
Two-way analy sis of v ariance for a concentrated v on Mise s-F ishe r

distribution

Figu eired o, Ad elaid e

Facu ldade de E con om ia da U n iversidade do P orto an d L IA C C

R u a Dr. R oberto Frias

4200-464 P orto, P ortu gal

E -m ail: adelaide@ fep.u p.pt

Abstract T h e v on M ises-Fish er d istrib u tion is one of th e most u sed d istrib u tions for v ectorial

d ata and it h as many ap p lications for sp h erical d ata. T h e one-w ay analy sis of v ariance and a nested

mu ltiw ay lay ou t tech niq u e for a concentrated v on M ises-Fish er d istrib u tion h av e alread y b een p re-

sented in th e literatu re. In th is p ap er, w e ex tend th e p rev iou s tech niq u es to th e tw o-w ay analy sis of

v ariance.

Introduction

T h e one-w ay analy sis of v ariance tech niq u e for a concentrated v on M ises-Fish er d istrib u tion

w as introd u ced b y W atson (1956) and W atson and W illiams (1956) and a nested mu ltiw ay lay ou t

tech niq u e w as p rop osed b y S tep h ens (1982) (see also S tep h ens, 1992). In th is p ap er w e p rop ose th e

tw o-w ay analy sis of v ariance for a concentrated v on M ises-Fish er d istrib u tion.

T h e v on M ises-Fish er d istrib u tion d efi ned on th e u nit sp h ere in Rp, Sp−1 is u su ally d enoted b y Mp (µ, ξ)

and it h as p rob ab ility d ensity fu nction giv en b y

f (x|µ, ξ) = cp (ξ) ex p
{

ξµ′
x
}

x ∈ Sp−1, µ ∈ Sp−1, ξ ≥ 0 ,(1)

w h ere cp (ξ) is th e normalising constant giv en b y

cp (ξ) =
ξ

p−1

2

(2π)
p

2 I p−1

2

(ξ)

and Iν d enotes th e mod ifi ed B essel fu nction of th e fi rst k ind and ord er ν d efi ned b y

Iν (k) =
1

2π

∫

2π

0

cos νθ e k c o s θd θ .

T h e p arameter µ is th e mean d irection and ξ is th e concentration p arameter arou nd µ.

T h is d istrib u tion v erifi es th e p rop erties:

• It is rotationally sy mmetric ab ou t µ.

• If x comes from Mp (µ, ξ) and U is an orth ogonal matrix , th en Ux comes from Mp (Uµ, ξ) .

• For x ∈ Sp−1 from Mp (µ, ξ) th en for large ξ

2ξ
(

1 − x′µ
)

∼χ2

p−1.(2)

Let [x1|x2|...|xn] b e a rand om samp le of size n from th e v on M ises-Fish er d istrib u tion Mp (µ, ξ) .

Let R b e th e resu ltant length mean of th e samp le d efi ned b y R = ‖x‖ = (x′
x)

1

2 , w h ere x is th e samp le

v ector mean of x1,x2, ...,xn d efi ned b y x = 1

n

∑n
i= 1

xi. Let R b e th e resu ltant length of th e samp le of

size n, d efi ned b y R = nR.
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• The max imu m lik elihood estimator of µ is the samp le mean d irection, that is

µ̂ = x0 =
x

‖x‖
.

• The max imu m lik elihood estimator of ξ is the solu tion of the follow ing eq u ation

Ap (ξ) = ‖x‖ ,

w here the fu nction Ap (ξ) is d efi ned b y

Ap (ξ) =
c′p (ξ)

cp (ξ)
=

I p

2

(ξ)

I p

2
−1 (ξ)

.

(F or m ore d etails ab ou t this d istrib u tion, see for instance, F isher, Lew is and E m b leton, 1987, W atson,

1983, M ard ia and Ju p p , 2000).

Tw o-w ay analysis of v ariance

W e su p p ose that w e hav e n ob serv ations c lassifi ed ac cord ing to a factor A w ith r treatm ents

and a factor B w ith s treatm ents. W hen an ob serv ation is c lassifi ed into treatm ent i of factor A and

treatm ent j of factor B, this ob serv ation falls in cell (i, j) in row i and colu m n j of a tw o-w ay tab le.

W e su p p ose that there is t ob serv ations in each cell of the tab le and let n = rst b e the total nu m b er

of ob serv ations.

Let xijk b e kth ob serv ation in cell (i, j), i = 1, . . . , r, j = 1, . . . , s, k = 1, . . . , t. T he ob serv ations

in cell (i, j) are su p p osed to com e from the su b p op u lation Mp (µij , ξij) , i = 1, ..., r, j = 1, ..., s. W e

su p p ose that the rs su b p op u lations are ind ep end ent and w e assu m e that ξ11 = ξ12 = ... = ξrs = ξ,

w here the com m on concentration ξ is u nk now n.

W e w ant to test the nu ll hy p othesis: H0 : µ11 = µ12 = .... = µrs = µ, against the alternativ e that at

least one of the eq u alities is not satisfi ed .

Let

• R b e the resu ltant length of all ob serv ations xijk , i = 1, ..., r, j = 1, ..., s, k = 1, ..., t.

• Ri. b e the resu ltant length of the ob serv ations in the row i, xijk , j = 1, ..., s, k = 1, ..., t.

• R.j b e the resu ltant length of the ob serv ations in the colu m n j, xijk , i = 1, ..., r, k = 1, ..., t.

• Rij b e the resu ltant length of the ob serv ations in the cell (i, j) of the tw o-w ay tab le, xijk , k = 1, ..., t.

T he tw o-w ay analy sis of v ariance is b ased on the follow ing id entity

2ξ (n − R) = 2ξ

(

r
∑

i= 1

Ri. − R

)

+ 2ξ





s
∑

j= 1

R.j − R



+

+2ξ





r
∑

i= 1

s
∑

j= 1

Rij −

r
∑

i= 1

Ri. −

s
∑

j= 1

R.j + R



+ 2ξ



n −

r
∑

i= 1

s
∑

j= 1

Rij



 ,

w hich is a d ecom p osition of the total v ariance into b etw een-row s v ariance, b etw een-colu m ns

v ariance, interaction b etw een the row s-colu m ns and resid u al v ariance.

It can b e p rov ed that for large ξ

2ξ

(

r
∑

i= 1

Ri. − R

)

∼χ2
(r−1)(p−1),(3)
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2ξ





s
∑

j=1

R.j − R





∼χ2
(s−1)(p−1),(4)

2ξ





r
∑

i=1

s
∑

j=1

Rij −

r
∑

i=1

Ri. −

s
∑

j=1

R.j + R





∼χ2
(r−1)(s−1)(p−1).(5)

2ξ



n −

r
∑

i=1

s
∑

j=1

Rij





∼χ2
(n−rs)(p−1).(6)

T o test th e n u ll h y p oth esis H
′

0: T h ere is n o d iff eren ce b etw een row s, w e u se th e statistic d efi n ed

b y

F1 =

(n − rs)

(

r
∑

i=1
Ri. − R

)

(r − 1)

(

n −

r
∑

i=1

s
∑

j=1
Rij

) ,(7)

w h ich h as u n d er H
′

0 an d for large ξ, F(r−1)(p−1),(n−rs)(p−1) d istrib u tion . W e reject H
′

0 for large v alu es

of F1.

T o test th e n u ll h y p oth esis H
′′

0 : T h ere is n o d iff eren ce b etw een colu m n s, w e u se th e follow in g sta-

tistic

F2 =

(n − rs)

(

s
∑

j=1
R.j − R

)

(s − 1)

(

n −

r
∑

i=1

s
∑

j=1
Rij

) ,(8)

w h ich h as u n d er H
′′

0 an d for large ξ, F(s−1)(p−1),(n−rs)(p−1) d istrib u tion . W e reject H
′′

0 for large v alu es

of F2.

T o test th e n u ll h y p oth esis H
′′′

0 : T h ere is n o in teraction b etw een th e row s an d colu m n s, w e u se

th e follow in g statistic

F3 =

(n − rs)

(

r
∑

i=1

s
∑

j=1
Rij −

r
∑

i=1
Ri. −

s
∑

j=1
R.j + R

)

(r − 1) (s − 1)

(

n −

r
∑

i=1

s
∑

j=1
Rij

) ,(9)

w h ich h as u n d er H
′′′

0 an d for large ξ, F(r−1)(s−1)(p−1),(n−rs)(p−1) d istrib u tion . W e reject H
′′′

0 for large

v alu es of F3.
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