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REPRESENTATIONS OF SURFACE GROUPS IN THE PROJECTIVE
GENERAL LINEAR GROUP

ANDRE GAMA OLIVEIRA

ABSTRACT. Given a closed, oriented surface X of genus g > 2, and a semisimple Lie group
G, let Rg be the moduli space of reductive representations of m1 X in G. We determine
the number of connected components of Rparn,r), for n > 4 even. In order to have a first
division of connected components, we first classify real projective bundles over such a surface.
Then we achieve our goal, using holomorphic methods through the theory of Higgs bundles
over compact Riemann surfaces.

We also show that the complement of the Hitchin component in Rgy, s r) is homotopically
equivalent to Rso(s).

1. INTRODUCTION

Let X be a closed, oriented surface of genus g > 2 and 7 X be its fundamental group. Let
Rpar(nr) = Hom™(m1 X, PGL(n, R))/PGL(n,R)

be the quotient space of reductive representations of w1 X in the projective general linear
group PGL(n,R) = GL(n,R)/R*, where PGL(n,R) acts by conjugation. In this paper we
determine the number of connected components of Rpqr(n,r), for n > 4 even, applying the
general theory of G-Higgs bundles to the PGL(n,R) case.

For a semisimple Lie group G, this general theory, created among others by Hitchin [14],
Simpson [29, [30}, 31], Corlette [§] and Donaldson [9], supplies a strong relation between different
subjects such as topology, holomorphic and differential geometry and analysis. On the one
hand, we have the moduli space R of reductive representations of m1 X in G, also known
as a character variety. An element in R is topologically classified by certain invariants of
the isomorphism class of the associated flat principal G-bundle over X. If ¢ is a topological
class of principal G-bundles, we denote by R¢(c) the subspace of R consisting of classes of
representations which belong to the class c¢. On the other hand we fix a complex structure on X
turning it into a Riemann surface, and consider G-Higgs bundles over it. A G-Higgs bundle is
a pair consisting of a holomorphic bundle, whose structure group depends on GG, and a section
of a certain associated bundle (see below for precise definitions). Topologically, a G-Higgs
bundle is also classified by invariants taking values in the same set as the representations in
R¢. Again, if ¢ is one topological class, we denote by M¢(c) the moduli space of polystable
G-Higgs bundles in the class c.

Now, the above mentioned authors have proved that the spaces Rg(c) and Mg(c) are
homeomorphic (see Theorem [2.8]). More generally, for a reductive Lie group G, there is
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a correspondence similar to the previous one, but replacing m X by its universal central
extension I', defined in (2.2)) below. We denote the space of such representations, with fixed
topological class ¢, by Rr g(c). Related to these two moduli spaces, and essential in the proof
of the existence of the homeomorphism, is a third moduli space: the moduli space of solutions
to the so-called Hitchin’s equations on a fixed C'*° principal G-bundle over X.

For G compact and connected, the spaces Rg and Mg have been studied in the seminal
papers of Narasimhan and Seshadri [I8] and of Ramanathan [21] from an algebraic viewpoint,
and by Atiyah and Bott [I] from a gauge theoretic point of view. In this case, the answer
about the number of components is known: for each topological type ¢, each subspace of
R¢(c) is connected. Since then much has been done to study the geometry and topology of
these spaces. When G is complex, connected and reductive, the answer to the problem of
counting connected components is the same as in the compact case by the works of Hitchin
[14], Donaldson [9], Corlette [8] and Simpson [29, 30, [31]. When G is a non-compact real form
of a complex semisimple Lie group, the study of the topology of Rq started with the seminal
papers of Goldman [12] and Hitchin [15] and, although much work has been done since then
by several people (see, in particular, the paper [13] of Gothen, the works [2, [3, [4] of Bradlow,
Garcia-Prada and Gothen and also [10] by Garcia-Prada, Gothen and Mundet i Riera), it is
still far from finished.

In this paper we are interested in studying the components of Rpgr(n,r), for n > 4 even
(when n > 3 is odd, PGL(n, R) = SL(n, R) hence the components of Rpgr,,,r) are known to
be 3 by the work of Hitchin in [I5]; the n = 2 case was studied by Xia in [33]). Following
the ideas of Hitchin [I4} [I5], the main tool to reach our goal should be the L?-norm of the
Higgs field in Mpgr,n,r)(c), but in our case another group naturally appears. We will work
with the space Mggr,n,r) of EGL(n, R)-Higgs bundles (EGL(n,R) = GL(n,R) x U(1)/ ~,
where (A,z) ~ (—A,—z)). This is done mainly for two related reasons. One is that with
this new group we can work with holomorphic vector bundles, rather than just principal or
projective bundles. The other is that we can realize space of EGL(n,R)-Higgs bundles as
closed subspace of Mqr,(n,c) X Jac?(X), where Mgy mn,c) is the moduli space of Higgs bundles
(see [14]). In general, when M (c) is smooth, the function f given by the L?-norm of the Higgs
field is a non-degenerate Morse-Bott function which is also a proper map and, in some cases,
the critical submanifolds are well enough understood to allow the extraction of topological
information such as the Poincaré polynomial. However, even when M (c) has singularities,
the properness of f allows us to draw conclusions about the connected components, although
one cannot directly apply Morse theory.

The study of the local minima of f is sufficient to obtain the number of connected com-
ponents of the space of EGL(n, R)-Higgs bundles and thus of Rp gpqr(n,r), for n > 4. There
is a projection from this space to Rpgr,(n,r) and using this we compute the components of
RpaL(n,R), Obtaining the first of our two main results (see Theorem [10.2]):

Theorem 1.1. Let n > 4 be even. Then the space Rpgr,(n,r) has 229+ 19 connected compo-
nents.

Essential in the count of components of Rpgr(n,r) is the topological classification of real
projective bundles over X. This is done in the first part of the paper, where we have found
explicit discrete invariants which classify continuous principal PGL(n,R)-principal bundles
over any closed oriented surface. This classification shows for example that, in contrast to the
complex case, there are real projective bundles which are not projectivization of real vector
bundles. It shows also that, in most cases, there is a collapse of the second Stiefel-Whitney
class, when we pass from real vector bundles to projective bundles.
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Combining the results of Xia [33] for n = 2 and of Hitchin [I5] for n > 3 odd with our
Theorem [L.T} we have the number of connected components of Rpgr,(n,r), for arbitrary n, as
follows:

Theorem 1.2. The number of connected components of Rparn,r) 15

o 229t L 4g — 5 ifn=2;
e 3 if n >3 is odd;
e 22911 1 9 if n >4 is even.

Using the results of Hitchin in [I5], we are able to obtain more topological information of
Rpcr,r) (observe that this is the same as Rgy,3r) since PGL(3,R) = SL(3,R)), because in
this case there are no critical submanifolds of f besides the local minima and these are of a
very special type. The result we obtain is the following (see Theorem [I1.1)):

Theorem 1.3. The space Rsy3r) has one contractible component and the space consisting
of the other two components is homotopically equivalent to Rgo(s)-

Actually, using a computation of the Poincaré polynomials of Rgp(3) recently done by Ho
and Liu in [I6], this theorem gives the Poincaré polynomials of Rgr,3 r) almost for free.

2. REPRESENTATIONS OF m X IN G AND (GG-HIGGS BUNDLES

2.1. Representations of m X in G. Let X be a closed oriented surface of genus g > 2 and
let G be a semisimple Lie group.

Consider the space Hom(m1 X, G) of all homomorphisms from the fundamental group of
X to G. Such a homomorphism p : mX — G is also called a representation of m X in G.
Considering the presentation of m X given by the usual 2g generators

g
(21) 771X = <(11,b1, cee 7ag7bg | H[al7bl] = 1>
i=1

one sees that a representation p € Hom(m X, G) is determined by its values on the set of
generators ai,bi,...,aq,by. The set Hom(m X, G) can thus be embedded in G?9 via p —
(p(a1),...,p(by)), becoming the subset of 2g-tuples (Ay, By, ..., Ay, By) of G* satisfying the
algebraic equation []Y_;[A4;, B;] = 1, and we consider the induced topology on Hom(m X, G).

Letting G act on Hom(m X, G) by conjugation
g-p=gpg”"!
we obtain the quotient space
Hom(m X, G)/G.

This space may not be Hausdorff because there may exist different orbits with non-disjoint
closures, so we consider only reductive representations of 71X in GG, meaning the ones that,
when composed with the adjoint representation of G on its Lie algebra, become a sum of
irreducible representations. Denote the space of such representations by Homred(mX, G).
The corresponding quotient is the space we are interested in:

Definition 2.1. The moduli space of representations of 71 X in G is the quotient space

Rg = Hom™(m X, Q) /G.
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The space R¢ is also known as the G-character variety of X.

If G acts on G?9 through the diagonal adjoint action, the inclusion j : Hom(m X, G) < G%9
becomes G-equivariant and, from Theorem 11.4 in [24], a representation p € Hom(m X, G) is
reductive if and only if the orbit of j(p) in G?9 is closed, hence it follows that R¢ is indeed
Hausdorft.

If we allow G to be reductive and not just semisimple, then we consider a universal central
extension I' of m X given by the short exact sequence

0—%2—T —mX —0.

It is generated by 2g generators ai,...,b, (which are mapped to the corresponding ones of
mX) and by a central element J, subject to the relation []%_;[a;, b;] = J:

g
(2.2) U= (a1,b1,....ag,by, J| [[lai.bs] = J, J € Z(I)).
i=1

Let H C G be a maximal compact subgroup of G. Analogously to the case of m X, let us
consider the reductive representations p of I' in G such that p(J) € (Z(G) N H)o, the identity
component of the centre of GG intersected with H:

(2.3) Homff(‘})e(z(G)ﬂH)o (IG) ={p:T — G | p is reductive and p(J) € (Z(G) N H)y}.

This definition does not depend on the choice of H. Indeed, any other maximal compact
subgroup H' of G is conjugate to H, so (Z(G) N H)y = (Z(G) N H')y.

Definition 2.2. The moduli space of representations of I' in G is the quotient space

Rr.¢ = Homl 7y, (05 G) /G-

To give a representation p € Hom;‘%‘}) €(Z(G)nH)o (', G) is equivalent to give a representation
of m1 (X \ {x0}), the fundamental group of the punctured surface, in G such that the image of
the homotopy class of the loop around the puncture is p(J) € (Z(G) N H)y.

Of course, if G is semisimple, Rr . = Rg. The main result of this paper is the computation
of the number of connected components of Rpgr, k), for n > 4 even.

As is well-known, there is a bijection between isomorphism classes of representations of
mX in G and isomorphism classes of flat G-bundles over X. There is as well a one-to-one
correspondence between isomorphism classes of representations of I' in G and isomorphism
classes of projectively flat G-bundles over X, i.e., G-bundles equipped with connections with
constant central curvature in Z(g) = Lie(Z(G)o). Taking these correspondences into account,
we make the following definition:

Definition 2.3. Let p be a representation of m1 X in G. A topological invariant of p is a
topological invariant of the associated flat G-bundle.

Let p be a representation of I' in G. A topological invariant of p is a topological invariant
of the associated projectively flat G-bundle.

If two representations p1, p2 € Hommd(mX , @) are equivalent, then the associated principal
flat G-bundles E, and E,, are isomorphic and vice-versa. Hence the topological invariants
of p1 and of po are the same. Thus it makes sense to define a topological invariant of an
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equivalence class of representations. Given a topological class ¢ of G-bundles over X, denote
by
Ra(c)

the subspace of R whose representations belong to the class ¢. Analogously, define Rr g(c).

2.2. G-Higgs bundles. In this section we introduce the main objects which we shall work
with. These are called Higgs bundles and roughly are pairs consisting of a holomorphic bundle
and a section of an associated bundle (see Definition 2. 4lbelow). Higgs bundles were introduced
by Hitchin [14] on compact Riemann surfaces and by Simpson [29] on any compact Kéhler
manifold.

Let H C G be a maximal compact subgroup of G and H® C GT their complexifications.
There is a Cartan decomposition of g,

g=bdm
where m is the complement of h with respect to the non-degenerate Ad(G)-invariant bilinear

B form on g. If 6 : g — g is the corresponding Cartan involution then h and m are its
+1-eigenspace and —1-eigenspace, respectively. Complexifying, we have the decomposition

o€ = b€ @ mC
and mC is a representation of HC through the so-called isotropy representation
(2.4) Ad|ge : HC — Aut(m®)

which is induced by the adjoint representation of G on g€. If Ec is a principal HC-bundle
over X, we denote by Fyc(m®) = E x yc m® the vector bundle, with fibre m®, associated to
the isotropy representation.

Let K = T* X0 be the canonical line bundle of X.

Definition 2.4. A G-Higgs bundle over a Riemann surface X is a pair (Eyc,®) where
Eyc is a principal holomorphic HC-bundle over X and ® is a global holomorphic section of
Epe(m®) ® K, called the Higgs field.

Any continuous G-bundle has certain discrete invariants which distinguish bundles which
are not isomorphic as continuous (or equivalently C'*°) G-bundles. On Riemann surfaces, if
G is connected, these invariants take values in m1G. For example, complex vector bundles of
rank n are classified by their degree d € Z = mU(n). For G not necessarily connected, these
topological invariants may take values in more complicated sets which depend only on the
homotopy type of G. If H is a maximal compact subgroup of GG, then the inclusion H C G is
a homotopy equivalence so the classification of G-bundles is equivalent to that of H-bundles.
Now, a G-Higgs bundle (Eyc,®) is topologically classified by the topological invariant of
the corresponding H®-bundle Eyc and, as the maximal compact subgroup of HC is H, the
topological classification of GG-Higgs bundles is the same as the one of H-principal bundles.

Now we consider the moduli space of G-Higgs bundles. The notion of (poly)stability, for
general G is subtle (see [0}, [10] 25, 27]) but for GL(n, C) it is easy. Consider a (GL(n, C)-)Higgs
bundle (V, ®) and let

deg(V)

V) =
u(V) (V)
be the slope of V. A subbundle W C V is said ®-invariant if ®(W) C W ® K.

Definition 2.5. A Higgs bundle (V,®) is:
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e stable if u(W) < u(V) for all ®-invariant proper subbundle W C V;

e semistable if u(W) < u(V) for all ®-invariant proper subbundle W C V;

e polystable if V=W & --- & W, and ® = &1 & --- ® &y, where, for each i, &; : W; —
W; @ K and (W;, ®;) is stable with w(W;) = (V).

Definition 2.6. Two G-Higgs bundles (Eyc,®) and (Elyc,®’) over X are isomorphic if
there is an holomorphic isomorphism f : Egyc — E}I@ such that ® = f(<I>), where f @ 1 -
Eyc(m®) oK — Ele (mC)@ K is the map induced from f and from the isotropy representation
HC — Aut(m®).

In order to construct moduli spaces, we need to consider S-equivalence classes of semistable
G-Higgs bundles (cf. [27]). For a stable G-Higgs bundle, its S-equivalence class coincides
with its isomorphism class and for a strictly semistable G-Higgs bundle, its S-equivalence
contains precisely one (up to isomorphism) representative which is polystable so this class
can be thought as the isomorphism class of the unique polystable G-Higgs bundle which is
S-equivalent to the given strictly semistable one.

These moduli spaces have been constructed by Schmitt in [25, 26], 27], using methods of
Geometric Invariant Theory, showing that they carry a natural structure of algebraic/complex
variety.

Definition 2.7. For a reductive Lie group G, the moduli space of G-Higgs bundles over
a Riemann surface X is the algebraic/complex variety of isomorphism classes of polystable
G-Higgs bundles. We denote it by Mg:

M = {Polystable G-Higgs bundles on X}/ ~ .

For a fized topological class ¢ of G-Higgs bundles, denote by Mg(c) the moduli space of G-
Higgs bundles which belong to the class c.

The relation between G-Higgs bundles over X and representations m X — G is given by
the following fundamental theorem.

Theorem 2.8. Let G be a semisimple Lie group. A G-Higgs bundle is polystable if and only if
it arises from a reductive representation of mX in G. Moreover, this correspondence induces
a homeomorphism between the spaces R¢(c) and Mg(c).

If G is reductive, there is a similar correspondence which induces a homeomorphism between
the spaces Rr c(c) and Mc(c).

Strictly speaking, this theorem has been proved for G = GL(n,C) and G = SL(n,C) by
Hitchin in [I4] and Simpson in [29] (see also the papers [§] of Corlette and [9] of Donaldson).
The general definition of polystability and the proof of the Hitchin-Kobayashi correspon-
dence for arbitrary G-Higgs bundles appears in the preprint [10] of Garcia-Prada, Gothen and
Mundet i Riera.

3. TOPOLOGICAL INVARIANTS FOR PGL(n,R)-BUNDLES OVER CLOSED ORIENTED SURFACES

In this section we obtain a topological classification of continuous principal PGL(n,R)-
bundles over X, with n > 4 even. We shall, however, start by obtaining a general topological
classification for any principal G-bundles, with moG abelian.
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3.1. The case of any topological group G with myG abelian. Let G be a topological
group. Denote by C(G) the sheaf of continuous G-valued functions on X and by Gq the
identity component of G. We have the short exact sequence of groups

p1

0 Go G oG 0

and, associated to the corresponding short exact sequence of sheaves of continuous functions
with values in the corresponding groups, we have the sequence of cohomology sets:

H'(X,C(Go)) —= HY(X,C(G)) == H'(X, mG) -

Recall that the cohomology set H'(X,C(G)) is in natural bijection with the set of isomorphism
classes of continuous G-principal bundles over X. So, from the previous sequence, we define
the first topological invariant of a continuous G-bundle E.

Definition 3.1. The topological invariant p1 of E is defined by
11 (E) = p14(E) € HY(X, mG).

Of course, this invariant yields the obstruction to reducing the structure group of £ to Gy.
Notice that, if oG is abelian, H'(X,7oG) = Hom(m X, m0G) = moG?9. From now on we
assume that we are on this case: mpG is an abelian group.

Our initial classification of G-bundles with p; fixed was much more complicated and was
splitted into two assymetric parts: g1 = 0 and g1 # 0. I am gretly indebted to an anonymous
referee for providing a much simpler argument for the case 1 # 0 and which allows to study
both cases p1 = 0 and 1 # 0 simultaneously. The argument is as follows.

The surface X is homeomorphic to the result of identifying (using orientation reversing
homeomorphisms) the sides of a regular 4g-gon P according to the rule

A1BIAT BT Ay Bo Ay By Y- AgBg AL B
Let m : P — X be the natural projection. Let ¢ be the centre of P, B(c,e) C P be a small

disc centred at ¢ of radius €, disjoint from the boundary of P, and let

U=n(P\{c}) and V =n(B(c,¢)).

A G-principal bundle E on X can be described by its restrictions
Ey =E|y and Ey = E|y
and by the gluing data
p: Evluny — Evluav.

As V is contractible, Ey is isomorphic to the trivial bundle. On the other hand, the fact
that the bundle Eyy can be extended to X implies that 7*Eyy — P\ {c} can be trivialized. The
invariant p1(E) describes the isomorphism type of Ey and can be thought of as specifying,
up to homotopy, how to glue the restrictions of 7*Ey — P\ {c} to the sides of P. Choosing
a trivialization of 7* Ey, this is the same as associating, for each j, connected components of
G to A; and to B;. This is how p; can be seen as a homomorphism

w1 :mX — mG.

Let G(Ey) and G(Ey ) be the gauge groups of Eyy and Ey . Then the relevant gluing informa-
tion to recover the bundle E, up to isomorphism, is the class of p : Ey|uny — Ev|uny in the
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set of connected components of the double quotient G(Ey )\Isom(Ey|vnv, Ev|vnv)/G(Ey),
that is, in

(3.1) mo(G(Ev))\mo(Isom(Ey [unv, Ev]unv))/mo(G(Ev)).
Choosing adequate trivializations of 7*(Ey|ynv) and of Ey|yny, the map p is given by a map
po:UNV — Gy

(note that UNV = P\ {c}NB(c,¢)). Since UNV ~ S! and 71(Gy) is abelian, we can identify
po with an element, still denoted by pg, of m1(Gy) = mG (we define the fundamental group
of a topological group as the fundamental group of its identity component):

po € mG.

Now, recall that moG acts on m G via the adjoint action (hence [a1] = [a2] in MG /7oG if
and only if there is a € G such that aq and aasa™! are homotopic). Since 711G is an abelian
group, we denote the group structure additively. Given p; : mX — moG, define I'), C mG
as the subgroup of mG generated by the elements of the form o — 71 - 79, where v9 € mG
and ~; lies in the image of pq:

(3.2) L =(r2-m1 |12 emG, n elm(u) CmG).
Then, since oG is abelian, the action of TG on mG descends to the quotient mG/I',.

Definition 3.2. The topological invariant po of E is defined as the class of pg € mG in
(mG/Ty,)/m0G:

p2(E) = [po] € (mG/Ty,)/m0G.

It should be noticed that the values which the invariant uo can take depend on the invariant
M.
Similar arguments to the ones used in Proposition 5.1 of [21I] show that the pair (u1, p2)

is well-defined and that uniquely characterizes the bundle E. In terms of (31 this can
understood as follows:

e m1G corresponds to mo(Isom(Ey|vny, Ev|unv))-
e the action of I, on 71 G corresponds to the action of 7o(G(Ey)) on mo(Isom(Ey|vnv, Ev]vnv))-
e the action of oG on 7 G corresponds to the action of (G (Ey )) on mo(Isom(Ey |unv, Ev|vav))-

We have therefore the following topological classification of G-principal bundles over closed
oriented surfaces.

Proposition 3.3. Let X be a closed, oriented surface and let G be a topological group such that
710G is abelian. Given py € HY(X,m0G), there is a bijection between the set of isomorphism
classes of continuous G-principal bundles E over X, with p(E) = p1, and (mG/T,,)/70G.

Remark 3.4. In case G is connected, this classification coincides with the well-known topolog-
ical classification of G bundles over X, given m G (cf. [21]).

Remark 3.5. For the case of the sphere S? (in fact for S™) this was already known (cf. [32],
Section 18).

Remark 3.6. The same result is valid not only for closed, oriented surfaces, but also for any
2-dimensional connected CW-complex. A proof of this fact, using different methods, can be
found in [20].
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3.2. The case of PGL(n,R). Now we shall apply the result obtained in the previous section
to obtain invariants which classify continuous PGL(n,R)-principal bundles over our surface
X.

As PGL(n,R) is homotopically equivalent to PO(n,R) = O(n,R)/Zs, its maximal compact
subgroup, this is equivalent to classify PO(n,R)-bundles. From now on, we will write PO(n)
instead of PO(n, R) for the real projective orthogonal group, as well as O(n) instead of O(n,R)
for the real orthogonal group.

For PO(n), we have that
(3.3) p € H'(X,mPO(n)) & (Z)™.
This class is the obstruction to reduce the structure group to PSO(n).

For n > 4 even,

Zo X Lo if n =0 mod 4

WlPO(n) =
Ty if n =2 mod 4.
More precisely, the universal cover of PO(n) is Pin(n) and, if p : Pin(n) — PO(n) is the
covering projection, then, as a set, ker(p) = {1,—1,wy,, —w,} where w,, = e;---e, is the

oriented volume element of Pin(n) in the standard construction of this group via the Clifford
algebra Cl(n) (see, for example, [17]).

Notation 3.7. From now on we shall use the additive notation for {1, —1,w,, —w,}. Hence,
under this notation, {1, —1,w,, —w,} = {0,1,w,, —w,} (so 1 becomes 0 and —1 becomes 1).
This is done because we will identify {0, 1, wy,, —w,} with 7 PO(n) which is an abelian group.

Recall that Pin(n) is a group with two connected components, Pin(n)~ and Spin(n),
where Pin(n)~ denotes the component which does not contain the identity. We have +w,, ¢
Z(Pin(n)) = {0, 1}, so the action of mpPO(n) on m;PO(n) is not trivial. In fact, w, commutes
with elements in Spin(n) and anti-commutes with elements in Pin(n)~, so

mPO(n)/mePO(n) = {0,1,w,}
where we also write w,, for the class of w,, € mPO(n) in m;PO(n)/mPO(n), which consists
by +w.

For PO(n)-bundles with 1 = 0, we have I'y = 0, where 'y is the subgroup of mPO(n)
defined in the general setting in (3.2)).

For PO(n)-bundles with 1 # 0, then it is easy to see that I'y,, = {0,1} = Zy, therefore
mPO(n) /Ty, = {0,w,} = Zs,
and moPO(n) acts trivially on this quotient:
(mPO(n)/T ) /mPO(n) = {0,w, } = Zs.

Hence, we have the invariant po defined in general in Definition B2 which, for PO(n)-principal
bundles over X, is such that:

{0,1,w,} if w3 =0

{wan} if M1 7'é 0

Remark 3.8. When pq # 0, we also write the possible elements of ps € Zo by 0 and by w,,,
instead of [0] and [w,]|. This requires a little attention because, for example, uo = 0 has
different meanings whenever p; = 0 or 1 # 0. However, it should always be clear in which
situation we are.

(3.4) Mo € (WlPO(n)/Pul)/ﬂ'oPO(n) =
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Remark 3.9. When p; = 0, we are reduced to the topological classification of PSO(n)-bundles
over X which, for PSO(n)-equivalence, is given by the elements in {0, 1, w,, —w,} = mPSO(n).
However, since we are interested in PO(n)-equivalence, the bundles with invariants w,, and
—wy, become identified.

The next proposition gives the interpretation of the class us in terms of obstructions.
Proposition 3.10. Let n > 4 be even.

(i) Let E be a continuous PO(n)-bundle over X with ui(E) = 0. Then:
o E lifts to a continuous SO(n)-bundle if and only if p2(E) € {0,1};
e FE lifts to a continuous Spin(n)-bundle if and only if pe(E) = 0.
(ii) Let E be a continuous PO(n)-bundle over X with ui(E) # 0. Then E lifts to a
continuous Pin(n)-bundle if and only if ua(E) = 0.

Proof. Suppose p1(E) = 0, so that E is in fact a PSO(n)-bundle. From the construction of
1o in the previous subsection, we have

pu2(E) = [g] € mPO(n)/mPO(n),

where g : (S',50) — (PO(n), [I,]). Let p: O(n) — PO(n) be the projection. There is a lift
g : (SY,y0) — (O(n),I,) if and only if g,(m1S') C p«(710(n)), which happens if and only if
[9] € {0,1}. The case for the lift to Pin(n) is completely analogous.

The case of p1(E) # 0 is proved in a similar way, noticing also that over the 1-skeleton X3
of X there are no obstructions to lifting the bundle because there the bundle is trivialized on
contractible open sets. O

Remark 3.11. Notice that, when py # 0, a PO(n)-bundle lifts to an O(n)-bundle if and only
if ot lifts to a Pin(n)-bundle. This is clear since, when pq # 0, the 0 in {0,w,, } is the class of
0 and 1 in the quotient (w1 PO(n)/T',,)/moPO(n) (cf. Remark [B.8]).

Another way to see that a PO(n)-bundle lifts to a Pin(n)-bundle if it lifts to an O(n)-
bundle is as follows. Suppose that E is a real projective bundle, with uq(FE) # 0, and which
is the projectivization of a real vector bundle W. Since the projection from O(n) onto PO(n)
preserves components of the groups (because n is even), wi (W) = u1(E) # 0 where wy (W) is
the first Stiefel-Whitney class of W. So the first Stiefel-Whitney class of all lifts of E to O(n)
is the same (another way to see this is to note that wi;(W @ F') = w; (W), for any real line
bundle F', whenever rk(W) is even). Nevertheless, different lifts of E' can have different second
Stiefel-Whitney class because their first Stiefel-Whitney class is non-zero. In fact, given a real
vector bundle W of rank n on X with wy (W) # 0, it is easy to see that there exists a real line
bundle F' such that wa(W) # we(W ® F) (note that wo(W @ F) = wa(W) + w1 (W)w1(F)).
This is the reason why the second Stiefel-Whitney class “disappears” on projective bundles
with g3 # 0. Hence either W or W ® F has we = 0 and therefore lifts to a Pin(n)-bundle.
Choosing this lift of E, we see that E lifts to a Pin(n)-bundle.

Remark 3.12. If E is a real projective bundle with p1(F) = 0 and p2(E) € {0,1}, then also
the second Stiefel-Whitney class of the lifts is well defined and is equal to ps.

From Proposition 3.3, we obtain a full topological classification of real projective bundles
over X.

Theorem 3.13. Let n > 4 be even, and let X be a closed oriented surface of genus g > 2.
Then continuous PO(n)-bundles over X are classified by

(1, p2) € ({0} {0, 1w }) U (((Z2)* \ {0}) x Z2).
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4. REPRESENTATIONS AND TOPOLOGICAL CLASSIFICATION

4.1. Representations of m; X in PGL(n,R). In this section we begin our analysis of the
space Rpqr,(n,r)- The first thing to do is to define a topological invariant of a representation p :
m X — PGL(n,R). From Definition 23] we already know that is done via the correspondence
between representations and flat bundles.

Definition 4.1. Let p be a representation m X — PGL(n,R) and let E, = X x, PGL(n,R),
the principal flat PGL(n, R)-bundle over X associated to p, viewed as a continuous bundle. The

topological invariants p1(p) and ua(p) of p are defined by p1(p) = pi(E,) and pa(p) = pa(E,)
where pi(E,) and pa(E,) are the invariants defined in (3.3) and (34). Thus

{0,1,(,0”} if:ul(p) =0

Recall that our goal is to determine the number of connected components of

Rpcr(nr) = Hom™!(m X, PGL(n,R))/PGL(n,R)

mlp) = m(E,) € Z57 and pa(p) = pa(B,) =

for n > 4 even.

For fixed topological invariants,

(11, 12) € ({0} x {0, 1w, }) U (((Z2) \ {0}) X Za),
we define the subspace Rpar,(n,r) (11, #2) of Rparnr) a8

Rparnr) (s p2) = {p | pi(p) = i, i = 1,2}

4.2. Non-emptiness of Rpqr,(n,r)(#1,p2). For fixed invariants (p1, p12), we will now study
the non-emptiness of Rpgr(n,r) (11, w2). To do so, we will see how to detect the classes
and po of a flat PGL(n,R)-bundle, using only the corresponding representation of m X in
PGL(n,R).

Let PGL(n,R)o denote the identity component of PGL(n,R) and let PGL(n,R)~ denote
the component of PGL(n,R) which does not contain the identity.

Definition 4.2. Given a representation p : m; X — PGL(n,R), let Ay, By, ..., By € PGL(n,R)
be the images of the generators of 1 X by p. The invariant d1 of p is defined as

81(p) € (Z2)*
to be such that:
the (2i — 1)-th coordinate of 61(p) is 0 if A; € PGL(n,R)o;
the (2i — 1)-th coordinate of 61(p) is 1 if A; € PGL(n,R)™;

the 2i-th coordinate of §1(p) is 0 if B; € PGL(n,R)o;
the 2i-th coordinate of 61(p) is 1 if B; € PGL(n,R)™.

Obviously, d1(p) is the obstruction to reducing the representation to PGL(n,R)o. So we
have

(4.1) 61(p) = p1(p).

In order to obtain something similar for the invariant uo, we will consider representations in
the maximal compact PO(n). In terms of topological invariants, there is no loss of generality
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in doing this and has the advantage that these representations are automatically reductive
due to the compactness of PO(n).
Let p’ : O(n) — PO(n) be the projection. Choose A} € p'~1(4;) and B! € p'~}(B;) in O(n),

and consider the product
g

[114:. B

i=1
Since ker(p') € Z(0O(n)), the value of this product does not depend on the choice of the lifts
Al B! and it is the obstruction to lifting p : m X — PO(n) to a representation p' : mX —
O(n).

Definition 4.3. Let p: m X — PO(n) be a representation and let Ay, By, ..., By € PO(n) be
the images of the generators of m1 X by p. The invariant o of p is defined as
g
62(p) = [ 147, B € {£1}
i=1
where Al and B, are lifts of A; and B;, respectively, to O(n).

Remark 4.4. In this remark (and only here) we will not use the additive notation of Notation
3.7 since here we are going to work on the Pin(n) and Spin(n) group (which are not abelian). If
d2(p) = I,, one can ask whether p' : 1 X — O(n) lifts to a representation p” : m X — Pin(n)
under the projection p” : Pin(n) — O(n) and the way to measure the obstruction to the
existence of this lift is exactly the same as in the previous case: choose lifts A; € p"~1(A!)
and B; € p"~'(B)), for all i € {1,...,g}, and consider the value

g
(4.2) 1114, Bi] € {£1} = p" ().

1=1

Again this is well-defined because ker(p”) C Z(Pin(n)) and it is the obstruction to lifting
P to a representation p” : m X — Pin(n).

If p : Pin(n) — PO(n) is the universal cover (p = p’ o p”) then, in the case d1(p) # 0, we
could not use the same procedure as in the previous cases to measure directly the obstruction
to lifting p to a representation p : m; X — Pin(n) because ker(p) = {£1,+w,} ¢ Z(Pin(n)) =
{#1}. In principle, the above procedure only gives partial information about the possible lifts
of p to Pin(n): if d2(p) = —I,, then clearly p does not lift to Pin(n); if d2(p) = I,, and the lift
p' of p to O(n) lifts to Pin(n) then p lifts to Pin(n); if d2(p) = I,, but the lift p’ of p to O(n)
does not lift to Pin(n), we cannot conclude that p does not lift to Pin(n) because if we change
the lift of p to O(n) (or, equivalently, if we change the lifts of some of the generators A; and
B;) then this new representation of 71X on O(n) might lift to Pin(n). In fact, this is always
possible, if p1(p) # 0 (i.e., if d1(p) # 0). To see this, suppose p is such that d;(p) # 0 and
62(p) = I,. Then []7_[A4], B;] = I,, for any lifts of A; and of B;. On the other hand, there
is some A, € PO(n)~, so Aj € O(n)~. If [[_ \[Ai, Bi] = —1, then —Bj, € O(n) is other lift
of B,O and, choosing it, we have a new lift of p to O(n). Lifting —Bj, to Pin(n) we obtain
iwnB and now, since A € Pin(n)~ and since BZO and B ! belong to the same component
of Pln( ), we have

g
AB AT By Ay By A Bt - Ay By A H A, B =

Thus, if d1(p) # 0, the value of ([£2]) does not give any new information.
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If 01(p) = 0, p reduces to a representation in PSO(n) and, as ker(p) C Z(Spin(n)) where
p : Spin(n) — PSO(n), we have a well defined obstruction d(p) to lifting p to Spin(n), defined
as follows:

Definition 4.5. Let n > 4 be even. Let p: mX — PO(n) be a representation with 61(p) =0
and let Ay, By, ...,By € PO(n) be the images of the generators of m X by p. The invariant ¢

of p is defined as
g

o(p) = [ [I4i, Bi] € {0, 1,wn}

i=1

where A; and B; are lifts of A; and B;, respectively, to Spin(n).

Again, in {0,1,w,} of this definition we have identified w, and —w, due to the PO(n)-
equivalence.

Recall Definition Il From Proposition 310 and from what we have seen, we have the
following lemma:
Lemma 4.6. Let n > 4 be even. The following equivalences hold:
02(p) = —In <= pa(p) = wn

and, if 61(p) # 0,

62(p) = In <= pa(p) = 0.
If 61(p) = 0, we have

(p) = p2(p) € {0, 1, wn}.

Proposition 4.7. Let n = 4 even be given. Then, the space Rpgr(n,r) (1, p2) is non-empty,
for cach pair (1, 1) € ({0} x {0, 1w }) U (((Z2) \ {0}) x Zs).

Proof. Let us start by seeing that Rpqr,(n,r) (11, wn) is non-empty for each p € (Z2)*. To do
so we will find an explicit representation of 71 X in PO(n) (hence in PGL(n,R)) with these
invariants. From (A1) and Lemma [0 in order to show that Rpar(n,r) (11, W) is non-empty
we only need to find a reductive representation p : m; X — PO(n) C PGL(n,R) with

61(p) =
and
d2(p) = —In.

In other words, from the definition of d1(p), we need to find n x n invertible matrices A} and
B! such that

Al € SO(n) if and only if the (2i — 1)-th coordinate of §1(p) is 0;
Al e O(n)~ if and only if the (2i — 1)-th coordinate of d1(p) is 1;
B! € SO(n) if and only if the 2i-th coordinate of 1 (p) is 0;
B! € O(n)~ if and only if the 2i-th coordinate of d;(p) is 1.

and, from the definition of d,(p), which satisfy the equality
g

H[A;7 B;] = —Ip.

i=1
As we are using the compact group PO(n), the reductiveness condition on the representation
is automatically satisfied.
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Let us start with the following orthogonal matrices:

Xy = 01 , Xh= Lo , Yo=X), Yy =—X}and Z, = 0 =1,
10 0 —1 1 0

Note that X5, X/ and Z; are pairwise anti-commuting and that Y5 and Y, commute. For
n > 4 even, define

Xn:<X2 0>’X7,1:<X§ o>,Yn:<Y2 0>’YAZ<Y2’ o)
0 X, o 0 X', 0 I, o 0 I, ,

Z, = Z 0 , W, = X 0 d W! = ZE

We have the following facts:

X, X!, € SO(n) <= n =0 mod 4;
Xn, X, € O(n)” <= n =2 mod 4;
Y,,Y, € O(n)~ for all n even;

Zn € O(n)” <= n =0 mod 4;

Zn € SO(n) <= n =2 mod 4;

W, W) € SO(n) <= n =2 mod 4;

Wy, W) € O(n)” <= n =0 mod 4;

X,, and X/, anti-commute for all n even;
Y,, and Y, commute for all n even;

Zy, anti-commutes with X,, for all n even;
W,, and W, anti-commute for all n > 4 even.

Using these orthogonal matrices and the identity I,, it is possible to construct the required
representation. The important thing to note is that for each n we always have a pair of
commuting and anti-commuting matrices both in SO(n) or both in O(n)~ or one in SO(n)
and the other in O(n)~.

The case of commuting matrices is easy: if one of the matrices is to be in SO(n), use the
identity I,,; if both must be in O(n)~, use Y, and Y} :

Commuting matrices | SO(n), SO(n) | SO(n), O(n)~ | O(n)~, O(n)~

n even I, any I,,, any Y,, Y,

The case of anti-commuting matrices is also easy:

Anti-commuting matrices | SO(n), SO(n) | SO(n), O(n)~ | O(n)~, O(n)~

n =0 mod4 Xn, X, X0, Zy, Wy, W)

n =2 mod4 Wy, W/ Ty X X, X,
This shows that given py = 01 = (x1,%2,...,%2g) € (Z2)*, we can choose A} and B
in SO(n) or in O(n)~ depending on x; and on x2 and such that [A)}, Bi] = —I,. Then,

for i > 2, we can also choose A, and B] accordingly to x2;—1 and to xg; respectively, and
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such that [A], B]] = I,,. Hence [[{_,[A}, B]] = —I,, as wanted. Putting p(a;) = p2(4}) and
p(b;) = p2(B)) gives a representation p : m; X — PGL(n,R) with the given p; and ps(p) = wy,.
For the other cases, the proof is similar but easier. For Rpgrn,r)(#1,0) with uy # 0, we

have, from (AJ)) and Lemma 6] to find a representation p with d1(p) = p; and d2(p) = I,
and this is done in same way as above, using the first table.

The cases Rpar(n,r) (0, p2) with g2 = 0,1 should be dealt with similarly, but now we would
need to consider the invariant § of Definition and, hence, elements on the Pin(n) group.
Instead, note that, since u; = 0, we are looking for representations on the connected group
PGL(n,R)o. Hence, the non-emptiness of Rpgr,n,r)(0,p2) follows from Proposition 7.7 of
[21]. O

The map in Rpgr,n,r) Which takes a class p to (u1(p), u2(p)) is continuous hence, if classes
lie in the same connected component of Rpgrnr), they must have the same topological
invariants. From this and from Theorem B.I3] and Proposition 4.7, we conclude that, for
n > 4 even, Rpqr(n,r) has at least 22941 1 1 connected components this being the number of
topological invariants.

It remains to see whether, for each pair (u1, p2), Rpar(n,r) (11, p2) is connected or not, and
it is now that the theory of Higgs bundles comes into play.

5. PGL(n,R)-HiGas BUNDLES AND EGL(n,R)-HIGGS BUNDLES

In this section we begin the study of PGL(n,R)-Higgs bundles and explain why and how
one wants to work with another group instead of PGL(n,R).

We begin by defining PGL(n, R)-Higgs bundles, using Definition 2.4l Recall that PO(n)* =
PO(n,C) = O(n,C)/Z,.

Definition 5.1. A PGL(n,R)-Higgs bundle over X is a pair (E, ®), where E is a holomorphic
principal PO(n, C)-bundle and ® € H*(X, E XpO(n,C) 50(1, C)* ® K) where so(n,C)* is the
vector space of n X n symmetric and traceless complexr matrices.

We would like to work naturally with holomorphic vector bundles associated to the corre-
sponding PGL(n, R)-Higgs bundles. However, this will not be done directly because PO(n, C)
does not have a standard action on C", and to fix this we use a standard procedure as follows.
Enlarge the complex orthogonal group O(n, C) so that it still has a canonical action on C™ and
such that it has a non-discrete centre, and consider the sheaf of holomorphic functions with
values in this centre. Then, the second cohomology of X of this sheaf vanishes, so there is no
obstruction to lifting a holomorphic PO(n, C)-bundle to a holomorphic bundle with this new
structure group, and hence to do the same to Higgs bundles with the corresponding groups.

Let us then consider the group GL(n,R) x U(1), the normal subgroup {(f,, 1), (=1, —1)} =
Zy <1 GL(n,R) x U(1) and the corresponding quotient group

GL(n,R) xz, U(1) = (GL(n,R) x U(1))/Zs.
Its maximal compact is O(n) xz, U(1), whose complexification is O(n, C) xz, C*.
Notation 5.2. From now on, we shall write
EGL(n,R) = GL(n,R) xz, U(1)

and
EO(n) = O(n) xz, U(1)
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as well as
EO(n,C) = O(n,C) xz, C*.
The “E” stands for enhanced or extended.

Applying again Definition 2.4, we give now a concrete definition of EGL(n, R)-Higgs bundle.
Notice that, if G = EGL(n,R), then a maximal compact subgroup of G is H = EO(n), so
o = EO(n,C). Also, g¢ = E(C @ m® where g© = gl(n,C) ® C, E(C = o(n,C) & C and
mC = {(A4,0) € g° | A = AT} is naturally isomorphic to the space of symmetric matrices.
Definition 5.3. A EGL(n,R)-Higgs bundle over X is a pair (E, ®), where E is a holomorphic
principal EO(n, C)-bundle and ® € HO(X,EXEO(mC)ﬁC@K), where m® = {(A,0) € gt | A =
AT},

Proposition 5.4. Every PGL(n,R)-Higgs bundle (E,®) on X lifts to a EGL(n,R)-Higgs
bundle (E, ®).

Proof. We have the following short exact sequence of groups
0 — C* -5 EO(n,C) -2 PO(n,C) —» 0

where i(\) = [(In, A)] and p([(w, A)]) = [w].
Consider the sheaf EO(n, O) of holomorphic functions on X with values in EO(n, C). The
above short exact sequence induces the following exact sequence
(5.1) HY(X,0%) — HY(X,EO(n,0)) 25 HY(X,PO(n,0)) — 0
hence, we see that there is no obstruction to lifting F to a principal EO(n, C)-bundle
E € H'(X,EO(n, 0)).

Write G = PGL(n,R), H = PO(n), G = EGL(n,R) and H = EO(n). We have g* =
E(C @ mC, where
i =gl(n,C)®C Dsl(n,C)aC=g"aC
5% = 0(n,C) & C > s0(n,C) & C =T @ C
and
TC = {(4,0) €75 | A= AT},
If we identify mC with {4 € gl(n,C) | A = AT}, then m® = so(n,C)"* is the subspace of
matrices in MC with trace equal to zero.
Now, the isotropy action of H® = PO(n,C) in m® is given by (where [A] € PO(n,C) and
B € m®)

(5.2) Ad([A])(B) = ABA™' = ABAT
and the isotropy action of H° inmC is given by (where [(A4,\)] € H° and (B,0) € m®)
(5:3) Ad([(4,)])(B,0) = (ABA™,0) = (ABAT,0).

We have the bundle E, which is a lift of E and we have a map 7 : E — E induced by
the projection H® - HC. Now, ® € H(X,E x yc mC ® K) can be thought as a H® x C*-
equivariant map E X x Ex — m® where Ex is the C*-principal bundle associated to K (i.e.,
the frame bundle associated to K), and E x x Ff is the fibred product over X of F and E.
Let ® : E xx Ex — mC be defined by

(5.4) ® = (i®1g)P(T xx 1g,)



REPRESENTATIONS OF SURFACE GROUPS 17

C

where i : m€ < mC is the inclusion. So, we have the commutative diagram

_ >
Exx Ex —>mC

7r><X1EKl Tz

Exx Ex —>mC®.

From (5.2)) and (5.3) follows that ® is FEX C*-equivariant. Hence ® € HY(X,Expem®@K)
induces, in a natural way, a Higgs field ® € H*(X, E X ¢ m® ® K) given by (5.4).

It follows that (E,®) is an EGL(n, R)-Higgs bundle. O

Consider the actions of EO(n,C) on C" and on C induced, respectively, by the group
homomorphisms

(5.5) EO(n,C) — GL(n,C), [(w,\)] — Aw
and
(5.6) EO(n,C) — C*,  [(w, \)] — 2.

and by the corresponding standard actions of GL(n,C) and C*.

Proposition 5.5. Let (E, ®) be an EGL(n,R)-Higgs bundle on X. Through the actions ([5.4)
and [5.8) of EO(n,C) on C" and on C, associated to (E,®) there is a quadruple (V,L,Q,®)
on X, where V is a holomorphic rank n vector bundle, L is a holomorphic line bundle, @ is
a nowhere degenerate quadratic form on V with values in L and ® € H(X, S%V ® K) where

S%V denotes the bundle of endomorphisms of V which are symmetric with respect to Q.

Proof. Keeping the notation of the proof of Proposition B4 let "H® = EO(n,C). From the
actions (5.0) and (5.6) we define, respectively, the vector bundle V = F X e C™ and the line

bundle L = E X e C.

With these two bundles we have a Fc—equivariant map

Q:Exﬁc (CreC") —>F><ﬁc(C
given fibrewise by
VU Zviui = (v, u)
where H* acts on C" ® C" by [(w, )] = Aw @ Aw and on C as above. In other words
Q:VeV —L

is a nowhere degenerate quadratic form on V with values in L.

Since gl(n,C) = o(n,C) @ m®, we have E(m®) = E X e mC CE Xz gl(n, C) = End(V)
and, indeed, E(m®) = S%V. Thus ® € HY(X, S%V(X)K) hence ® = & where @ : V - VK
is such that Q(®Pu,v) = Q(u, ® v) € LK. This means that the diagram

q

1% V*® L
o lEt@lK(@lL
VeoK%E vee LK

commutes where ¢ : V — V*® L is the isomorphism associated to @, such that ¢! = q®1,. O
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The outcome of these results is that one can work with EGL(n, R)-Higgs bundles instead of
PGL(n,R)-Higgs bundles with the advantage that in the former case we work with the objects
(V,L,Q, ®), involving holomorphic vector bundles. That is what we will do from now on.

We shall also call EGL(n,R)-Higgs bundles the quadruples (V, L, Q,®) mentioned in the
previous proposition.

Given an EGL(n,R)-Higgs bundle (V,L,Q,®), we associate a PGL(n,R)-Higgs bundle
(E, ®g), where E is given by the projection in sequence (5.1]) and @y is obtained by projecting
® to its traceless part.

Proposition 5.6. Given a PGL(n,R)-Higgs bundle (E,®), it is possible to choose a lift of
(E,®) to an EGL(n,R)-Higgs bundle (V, L,Q, ®) such that L is trivial or deg(L) = 1.

Proof. From (5.1]) and from the actions (5.5) and (5.6]) defining V' and L, two EGL(n, R)-Higgs
bundles (V,L,Q,®) and (V', L', Q',®) give rise to the same PGL(n,R)-Higgs bundle if and
only if V=V ® F and L' = L ® F? where F is a holomorphic line bundle and ®), = ®.

Suppose we have an EGL(n,R)-Higgs bundle (V, L, Q, ®) associated to (E,®g). Since V
and V* ® L are isomorphic, we have

deg(V) = ndeg(L)/2.

If deg(L) is even we can choose a square root F of L~! and, from above, (V@F,0,Q’, ®®1F)
also projects to (E, ®g).

If deg(L) is odd then there is no such line bundle F. Anyway, we can take F' such that
deg(F) = (1—deg(L))/2 and (V@ F, Lo F?,Q',®® 1) is also a lift of (E, ®() and the degree
of the line bundle L ® F? is 1. O

From [3], a GL(n,R)-Higgs bundle is a triple (V,Q,®) where V is a rank n holomorphic
vector bundle, equipped with a nowhere degenerate quadratic form, and ® is symmetric en-
domorphism of V.

Corollary 5.7. Let (E,®q) be a PGL(n,R)-Higgs bundle. Let (V,L,Q,®) be an EGL(n,R)-
Higgs bundle which is a lift of (E,®q). Then (E,®q) lifts to a GL(n,R)-Higgs bundle if and
only if deg(L) is even.

Proof. This follows directly from the proof of the above proposition: deg(L) is even if and
only if we can change the lift (V, L, Q,®) to (V®F,0,Q",®®1r) (where F? = L~!) and this
corresponds to a GL(n,R)-Higgs bundle. O

Definition 5.8. Two EGL(n,R)-Higgs bundles (V,L,Q,®) and (V', L', Q’, ®') are isomorphic
if there is a pair (f,g) of isomorphisms f:V — V' and g : L — L' such that the diagrams

I f

\% 174 and 1% 74
‘) | | Jo
®1 (ff)'eg
Ve kLIS ek Ve L—=V*o L

commute, where q and q' are the isomorphisms associated to QQ and Q’', respectively.

Now we consider twisted orthogonal bundles, i.e., triples (V, L, Q) where V' is a holomorphic
rank n vector bundle equipped with a nowhere degenerate L-valued quadratic form . Of
course, two twisted quadratic pairs (V, L, Q) and (V’, L', Q') are isomorphic if there is a pair
(f,g) of isomorphisms f:V — V' and g : L — L’ such that ((f)"'® g)q = ¢'f.
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Let E and E’ be two principal EO(n, C)-bundles over X and let (V,L,Q) and (V', L, Q")
be the corresponding twisted orthogonal bundles through the actions (B.5) and (B.6). It
is easy to see that F and E’ are isomorphic if and only if (V,L,Q) and (V',L', Q") are
isomorphic. Now, consider the notion of isomorphism between two EGL(n,RR)-Higgs bundles,
by applying Definition Consider also Definition (5.8 of isomorphism of EGL(n,R)-Higgs
bundles written in terms of vector bundles, through Proposition We have then that, when
applied to EGL(n,R)-Higgs bundles, the isomorphism notion of Definition 2.6l is equivalent
to the one of Definition .8, and that Proposition gives a bijection between isomorphism
classes of EGL(n,R)-Higgs bundles and of the objects (V,L,Q,®) which, because of this
bijection, we also called EGL(n, R)-Higgs bundles.

Furthermore, the construction of Proposition can be naturally applied to families of
EGL(n,R)-Higgs bundles parametrized by varieties. Hence, the bijection between isomor-
phism classes of EGL(n,R)-Higgs bundles and of the objects (V, L, @, ®), naturally extends
to families.

6. MoDpULI SPACE OF EGL(n,R)-HIGGS BUNDLES

6.1. Moduli space of EGL(n,R)-Higgs bundles. Recall from Subsection [2.2] the definition
of (poly,semi)stability of (GL(n,C)-)Higgs bundles, and let

Marmn,c)(d)

denote the moduli space of isomorphism classes of polystable Higgs bundles of rank n and
degree d. Mapn,c)(d) is [19] a quasi-projective variety of complex dimension 2n2(g — 1)+ 2
which is smooth at the stable locus.

Given an EGL(n,R)-Higgs bundle (V, L, Q, ®), we have a natural way of associating to it
a Higgs bundle (V, ®) by simply forgetting the line bundle L and the quadratic form Q.

Definition 6.1. We say that an EGL(n,R)-Higgs bundle (V,L,Q,®) is polystable if the
corresponding Higgs bundle (V,®) is polystable.

The comparison of stability and strict polystability of EGL(n, R)-Higgs bundles and that of
the associated Higgs bundles is a delicate question, since the conditions might not correspond.
Nevertheless, this problem does not occur for polystability due to the correspondence with
the solutions to Hitchin’s equations.

For a Lie group GG, and a maximal compact subgroup H, the Hitchin’s equations are equa-
tions for a pair (A, ®) where A is a H-connection on a C> HC-principal bundle Eyc and
® € QY(X, Efye(m®)). The equations are

(6.1) F(A) = [@,7(®)] = Aw

04® =0

where F(A) € Q?(Ey,b) is the curvature of A, 7 is the involution on G which defines H,
A € Z(h) and w is the normalized volume form on X so that vol(X) = 27. Furthermore, d4 is
the unique 0 operator on Ejc, corresponding to the H-connection A (04 is then the unique
holomorphic structure on Eyc induced from the (0, 1)-form A%!) and the second equation on
(61)) says that ® is holomorphic with respect to this holomorphic structure. The details of
this theory can be found in [14] 1T [6].

Now, given a G-Higgs bundle, (FEyc, ) one associates to it a pair (A, ®) given by a H-
connection A on the C*° HC-principal bundle Eyc and ® € QY0(X, Eyc(m®)) (see, for
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instance, [14, 11]). The Hitchin-Kobayashi correspondence says that a G-Higgs bundle (E, @)
is polystable if and only if the associated pair (A, ®) is a solution to the G-Hitchin’s equations
(see [I1] for the details).

Let us check that, the homomorphism
(6.2) j : EGL(n,R) — GL(n,C)

given by j([(M, «)]) = aM (which precisely corresponds to forgetting L and @ in (V, L, Q, ®))
induces a correspondence from solutions to the EGL(n,R)-Hitchin’s equations to solutions
to the GL(n,C)-Hitchin’s equations. Now, for G = EGL(n,R) we have H = EO(n), hence
h=o(n)@u(l) (so Z(h) = 00u(1)) and m® = o(n,C)* @0 = o(n, C)* (the space of symmetric
matrices). For G’ = GL(n,C), we have H' = U(n) and b’ = u(n) (hence Z(h) = u(1)) and
(m®)’ = gl(n,C). The homomorphism j : G — G’, defined above, restricts to j : H — H’ and
therefore yields the map j, : h — b’ given by j.(M,a) = a+M and also j, : m® — (m®)’ given
by j«(M,0) — M. Hence, given a connection (4, 3) € QY(Ey,h) (where A € QY (Eg,0(n))
and 8 € Q'(Eg,u(1))), we obtain the connection 8+ A € QY (Eg:,b') in Eg.

Proposition 6.2. Let (Ego(,,c), ) be an EGL(n, R)-Higgs bundle and (Egr(n,c), ®) the cor-
responding GL(n,C)-Higgs bundle obtained from Exom,c) by extending the structure group
through the homomorphism j defined in (6.2). Let ((A, B), ®) be the pair associated to (Ego(,,c), )
and (A, ®) be the pair associated to (Egync),®). Then ((A,B),®) is a solution to the
EGL(n,R)-Hitchin’s equations if and only if (A, ®) is a solution to the GL(n,C)-Hitchin’s
equations.

Proof. The previous discussion shows that j* A’ = 54 A where j is the homomorphism in (6.2)).
Let (M,a) € Q%(Ey,b) the curvature of (A4,3). Then, from (G.1)), the EGL(n, R)-Hitchin’s
equations are

(M, @)+ [®,3] = (0, \)w

dap® =0

where A € u(1). Notice that, in this case, 7(X) = —X*. Moreover [®, ] € Q?(Ex,0(n)), and,
from the definition of m®, we have 9(a,5® = 04®P. Hence the above equations are indeed

M+ [®,9]=0
o =Aw
0a® =0
From this we obtain
a+ M+ [P,P] =\w

04P =0
which are the GL(n, C)-Hitchin’s equations. Furthermore, o + M is the curvature of 5+ A,
and notice again that 9z 4® = 94® due to the definition of m® and to the map m® — (m®Y
defined above. So, the equations in Ego(,,c) and in the GL(n,C) bundle Egy,, ) obtained
from Ego,,c) by extending the structure group through the homomorphism j, are equivalent,
and this proves the result. O

Hence, the previous proposition and the Hitchin-Kobayashi correspondence show that Def-
inition is consistent with the notion of polystability for EGL(n,R)-Higgs bundles.
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Notation 6.3. Write
Mgy

for the set of isomorphism classes of polystable EGL(n,R)-Higgs bundles (V, L, Q,®) with
rk(V) = n and deg(L) = d (hence deg(V) = nd/2).

The group EGL(n,R) can be seen as a closed subgroup of GL(n,C) x U(1) through
[(A,X)] = (A4, N2).

The moduli space of GL(n,C) x U(1)-Higgs bundles is Map,,c)(d1) X Jac??(X), where
Jac® (X) is the subspace of the Picard group of the compact Riemann surface X which
parametrizes holomorphic line bundles of degree ds. It is isomorphic to the Jacobian of X.

We shall realize My as a subspace of Mqr,,c)(nd/2) x Jac(X) and it will be in this
subspace that we will work.

Lemma 6.4. The map

i: Mg — Magrm,c)(nd/2) x Jacd(X)
(V.L,Q,®) — ((V.®),L).
18 injective.
Proof. First of all we see that we only have to take care with the form (. Indeed, if
i(V,L,Q,®) = i(V',L',Q', '), then there are isomorphisms f : V — V' such that ®'f =
(f®1g)® and g : L — L. Therefore (f,g) is an isomorphism between (V,L,Q",®) and
(V',L',Q', @) where Q" is given by ¢" = (f' ® g7")d'f.

Consider then the EGL(n, R)-Higgs bundles (V, L, Q, ®) and (V, L, Q’, ®). These are mapped
to ((V,®), L) and we have to see that (V,L,Q,®) and (V, L,Q’, ®) are isomorphic.

Suppose that (V,®) is stable. The automorphism (¢’)~'q of V is ®-equivariant hence,
from stability, (¢/)"'¢ = A € C*, so (v/A, 1) is an isomorphism between (V,L,Q,®) and
(V,L,Q', ).

Suppose now that (V, ®) is strictly polystable, with
(V7 q)) = (Vla @1) DD (Vk7 q>k)
Here ®; : V; — V; ® K and all the Higgs bundles (V;, ®;) are stable and with the same slope
= deg(L)/2.

Consider the decomposition of ¢ : V' — V*® L as a matrix (¢;;) compatible with that of V'
and of

VeL=V®Ls ---aV,®L.
Hence
qij S Hom(Vj,Vi* ®L)

(note that q\vj =qi; - D qxj). Suppose that g;; is non-zero, for some 4, j. Since
(®} @ 1k ® 11)qij = (qij @ 1k)®;

then ¢;; is a homomorphism between (V;,®;) and (V;* @ L, ®! ® 1x @ 11,). These are stable
Higgs bundles and p(V;) = p(V;* ® L), therefore ¢;; must be an isomorphism. Hence for each
pair 4, j, if g;; is non-zero, then it is an isomorphism.

We will consider now three cases.
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In the first case we suppose that (V,®) is a direct sum of isomorphic copies of the same
Higgs bundle (W, @y ), with @y : W — W & K. Let then

(V, @) = (W, ) & - & (W, D).
k summands

We have (W, @y ) = (W* ® L, ®}, ® 1x ® 11,) but we can have more than one isomorphism
on each column of (g;;).

Choose iy and jp such that g;;, : (W, ®w) = (W*® L, ‘IDILW ® 1x ® 11) is non-zero, being
therefore an isomorphism. If g;; : (W, ®w) — (W*® L, &, ® 1x ®1y,) is any homomorphism,
then (q;);o)%‘j is an endomorphism of (W, @) and, since (W, @y ) is stable, ¢i; = @i;jiyj0
where «;; € C and, moreover, «;; = 0 if and only if ¢;; = 0. Hence the choice of g;,;, gives
a way to represent (g;;) by a symmetric & x k matrix where each entry is a;; and which can
be diagonalized through a k x k matrix (X\;;). Define the automorphism g of V' given, with
respect to the decomposition of V', by a k x k matrix (g;;) where g;; = X\jj : W — W. Thus g
is such that

(9" ®11)ag =g
where ¢ : V — V* ® L is an isomorphism which is diagonal, by rk(WW') x rk(WW) blocks, with
respect to the given decomposition of V.

Note also that g is ®-equivariant. Hence, if Q is the quadratic form associated to q,
(9,11): (V,L,Q,®) — (V,L,Q, ®) is an isomorphism. So we can suppose that (g;;) and (qgj)
are diagonal and, an argument analogous to the case where (V, ®) was stable shows then that
(V,L,Q,®) and (V,L,Q’, ®) are isomorphic, the isomorphism being (f, 1) where f is given,
according to the decomposition of V| by
VA1 o ... 0
Vi 0 ...

o . ... 0

0 0 0 ... VX

Here, each \; € C* is such that ¢; = A\,

0
0

In the second case we consider
V=Weoy)e --oWey)o(We Lo, lgel)d---o(W oL ey @lrely)

| summands | summands

with W 22 W* ® L. In this case ¢;; = 0if —I <i—j < 1. So (g;;) splits into four [ x [ blocks

in the following way
0
(415) = ( QQ)
@ 0

dwe.ew WH-—- W —We---aW

where g1 represents

and ¢o represents
dwesorg-eoworL W QLG - W' QL —W'QL&---&W*"®L.

Again, using the stability of (W, @) and of (W* @ L, ®}, ® 1x ® 11) and the fact that &
is symmetric with respect to ¢, we see that each entry of ¢; is given by a scalar. The same
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happens with go. Hence we can write

<qz~j>=<0 At)
A 0

where A is a non-singular [ x [ matrix. Now, if we write in the same way,

(q;p:(o Bt)
B 0

then consider the isomorphism of V' given by

-1
f:<B A 0)
0o I

where we mean by this that each entry of B~!A represents a scalar automorphism of (W, ®y)
and f is the identity over W* @ L @ --- & W* ® L. So (f,11) is an isomorphism between
(V,L,Q,®) and (V,L,Q’, ®).

The last case is the generic one, where we consider a combination of the previous cases. We
can always write

(6.3) V=ig - -aV)elVire aV)e - dVino el
and

P=(P18 BB (Pt 1B BP) B D (D1 B B Dy)
where (V,, ®,) and (V}, ®p) are inside the same parenthesis in (6.3) if and only if are isomorphic
or (V, @) = (VFQL,® @1 ®1g). If V, and V, are not inside the same parenthesis in (6.3))
then g = 0 = ¢/,. Hence we have an isomorphism f between (V,L,Q,®) and (V,L,Q’, ®)

where f is diagonal by blocks (not all of the same size), each corresponding to an isomorphism
of one of the previous cases. O

We identify M, with its image by the map i and therefore consider My as a subspace of
MGL(n,(C) (nd/2) X Jacd(X).

Note that EGL(n,R) is a reductive (not semisimple) Lie group. Therefore, in view of
Theorem 2.8, M(c) is homeomorphic to Rr garm,r)(c), for each topological class c.

Notation 6.5. From now on, we shall write R instead of R gqrn,R)-
Remark 6.6. Let n > 4 be even. Notice that a representation
d
p € Homy e 7(parinr)nPo(n), (U PGL(7, R))

(cf. (Z3), which is the same as p € Hom™(r; X, PGL(n,R)), does not always lift to a
representation p’ € Hom™(I", GL(n,R)) with the condition p/(J) € (Z(GL(n,R)) N O(n))y =
I,, (i.e., to a representation p’ € Hom™(7; X, GL(n,R))) as we have seen in Proposition &7l
But it always lifts to a representation of I' in EGL(n,R) such that p/'(J) € (Z(EGL(n,R)) N
EO(n))o = U(1), since Z(EGL(n,R))NEO(n) is connected. This is an instance of the fact that
a PGL(n,R)-Higgs bundle lifts to an EGL(n, R)-Higgs bundle, but not to a GL(n, R)-Higgs
bundle.

The following lemma will be useful in Section [7l

Lemma 6.7. M is a closed subspace of Mar,m,c)(nd/2) X Jac?(X).
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Proof. Let Ry be the subspace of R which corresponds to Mg, under Theorem 2.8l

Consider the following commutative diagram

Rr,cLn,c)xU1) (nd/2,d) = Marn,c)(nd/2) x Jacd(X)

jT ) I

Rd — Md

where R qrn,c)xu1)(nd/2,d) is the subspace of Rr gr,(n,c)xu(1) Which corresponds, via again
Theorem 2.8, to Mqr,n,c)(nd/2) x Jac?(X). So, the top and bottom maps are the homeomor-
phisms given by Theorem 2.8 The map j is induced by the injective map [(A4, \)] — (A4, \?)
of EGL(n,R) into GL(n,C) x U(1). The diagram commutes due to the fact that the actions of
EO(n,C) on C™ and on C defining an EGL(n, R)-Higgs bundle are given by [(w, )] — Aw and
[(w, A)] = A2, which are then compatible with the inclusion of EGL(n, R) into GL(n, C) x U(1)
and therefore with the induced action of EGL(n,R) on C" x C. Now, since, from Lemma [6.4]
i is injective, it follows that j is also injective, and, as we identify My with i(My), we also
identify Ry with j(R4). So R4 can be seen as the space of reductive homomorphisms of I" in
GL(n,C) x U(1) which have their image in EGL(n,R), modulo GL(n,C) x U(1)-equivalence.

Now, since EGL(n,R) is a closed subgroup of GL(n,C) x U(1), it follows that R, is closed
in Ry ar(n,c)xvu(1)(nd/2,d), hence Mg is closed in Mg, n,c)(nd/2) x Jacd(X). d

6.2. Deformation theory of EGL(n,R)-Higgs bundles. In this section, we briefly recall
the description of Biswas and Ramanan [7] (see also [19]) of the deformation theory of G-Higgs
bundles and, in particular, the identification of the tangent space of M at the smooth points,
and then apply it to the case of EGL(n,R)-Higgs bundles.

The spaces hC and m® in the Cartan decomposition of g€ verify the relation
[H%, m"] € m®
hence, given v € m®, there is an induced map ad(v)] be h® — mC. Applying this to a G-Higgs
bundle (Eyc, ®), we obtain the following complex of sheaves on X:

C*(Ege, ®) : O(Epe (h%)) 222

Proposition 6.8 (Biswas, Ramanan [7]). Let (Eyc,®) represent a G-Higgs bundle over
the compact Riemann surface X.

O(Ege(m®) @ K).

(i) The infinitesimal deformation space of (Egc,®) is isomorphic to the first hypercoho-
mology group H'(X,C*(Eyc,®)) of the complex C*(Eyc, ®);
(ii) There is a long exact sequence

0 — H(X,C*(Eyc, ®)) — HY(X, Eyc(h®)) — HY(X, Ege(m®) @ K) —
— HY(X,C*(Eye, ®)) — HY(X, Eye(h%)) — HYX, Eye(m®) @ K) —
— H*(X,C*(Eyc, ®)) — 0

where the maps H (X, Eyc (b)) — H(X, Eyce(m®) ® K) are induced by ad(®).

Proposition applied to the case of EGL(n,RR)-Higgs bundles, yields:

Proposition 6.9. Let (V,L,Q,®) be an EGL(n,R)-Higgs bundle over X. There is a complex
of sheaves

C*(V,L,Q, @) : AV 0 2L v ek
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and

(i) the infinitesimal deformation space of (V,L,Q,®) is isomorphic to the first hyperco-
homology group H'(X,C*(V, L,Q,®)) of C*(V,L,Q,®). In particular, if (V,L,Q,®)
represents a smooth point of My, then

Tw.r.oeM~H(X,C*(V,L,Q,®));
(ii) there is an exact sequence
0 — HY(X,C*(V,L,Q,®)) — H(X,AZV @ 0) — H*(X,S3V ® K) —»
— H'(X,C*(V,L,Q,®)) — H' (X, A5V ® 0) — H'(X, 53V ® K) —
— H3(X,C*(V,L,Q,®)) — 0
where the maps H*(X, A2QVGB 0) —» H'(X, SéV@ K) are induced by the map [®, —].

6.3. Topological classification of EGL(n,R)-Higgs bundles. Our calculations will be
performed on M, so we will also need the topological invariants of EGL(n,RR)-Higgs bundles.

We will define these discrete invariants using the relation between EGL(n, R)-Higgs bundles
and PGL(n,R)-Higgs bundles. In fact, we already know from Theorem [B.13]that the invariants
w1 and o completely classify PGL(n, R)-bundles over X, and also know from Proposition
that if two EGL(n,RR)-Higgs bundles project to the same PGL(n,R)-Higgs bundle, then the
degree of the corresponding line bundle L is equal modulo 2.

As we are dealing with topological classification of bundles, we can forget the Higgs field
and consider only twisted orthogonal bundles (V, L, Q) which correspond to elements of the set
H(X,C(EO(n))), and PO(n)-bundles E which are in bijection with H'(X,C(PO(n))). There
is then a relation between (V, L, Q) and E which is similar to the one between EGL(n, R)-Higgs
bundles and PGL(n, R)-Higgs bundles, but now forgetting the Higgs field.

Consider then the following commutative diagram:

1%

(6.4) HY(X,Zs) HY(X,Zs)

1%

Hz(X7 ZQ)

H2(X, Zs).
The map

py : H'(X,C(O(n) x U(1))) — H'(X,C(EO(n)))
is induced from the projection O(n) x U(1) — EO(n) and hence defined, in terms of vector
bundles, by

pl2((I/V7 QW))M) = (W ®@ M, M27QW ® 1M2)'

Once again we see that (V, L, Q) is in the image of p), if and only if deg(L) is even. Moreover,
if this is the case, the pre-image of (V, L, Q) under p} is the following set of 229 pairs:

(6.5) Py (VL Q) ={(Ve LT’FQeQra1,),L'?F) | F? = 0}
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where LY/?2 is a fixed square root of L (notice that saying that F' is a 2-torsion point of the
Jacobian is equivalent to say that F' has a nowhere degenerate quadratic form Qp : F® F —

0).
The map py is the one induced from the projection O(n) — PO(n).

Definition 6.10. Given a twisted orthogonal bundle (V,L,Q), let E be the corresponding
PO(n)-bundle under the map H*(X,C(EO(n))) — HY(X,C(PO(n))). Define the first invari-
ant ﬁl Of (V7L7 Q) as

1 (V,L,Q) = mi(E) € (Z2)*.

711 (V, L, Q) is then the obstruction to reducing the structure group of (V, L, Q) to ESO(n) =
SO(n) xz, U(1). Hence, this happens if and only if E reduces to a PSO(n)-bundle.

If deg(L) is even, then
(6.6) i (V,L,Q) =w (Ve L Q1)

the first Stiefel-Whitney class of the real orthogonal bundle V @ L~1/2 (the value of wy is
independent of the choice of the square root of L because n is even - notice that w; (W ® F') =
wy (W) + rk(W)aw; (F') where tk(W)a = rk(W) mod 2).

Definition 6.11. Let (V,L,Q) be a twisted orthogonal bundle with tk(V) = n > 4. Define
the second invariant 1y of (V,L,Q) as follows:

(i) Ifm (V. L,Q) =0,

7i,(V, L, Q) = (wa(V @ L7Y/?),deg(L)) € Zy x 2Z if deg(L) even

deg(L) € 2Z + 1 if deg(L) odd

where wg(V®L_1/2) is the second Stiefel- Whitney class of VL2 and 27 represents
the set of even integers and 27 + 1 the set of odd integers.
(ii) If m(V,L,Q) # 0,
7o(V. L, Q) = deg(L) € Z.

Notice that on the first and third items, we(V ® L~/2) does not depend on the choice of
the square root of L due to the vanishing of &, (V, L, @) (cf. Remark B.12)).

Let E be a PO(n)-bundle and (V, L, Q) be a twisted orthogonal bundle which maps to E.
From (6.4]), E lifts to a O(n)-bundle if and only if (V, L, @) lifts to a O(n) xU(1)-bundle and this
occurs if and only if deg(L) is even (recall also Corollary [5.7)). Hence, using Proposition 3.10]
and the fact that by definition 7, (V, L, Q) = p1(E), the following proposition is immediate:

Proposition 6.12. Let n > 4 be even. Let E be a PO(n)-bundle and (V,L,Q) be a twisted
orthogonal bundle which maps to E.

(i) 117 (V, L, Q) = 0, then:
o 1,(V,L,Q) = (0,deg(L)) with deg(L) even <= us(E) = 0;
o 1,(V,L,Q) = (1,deg(L)) with deg(L) even <= us(E) =1;
o 7i,(V,L,Q) = deg(L) with deg(L) odd <= p2(F) = wy.
(i) 1f72,(V, L, Q) 0, then:
o 7(V,1,Q) = deg(L) even <= pa(E) = 0;
o (V. 1.Q) = deg(L) odd = pio(E) = wn.
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From Theorem B13], we know that pq and ps completely classify PO(n)-bundles. Moreover,
since we also know that the difference between two (V, L, Q) and (V', L', Q") mapping to the
same PO(n)-bundle lies in the degree of L, we have then the following:

Theorem 6.13. Let X be a closed oriented surface of genus g > 2 and let n > 4 be even.
Then twisted orthogonal bundles over X are topologically classified by the invariants

(70, Tia) € ({0} x (22 x 22) U (2Z + 1) U (232 \ {0}) x Z).

Now, returning to our principal objects - EGL(n, R)-Higgs bundles - we see that Theorem
[6.13] also gives the topological classification of EGL(n,R)-Higgs bundles.
Notation 6.14. Let

Mz, 22)
denote the subspace of the space of EGL(n,R)-Higgs bundles in which the EGL(n, R)-Higgs
bundles have invariants (fi, fig).
Remark 6.15. If i; = 0 and if d; and dy are even, then
M(07 (w27 dl)) = M(O, (w27 d2))
and, if d; and dsy are odd,
M(0,dy) ~ M(0,ds).
If 7i; # 0 and d; = dy mod 2, then
M(fy, di) = M(fy, d2).

In all cases the bijection is given by (V,L,Q,®) — (V@ F,L® F?,Q ® 1p2,® ® 1r), where
F' is a holomorphic line bundle of suitable degree.

Again, we define the same invariants for the space of representations R (recall Notation
6.5). R(fi;, (we,d)) corresponds to M(fiq, (we,d)) if d is even, and R(fi;,d) corresponds to
M(fiy, d) if d is odd.

From Proposition 5.4] the surjective map taking an EGL(n,RR)-Higgs bundle to the corre-
sponding PGL(n,R)-Higgs bundle induces a surjective continuous map p : R — ReaL(n,R)-
Using Propositions and [6.12] the following is immediate.

Proposition 6.16. The map p: R = Rpqrnr) satisfies the following identities:

(i) If m, =0, then
p(R(O, (07 0))) = RPGL(n,R)(()? O)

p(R(0,(1,0))) = RpaL(n,r)(0,1)
and
p(R(0,1)) = RparLnr)(0,wn).
(ii) If @y # 0, then
p(R(71,0)) = Rpar(n,r)(#1,0)
and
p(R(F1,1)) = Rpar(n,r) (1, wn)-

From this and from Proposition 4.7, we have:

Corollary 6.17. R(fiy, i) is non-empty for any choice of invariants fi; and Ti,.
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7. THE HITCHIN PROPER FUNCTIONAL

Here we use the method introduced by Hitchin in [14] to study the topology of moduli space
M of G-Higgs bundles.

Define
f : Mg(c) — R
by

(7.1) f(Bpe, @) = ||®|2, :/X|<I>|2dv01.

This function f is usually called the Hitchin functional.

Here we are using the harmonic metric (cf. [8,9]) on Eyc to define ||®||;2. So we are using
the identification between M(c) with the space of gauge-equivalent solutions of Hitchin’s
equations. We opt to work with M¢(c), because in this case we have more algebraic tools at
our disposal. We shall make use of the tangent space of Mg (c), and we know from [14] that
the above identification induces a diffeomorphism between the corresponding tangent spaces.

We have the following result:
Proposition 7.1 (Hitchin [14]).
(i) The function f is proper.
(i1) If Mg(c) is smooth, then f is a non-degenerate perfect Bott-Morse function.

Since f is proper, it attains a minimum on each connected component of M¢(c). Moreover,
we have the following result from general topology:

Proposition 7.2. If the subspace of local minima of f is connected, then so is Mg(c).

Now, fix L € Jac?(X) and consider the space
Merne)(nd/2) = Mgrn,c)(nd/2) x {L} C Mapm,c)(nd/2) x Jac?(X).
In our case, the Hitchin functional
[ Marpmc)(nd/2) — R
is given by

v—1
(7.2) FV.2) = 0[: = 7 [ x(@ 2 @7)dvol
X
7.1. Smooth minima. Away from the singular locus of Mgy, ,,c)(nd/2), the Hitchin func-

tional f is a moment map for the Hamiltonian S'-action on M n,c)(nd/2) given by

(7.3) (V,®) = (V,eV"109).

From this it follows immediately that a stable point of Mgy, n,c)(nd/2) is a critical point of
f if and only if is a fixed point of the S'-action. Let us then study the fixed point set of the
given action (this is analogous to [I5] and [3]).

Let (V,®) represent a stable fixed point. Then either ® = 0 or (since the action is on
Marmn,c)(nd/2)) there is a one-parameter family of gauge transformations g(¢) such that

g(0) - (V,®) = (V,eV~—19®). In the latter case, let

¥ = 290)lo=o
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be the infinitesimal gauge transformation generating this family. Simpson shows in [29] that
this (V, ®) is what is called a complex variation of Hodge structure. This means that

v=DF
J
where the F}’s are the eigenbundles of the infinitesimal gauge transformation 1): over Fj,

(7.4) Y =+—1j € C.
®; = ®|f; is a map
q)jZFj —)Fj+1®K
which is non-zero for all j except the maximal one.
Set
Mp = {(V’L,7Q7(I)) € My | L'~ L} c M.

From Lemmal6.7, we know that M, is a closed subspace of Mgy, c)(nd/2) % Jac?(X) hence,
for each L, My, is closed in Mqrn,c)(nd/2) x {L} = Mgrn,c)(nd/2). The following propo-
sition is a direct consequence of this and of the properness of the f given in (7.2)).

Proposition 7.3. The restriction of the Hitchin functional f to My, is a proper and bounded
below function.

From now on we will consider the restriction of f to M. This fact will be important in
the counting of components of each Mg, as we shall see in Section [8

The circle action (7.3)) restricts to M. So, if (V,L,Q,®) is an EGL(n,R)-Higgs bundle
such that (V,®) is stable and is a fixed point of the S'-action (i.e., is a critical point of f),
then it is a variation of Hodge structure. In this case, g(f) € H°(X,EO(n,O)) and, since
the Lie algebra of EO(n,C) is o(n,C) @ C, we have ¢ € H%(X,0(n,0) ® O), therefore being
skew-symmetric with respect to Q. Thus, using (4] we have that, if v; € F; and v; € Fy,

V=1jQ(vj,v) = QWv;,u) = =Q(vj, Yur) = —vV—=1Q(vj, vr).
F; and F; are therefore orthogonal under Q if [ # —j, and ¢ : V — V* ® L yields an
isomorphism
(7.5) dlr, : Fj — F*; ® L.
This means that
V=F,&  -&F,
for some m integer or half-integer.

Using these isomorphisms and the fact that ® is symmetric under @), we see that
(@@1K)®; = (L, ®1xk ®1L)q
for j € {—m,...,m}.
The Cartan decomposition of g€ induces a decomposition of vector bundles
Epe(8%) = Ee(h®) & Ege(m®)

where Ec(g®) (resp. Eyc(h®)) is the adjoint bundle, associated to the adjoint representation
of H® on g© (resp. hC). For the group EGL(n,R), we have Eyc(g®) = End(V) @ O where
O = End(L) is the trivial line bundle on X and we already know that Ec(h%) = A%V ®0

and Eyc(m®) = SéV where AéV is the bundle of skew-symmetric endomorphisms of V' with
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respect to the form . The involution in End(V) @ O defining the above decomposition is
0 @ 1o where 0 is the involution on End(V') defined by

(7.6) 0(4) = —(gAg™) @ 1;.
Its +1-eigenbundle is AéV @ O and its —1-eigenbundle is S%V.

We also have a decomposition of this vector bundle as

2m
End(V)20= @ Upa0
k=—2m

where
U, = EB Hom(F}, Fy).
i—j=k
From (74)), this is the \/—1k-eigenbundle for the adjoint action ad(z) : End(V) ® O —
End(V) @ O of 1. We say that Uy, is the subspace of End(V) & O with weight k.

Write
U;,; = Hom(Fj, F;).
The restriction of the involution 6, defined in (Z.6), to U; ; gives an isomorphism
(77) 0 : Ui,j — U_j,_i

so 6 restricts to

Write
Ut =A{V and U™ =S3V
so that
Euyc(0©)=Ut00

and

Eyc(m®) =U".
Let also

Ur=u,nU*
and

U, =U,NnU"

so that U = U, ,;" @ U, is the corresponding eigenbundle decomposition. Hence

vt =put
k

v =pu;,.
k

and

Observe that ® € HY(X,U; ® K).

The map ad(®) = [®, —] interchanges U with U~ and therefore maps U" to Uf ®K. So,
for each k, we have a weight k subcomplex of the complex C*(V, L, @, ®) defined in Proposition
0.9

GV, L,Q,®) : Uf o0 B s e k.
In fact, since ad(¢))|o =0, Cp(V, L, Q, ®) is given by

AV, L,Q,0):Uf 20 2L ur oKk
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and, for k # 0, by
o —
v, L,Q,0): Uf B us ek

From Proposition[6.9] if an EGL(n, R)-Higgs bundle (V, L, @, ®) is such that (V, ®) is stable,
its infinitesimal deformation space is

H'(X,C*(V,L,Q,®)) = PH'(X,C3(V, L, Q, D).
k
We say that H'(X,Cp(V, L,Q, ®)) is the subspace of H'(X,C*(V, L, Q, ®)) with weight k.

By Hitchin’s computations in [I5], we have the following result which gives us a way to
compute the eigenvalues of the Hessian of the Hitchin functional f at a smooth (here we mean
smooth in Mg, c)(nd/2)) critical point.

Proposition 7.4. Let f be the Hitchin functional. Let (V,L,Q,®) be an EGL(n,R)-Higgs
bundle with (V,®) stable and which represents a critical point of f. The eigenspace of the
Hessian of f corresponding to the eigenvalue k is

HY(X,C*(V, L, Q, ).

In particular, (V,L,Q,®) is a local minimum of f if and only if H'(X,C*(V, L, Q,®)) has no
subspaces with positive weight.

For the moment we will only care about the stable points of M.

Using Proposition [.4] one can prove the following result by an argument analogous to the
proof of Corollary 4.15 of [2] (see also Remark 4.16 in the same paper and Lemma 3.11 of [5]).
It is the fundamental result which makes possible the description of the stable local minima

of f.

Theorem 7.5. Let (V,L,Q,®) € My be a critical point of f with (V,®) stable. Then
(V,L,Q,®) is a local minimum if and only if either ® =0 or

7t —
ad(<I>)|Uk+ U — U ©K
is an isomorphism for all k > 1.
The following theorem is quite similar to the corresponding one in [I5] and in [3] as one

would naturally expect. Indeed, the proof of this theorem is inspired in the one of Theorem
4.3 of [3].

Theorem 7.6. Let the EGL(n,R)-Higgs bundle (V, L,Q, ®) be a a critical point of the Hitchin
functional f such that (V,®) is stable. Then (V,L,Q,®) represents a local minimum if and
only if one of the following conditions occurs:

(i) @ =0.

(ii) For each i, tk(F;) =1 and ®; is an isomorphism, for i # m.

Proof. The proof that a local minimum of f must be of one of the above types is very similar
to the one presented in the proof of Theorem 4.3 of [3], so we skip it.

To prove the converse, let (V, L, Q, ®) represent a point of type (2). Then

(7.8) V= é F,

t=—m
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with rk(F;) =1, so n = 2m + 1, and

(7.9) o = é ;

i=—m
with ®; : F; — F;11 ® K isomorphism, if i # m.
For each k € {1,...,2m}, rk(Uy) = 2m — k + 1 hence
2m—k+1

k(U) = =5 =1k(U,, © K)

if n = k mod 2, and
2m —

2
if n # k mod 2. Therefore, if we prove that ad(®) : Ulj — U, ® K is injective, we conclude
that it is an isomorphism and, from Theorem [7.5] that (V, L, Q, ®) represents a local minimum

of f.
Let g € U,j =U,NUT = @i_j:k Hom(F}, Fi) N A%V. We can write g as
(7.10) 9=9-mDg-mt1 D Dgm—k
where g; : F; — Fji and g; = —q_l(gt_j_k ®17)q. Now,
ad(®)(g) = [P, 9] = P9 — (9 ® 1k)D
and, using the decompositions (T.8)), (Z9) and (ZI0), this yields
(@, 9] = (Pomtkg—m = (G-m+1 @ LK) Ppn) &+ B (Prm—19m—k—1 — (Im—k @ LK) Prm—k—1)-

The summands lie in different U; ; @ K, hence [®, g] = 0 is equivalent to the following system
of equations

k
rk(U;") = = k(U ® K)

(I)—m—i-kg—m - (g—m—i-l & 1K)CI)—m =0

(7.11) S _pthr19-mi1 — (Gem2 @ 1g)P 1 =0

(I)m—lgm—k—l - (gm—k X 1K)(I>m—k—1 =0.

Take any fibre of V' and choose suitable basis of V' and V* ® L such that, with respect to
these basis,

0 0 0 0 1
1 0 0
=10 1 ; q= 1
0
0 0 1 0 1 0 0
and
(7.12) 95 = —9—j—k

over the corresponding fibre of Ulj . Then (ZI1]) implies that, over this fibre, g; = g; for all
i,7. In particular,

(7.13) 9j = 9—j—k
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for all j. From ((C.I12]) and (.I3]), we must then have g = 0. Since we considered any fibre, the
result follows. N

Remark 7.7. Although we are always assuming rk(V) > 4 even, we will need during the proof
of Proposition [Z.10] below, to consider EGL(n, R)-Higgs bundles of rank 1 and 2 and also of
rank bigger or equal than 3 odd. In the first two cases it is straightforward to see that the
minima of the Hitchin functional f(V,®) = ||®[|3,, with (V,®) stable, in the corresponding
moduli spaces are the following:

o If rk(V) =1, (V,L,Q,®) is a minimum of f if and only if & = 0;
o If rk(V) = 2, (V,L,Q,®) is a minimum of f if and only if either ® = 0 or V =
F & (F*® L) with rk(F) =1 and

& — 0 O
0

with ® : F — F* ® L non-zero (not necessarily isomorphism).

For rk(V') > 3 odd, (V, L,Q, ®) is a minimum of f if and only if either ® =0 or V =@ F;

with rk(F;) = 1 and ®; is an isomorphism, for i # m. This case is completely analog)l_lsmt(;
the even case considered here. The details can be found in [20].
Let (V,L,Q, ®) represent a local minimum of f of type (2) of Theorem Then,
(7.14) V=F & @F 100 o & Fy
where m is an half-integer.
Corollary 7.8. Let (V,L,Q,®) represent a local minimum of f of type (2).
(i) Then F31/2 = LK and the others F; are uniquely determined by the choice of this

o~

square Toot of LK as F_y/94; = F_I/QK_i.
(ii) Then (V,L,Q,®) is isomorphic to an EGL(n,R)-Higgs bundle where

0 0 1 0 0
0 1 0
q= and =109 1
0
1 0 0 0 0

with respect to the decomposition V =F_,, & --- D F,,.

7.2. Singular minima. We must now show that Theorem gives us all non-zero minima
of the Hitchin proper function f.

Let (V,L,Q,®) be an EGL(n,R)-Higgs bundle such that (V, ®) is strictly polystable, with
(V, @) = @,(Vi, ®;). Suppose moreover that @ also splits accordingly @ = €, Q; so that we
have EGL(n,R)-Higgs bundles (V;, L, Q;, ®;). We have

FV,L,Q,®) =Y f(Vi, L, Qi, &;)

so, if (V, L, Q, ®) is a local minimum of f, each of its stable summands is also a local minimum
of f in the corresponding lower rank space Mp. Hence each (V;, L, Q;, ®;) is a fixed point of
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the circle action and therefore the same happens to (V, L, Q,®). So (V,L,Q,®) is a complex
variation of Hodge structure
V=W,
(0%

where each W, is the /—1la-eigenbundle for an infinitesimal EO(n, C)-gauge transformation
1 and where ®,, : W, — W,41 ® K, with the possibility that &, = 0. We can then also write

End(V)® 0 =PUro 0
A

where U) is the v/—1\ eigenbundle of ad(¢)). Let U)jf = Uy NU*, where Ut = AéV and
U™ = S%V, and define the following complex of sheaves associated to (V, L, Q, ®):

(7.15) o(V,L,Q,®) : @U+ @U ® K.

A>0 A>1

Hitchin’s computations in [I5] for showing that a given fixed point of the circle action is
not a local minimum yield the following proposition.

Proposition 7.9. Let (V,L,Q,®) be a fized point of the S*-action on My. Let (V;, L, Qy, ®;)
be a one-parameter family of polystable EGL(n,R)-Higgs bundles such that (Vy, L, Qo, ®o) =
(V,L,Q,®). If there is a non-trivial tangent vector to the family at 0 which lies in the subspace

H'(X,C%(V,L,Q, ®))

of the infinitesimal deformation space H'(X,C*(V,L,Q,®)), then (V,L,Q,®) is not a local
minimum of f.

In other words, if (V,®) is strictly polystable, Hitchin’s arguments in [15] are also valid:
if there is a non-empty subspace of H'(X,C*(V,L,Q,®)) which gives directions in which
f decreases and if these directions are integrable into a one-parameter family in My, then
(V,L,Q, ®) is not a local minimum of f.

The following result, adapted from [I5], shows that there are no more non-zero minima of
f besides the ones of Theorem

Proposition 7.10. Let (V,L,Q,®) represent a point of My such that (V,®) is strictly
polystable. If ® # 0, then (V,L,Q,®) is not a local minimum of f.

Proof. Suppose V =V, &V, & = &; & Py and (V, @) represents a local minimum of f in My,
with @1 #£ 0 # Ps.

Consider first the case where V; and V5 are not isomorphic and V1 =2 Vi*®L and Vo = Vy'® L.
Then the quadratic form @ also splits as Q@ = Q1 ® Q2 with Q; : V;®V; —» L, i =1,2. We
have therefore the EGL(n, R)-Higgs bundles (V1, L, Q1, ®1) and (Va, L, Q2, $2) Which are local
minima of f on the corresponding lower rank moduli space. Let n; = rk(V;) and ng = rk(V32)
so that n = n; +ng (here, the cases n; = 2 or ng = 2 or n; > 3 odd are included). So we have

Vi=F_,® - -®F,
and

Consider the complex

[év_} —
mk(Vo L, Q, @) : m—l—k — U @ K.



REPRESENTATIONS OF SURFACE GROUPS 35

Since ® # 0, we have m + k > 0 and C;, . (V,L,Q,®) is a subcomplex of the complex
2o(V,L,Q, ®) defined in (Z.I5).
Consider the space H'(X,Hom(G_g, Fy,)) = H' (X, F,, G L™Y). For i = 1,2,
deg(V;) = n;deg(L)/2

and, since F, (resp. Gi) is a ®; (resp. ®3)-invariant subbundle of V; (resp. V2), we have,
from the stability of (V1,®1) and of (Va, ®2),

deg(F,GrL™") = deg(F;,) + deg(Gy) — deg(L) < 0.
It follows, by Riemann-Roch, that H!(X, Hom(G_y, F,;,)) is non-zero. Choose then
0#h € H (X, Hom(G_yg, Fy,))
and let
(7.16) o = (h,0.(h)) € H'(X,Hom(G_y, F) @ Hom(F_p,, G) NALV) € HY (X, U )

where 0, : H'(X,End(V)) — H'(X,End(V)) is the map induced by the involution # on
End(V) previously defined. o is obviously non-zero and, moreover, it is annihilated by

ad(®) = [@, -] : H'(X, U} ) — HY (X, U, 1., ®K)

hence it defines an element in HY(X,C%,_ . (V,L,Q, ®)), which we also denote by o.

Now, o defines extensions

0—F, ‘U, PG, —0

and
it
0— Gy &U[ﬁ@L AN N )
Let
m—1 k—1
(7.17) V,= P FolU,o @ GjoU;eL)
i=—m+1 j=—k+1
and &, : V, — V, ® K given by
@O'(U—m+17 ey Um—1,Ug, W41,y - - - 7wk—17u:<r ® l) -
(7.18) =(P10-m+1,- -+, (io @ 1g) P11, P2potis,

Pow_gi1,..., (0L ® 1L @ 1) Powp—1, @1 (i @ 1) (uf ®1)).

Let us see that (V,, ®,) is stable. If W is a proper ®,-invariant subbundle of V,, then W is
one of the following:

L4 W:Frm

o IV = Gka

o W= EBZ—_eraE@Fm, with 1 <a < 2m -1,
o W= EBJ_ k+bG ® G, with 1 <b< 2k — 1;

o W = EBZ__M&F@U @@J__kHGj@Gk, with 1 <a <2m—1;
o W =U, @EBJ_ w1 G O G

Using the stability of (V;,®1) or of (Va, ®2) and the fact that u(V;) = u(V) = u(Vy), i = 1,2,
it follows that (W) < u(Vy), (Vs, ®,) being therefore stable.
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The summands @an—_lm kb and @f;ik 41 G; in V, have a quadratic form coming from
@, and we also have the canonical L-valued quadratic form on U, @ (U ® L). These give a
L-valued quadratic form @, on V.

So we have seen that V, defined in (TIT), ®, defined in (7I8)) and @, just defined give
rise to a stable EGL(n,R)-Higgs bundle (V,, L, Q,, ®,).

Notice that, if ¢ = 0, then (Vo,L,Qo,P9) = (V,L,Q,P). Now, consider the family
(Vie, L, Qts, Pty) of EGL(n,R)-Higgs bundles. The induced infinitesimal deformation is given
by o which, from (ZI6)), lies in a positive weight subspace of H!(X,C*(V, L,Q,®)). Taking
Proposition in account, this proves that (V, L, @, ®) is not a local minimum of f.

Suppose now that Vi3 2 Vs, but the form ) does not decompose. From the stability of
(V1,®1) and of (Va, ®3) we must have

q:< 0 Q12>
g1 O

where g2 : Vo — Vi* @ L and go1 : V4 — Vi @ L are isomorphisms and go1 = ¢}y ® 1.
Hence we can write
V=Vvie(V®L)
and
@:(I)l@(q)i@)l]{@lL).
Consider the point in Mgy c)(nd/2) represented by (Vi,®1). Since ®; # 0, we know from
[14] that (V1,®1) is not a local minimum of f in Mg, c)(nd/2) (this is because the group

GL(n,C) is complex). Therefore one can find a family (V; 5, @1 ) of stable Higgs bundles near
(V,®) such that f(Vis, ®15) < f(V,®) for all s, i.e.,

(7.19) 191,5]172 < [|@]f72-
Consider now the family of EGL(n, R)-Higgs bundles in M, given by
(Vis® (Vs ®@L) L, L,Qs, @1, & P}, ® 1 @ 1z)
where @), is the canonical quadratic form in V; ; ® (Vl*s ® L) L. We have
(7.20) @166 (P, @1k @1L) 72 = [|Prsll72 + @], © 1k @ 11172

where we are using the harmonic metric on Vy*; and on V1 s @® V7', induced by the one on Vi ;.
We have tr((®] , @ 1 @ 1)(®] , @ 1 @ 11)*) = tr(®1 @] ,) therefore (Z.20) is equivalent to
|®1 s B @578 ®1x @ 11|22 = 2||®1 5|2
and from (7.19) we conclude that
@15 ® @) @ 15 ® 172 < 2/|P1llZ2 = @17
for all s. Hence (V4 @ Vi, L, Q, ®1 @ ®3) is not a local minimum of f.

If V1 & Vs, then we saw in the proof of Lemma that we can decompose Q = Q1 &
Q2 so that we can decompose the EGL(n,R)-Higgs bundles (V, L, Q,®) as (Vi,L,Q1,P]) @
(Vi, L, Q2, ®,). Hence we use the same argument as the first case to prove that (V, L, Q, ®) is
not a minimum of f.

If, for example, ®; # 0 and o = 0 then, due to the symmetry of ® relatively to @, the
quadratic form must split into Q1 ® Q2, so that we have (Vi,L,Q1,®1) and (Va, L, Q2,0)
and in a similar manner to the first case considered, we prove that (V, L, @, ®) is not a local
minimum of f.
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For EGL(n, R)-Higgs bundles such that (V, ®) has more than two summands, just consider
the first two and use one of the above arguments. O

8. CONNECTED COMPONENTS OF THE SPACE OF EGL(n,R)-HIGGS BUNDLES

In this section we compute the number of components of the subspaces of the moduli space
of EGL(n,RR)-Higgs bundles such that the degree of L is 0 and 1. Denote these subspaces by
My and M, respectively. In other words, using Notation B.14] we write Mg as a disjoint
union

Mo = U M(Ov (w270))|—| |_| M(ﬁl’o)'
w2€L2 711 €257\ {0}
On the other hand,
My = |_| M7y, 1).

2
i €257

Of course, the space M of isomorphism classes of polystable EGL(n,R)-Higgs bundles has
an infinite number of components because the invariant given by the degree of L can be any
integer. But our computation will also give the number of components of any subspace of M
with the degree of L fixed, due to the identifications given in Remark

Before proceeding with the computation, we need some results which will be used. Let
NEO(n,(C) be the moduli space of holomorphic semistable principal EO(n,C)-bundles on X
and Ngom,c) (i1, fiz) be the subspace with invariants (7iy, 7).

The following is an adaptation of Proposition 4.2 of [21].

Proposition 8.1. Ngop,c)(fiy, fig) is connected.

Proof. Let E" and E” represent two classes in Ngo(, c)(fi1, fiz)- Let P be the underlying C'*°

principal bundle, and let 94 and 94~ be the operators on P defining, respectively, E’ and E”
and given by unitary connections A’ and A”.

Let D be an open disc in C containing 0 and 1. Consider the C* principal-EO(n, C) bundle
E — D x X, where E =D x P. Define the connection form on E by

A, (v,w) = zA" (w) + (1 — 2)A'(w) € QYD x P, o0(n,C) ® C)

where v is tangent to D at z and w is tangent to P at some point p. If we consider the
holomorphic bundle E, given by E\{Z}X x with the holomorphic structure given by A,, then
we have that Fg = E' and F = E”.

Since semistability is an open condition with respect to the Zariski topology, D\ D’ is
connected where D' = {z € D : E, is not semistable}. Hence {E.}.cp\p/ is a connected
family of semistable EO(n, C)-principal bundles joining Fy and Ej. Since Ey = E’ and
Ey = E”, using the universal property of the coarse moduli space Ngp,,,c) of GL(n,C)-
principal bundles, there is a connected family in NGL(H,(C) joining £’ and E”. But, of course
this connected family lies in Ngo(,,c) (71, Fa)- O

Let
M,
be the subspace of M, consisting of those components of M, such that the minimum of the

Hitchin function f attained on these components is 0. Hence the local minima on M/, are
those with & = 0.

Proposition and the previous one yield the following;:
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Corollary 8.2. For each (fiy, fiy), the space M’ (i, Tig) is (if non-empty) connected.

Recall from Corollary [6.17 that M/, (7i1,7i5) is empty precisely when n and deg(L) are both
odd. Excluding this case, M/ (fi1, fiy) is hence connected.

All the analysis of the proper function f carried in Section [7] was done over each M, hence
one can use Proposition to compute the number of components of My, and then compute
the number of components of Mg and of Mj.

For each L, define
1 =M\ Mj
so that we have a disjoint union

(8.1) My = M uMj.

Let us now concentrate attentions on M.

For each L € Jac®(X) = Jac(X), the Jacobian of X, M, is a subspace of My and it is the
fibre over L of the map

(8.2) vy : Mo — Jac(X)
given by
VO(V7 L7 Q7 q)) =L.
To emphasize the fact that now M C M, we shall write My ¢ instead of M. Any two
fibres M, o and My, o of 1y are isomorphic through the map
(V,L,Q,®) —» (VO L V2o L2 L' Q1,1 @1, @@ 1,172 ® 10)2).
In particular, any fibre is isomorphic to Mp.

More precisely, after lifting to a finite cover, ([82)) becomes a product. This is a similar
situation to the one which occurs on the moduli of vector bundles with fixed determinant (cf.
[1]). Indeed, we have the following commutative diagram:

(8.3) Mo x Jac(X) 2= Jac(X)
My ® . Jac(X)

where (W, 0,Q,®),M) = (W @ M, M? ,Q®1y,2,® ® 1)) and 7'(M) = M?. Hence vy is a
fibration.

Recall that an EGL(n,R)-Higgs bundle (V, O, Q, ®) is topologically classified by the invari-
ants (fi;, y) where fi; = wi(V,Q,®) € Zgg and, if i; # 0, then fiy, = 0 = deg(O), and, if
My = 0, then Mo = (w2(v7 Q, q))a 0= deg(O))

Now, if Mg n,r) denotes the moduli space of GL(n, R)-Higgs bundles [3], which are clas-
sified by the first and second Stiefel-Whitney classes, there is a surjective map

(8.4) Marmpr) — Mo
given by (W, Q,®) — (W, 0,Q, P) and such that:

o Mg, (n,r)(0,w2) is mapped onto Mo (0, (wz,0));
o if w1 # 0, Mgpn,r) (w1, w2) is mapped onto Mo (w1, 0).

The following result is proved in Proposition 4.6 of [3] and gives a more detailed information
about the structure of Mqr,nr)-
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Proposition 8.3. Let (V,0,Q,®) € Mqyyr) be a local minimum of f with ® # 0. Then,
wl(V, O, Q, (13) =0
and

wy(V,0,Q,®) = (g — 1)n*/4 mod 2.

Therefore, using the surjection (8.4]) and the fact that any fibre of vy is isomorphic to Mo,
we obtain:

Proposition 8.4. Let (V,L,Q,®) € My be a local minimum of f with ® # 0. Then,
ﬁl(V7 L7 Q7 q)) =0
and

To(V,L,Q,®) = ((g — 1)n*/4 mod 2,0).

From now on we shall write
2

20= (g9 — 1)% mod 2.

From this proposition and from what we saw above follows that,

(8.5) M o(fy) = MY (1)

if 7y # 0,

(8.6) M o(0,w2) = MY (0, w2)

if we # 2, and

(8.7) Mr0(0,20) = M, (0, z9) UMT (0, 29).

In other words,

(8.8) Mpo= || Mio@)u || Mhpo(0,wz) UM (0, 2).
A1 €(Z2)%9\{0} w2€Z2

Proposition 8.5. Let n > 4 be even and L € Jac(X) be given. Then My has 2297 + 1
connected components. More precisely,

(i) Mpo(@,) with fiy # 0, is connected;
(i) Mr,0(0,we) with wy # 2o, is connected;
(iil) Mp0(0,20) has 229 + 1 components.

This result follows immediately from Theorem 5.2 of [3] and from the existence of the map
Mg nr) = Mo described in (8.4). However, for completeness, we are still going to give a
proof.

Proof. Let L € Jac(X). Fix fi; # 0 and consider the subspace

This space is connected by (83) and by Corollary So there are 229 — 1 components of
M, o of this kind.

For the same reason but using (8.6), we see that My, ¢(0,w2) with wy # 2, is connected.
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For the space M, 0(0,29) we have the decomposition (8.T). The space M7 (0, 20) is con-
nected from Corollary Let us then analyse the space M’];O (0, 20). Consider the non-zero
local minima of the Hitchin functional f. From Corollary [Z.8] these are such that

T
(8.9) V=F_p0 @ K
t=—r—1

where r = m — 1/2 and F_,/; is a square root of LK. There are 229 different choices for
F_1 5 thus the space of local minima of this kind consists of 229 isolated points. Therefore
MZ,O(O, 20) has 229 connected components. All these are homeomorphic to a vector space and
constitute the so-called Hitchin or Teichmiiller components of My, o [I5]. So My (0, zo) has
229 + 1 components.

If follows from (B.8) and from the count above that M, o has 2291 + 1 connected compo-
nents. g

We have computed the components of each fibre of vy. Let us see that the space My has
less components than My g.

Theorem 8.6. The space Mg has 229 + 2 components.

Proof. From Theorem [6.13 there are 22941 topological invariants of EGL(n, R)-Higgs bundles
in My, hence My has at least 229 4+ 1 components.

Let (V,L,Q,®),(V',L',Q",®") € My(0,2p) such that each EGL(n,R)-Higgs bundle is a
local minimum of type (2) on the corresponding fibre of vy (see (82)). Hence
V=F_ @& @OF 100F;® - ®F,
and
V=F, & -oF,,06F,®  -&F,
where F_; /5 (resp. F’_1/2) is a square root of LK (resp. L'K). Since Jac(X) is connected,
there is a path L; in Jac(X) joining L to L. Set

Vi=F i@ O F 12D Frya: D@ Fint

where F31/2,t S LK and F_y/p ., = F_1/2’tK_i. With
0 ... ... 0 1 0O ... ... ... 0
1 0 1 0
Q= 1 and & =10 1
0
10 ... ... 0 0O ... 0 1 0

(Viy L, Qr, ®1); is a path in Mg joining (V, L,Q,®) and (V',L',Q’,®') and such that, for
every t, (Vi, Lt, Q¢, ®4¢) is a minimum of f in My, o of type (2). Hence we conclude that all the
229 Hitchin components of all fibres of vy join together to form a unique component of My:
MG(0,20) = Uregac(x) MT,0(0,20). Note that this is not a Hitchin component. Indeed, the
group EGL(n, R) is not a split real form (due to U(1)), so the moduli space of EGL(n, R)-Higgs
bundles on X was not expected to have a Hitchin component (cf. [15]).

On the other hand, Mg (f1) = Upejac(x) M1,0(fi1) is connected because vo| vy iz,) + Mo(F1) —
Jac(X) is surjective and with connected fibre from item (1)(a) of Proposition85land Jac(X) is
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connected. For an analogous reason, we also conclude that M (0, ws) = ;¢ Jac(X) M (0, w2)
is connected.

Finally, M{(0, z9) and M (0, z9) are two different connected components of My(0, zg).

Concluding, we have one component for each M{(0,z), M{(0,z9) and M(0,wz) with
wy # 29, and 229 — 1 components coming from M{(fi1). These yield the 229 + 2 components
of M(]. ]

Let us now deal with the space Mj.
We have again a map v : M; — Jac!(X) and, if deg(L) = 1, Mz = vy *(L). In fact,
when we fix a line bundle Ly € Jac!(X), we have a analogous diagram to (83)):

My, x Jac(X) = Jac!(X)

My - Jacl(X)
where m((I/Vv L07Q7 q>)7M) = MLy, W((WL())Q)(I)%M) = (W®M7L0M27Q® ISVER ¢ ® 1M)
and /(L) = L2Ly". Hence vy is also a fibration.

If an EGL(n, R)-Higgs bundle (V, L, Q, ®), with (V, ®) stable, is a non-zero local minimum
of f in My then it follows from Corollary [7.§] that deg(L) is even. Hence, if deg(L) =1,

M) = MlL,l(ﬁl)

thus,
(8.10) Mpa = |_| M ().

B1€(Z2)%9

Proposition 8.7. Let n > 4 be even and let L € Jac'(X). Then My has 2%9 connected
components. More precisely, each M, 1(fiy) is connected.

Proof. The result follows from (8.10) and from Corollary B.2] just like in the proof of Propo-
sition ]

Now we compute the components of M.

Theorem 8.8. M has 229 components.

Proof. My (1) = Upejac(x) Mr,1(fi1) is connected since Jact(X) is connected and ZIIYRAE

My (fi;) — Jac'(X) is a fibration with connected fibre M, 1(7;), from Proposition 87l The
result follows since My = [ |; ¢z,)20 M1 (f1)- O

9. TOPOLOGY OF Mgp,3R)

In this subsection we shall consider the lower rank case of SL(3,R)-Higgs bundles. In
holomorphic terms these are triples (V, @, ®) where V' is holomorphic vector bundle equipped
with a nowhere degenerate quadratic form ) and with trivial determinant, and ® is a traceless
K-twisted endomorphism of V', symmetric with respect to Q.

Let Mgr,3r) be the moduli space of SL(3, R)-Higgs bundles. These objects are classified

by the second Stiefel-Whitney class wy € {0,1}, and let Mgy,3r)(w2) be the subspace of
Mgy, 3,r) whose elements have the given ws.
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The moduli space Mgp,3r) Was considered in [I5] where the minimum subvarieties of the
Hitchin functional were studied. There it was shown that if (V, @, ®) represents a fixed point
of the circle action (73]), with ® # 0, then V is of the form

V:F_m@...@Fm

with FL; = F*, hence rk(F}) = rk(F_;) for all j. From this and since rk(V') = 3, we conclude
that fixed points with non-zero Higgs field are precisely those such that
V=F,1606F

with rk(Fj) = 1 and, if j # 1, ®; : F; — Fj11 ® K is an isomorphism. These are local minima
of the Hitchin function f. The corresponding connected component, the Hitchin component,
being isomorphic to a vector space, is contractible.

For each wy € {0,1}, let
Mr3.) (w2)

be the subspace of Mg, 3 r)(w2) such that the minima on each of its connected components
have ® = 0. Given (V,Q,®) € Mgp,3r)(w2), we know from [31], that

lim (V. Q, 1)
exists on Mgp,3r)(w2) and it is a fixed point of the C*-action (V,Q,®) — (V,Q,t®) on
My, 3,r)(w2), being therefore a minimum of f. Hence, if (V,Q,®) € M’SL(3 R) (wq), it follows
that lim_,o(V, Q,t®) = (V',Q’,0) € N5o(s,c)(w2) which is the space of local minima with zero

Higgs field. Note that, in principle, it may happen that lim;—o(V,Q,t®) # (V,Q,0) = (V,Q),
as (V, Q) may be unstable as an ordinary orthogonal vector bundle.

Let us then consider the map
F: Mg 3y (w2) % [0,1] — Mgy, 3 gy (w2)
given by

(V,Q,td) if t£0
limy_yo(V, Q,t®) if t=0.

(9.1) F(V,Q,®),t) =

This map, together with the previous discussion, provides the following result (recall that,
from [15], we know that Mgr,3r) has 3 components).

Theorem 9.1. The space Mgy,3r) has one contractible component and the space consisting
of the other two components is homotopically equivalent to ./\/'SO(?,,(C).

Proof. The first part has already been discussed. For the second part, we have to see that
the map F' defined in (9.0]) is continuous, providing then a retraction from M’SL(3 R) (w9) into

Nso(&(c) (wsq), for each value of we. When ¢ # 0, the continuity of F' is obvious. We will take
care of the case t = 0.

The space Mqr,3,c) is a quasi-projective, algebraic variety and C* acts algebraically on it
as (V,®) — (V,t®). Linearise this action with respect to an ample line bundle N (such that
N? is very ample) over Mg,z c). This C*-action induces one on N* and, therefore we obtain

a C*-action on HO(MGL(&C), N*) given by
(t-s)(V,®) =t (s(V,t7'®)).
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One can choose a rank 7+ 1, C*-invariant subspace W C HO(MGL(&C), N?) and hence C* acts
on W. From this action we obtain a C*-action on P" = P(W), and there is a C*-equivariant
locally closed embedding

(92) L MGL(3,(C) — P,

If we linearise the given C*-action on P" with respect to the very ample Opr(1), then this is
compatible with the morphism (9.2)) and with the isomorphism N* = Opr(1).

Now, we can decompose W as

k
W =W,
=1

where r; = rk(W;,) and C* acts over each W,, as v — t%uv, t € C*, a; € Z and o; < q;
whenever i < j. So, for each r;, we have a subspace of P" given by P! = P(W,,). With
respect to the above decomposition of W, C* acts as

(93) (Ul,...,’l)k) — (tal’l)l,...,tak’l)k).

Then, we also have the induced C*-action on the closed subspace M’SL(3 R) (wg) and a C*-
equivariant topological embedding

(9.4) L

and we denote the image in P" of M’SL(&R) (wg) through L|MéL(3,R) (w) also by M’SL(?’R) (ws).

So we view M’SL(3 R) (we) not as a subvariety of P, but simply a closed subspace (for the

) M/SL(3,R) (w2) = P"

ISL(S,]R) (w2

complex topology).
From (@.3]), the fixed point set of the C*-action on P" is

k
Fixc.(P7) = P!
=1

so the fixed point set of this action on M’SL(&R) (w9) is

k
Fixcs (Mg, 3 r)(w2)) = Mgy 3 g (w2) N U Pri-t.

i=1
But we already know that Fixc- (Mgy, 3 gy (w2)) = Nso(s,c) (w2) which is an irreducible variety,
by Theorem 5.9 of [23]. So we conclude that

(9.5) Fixcs (Mg, 3 r)(w2)) = Mg 3 g (w2) N Prio~!
for some ig € {1,...,k}.
Actually,
(9.6) io =min{i € {1,...,k} | v; #0, for some (vy,...,v;) € M/SL(3,R)(W2)}-

In fact, and let j = min{i € {1,...,k} | v; # 0, for some (vy,...,v;) € M/SL(S R)(U)g)} and
let (vi,...,v%) € M’SL(3 R)(wg) so that we can write it as (0,...,0,vj,...,v;). We have

lim¢(0,...,0,vj,...,vk)

et (O,...,O,taj’l)j,...,takvk)

= lim

t—0

: (0] — Q5 ap—0og
:%%(O,...,O,vj,t T Y, TR T Yy
= (0,...

,'Uj, “ e ,0) S M/SL(3,R)(U)2) ﬂ Prj_l.
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But, since we already know that lim; g t(vy,...,vx) € Fixces (M’SL(?’R) (w2)), we have from

@) that iy = j and this settles ([@.0]).
If we take the map F : P" x [0,1] — P" given by

- t = (t™1 1% i1 L0
F((viy...,u0),t) = (V1,5 vp) = (E% vy, .o, E ) ift #

limy,o t(v1,...,v5) = (0,...,0,v4,0,...,0) ift=0

then it is well-defined by the definition of i¢ in (9.6) and it is clearly continuous because i
is constant. By the compatibility of the actions, we have that F' corresponds, under ([@.4]), to
F|M’sL(3,R)(w2)X[071}’ so F'is also continuous. O

10. CONNECTED COMPONENTS OF SPACES OF REPRESENTATIONS

Recall that our main goal is to compute the number of components of Rpqr,(,r) for n > 4
even, but we had to work with the group EGL(n,R). The work done also gives a way to count
the components of the subspace of R = Rr parn,r) given by the disjoint union Ry U R;.
Denote this subspace by Rg 1.

Proposition 10.1. Let n > 4 be even. Then, Ro1 has 229+1 L 9 connected components. More
precisely,

Proof. By Theorem 2.8 Ro(f;) = Mo(fi1), Ro(0,wz) = Mo(0,wz) and Ri(f;) = Mi(fy).
The result follows directly from the analysis of the components of Mgy and My in Theorems

B8l and B8 U

Now our main result follows as a corollary.

Theorem 10.2. Let n > 4 be even, and X a closed oriented surface of genus g > 2. Then
the moduli space Rpgrn,r) of reductive representations of mX in PGL(n,R) has 229+1 4 9
connected components. More precisely,

(111, 0) is connected, if puy # 0;
(0,w2) is connected, if we # 2o;
(0,20) has 2 components;
(1,wn) is connected.

(i) ReaLm,r
(ii) RpaLink
(iil) Rparm,r
(iv) RparLnr

NOZENGAENG NG

Proof. The result follows immediately from the existence of the surjective continuous map p :
R — RpaL(n,r) satisfying the identities of Proposition and from the previous proposition.
Note that the two components of R(0,20) are not mapped into only one in Rpqr, k) (0, 20)
because if that were the case, every representation in PGL(n, R) with (0, zg) as invariants could
deform to a representation into PO(n), the maximal compact, and then the same would occur
for the group EGL(n,R). We know however that this is not possible because of the analysis
of the minima with invariants (0, zp): the component with minima with ® # 0 corresponds
precisely to those representations which do not deform to a representation in EO(n). On
the other hand, PGL(n,R) is a split real form so by [I5] the space Rpgr,(n,r) should have a
Hitchin component which in this case corresponds to the representations which do not deform
to PO(n). O
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Remark 10.3. For the proof of Theorem is not essential to have Proposition I0.1l We
could have used Propositions and 87 and noticed that the vector bundles corresponding
to minima of f of type (2) are projectively equivalent. This would give us the number of
components of Mpgr,mr)(H1, 42), therefore of Rpgrn r) (11, p2) from Theorem 2.8

Remark 10.4. If p1 = 0, then we might expect to get the same components as Hitchin did in
[15] but that does not happen. We computed 4 components while Hitchin’s result was 6. The
difference is that we are considering PGL(n,R)-equivalence (cf. Remark [3.9), while Hitchin
considered PSL(n,R)-equivalence.

11. TOPOLOGY OF Rgy,3Rr)

We finish with a corollary of Theorem When n is odd, PGL(n,R) = SL(n,R), so
RpcLa,r) = Rsnsr)- Furthermore, from [I5] we know that Rgp,3 r) has three components.

Theorem 11.1. Let X be a closed oriented surface of genus g > 2. The moduli space Rgy (3 r)
of reductive representations of m1X in SL(3,R) has one contractible component (the Hitchin
component) and the space consisting of the other two components is homotopically equivalent
to Rso(g) .

Proof. The moduli space Rgy,3r) is isomorphic, via Theorem .8, to Mgy,3r). The result
follows from Theorem O

Very recently, in [16], Ho and Liu have computed, among other things, the Poincaré poly-
nomials of the spaces Rgo(2n+1)(w2), w2 = 0,1. For n = 3, their result is (Theorem 5.5 and
Example 5.7 of [16])

—(1+4¢)29¢2972 4 (1 + 3)%

(11.1) Pi(Rso(3)(0)) = 21— )
and

. 29429 3)2g
(11.2) P (Rso)(1) = L 2es 2 U,

(1—¢2)(1—1t4)
From this result and from Theorem [I1.1 we have:
Theorem 11.2. The Poincaré polynomials of Rsy,3,r)(wz2), w2 = 0,1, are given by

—(1+4¢)29¢2972 4 (1 + 3)%

Pi(Rss,r)(0)) = 1—2)(1— t4) +1
and —(L+1)%9t% + (1 4 t3)%
Py(Rsp3,r)(1)) = 1 —2)(1— 1)
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