2xcostt) €™ smhtdt_—(;) d)a,r(x)—ﬁtba’r(x)——(—(Da’r(x)>

X
B T\?2 1ddg ¢ (X)
= (3) Paxt -3 =g

Hence, the right-hand side of the latter equality subtiguin (2.10), we end up with (2.9).
O

Theorem 1. The index transforngl.1) is well-defined as a bounded operator frofi,br > 0 into the
space G(R) of bounded continuous functions vanishing at infinity. 8esj the following composition
representation holds

Fo(T) = (F (o f)(2cosh)) (1), (2.11)
where .
- / f(t)emdt (2.12)
is the operator of Fourier transform and
X) = / Ke (xt) f (t)dlt (2.13)
0
is the operator of the Meijer K- transform (d&]).

Proof. In fact, since (see (1.7)Kir+q)/2(X)| < Kq/2(x) we have

Fal®)] < [ KE 2001 (0l = | f e <,

which means that the operator (1.1) is well-defined and ttegmal converges absolutely and uniformly with
respect tar € R. ThusF,(1) is continuous. On the other hand, recalling (2.8), we derive

|Fa(r)|§/0 L K (2xcostt) | £ (x)|dxdt= ||f||e < .

Hence in view of Fubini’'s theorem one can invert the ordermégration in the corresponding iterated
integral and arrive at the composition (2.11). Moreoveg, fhevious estimate says tHa¥; f)(2cosh) €
L1(R). ConsequentlyF, (T) vanishes at infinity owing to the Riemann-Lebesgue lemma. O

Corollary 1. The operator g : Ly p(Ry) = Lp(R), p>2, a+v < 1is bounded and

2

Fallye < 2202 [ (da-v)) ]

l1-v+a 1-v—-a _p
><B( T >||f||v,p, a=5o1 (2.14)

Proof. Indeed, taking the composition (2.11) via Lemma 1 and ajppg#d the Hausdorff-Young inequality
for Fourier transform (2.12) (cf1[], Theorem 74)

\U

1.7 fllLgm) < Y| f]|L@), 1<P<2 q= (215

17

©

we find

L/ 1/g
IFalluye < 2mb ([ It ) 2costat) 216
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Hence by the generalized Minkowski analH€r inequalities with relation (2.16.2.2) froM][ Vol. Il we
obtain similar to the proof of Lemma 1

2mp (/ |(%f)(2005h)|th) §2nﬁ/ 1£(%)] (/ Kg(zxcosn)dt) dx
0 0 0
1 ~00 ~00 ~00 1/q
§2rr5/ / |f(x)|cosHau) (/ equcc’s“ms“’dt) dudx
Jo Jo 0
= 271?1)/ / |f(x)|cosh(au) Ké/q(ZC]XCOShJ)dUdX
o Jo

< 2n5||f||v,p/ cosHau) (/ x(l")qlKo(qucoshJ)dx) du
" Jo 0

1 4 _ 2/q " cosh{au
=2t 2% 1 (Ja-v))] ||f||v,p/ costtau) g,

o coshtVu
_ s 2/q-v vt q. 2/q l1-v+a 1-v—-a
=m2 gt (Fa-v) | B (= =) Ifllve.
Consequently, combining with (2.16), we get (2.14). O

The next result tells when operator (1.1) is compact.
Theorem 2. The operator & : Ly p(Ry) = Lg(R), 1< p<2,a>0, a+v<1 g=p/(p—1)is
compact

Proof. The proof is based on approximation of the operator (1.1) bgcuence of compact operators of a
finite rank with continuous kernels of compact support. Buacthieve this goal, it is sufficient to verify the
following Hilbert-Schmidt-type condition

/o /w, |Kiir+a)/2(0) "X Tdrdx < oo, (2.17)

Indeed, recalling again integral representation (1.7.8)(2he Hausdorff-Young inequality (2.14) and the
generalized Minkowski inequality , we deduce

00 00 2q (1,V)q,1 1/q
/o /,m Kir+a)/2(x)| X drdx
* o Y(p-1 e
<2t/ (/ x(1-v)a-1 (/ KE(ZXCOSHZ)dt) dX)
0 0

.00 00 q 1/q
< 2nt/a (/ x(I-via-1 (/ coshau) Ké/p(prcoshJ) du) dx)
0 0
- ® 1/(p-1) e
< 27-[1/Q/ coshau) </ x(1-vja-1 Ks P~ (2xpcoshu) dx) du
0 0

00 14 e
=2 n‘l/qp‘/*l (/ x(1-v)a-1 Ké-/(pfl)(x) dX) / coshau) du
J0

o cosiHVu

1/qnv—1 o oy 00 1/q
(g ) ([
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1/qnv—1 _ —y—
<n p B 1 v+a’ l-v—a
- 2 2 2

00 00 p—1 l/p
« </ du(/ X(lv)qlexcosm/(pl)dx> )
JO JO

_rrl/qq"lrl/q(q(l—v))l_(l—v+a) (1 v— a)( )l/p
N 2T (1—v) 2 0 cosH’

p

2

_ m/9(q/2)" 12 AP TH(g(1—v))
S rz/p( (1- v))

<B l1-v+a 1-v—-aqa “ o
2 ’ 2 '

O

Lettingp=q=2,a =0,v=1/2 we get
Corollary 2. The Lebedev operatdf.1) Fy : Lo(R4) — L2(R) is the Hilbert - Schmidt operator with
the square of the Macdonald functiorﬁr}g(x) as the Hilbert-Schmidt kernel. Moreover, its norm is eqoal t

/2.

Proof. Employing the Parseval equality for the Fourier transfoft,[ representation (2.8) and relation
(2.16.33.2) in #], Vol. 11, we derive (see (2.17))

1ol = (/Om/z Kﬁ/z(x)drdx> 1/2_2\/ﬁ</000/0°° Kg(zxcosn)dtdx>

_\/ZT</omcosh/ Kl dx)l/z_g'

Another representation of the transform (1.1) can be giverthe Parseval equality for the Mellin trans-
form [11]

1/2

O

00 "V+ioo
/ F()g()dx = —— f*(s)g"(1— 9)ds (2.18)
JO 2710 . V—ico
wheref € Ly p(R4), 1< p<2and
/ F(x)x> Ldx (2.19)

|s its Mellin transform and integral (2. 19) converges in medth respect to the norm ihg(v —ico,v 4
i), q= p/(p—1). The inverse Mellin transform is given accordingly

1 V+ico
f0=27 ) m

where the integral converges in mean with respect to the (@2hinL, ,(R). Animmediate consequence
of Theorems 86, 87 inl[1] is the following result.
Theorem3 Let fe Ly p(Ry), 1<p<2,a+v <l Thenforallt € R

gt [ () ()

f*(s)x°ds (2.20)



Generalized Lebedev Index Transform 7
Nl-s+a)/2r(1-s—a)/2),,
FA—9/2ri-s2 | ©ds (2:21)

Proof. In fact, the proof is based on the equality (2.18) and refaf#4.23.31) in4], Vol. 1ll, which drives
us to the following representation of the kerfi€lir_q)/2(X)|

2 1 Rt /st s—it\ F((s+a)/2)F((s—a)/2)
|Kizsay2(0)] _WT//HM F( > )F< 5 > TS (5 /2) x%ds x>0, (222

wherer € Randu > a. O

Finally in this section we investigate the existence andniedness of the adjoint operator (1.2). In
fact, following the general operator theory it can be esshlkd from the boundedness of the operator (1.1).
However, we will prove it directly, getting an explicit estation of its norm. Assuming(t) € Lp(R), 1<
p < 2 and recalling (2.8) with the asymptotic formula (1.4) fbetMacdonald function, we find that for
eachx > 0 the functionKy (2xcosht) € Lp(R), 1 < p < 2. Hence via the Parseval theorem for the Fourier
transform (cf. L1], Theorem 75), operator (1.2) can be written as

Ga(X) = L Z Kq(2xcostt) (Fg) (t)dt, x> 0, (2.23)

where(.#g) (t) € Lq(R), g= p%l is the Fourier transform (2.12) of

q
Theorem4.Letge Lp(R), 1< p<2,0<a <1+ %’. Then operato(1.2) is well-defined and for all
x>0

2 1/pe 14a 1 1-a 1\
1+1 269—2-1 1/(2 1-1/(2
G (x)| < mitHY/a/2p-2-1/p=1/( P>B<—2 a2 ——4p)x /P9I, m)- (2.24)

Proof. Taking (2.23), we recall the dlder inequality, the Hausdorff-Young inequality (2.15yahe gener-
alized Minkowski inequality to obtain

oo 1/p .00
Gat0] < ( | Kizrcosttiat) | 7llye) < gl | costlauky/P(2xpeoshudu

o0 0 1/p
< nl/q”g“Lp(R)/ cosh{au) e o </ g~ 2peostu t2dt) du
JO JO
— 1+1/6)/2p-3/(2p) () ~1/(2P) @ _coshay) _oxcostu
p /23120y gy [ e oy

< /2013 (20) Y/ 2P 11/ @) g /°° C‘:ﬁ‘/’(gz) du
0 cos u

2 1/pa— 1 l+a 1 1-a 1
— +1/a)/29-2-1/py—-1/(2p)—1-1/(2p) il - =

which proves (2.24).

Theorem 5.The operator G : Lp(R) = Ly (R4), 1< p<2,r>1 a<visboundedand

_ oo T (vr vp v+a v—a
||Ga||v,r < mt l/p2v 2 Z/DW r2/p(7)|3<77 2 ) ||g||Lp(R)--
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Proof. Indeed, recalling (2.23), we apply again the generalizedkiglivski, Holder inequalities and the
Hausdorff-Young inequality (2.15) to find

1/r

[Gallur < [ (@)@ [ %" (2xcostax) ot

0 0 p/r 1/p
<179l ®) (/ m(/o VrlKr(Zxcosh)dx) dt)

Up s ro
< (2m7%27"|glLy= ( Coswpt> (/0 folK,g,(x)dx)

1/r
B vp
_ e 2/P31/P(7p _) ( /0 XV IK! ()dx> llgllL @)

1/r

vp vp . 1/r
< nl/q2*2/P|31/p(7, )/ coshat) (/ X‘”lexrcosmdx) dt [|9llLp()
0

— /Ao z/pr—vrl/r(w)Bl/p(vp vp) e /O cosr(ort)OIt

2 cosh't

_ fagv-2-2rp TV r2/p (VP vta v-a
=l e ST () B (o [T

3. INVERSION THEOREMS

The composition representation (2.11) and the properfiéiseoFourier and Mellin transforms are key
ingredients to prove the inversion theorem for the indemdfarm (1.1). Namely, we have

Theorem6 LetO<a <1, v<l—a,1l<p<2 gq=p/(p—1).Letsf(s)€Lp(v—ic,v+in), where
f*(s) is the Mellin transfom(Z 19) of f e L1((1, oo) tadt), i.e. f(t) is integrable over(1, ) with respect
to the measureftdt. If, besides above assumptions, the generalized Leliedesform(1.1) of f satisfies
the conditionte”™IF4 (1) € L1(R) and its Mellin transform vanishes at the polnt- a, i.e. f*(1—a)=0,
then for all x> 0 the following inversion formula holds

1 (x/2)iT1 iT 1+it _iT—a a+irt,
f(x)_ﬁ./w[ F(t—a)/2)T (a+i1)/2) 2F3( L S 'XZ)
2coshmr/2)
- XT (/2 (—a/2) Fq(T) dT, (3.1)

wheresFs(as, ap; by, by, bs;z) is the generalized hypergeometric function and the integwaverges ab-
solutely.

Proof. Infact, sincesf*(s) € Lp(v —io,v+iw), 1< p<2,itmeansthaf*(s) € Ly(v —ico, v +ic). Hence
Theorem 86 in11] says thatf, which is given by formula (2.20), belongsitg (R4 ). Then by virtue of
Lemma 1 and Theorem 1 we observe tR@tt) is continuous. Therefore the conditioe™/F (1) € L1(R)
impliesFy € L1(R). Hence (2.11) and the inverse Fourier transform yield thekty

1/ itq. [
ﬁ./fmF"(T)é dT—/O Ka(2xcosit) f(x)dx
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and after simple substitutioh = cosht it becomes
2n/ Fo(r)d T VA21) r:/ Ka(2A)f(X)dx A > 1. (32)
0

The integral in the left-hand side of (3.2) converges alisblu Further, recalling the élder inequality,
asymptotic formulas (1.4), (1.5) for the Macdonald funetimd the conditiori € Ly (R ), itis not difficult

to verify the absolute convergence of the integral in thétrigand side of (3.2). Moreover, it permits a
differentiation with respect ta in (3.2). As a result we obtain

|r|og A+ A —1)
/ TRy (T
2n - VAT1
Integrating by parts in the right-hand side of (3.3) and @&lating the integrated terms, we get
i "0 eirlog()\+\/)\271> i q
o) a0 —dr=—3 = [ Kal@) 5 xf0)dx (34)

But sincesf*(s) € Lp(v —ic, v +ic), one has that(x) is equivalent to some absolutely continuous function,
L xf(x)] € Ly,g(Ry) and

€ Tur- 2/0°° KL (2 )xf (x)dx (3.3)

d 1 V—+ico

X =5 (1-9)f*(s)x°ds

where the integral converges in mean with respect to the moim 4(R;.). Further, the Parseval equality
(2.18) and relation (2.16.2.2) id], Vol. 1l allow us to write forallA > 1

1 fvtie l1-s+a 1-s—a) ., o1
/KGZX/\ X F(x)] dx— %Vim(l—s)r< > >r( > )f(s))\ ds

Therefore, combining with (3.4), we have
. . irIog(AJr A2,1) Vtico . e
L/ Fam S dr—— L (1-gr (=St (1z5a
27T. —00 \//\2— 1 8 V—ico 2 2
x f*(s) AS"2ds (3.5)
Meanwhile,Fq (7) is even. Thus it implies from (3.5)
1 e sin(rlog()\ +\//\2—1))d 1 vt 1-s+a 1—-s—a
E/fmTF"(T) VAZ-1 T e (1_S)r( 2 )r( 2 )
x f*(s) AS"2ds (3.6)

In the meantime, relations (2.16.2.2), (2.16.6.1)4h Mol. Il and the Parseval equality (2.18) give the
following representations of the kernel in the left-hardksof (3.6)

sin (T |09§;;_\/1m-)) _ 7—]:[Sinf'(7'lT) '/:’ e*)‘XKiT(X)dX

. U+ico _ i —S—ij
N smh(;lT) / 2257 (9T (1 s+|r) r (1 s IT) A—Sds 0< p<1. (3.7)
Trel H—ico 2 2
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Hence, substituting the right-hand side of (3.7) into tfehand side of (3.6) and changing the order of
integration via Fubini’s theorem due to the estimate

/:|r|:a(r)sinr(m)| 2250 ()T (1_52+”) r (1_52_ ”) /\Sd% dr
r?((1-w/2

Hioo
P il DV Ay T "‘T\d/ r(s)d 3.8
< g [ el [© T rsas < 38)

it becomes by virtue of simple changes of variables

ptioo e —S+i —S—i
i_/ | 2*5*2I'(s)/ Tsinh(7T) Fa(r)l'(l S;”)r(l > IT)dTASds
u —00

i Jj—ieo
1 2—V+ioo s—1+a s—1-a % )
o (s—1)T ( 5 ) r ( 5 > f*(2—s) A "ds (3.9)

In the meantime, we will show that under conditions of theotieen f*(s) is analytic in the stripy < Res<
1+ a. Indeed, it follows immediately from the absolute and unii@onvergence of the integral (2.19). We
have(s=p+i1),

1 o 1 1/q 1 1/p
s)|§/ |f(t)|t“*1dt+/ I (t)[tHLdt < (/ |f(t)|qt"qldt) (/ tp(“")ldt>
0 1 0 0

+/ O] t%dt < [p(u - v)]” l/p||f||vq+/ )] todt, (3.10
and the result follows. Moreover, appealing to the Stirlaaymptotic formula for gamma- function3][
we observe that the integrand in the right-hand side of (Bedngs toL,(u — ico, i +ic0) for all p €
(1—a, 2—v]. Therefore, the Cauchy theorem and the conditib(l — a) = O permits us to shift the
contour (2 — v —ic0,2 — v 4 ic0) to the left, making the integration over the lifg — ico,  + ic0) with
1—a < u < 1. Hence we arrive at the equality

1 et 1-s+it 1-s—it
i 2T /rsmh(m)Fa()l'( _ )r( _ )drds

Y s—1+a s—1-a) ., e
= i (s—=1)r < > > r ( > ) f*(2—s) A %ds (311
Further, taking into account (3.10) and estimating thegreed in the left-hand side of (3.11) as a function

of ssimilar to (3.8), we observe that both integrands in (3.1&)feom the spacé;(u —ico, i+ i), p €
(1—a,1). Consequently, the uniqueness theorem for the Mellin foairs(see 11]) immediately drives us

at the equality
25T (s) [~ _ . 1-s+it l-s—irt
= /ﬁmrsmr‘(m) Fo(T)F ( 5 ) r ( 5 ) dr

=(s—1)T <S_ 12+a) r (3—12—a> f*(2—s), se (u—ioo,u+iw).

Hence the simple change of variables and the reduction flarfouthe gamma-function yield

25T (1—s) . M ((s—1+i1)/2)I ((s—1-i1)/2)
7 /700”'”“7") F(1-s+a)/2)T (1-s—a)/2)

U+ico

p—ico

f*(s) = Fo(T)dT, (3.12)
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wheres € (2— p —i0,2— pu+ic), and it is not difficult to verify the conditiorf*(1— a) = 0. But the
right-hand side of (3.12) is integrable over the l{{2e- 4 —ic0,2 — 1 +ic0). Indeed, we have

2 petieo © M(s—1+it)/2) ((s—1—iT1)/2)
fo s [ esniom e (s a7 P
2— jitico M1-sr(s—1)
2—p—iw [T ((1—s40a)/2)T ((1-s—a)/2)

x/jo TSINh(T)B((s— 1+i7)/2, (5—1—it)/2) Fa(r)drds‘
2= pirtieo rl-9sr(s—1) ' it
F(l—s+a)/2)T (1-s— a)/z)ds‘/ TFa(nle™ldr < (313
via the conditiorre™/F4 (1) € L1(R) and the estimate
Mr1-9r(s—1)
MNl-s+a)/2)T(1-s—a

Consequently, applying to both sides of (3.12) the invergdliMtransform (2.20), we come up with the
equality for allx > 0

B4, 1- ) [

J2—p—ico

75 = O(|u|l*“e’"‘“‘/2) . S=2—+iu, |u — .

f(x) = TSinh(mT) Sy (X, T)Fy (T)dT, X > 0,

AT

where under a simple substitution with the use of the redodtrmula for the gamma function

S(xT) = 1 Aop/2te [ (s— (1+iT1)/2)T (s— (1— iT)/2)I'(3/2—s)l'(l—s)X,ZSdS
’ 21 J1-p/2-ieo MN@A+a)/2-s)F((1-a)/2—s)(1/2—79)

and the change of the corresponding order of integratiofiasv@d owing to the estimate (3.13) and Fu-

bini's theorem. Our goal now is to calculate the ker8g(x, T) in terms of the generalized hypergeometric

functions,F3 via the Slater theorem (cf. id], Vol. Ill). In fact, the integral (3.14) is equal to
Cin < (YT (iT—n(n—iT/2)M (n+(1—i1)/2)
Saem) =x g N T (n+(a—in)/2)r (n—(1+a)/2)
(-1 S (=) T (—it—n(n+it/2)F (n+(1+i1)/2)
X Y T T @t (n—(a—i0/2)
2my/T VT (x/2)

~ xtsinh(rrt /2)T (a/Z)F(—a/Z)_rsinh(nT){ M(it—a)/2)r ((a+it)/2)
2F3<IT 1+4ir, 11it a-+it ir—a;xz)+r( : (2/x)1HT

(3.14)

2’ 272 —(a+in)/2)T ((a—i1)/2)
it 1- _a—it  it4+a, 5 4coshlrr/2)
X2F3< 2 L I X) X (a/2)T (—a/2)
Finally, sinceF, is even, we easily arrive at the inversion formula (3.1), ptating the proof of the theorem.

O

In order to prove the corresponding inversion theorem feritfdex transform (1.2), we will need the
value of the integral, involving squares of modules of thengea functions. Precisely, we have
Lemma 3. Let,e > 0, x € R. Then

/j; - <£+i(2x—t)) - (£+i(2x+t)) 2

dt = 4m|I (e +ix) [ B(e, €). (3.15)
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Proof. The proofis based on the Parseval equality for the Fourgnedransform]1] and relation (2.5.46.6)
in [4], Vol. I. Thus we obtain

@ | Cetix—t)\ (eI HO\ L a2 Lo [e dt
'/mr( _ )r( X dt=2"Z e+ | ——

= 4n|l (e +ix)°B(e, €).

Definition 1. A function f satisfies the Dini condition at some point X, if
f(x+1t)— f(x
sy = FxH =X

t
is integrable in some neighborhood of the origin.
Now the inversion formula for the index transform (1.2) igegi by
Theorem 7. Leta € R, g(1) € Lp(R), 1 < p < 2, satisfying the Dini condition at some pointex
R\{0}. Let also the index transform f&Gbe such that its Mellin transform §3s) € Ly((u — i, p+
ic0);|s/Y/2ds), u > 0. Then

1T (2) (@ M (—ix) (t/2)5™*
9=l = T /o [r(e—ix)r((e+a+ix)/z)r((e+ix—a)/z)
E+iX €+iXx+1 . E+a+ix ge+ix—a. r(ix)(t/z)efixfl
XZFS( R R S ’t2)+F(£+ix)r((£+a—ix)/Z)F((s—ix—a)/Z)
XzFa(g_zix, LZH; 1-ix, H‘;_ix, g_i;_a; tz)] Ga (), (3.16)

where the limit is pointwise.

Proof. Recalling formula (2.23), which is valid under conditiorfstioe theorem, we calculate the Mellin
transform (2.19) from its both sides wittbelongs to the vertical line with Re> |a|. After the change of
the order of integration via Fubini’'s theorem by virtue o tabsolute convergence and the use of relation
(2.16.2.2) in #], Vol. II, we find

4G;(9 [ Z90 317,

F(s+a)/2)T (s—a)/2) )« cosht
But the right-hand side of the equality (3.17) is analyti¢ha right half -plane Re > 0. This fact follows
form the absolute convergence of the integral forRe 0 and the uniform convergence with respect to
s, Res>xg > 0. Indeed, sinc€.Z#g) (t) € Lq(R), g= p/(p— 1) we just apply the ldlder inequality to
achieve the goal. Hence, the Euler integral for the gammetium and the Fubini theorem drive us at the

equalities
4T (G5 (9) /°° 7 /"" ~ycostt, 51
= Z9)(t e v dydt
F(5+ 02T (5—-a)2) ) T9W ), yrdy
- / ys / (Fg) (t)e Ve dtdy (3.18)
0 J—o0
In the meantime, the Stirling asymptotic formula for the gaafunction yields

re B )
F((s+a)/2)T ((s—a)/2) O(|S|1/2) s |s| = co.
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Therefore under the conditigsY/2G}; (s) € Ly (1 —ioo, u+iw), u > 0 the left-hand side of the first equality
in (3.18) is integrable. Taking the inverse Mellin transfiof2.20), we find

2 e r(s)Ga ()
M Ju-ie T((s+a)/2)F ((s—a)/2)

Moreover, the right-hand side of (3.19) can be rewrittenngno the Parseval equality for the Fourier
transform [L1] (see (2.12)) and integral representation (1.7) of the MaedH function. Hence

1 [HAi® r( )G*( ) 75
7 St T((5+a)/2)T (- a)/2)” ds= / Kir(y)g(r)dt.
The next step is to multiply both sides of (3.20) by
r(2¢e)21—¢
i (&) | (e +ix)|

and integrate with respectymverR ;. Then changing the order of integration, recalling the Ruthieorem,
and calculating the inner integrals, appealing to relati@16.2.2) and (2.16.33.2) id][ Vol. II, we obtain

I(2¢) Mot r(s)G;(s) €—s+ix e—s—ix\ , ¢1
7T (&) T (e + )P Ju-ie rerapea (e () e

y Sds— /m (Fg) (t)e Yeostdt, (3.19)

(3.20)

Y 'Ki(y), £€>0,y>0,xeR

_ 1 ° | (e+ix—1) e+i(x+1)\|?
~ 4mB(g,¢€) /,oo B< 2 > g(r)dr, 0<u<e. (3.21)
The left-hand side of (3.21) can be expressed with the udeedParseval equality (2.18). In fact, we derive
e r(9)Gs () (e—s+ix) (e—s—ix) e
r r 25 1gs
il (e |r £+ix | / io [ ((s+a /2) ((s—a)/2) 2 2

|I' e+|x| / < ’ >Ga()(:t

where analogously to the calculatlon of the ker@glx, 7) (3.14)

A 1 W2t (s)F(1/24+S) £+ix € —ix _2s
el 9= g o Frarari o (2 %) (7 9)u e

B 2(2u) T (g +ix)M (—ix) e+ix e+ix+1, 1t ix £+a+ix £+|x a. 1
T T((e+a+ix)/2)T ((e+ix—a)/2)? 2 2 T2 ’
N 2(2u) " EHXT (g — ix)I (ix) e—ix e—ix+1l . e+ta-ix g-ix—a 1
F((e+ta—ix)/2)T (e—ix—a)/2)* 2 ' 2 T2 ’
322
Further, returning to (3.21), we consider its right-hartbsi
1 @ | (et+i(x—1) e+i(x+1)\|?
(X = gm0 e)/me< (2 ), (2 )> g(1)dr. (3.23)

Since the square of the modulus of the beta function is evénregpect ta andx, one can assume without
loss of generality thag(T) is an even function and > 0. Our goal is to prove the limit equality for some
positivex, whereg(x) satisfies the Dini condition, namely,

Eir&rl (g,x) =g(x), x> 0. (3.29)
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In fact, appealing to (3.15), we write for some small positiv

'(e,x)—g(x)zmlgg)/:: B(£+i(x_r) 5+i(X+T)>

2
[9(T) —g(x)]dt

2 ’ 2
41 2 2 i(x— i 2 _
- Adrer JEX))( +X)/7m B<1+£+I(; T)’ 1+£+I(;+T)> (52+(x£?(rr))2)(32()2](x_ )2)‘“
_ A1+ +x3) (2 %% xte XS e e+i(x—1) e+i(x+1)\|?
B nB(e, €) (/ —x-& /x+6 /75 * x+6> ’B<1+ 2 1+ 2 )

[9(T) — 9(x)]
(824 (x+ 1)) (2 + (x—1)?)
Starting from integrals(&,x), we find
2 20\ 2\ (62 12 _
Is(e.x)] < 4B%(1+¢/2, 1+ 87/125)((5(715 £)2+x2)(e2+x2) /XM — (xf(r))z) o( )|( )z)dr
B 228+lBZ(1_|_ 8/2, 14+ 8/2)((1+8)2+X2)(52+X2)r(€+ 1/2)/ |9(X ) g(X)|
- /T (€) (82 + (2x+1)2)(e2+12)

+(
o /
gcl(x)e/ wdth( 53 tGilx e(/ t““dt)lqllgllL

Js t4
£ Cs(x)
53 (CZ( )+ m) ’
whereCi(x), i = 1,2,3 are constants. Clearly, one can make the latter expreasiitrary small, choosing
first somed and there. Thus

dr =I1(&,x) +12(&,x) + 13(€,X) + la(€,X) + Is(€, X).

dt

£I|%m+l5(£ X) = 0.

In the same manner we establish the equality

£I|%m+ll(£ X) = 0.

Concerning integrdk(&,x), we presume thal is small and does not excegrdHence, analogously,

2X—0 _
(e < & Ca) [ %dt_ = [cs(x)+ (Scf(f/)q}

and again
glg& I3(g,x) = 0.

Finally, we estimate integrals(e,x), 14(€,x). We have

||4(£,X)| < £C7(X)/X+6 |g(r)_g(X)|(X_T)2)dT:8C7(X) /6 |g(X+t)_g(X)| dt

x5 (€24 (x+1)?)(e2+ -6 (£2+ (X +1)?) (62 +12)
£ © Jg(x+t) —g(x)| 1 /‘5 9(x+1) —g(X)|
< = 22 2 2 SO PN S0
<5 Cr) ./75 it 55 Gl [ i dt,
where the latter integral becomes small whegoes to zero via the absolute continuity of the Lebesgue
integral. Thereforés(e,x) — 0, € — 0+ and in the same manner we get

lim Ix(g,x) =0.
e—0+ 2( ’ )
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Thus (3.24) holds true, and the inversion formula (3.18pfes immediately after the passage to the limit
in (3.21) bye — 0+.
O

4. PARTICULAR CASES

4.1. The casex = 0. Lettinga = 0, we come up with the Lebedev type index transform, invajdrsquare
of the Macdonald function

/ K2 ,(0f()dx T ER. (4.1)

In this form the transform is mentioned by formula (8.59)]12][as a particular case of the general Wimp-
Yakubovich transform with respect an index of the Me{gfunction (cf. [2], Chapter 7). Despite Theorem
6 is proved for non-zerar, one can adjust its proof for the zero- case too. In fact, yymelgeometric
function in the inversion formula (3.1) is reduced to ffre- function and can be expressed in terms of the
modified Bessel functions. Precisely, appealing to refativl4.1.4) in §], Vol. Ill, we find

P (1‘;", 14ir, % XZ) = 21T (1+%) (’—2()7" [)—2( r (%) liej2-1(%)
-r (1+ %) Iir/z(x)] .

Hence .

(x/2)'T 1+it, N S . iT

T201/2) 1P | =53 14T, 55 X7 ) =T ligj2(X) | ligj2-1(X) = 5 lirj2(X) |- (4.2)
Meanwhile calling properties of the modified Bessel funasi¢see in3], Vol. 11), we obtain

iT
3 Nit/2() = ligj2-a(X) = lig242(x),

d
lizj2—1(X) +lig/241(X) = Z&Iir/Z(X)-
Substituting these expressions in (4.2), after straigivdiod simplifications we derive

it-1 [
% 1F2(1+|T 1—|—iT, %’ XZ) =T liT/Z(X)%(liT/Z( ) I;— ddXI|2r/2( )

and the inversion formula (3.1) for the index transform J4akes the form

f(x) = %T/: %(Iizr/z(x) Fo(T) T drt. (4.3)

However this is exactly the inversion formula (8.60) IP] subject to elementary changes of variables and
functions. An analog of Theorem 6 is

Theorem 8 Letv <1, 1< p<2, gq=p/(p—1). Let sf(s) € Lp(v —ico,v +iw), where f(s) is the
Mellin transform(2.19) of f Ll((l o); dt). If, besides above assumptions, the index transf@kh)
satisfies the conditione”"/Fy(1) € L1(R) and the Mellin transform *(s) vanishes at the point=s 1, then
for all x > 0 inversion formula4.3) holds, where the corresponding integral is absolutely eogent.

Proof. The scheme of the proof is the same as in Theorem 6. Nevesthédeadjust the value = 0 and to
have a strip, where one can choose a vertical line for thgiation in the right-hand side of (3.11), it can
be rewritten as

tien . el e
! / Z’S*ZF(S)/ TSinh(7tT) Fo(T)I (1 52+|T) r <1 52 IT) dr A —Sds
u— —o

7T3 joo
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1 [HHe /541 s—1
S (32 r(322) 1 (2-9 A d
i o (5555 ) a9 a e

with 0 < u < 1 owing to the analyticity, integrability conditions ancethialuef*(1) = 0. Hence one can
proceed all further steps of the proof of Theorem 6. O

The corresponding adjoint operator to (4.1) has the forma ($€2))
/ KIT/2 (4-4)

Hence Theorem 7 becomes

Theorem 9.Let (1) € Lp(R), 1< p < 2, satisfying the Dini condition at some poineR\{0}. Let also
the index transforng4.4) be such that its Mellin transformgs) € Ly (¢t — ico, p+iw);|s*/?ds), u > 0.
Then

g(x) = lim

g0+ 1T T (€)

1 r(28) [=| r(=ix)(t/2)5*1 e+ix+1 . . e+4ix
/oll'( — W2 ((e+1x)/2) 1F2( 2 T 'tz)

; e—ix—1 o
I'(|.x)(t/2) . o € |x+1; 1-ix, £—ix.
Me+ix)M2((e—ix)/2) 2 2
where the limit is pointwise.
Remark 1. When it is possible to pass to the limit under the integigth $n (4.5), this formula takes the
form

Go(t)dt, (4.5)

ix [*d
000 = 5= | g [12/20 = 1252(0)] Golt)ct.
Moreover, with elementary changes of the variables, fonstas in the previous example and the integration
by parts we arrive at the pair of Lebedev transforBj{$ee formulas (8.57), (8.58) in P)).

4.2. The casea = 1. In this case we will consider the following index transforms
0 5
A= [ [Kene0 fgdx TeR (46)

Gi(x) = / ‘K ir+1)/2(X ‘ o(t XeRy. (4.7)
Employing relation (7.14.1.5) ird], Vol. 1ll, the correspondlng kernel in the inversion forfa3.1) can be
reduced to the product of the modified Bessel functions.igelc we find
(x/2)T-1 iT it—1
- —; 1+it,——; =l(ir—
rir—yararmye 2\ 20 it ) ) = i)

iT—1 X X
X {Tl(irl)/z(xﬂ' §|(ir+1)/2(x)] =5 Lir—1)/2(X)(ir—3)/2(X)-

Thus the inversion theorems for operators (4.6), (4.7) smengaccordingly,

Theorem 10 Letv <0, 1< p<2, q=p/(p—1). Letsf(s) € Lp(v —iw,v +in), where f(s) is the
Mellin transform(2.19) of f € L1((1,); tdt). If, besides above assumptions, the index transfdt6) of f
satisfies the conditione”™/F; (1) € L1(R) and f*(0) = 0, then for all x> 0 the following inversion formula

holds . )
f(x) = 7_1/4,0 [g Lir—1)/2(0) (ir—3)/2(X) + &HT/) Fi(1) dr,

and the integral converges absolutely.
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Theorem 11.Let o(1) € Lp(R), 1 < p < 2, satisfying the Dini condition at some pointexR\{0}. Let
also the index transform {e such that its Mellin transformi@s) € Ly (i — e, p+iw);|s*/2ds), p > 0.
Then

g(x) = Ilim

g0+ 1T T ()

1r(28) [ [ (—ix) (t/2)5 %2
/o F(e—iX) ((+1+ix)/2)T (e +ix—1)/2)

E+ix . E4ix—1 M (ix) (t/z)sfixfl
Xle( g AT o tz) e (e 1=1/2)T (e —ix—1)/2)
x1F2 (E—Zix; 1-ix, # tz)} G (t)dt, (4.8)

where the limit is pointwise. When the passage to the lindeuthe integral sign is possible, the inversion
formula(4.8) takes the form

9(x) = %T/Om 1) /20 ix—3)2(t) + 1 ixs1) /201 (i743)/2(1)] Ga(t) tdlt.

5. INITIAL VALUE PROBLEM

The index transform (1.2) can be successfully applied t@esal boundary problem for the following
partial differential difference equation, involving thajlacian

AUp = Un. 2+ 2Up+ Un_2, (5.1)

whereA = aixzz + diyzz is the Laplacian iiR?, n € Z andu, = u_p. Concerning properties and solutions of the
ordinary differential difference equations see the sufd&]. Writing equation (5.1) in polar coordinates
(r,0), precisely
0%u, 1du, 10%u
e A
or ror r20d06
we establish the following
Lemma 4.Letge Ly (R; e(z"*ﬁ)mdr) , B € [0, 11/2[. Then functions

= Uni2+ 2Un+ Up_2, (5.2)

0 5
Un(r, 8) = /700 & |Kiirm/2(N[*0(0)dr, nez, (5.3)
where r> 0, 0 < 8 < 2mrsatisfy the partial differential difference equatit®2), vanishing at infinity.

Proof. In fact, this follows from the direct substitution (5.3)@n¢5.2) and the use of Lemma 2. The neces-
sary differentiation with respect taunder integral sign is allowed via the absolute and unifoomvergence,
which can be justified employing the inequality} [z= u +iT1)
Ko (x)| < & PITIK, (xcosB), x>0, B € [0,11/2]
and the asymptotic behavior (1.4) at infinity of the Macddrfahction. O
Finally, as a direct consequence of Theorem 7, we will foateuthe initial value problem for equation

(5.2) and give its solutions.
Theorem 12.Letne Z, Gp(r) and

1r(2) [ M(—ix) (t/2)5tx1
/o Me—ix)r ((e+n+ix)/2)F ((e+ix—n)/2)

9=l = T
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iy (EEX EHIXEL L edndix efix—n o) M (ix) (t/2) 1
2 2 ' 2 T2 T 2 ¢ Fe+ X ((e+n—ix)/2)T ((e—ix—n)/2)
E—ix €—ix+1 . E+n—ix €—ix—n_
T

satisfy conditions of Theoreih Then functions a(r,8), r > 0, 0 < 6 < 11/2 by formula(5.3) will be
solutions of the initial value problem for the partial diféatial difference equatiori5.2) subject to the
initial condition

Un(r,0) = Gp(r).
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