ON SPECIAL LIFTING MODULES

Derya Keskin Department of Mathematics, Hacettepe University, 06532 Beytepe, Ankara, Turkey

e-mail : keskin@hacettepe.edu.tr and Christian Lomp Departamento de Matemática Pura, Universidade do Porto, 4050 Porto, Portugal

e-mail: clomp@fc.up.pt

November 7, 2000

Abstract

Let R be a ring with identity and M a right R–module. M is called a special lifting module, if M is lifting and M = ⊕_{i∈I} M_i, where M_i is a module with local endomorphism ring, for all i ∈ I. The purpose of this paper is to develop some properties of these modules. Semiperfect rings such that any direct sum of a simple and a projective local module is lifting are characterized as semiprimary rings with Jacobson radical square-zero.

11991 Mathematical Subject Classification: 16L99, 16D99 2Keywords: Special lifting module, Hopfian module, Discrete module.

1 Introduction and Preliminaries

Throughout this paper all rings will have an identity and all modules will be unital right R–modules. Rad(M), Soc(M) and Jac(R) will indicate Jacobson radical of M, socle of M and the radical of R, respectively. We will use the notation ACC (DCC) to indicate that any module M satisfies the ascending chain condition (descending chain condition).

Let M be a module and S ≤ M. S is called small in M (notation S ≪ M) if M ≠ S + T for any proper submodule T of M. Dually, a submodule E of M is called essential in M (notation E ≤_e M) if E ∩ A ≠ 0 for any non-zero submodule A of M. A module M is called hollow if every proper submodule of M is small in M and it is called local if it is hollow and has a unique maximal submodule. The module M is called uniform if every non-zero submodule of M is essential in M.

Let M be a module. M is called a lifting module (or satisfies (D_1)) if for any submodule N of M, there exists a direct summand K of M such that K ≤ N and N/K ≪ M/K, equivalently, for every submodule N of M there exist submodules K and K^′ of M such that M = K ⊕ K^′, K ≤ N and N ∩ K^′ ≪ K^′. Dually, M is called an extending module (or satisfies (C_1)) if for any submodule N of M there exists a direct summand K of M such that N is essential in K.

Let M be a module. M is called discrete if M is lifting and has the following condition:

(D_2) If N is a submodule of M such that M/N is isomorphic to a direct summand of M, then N is a direct summand of M.

The module M is called quasi-discrete if M is lifting and has the following condition:

(D_3) For every direct summands K and L of M with M = K + L, K ∩ L is a direct summand of M.

Santa-Clara and Smith introduced the notion of special extending modules in [11]:

Let M be a module. M is called a special extending module if M is extending and M = ⊕_{i∈I} M_i, where M_i is a module with local endomorphism ring, for all i ∈ I. Following this idea, in this paper, we introduce the special lifting modules as a dual notion to the special extending modules: Any module M is called special lifting if M is lifting and M is a direct sum of modules M_i with local endomorphism rings for all i ∈ I. Let M be a lifting right R-module. In this paper we prove that M is a special lifting module if one of the following cases is satisfied:

(1) M has ACC on small submodules;

(2) Rad(M) has ACC on direct summands and R is right artinian;

(3) Rad(M) has ACC on direct summands and R is a commutative max ring;

(4) M is finitely generated and R is commutative.

In this paper we also characterize rings for which every direct sum of a (finitely generated) special lifting module and a semisimple module is lifting.

Let M_1 and M_2 be modules. The module M_1 is small M_2-projective if every homomorphism f : M_1 −→ M_2/A, where A is a submodule of M_2 and Imf ≪ M_2/A, can be lifted to a homomorphism φ : M_1 −→ M_2. Let M and N be modules. If for all modules F , epimorphisms f : M −→ F and homomorphisms h : N −→ F there exists eithere φ : N −→ M with fφ = h or a non-zero direct summand M_1 of M and φ : M_1 −→ N with hφ = f_{|M1} , then N is called almost M-projective.

Let M be a module. M is said to have finite Goldie dimension if M contains a finite independent set of uniform submodules {N_1, · · · , N_n} such that ⊕^n_{i=1}N_i ≤_e M. In this case n is the Goldie dimension of M and we denote n by dim(M). The module M is said to have finite dual Goldie dimension if there exists an epimorphism from M to a finite direct sum of n hollow factor modules with small kernel. In this case n is the dual Goldie dimension of M and we denote n by codim(M). Call a function d : R–Mod −→ N ∪ {0, ∞} a rank function on R–Mod if for all M, N ∈ R–Mod: (R0) d(M) = 0 ⇔ M = 0 and (R1) d(M ⊕ N) = d(M) + d(N) holds. Note that if d is a rank function and M a module with d(M) = 1, then M is indecomposable. Clearly, dim(M) and codim(M) are rank functions.

2 Special Lifting Modules

Let M be a module. M is called a special lifting module, if M is lifting and M = ⊕_{i∈I} M_i, where M_i is a module with local endomorphism ring, for all i ∈ I(see [5]). By [10, Lemma 4.7 and Corollary 4.9], any special lifting module has the decomposition M = ⊕_{i∈I} H_i, where H_i is hollow, for all i ∈ I.

It is well-known from [10, Corollary 5.5] that any indecomposable discrete module has local endomorphism ring. From this fact, [10, Theorem 4.15 and Lemma 4.7], discrete modules are also special lifting modules. The Prüfer pgroup Z(p^∞) is an example of a special lifting Z–module that is not discrete. Note that the endomorphism ring of Z(p^∞) is local by [8, Theorem 7.2.8] and Z(p^∞) is not discrete because every nonzero factor module of Z(p^∞) is isomorphic to Z(p^∞).

The following lemma is well-known from [10, Lemma 5.1].

Lemma 2.1 A quasi-discrete module M is discrete if and only if every epimorphism M −→ M with small kernel is an isomorphism.

Recall that a module M is called hopfian if every surjective endomorphism of M is an isomorphism. Examples of hopfian modules are noetherian modules (see [2, 11.6]) and finitely generated modules over commutative rings (this is due to Vasconcelos [13]). By the above lemma we get:

Corollary 2.2 Any hopfian quasi-discrete module is discrete. In particular a hollow module is discrete if and only if it is hopfian.

Lemma 2.3 Let M be a lifting right R-module. Then the following are equivalent.

(a) M is a finite direct sum of hollow modules.

(b) M satisfies the ACC on direct summands.

(c) M satisfies the DCC on direct summands.

(d) There exists a rank function d such that d(M) is finite.

(e) M has finite dual Goldie dimension.

Proof. The equivalences (b) ⇔ (c) ⇔ (e) follow from [12, Proposition 4.11] and the fact that supplements in lifting modules are direct summands (see also [10, Proposition 4.8]). (a) ⇒ (e) ⇒ (d) are obvious.

We will show (d) ⇒ (a) by induction. Let M be a lifting module such that there exists a rank function d and d(M) = 1. Then M is indecomposable and hence hollow. Assume now n ≥ 1 and assume that for every lifting module N such that there exists a rank function d with d(N) < n, N is a direct sum of hollow modules. Let M be a lifting module and d a rank function with d(M) = n. If M is indecomposable, then it is hollow and we are done. Otherwise M has a decomposition M = N ⊕ L with N and L non-zero. Thus by (R1), we have n = d(N) + d(L) and hence d(N) and d(L) are less than n and as N and L are lifting modules as well, by hypothesis they are finite direct sums of hollows and so is M. □

Before we state a general decomposition theorem for lifting modules we need the following lemma.

Lemma 2.4 [9, Lemma 4.2.1] Let M be an R-module with essential radical. For every direct summands D_1 ⊆ D_2 of M we have Rad(D_1) = Rad(D_2) if and only if D_1 = D_2. In particular if Rad(M) has ACC or DCC on direct summands, then so has M.

Proof. Let M = D_1 ⊕ D^′_1. Then D_2 = D_1 ⊕ (D_2 ∩ D^′_1) and Rad(D_2) = Rad(D_1) ⊕ Rad(D_2 ∩ D^′_1). If Rad(D_1) = Rad(D_2), then 0 = Rad(D_2 ∩ D^′_1) = Rad(M) ∩ D_2 ∩ D^′_1. This implies D_2 ∩ D^′_1 = 0 since Rad(M) ≤_e M and hence D_1 = D_2. □

Theorem 2.5 Any lifting module M has a decompositon M = M_1 ⊕ M_2 ⊕ M_3 such that

• M_1 is semisimple;

• M_2 is a lifting module with Rad(M_2) ≪ M_2 and Rad(M_2) ≤_e M_2;

• M_3 is a lifting module with Rad(M_3) = M_3.

If Rad(M) satisfies the ACC or DCC on direct summands, then M_2 and M_3 are finite direct sums of hollow modules.

Proof. Let M be any lifting module. By [4, Proposition 2.9], we have a decomposition M = M_1 ⊕N with M_1 semisimple and N lifting with Rad(M) = Rad(N) essential in N. As N is lifting, Rad(M) contains a direct summand M_3 such that N = M_2 ⊕ M_3 and Rad(M) ∩ M_2 = Rad(M_2) ≪ M_2. Clearly, Rad(M_2) ≤_e M_2. As M_3 ⊆ Rad(M) and M_3 a direct summand of M, we have Rad(M_3) = M_3. Assume now that Rad(M) has ACC or DCC on direct summands. By Lemma 2.4, M_2 and M_3 also satisfy those chain conditions and by Lemma 2.3 they are finite direct sums of hollow modules. □

Recall that a ring R is called a right max ring if every right R-module has a maximal submodule.

Corollary 2.6 Let M be a lifting right R-module. Then M is special lifting in each of the following cases:

1. M has ACC on small submodules;

2. Rad(M) has ACC on direct summands and R is right artinian;

3. Rad(M) has ACC on direct summands and R is a commutative max ring;

4. M is finitely generated and R is commutative.

Proof. The first case follows from [1, Proposition 2], that states that Rad(M) is noetherian if M has ACC on small submodules, and from [7, Proposition 3.1] which gives a decomposition of M into a semisimple and a noetherian module. The second case follows from Theorem 2.5 and the fact that hollow modules over artinian rings are noetherian and therefore hopfian. The third case follows from Theorem 2.5 and the fact that every hollow module H over a max ring R is local and since R is commutative, H is also hopfian. The last case follows from Theorem 2.5 and the fact that finitely generated modules over commutative rings are hopfian. □

Theorem 2.7 Let R be a right artinian ring or a commutative max-ring. Let M = M_1 ⊕ · · · ⊕ M_n be a direct sum of relatively projective quasi-discrete right R–modules M_i (1 ≤ i ≤ n). Then M is special lifting.

Proof. M is quasi-discrete by [6, Theorem 2.13]. Then we can write M = ⊕_{i∈I} H_i, where H_i is hollow for all i ∈ I by [10, Theorem 4.15]. Thus by the above, M is special lifting. □

3 A Class of Lifting Modules Satisfying (*)

The following property was considered in [6]:

M_1 ⊕ M_2 is a lifting right R-module whenever M_1 is a simple right Rmodule and M_2 is a lifting right R-module.

Let us say that a class C of lifting modules satisfies (*) if any direct sum of a module in C with a semisimple module is again a lifting module.

A family of modules {M_i}_{i∈I} is called locally semi-T-nilpotent (lsTn) if for any infinitely countable set of non-isomorphisms {f_n : M_{in} → M_{in+1} } with all i_n distinct in I, and for any x ∈ M_{i1} , there exists a positive integer k (depending on x) such that f_k . . . f_1(x) = 0.

We have Baba and Harada’s result:

Theorem 3.1 (Baba and Harada, [3, Theorem 2]) Let M = ⨁ i∈I M_i be an R-module where the M_i’s are local modules with local endomorphism rings. Then the following are equivalent.

1. M is lifting.

2. M_i is almost M_j -projective for all i ≠ j and {M_i}_{i∈I} is lsTn.

We first need a technical Lemma regarding locally semi-T-nilpotent families of modules.

Lemma 3.2 Let {M_i}_{i∈I} be a family of R-modules and {S_j}_{j∈J} a family of simple R-modules. If {M_i}_{i∈I} is lsTn, then also the disjoint union {M_i}_{i∈I} ∪ {S_j}_{j∈J} is lsTn.

Proof. Let us denote {L_k}_{k∈K} := {M_i}_{i∈I} ∪ {S_j}_{j∈J} the disjoint union of the two families, where K is the disjoint union of I and J. Let {f_n : L_{in} → L_{in+1} } be a countably infinite family of non-isomorphisms with all i_n pairwise distinct. We may also assume that all f_n are non-zero. Consider the chain of homomorphisms at a position k > 1: · · · L_{ik−1}^{fk−1}−−−→ L_{ik}^{fk}−−−→ L_{ik+1} · · · If L_{ik} ∈ {S_j}_{j∈J} then neither L_{ik−1} nor L_{ik+1} can be simple since otherwise the map f_{k−1} respectively f_{k+1} is zero or an isomorphism. Hence L_{ik−1} , L_{ik+1} ∈ {M_i}_{i∈I} . Moreover the composition f_kf_{k−1} is a non-isomorphism. We refer to this observation by (†).

Let Λ := {n ∈ N : L_{in} ∈ {S_j}_{j∈J} }. By (†) we know that N \ Λ is a (countably) infinite set. Denote the characteristic function of Λ by 1_Λ, that is 1_Λ(n) = 1 if n ∈ Λ and otherwise 1_Λ(n) = 0. Define a bijection φ : N → N \ Λ recursively by setting

φ(1) := 1 + 1_Λ(1) and φ(n + 1) := (φ(n) + 1) + 1_Λ(φ(n) + 1) for all n ≥ 1.

(†) guarantees that φ defines a bijection, since the successor of each k ∈ Λ lies in N \ Λ. f̂_n := { f_{φ(n)} if φ(n) + 1 ∉ Λ f_{φ(n)+1}f_{φ(n)} otherwise By the remark above, property (†) guarantees that we always ”jump” correctly over the modules in {S_j }_{j∈J} , and that all f̂_n are non-isomorphisms. By construction we get that {f̂_n : L_{iφ(n)} → L_{iφ(n+1)} } is a countably infinite family of non-isomorphisms of modules in {M_i}_{i∈I} . Since {M_i}_{i∈I} is lsTn, for every element x ∈ L_{iφ(1)} there exists an k ≥ 1 such that f̂_k · · · f̂_1(x) = 0. Hence for all x ∈ L_{i1} we also get an k ≥ 1 such that f_k · · · f_1(x) = 0. Thus {L_k}_{k∈K} is lsTn. □

With the last Lemma and Baba and Harada’s Theorem at hand we easily deduce now the following criteria for a special lifting module to satisfy (*):

Proposition 3.3 Let M = ⨁ i∈I M_i be a special lifting module with all M_i’s local and let S := ⨁ j∈J S_j be a semisimple module. Then the following are equivalent.

(a) M ⊕ S is lifting.

(b) S_j is almost M_i-projective for all j ∈ J and i ∈ I.

Proof. (a) ⇒ (b) follows from Baba and Harada’s Theorem 3.1. (b) ⇒ (a) Note that any module M is almost S-projective for all simple modules S (this is trivial). Since M was lifting, by Theorem 3.1 we have that M_i is almost M_j -projective for all i ≠ j. By hypothesis all S_j are almost M_i-projective, hence the family {M_i} ∪ {S_j} is relatively almost-projective. Lemma 3.2 assures that this family is also lsTn since M was lifting and by Theorem 3.1 the family of the M_i’s is lsTn. Thus applying once again Baba and Harada’s Theorem we get that M ⊕ S is lifting. □

As an immediate consequence we can state:

Corollary 3.4 Let M = ⨁ i∈I M_i be a special lifting module with all M_i’s local. Then the following statements are equivalent.

(a) M satisfies (*).

(b) M ⨁ S is lifting for any simple module S.

(c) Any simple module S is almost M_i-projective for all i ∈ I.

Before we characterize when (*) holds for all special lifting modules of the above type, we show that small-M-projectivity and almost M-projectivity for some local module M coincide for simple modules:

Lemma 3.5 Let M be a local right R-module and S a simple right R-module. Then S is small M-projective if and only if S is almost small M-projective.

Proof. Assume S is almost M-projective. Let K ⊆ M and f : S → M/K be a non-zero homomorphism such that f(S) is small in M/K. Hence f is monomorph, but not epimorph. By hypthesis, there exists either a map g : S → M such that f = π_K g or a map g : M → S such that fg = π_K (since M is indecomposable, M is the only non-zero direct summand). We will rule out the second possibility. Assume there exists an g : M → S such that fg = π_K , then g is epimorph factors through M/Rad(M), that is there exists an isomorphism ḡ : M/Rad(M) → S such that g = ḡπ (where π := πRad_{(M)}). Hence we get the following commutative diagram: M^π−−−→ M/Rad(M) −−−→ 0 id_M f^ḡ M^{πK}−−−→ M/K −−−→ 0

Thus π_K (Rad(M)) = fḡπ(Rad(M)) = 0 and as Rad(M) is maximal, K = Rad(M). But as M/Rad(M) is simple, fḡ and hence f must be isomorphisms contradicting that f(S) was small in M/K. Therefore we can not have this possibility. Thus S is small M-projective.

Now assume that S is small M-projective and assume we have the following diagram: S f M^p−−−→ F −−−→ 0 where p is an epimorphism and f is non-zero. If f is epimorph, then f is an isomorphism and we have g := f^{−1}p : M → S a non-zero map from a direct summand of M to S such that fg = p. If f is not epimorph, then f(S) must be small since F is local. As p factors through M/Kerp, there exists an isomorphism p̄ : M/Kerp → F such that p = p̄π (where π := πKer_p). Hence p̄^{−1}f is a map from S to M/Kerp with small image and by hypothesis there exists a map g : S → M such that πg = p̄^{−1}f. Thus pg = p̄πg = p̄p̄^{−1}f = f shows that g is our desired map. Hence S is almost M-projective. □

Analyzing the proof of [6, Proposition 4.1] we also have:

Proposition 3.6 Let M be a lifting right R-module with local endomorphism ring such that M ⊕ S is lifting for all simple subfactors S of M, then M is simple or local with Rad(M) = Soc(M).

Now we can characterize when (*) holds for all special lifting modules that a direct sums of locals.

Proposition 3.7 Let R be a ring. Then the following are equivalent.

(a) Any special lifting right R-module M = ⨁ i∈I M_i with all M_i’s local satisfies (*).

(b) Finitely generated special lifting right R-modules satisfy (*).

(c) Any direct sum of a simple right R-module and a local right R-module with local endomorphism is lifting.

(d) Any local right R-module M with local endomorphism ring is simple or Rad(M) = Soc(M).

(e) Any simple right R-module is small M-projective for every local right R-module M with local endomorphism ring.

(f) Any simple right R-module is almost M-projective for every local right R-module M with local endomorphism ring.

Proof. (a) ⇒ (b) ⇒ (c) is trivial; (c) ⇒ (d) follows from Proposition 3.6. (d) ⇒ (e) Let M be a local module with local endomorphism ring and S a simple module. Assume that there is a non-zero homomorphism f : S → M/K with f(S) small in M/K and K a submodule of M. Since Rad(M) = Soc(M) is the unique maximal submodule of M, we have K ⊆ Soc(M). Let L be a direct summand of K in Soc(M), then L ∼= (L ⊕ K)/K = Soc(M)/K = Rad(M)/K = Rad(M/K). Denote by g : Rad(M/K) → L the natural isomorphism and denote by π_K : M → M/K the canonical projection. Then π_K ∘ g = idRad_{(M/K)} and hence h := g ∘ f : S → M has the property that π_K ∘ h = π_K ∘ g ∘ f = idRad_{(M/K)} ∘ f = f. Hence S is small-M-projective. (e) ⇔ (f) follows from Lemma 3.5. (f) ⇒ (a) follows from Corollary 3.4. □

Recall that a ring R is called semilocal if R/JacR is semisimple. A semilocal ring with nilpotent Jacobson radical is called semiprimary. It is well-known that semiprimary rings are right and left perfect.

Theorem 3.8 Let R be a ring. Then the following are equivalent.

(a) Every special lifting right R-module satisfies (*) and R is right perfect.

(b) Finitely generated special lifting right R-modules satisfy (*) and R is semiperfect.

(c) Any direct sum of a simple and a projective local right R-module is lifting and R is semiperfect.

(d) (JacR)^2 = 0 and R is semilocal.

(e) the left-version of (a), (b) or (c) hold.

Proof. (a) ⇒ (b) ⇒ (c) is trivial; (c) ⇒ (d) As R is semiperfect R = ⨁_n i=1 e_iR with e_i primitive idempotents. Let J denote the Jacobson radical of R. By hypothesis any direct sum of a simple and e_iR is lifting, hence by Proposition

3.6, e_iR is simple or Rad(e_iR) = e_iJ = Soc(e_iR). Hence J = ⨁_n i=1 e_iJ ⊆ Soc(R_R) = l.ann(J) by [2, Proposition 15.17]. Thus J^2 = 0. (d) ⇒ (a) Semiprimary rings are right perfect. Moreover any hollow right R-module over a right perfect ring R is local. So all special lifting modules can be written as a direct sum of locals with local endomorphisms. Let L be a local, non-simple right R-module with local endomorphism ring. As R is semilocal Rad(L) = LJ and as J^2 = 0 it follows that Rad(L)J = 0. Hence Rad(L) = Soc(L). By Proposition 3.7, all special lifting right R-modules satisfy (*).

Since (d) is left-right independent, we also get the equivalence of left versions of (a) − (c) with (d). □

References

[1] I. Al-Khazzi and P.F. Smith, Modules with chain conditions on superflous submodules., Comm. Algebra 19(8), 2331-2351 (1991).

[2] F. W. Anderson and K.R. Fuller, Rings and categories of modules, 2nd edition, Springer–Verlag, New York (1992).

[3] Y.Baba and M.Harada, On almost M-projectives and almost Minjectives, Tsukuba J. Math, 14(1), 53-69 (1990).

[4] A.Harmanci, D.Keskin and P.F.Smith On ⊕–supplemented modules, Acta Math. Hungar., 83(1-2), 161-169 (1999).

[5] D. Keskin, Supplemented modules and endomorphism rings, Ph.D. Thesis, Hacettepe University (1999).

[6] D. Keskin, On lifting modules, Comm. Algebra, 28(7), 3427-3440 (2000).

[7] D. Keskin and W.Xue, Generalizations of lifting modules, Acta Math.

Hung., to appear.

[8] F. Kasch, Modules and rings, Academic Press Inc., New York, 10003 (1982).

[9] C. Lomp, On Dual Goldie Dimension M.Sc. Thesis, Glasgow University (1996).

[10] S. H. Mohamed and B. J. Müller, Continuous and discrete modules, London Math. Soc. LNS 147 Cambridge Univ. Press, Cambridge (1990).

[11] C.Santa-Clara and P.F.Smith Extending modules which are direct sums of injective modules and semisimple modules, Comm. Algebra 24(11), 3641-3651 (1996).

[12] T. Takeuchi, On cofinite-dimensional modules, Hokkaido Math. J. 5, 1-43 (1976).

[13] W.V.Vasconcelos, On finitely generated flat modules, Transactions of the AMS, 138, 505-512 (1966).