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A CONVEX ANALYSIS APPROACH TO THE METRIC MEAN

PRINCIPLES

MARIA CARVALHO, GUSTAVO PESSIL, AND PAULO VARANDAS

ABSTRACT. We introduce the concept of upper metric mean dimension of a one-parameter
family of scaled pressure functions, which extends the corresponding notion for a single potential
and satisfies a variational principle. This approach, supported by Convex Analysis, conveys a
definition of measure-theoretic upper metric mean dimension, which is concave and upper semi-
continuous, and therewith equilibrium states. In the context of dynamical systems, we establish
a variational principle for the metric mean dimension with potential in terms of Katok entropy.
As an application, we provide a simple formula for the upper metric mean dimension with
potential for the shift on the space ([0,1]” )N, for every D € N, which links mean dimension
theory with ergodic optimization.
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2 M. CARVALHO, G. PESSIL, AND P. VARANDAS
1. INTRODUCTION

Let (X,d) be a compact metric space and T: X — X be a continuous map. Denote by
CY(X) the space of real valued continuous maps whose domain is X, endowed with the uniform
norm; by B the o-algebra of Borel sets of X; by P(X) the set of Borel probability measures
on X with the weak*-topology; by Pr(X) its subset of T-invariant measures; by Er(X) the
set of its ergodic elements; and, given u € P(X), let supp(u) stand for its support. Measure-
theoretic and topological entropy are classical, comprehensive and well succeed invariants in
the theory of dynamical systems. Yet, these are not complete invariants, so there are several
recently developed entropy-like concepts to estimate the complexity of systems by innovative
approaches. The upper and lower metric mean dimensions are labels for dynamical systems
introduced by E. Lindenstrauss and B. Weiss in [15] to quantify the complexity of infinite
entropy systems. We denote them by mdim;(X,d,T) and mdim,,(X,d,T), respectively, to
emphasize their dependence on the fixed metric d of the space X where the dynamics T acts.
These concepts vanish if the topological entropy of T is finite; if, otherwise, T has infinite
entropy, they convey information about the dimension of the phase space and the action of the
dynamical system: they primarily report on the speed at which the entropy at scale € approaches
400 as this scale goes to zero. The choice of the metric d has impact precisely on the speed of
such convergence, which is quantified by the upper and lower metric mean dimensions.

In [16], E. Lindenstrauss and M. Tsukamoto established, under mild conditions, a variational
principle between the metric mean dimension and the LP rate-distortion function R, of each
u € Pr(X). More precisely, they showed that, for every p € N,

— ) Rup(€)
mdimy/ (X, d, T) = limsup sup —2 2,
co0t pepr(x) log(l/e)

(1)

Actually, Y. Gutman and A. Spiewak showed in [11] that it suffices to take the previous supre-
mum over Ep(X), and obtained a new variational principle linking the upper metric mean
dimension to the metric entropy h,, namely

— 1
mdimy; (X,d,T) = limsup ————~  sup inf h,(P 2
( ) cso+r log(1/€) egp(x) diam(P)<e u(P) 2)
where the infimum is taken over the Borel partitions P of X with diameter at most ¢ and h,(P)
stands for the entropy of P. Problem 3 in [11] asked whether the metric mean dimension could
be expressed in terms of Brin-Katok local entropy hP%. An affirmative answer to this problem
was given by [11] and [20], where the authors proved that

mdimy; (X, d,T) = limsup ———— sup hPE(e). (3)
cot log(l/e) pegrx)

A recurrent question in the literature concerning the previous and similar definitions asks

whether we may exchange the order of limsup, and sup,,. It is known that this order can be

exchanged under the marker property (cf. [17, 25, 29] and also [30, 31]), but there are relevant

systems without this property, as shown in [26, 21]. Regarding this issue, we refer the reader to
Example 10.3 and Remark 10.4.

Meanwhile, Tsukamoto introduced [25] the concept of upper metric mean dimension with
potential, which we will denote by mdimy, (X, d, T, ¢) for the potential ¢, and proved a dou-
ble variational principle similar to the one obtained earlier in [17] for the (topological) mean
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dimension (see [10] for the definition). Tsukamoto’s definition of upper metric mean dimen-
sion with potential is inspired by the topological pressure, though the potential may vary with
the scale . One is led to ask whether there is a measure-theoretic upper metric mean dimen-
sion H: Pr(X) — R satisfying a classical variational principle (like the one established in [28,
Theorem 9.10]), that is,

iy (X4, 7o) = swp (M0 + [ o). (@

w € Pr(X)
As happens with the topological pressure, there may exist several maps satisfying such a relation,
and the selection of a particular one depends on the preferred mechanism to generate them, or on
their applications. For the zero potential case, distinct notions of measure-theoretic metric mean
dimension were shown to exist and be related through a variational principle to some version
of entropy, such as Brin-Katok local entropy (cf. [11], [20]), Katok metric entropy (cf. [27],
[20]), Shapira entropy (cf. [20]) and Rényi information dimension (cf. [11]), just to mention
a few. Regarding variational principles for continuous potentials and the previous measure-
theoretic notions, we refer the reader to [7]. We stress that in all these variational principles
the maximization on the space of probability measures is done for a fixed scale, which only
afterwards is made to decrease to zero. Therefore, their statements do not comply with formula
(4).

The previous information suggests the existence of some unifying path of reasoning, and
Convex Analysis methods arise naturally in this background. Actually, in [1], the authors
established an abstract variational principle for the so called pressure functions acting on a
Banach space of potentials on a compact metric space, for which equilibrium states always exist.
The main result of [1] ensures the existence of a conjugate of the pressure function, which acts
on the set of Borel finitely additive probability measures if the space of potentials is made up
from bounded measurable maps, and on the space of Borel probability measures if the space
of potentials is C°(X). The first aim of our work is to show that the upper metric mean
dimension with potential is a pressure function, so [1, Theorem 1] provides a suitable definition
of a measure-theoretic upper metric mean dimension, defined on P(X) whenever the potentials
belong to C(X). In subsequent sections we will deduce extra properties of this concept and
relate it to the measure-theoretic metric mean dimension introduced in [29].

Motivated by the aforementioned equalities (1), (2) and (3) for the zero potential, we introduce
a scaled version of the upper metric mean dimension with potential, determined by a one-
parameter family of scaled pressure functions (definitions in Section 2). This scaled upper
metric mean dimension turns out to be a pressure function as well, to which we may apply
the arguments of [1]. This way we obtain a variational principle, equilibrium states and the
natural query about the continuity of these objects with the scale, whose answer will be given
in Section 3. Moreover, this approach conveys a notion of measure-theoretic upper metric mean
dimension, whose properties will be established in Theorem A.

In the case of continuous maps acting on a compact metric space, we will discuss another
definition of measure-theoretic metric mean dimension in terms of Katok metric entropy (cf.
[28, Theorem 8.19]). This new notion turns out to be convex and upper semi-continuous, and
satisfies a variational principle. See Theorem C for more information.

Inspired by the concepts of entropy point and local entropy for homeomorphisms introduced
in [32], we define similarly a local metric mean dimension (precise definition in (15) of Section 3)
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and what is a metric mean dimension point. Afterwards, having fixed a homeomorphism 7" on
a compact metric space (X, d), we relate through a variational principle the upper metric mean
dimension of T" with the average of the local metric mean dimension (cf. Theorem E).

A relevant case study to which Theorem A applies is the shift map on a space YN, where
Y is a dimensionally homogeneous compact metric space. We will show that, in this setting,
the variational principle established by Theorem A becomes an instance of ergodic optimization
(more details in Theorem D).

This paper is organized as follows. The purpose of Section 2 is to recall some definitions and
to introduce the new concepts. In Section 3 we state the main results. In Section 4 we summon
the axiomatic contributions of [1] which we will use further on. After proving our results in
Sections 5-9, we present some examples and applications in Section 10 and end with a short list
of open problems suggested by this work.

2. MAIN DEFINITIONS

We start by briefly recalling the definition of upper metric mean dimension with potential and
by introducing the notions of scaled pressure function and the upper metric mean dimension
determined by a family of scaled pressure functions.

2.1. Upper metric mean dimension with potential. Let (X, d) be a compact metric space,
T: X — X be a continuous map and ¢: X — R be a continuous potential. For each n € N,
define the dynamical metric

du(z,y) = | max  d(T'(z), T'(y) VoyeX

which is equivalent to d, and the sum S,¢ = Z?:_ol po T,

Given a closed subset K of X and € > 0, consider the following infimum

¢

S(K,d,p,e) = inf {Z(l/e)SUPUi ?: {Ui}1<i<¢ finite open cover of K, diam(U;,d) < 8} (5)
i=1

the average

1
AK,d, T, p,e,n) = - log S(K, dy,, Snp,€)

and the limit
P(K,d,T,p,e) = lim A(K,d,T,¢,e,n)

n — 400

which exists since the sequence (S (K, dp, Sne, a))n is sub-additive in the variable n. The upper
metric mean dimension with potential, as defined in [25], extends the concept of metric mean
dimension introduced in [15] (corresponding to the particular case of ¢ = 0) as follows:

Definition 2.1. The upper metric mean dimension with potential of (K,d, T, y) is given by

mdim P(K,d,T
mdimy (K, d, T, ) = limsup & T9:)
e—0t IOg(l/e)

A subset E C K is said to be e-separated with respect to the metric d if d(z,y) > ¢ for every
x,y € E; it is e-spanning with respect to the metric d if for every x € K there exists some
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y € E such that d(z,y) < e. The notion of upper metric mean dimension with potential can be
equivalently defined if one replaces S(K,d, p,<) by either

S1(K,d,p,e) = sup{ Z (1/e)?®): Ec K is s—separated}
el
or

So(K,d,p,e) = inf{ Z (1/e)?@): E C K is 5—spanning}.
ek

Remark 2.2. Since the topological pressure of a continuous map is invariant by co-boundary,
the same holds for the upper metric mean dimension with potential, that is,

mdimp(X,d, T,¢) = mdimy (X,d, T,p+1poT —v) Ve, € COX).

2.2. Box dimension. Let (Y,d) be a compact metric space. The upper box dimension of Y is
defined as

I Y,
dimgY = limsup w
c—o+  log(l/e)

We define similarly the lower box dimension of Y. If the upper and lower box dimensions of Y
coincide, their value is the box dimension of Y.

Remark 2.3. [t is straightforward that if T(K) C K, then
P(K,d,T,0,¢) < logS(K,d,0,¢) Ve > 0.

In particular,
mdim (K, d, T,0) < dimg(K,d).

2.3. Pressure functions. Let (X, d) be a locally compact metric space and B(X) be a Banach
space over R equal to either

Biy(X) = {¢: X = R : ¢ is measurable and bounded}
or Cp(X) = {¢ € B4(X) : ¢ is continuous}
or else C.(X) = {¢ € Cp(X) : ¢ has compact support}
endowed with the norm ||| = sup,c x |¢(z)|. In what follows, P, (X) will stand for the set

of normalized finitely additive set functions on the Borel o-algebra of X, which we will simply
call finitely additive probability measures, with the total variation norm, defined by

[ —v|| = sup {\ /wdu—/wdu\: Y € B(X) and ||¢]|o0 < 1}.
We recall the notion of pressure function used in [1].

Definition 2.4. We say that a map T: B(X) — R is a pressure function if it satisfies the
following conditions:

e Monotonicity: ¢ <1 = T(p) <T(Y) Ve,v e B(X)

e Translation invariance: Y(p+c¢)=T(p)+c Vo€ B(X),VceR

o Converity:  Y(tp+ (1 —t)) <tY(p) + (1 —)T(¥) Vo, € B(X), YVt (0,1).
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For instance, the topological pressure of a continuous self-map T": X — X of a compact metric
space X, whose topological entropy is finite, is a pressure function (cf. [28, Theorem 9.7]). More
generally, if the weighted topological entropy is finite, the weighted topological pressure function
defined in [9] is a pressure function.

2.4. Scaled pressure functions. Let (X, d) be a locally compact metric space. In what follows
we introduce a weakening of the notion of pressure function in Definition 2.4, which allows a
weaker form of translation invariance.

Definition 2.5. A map I': B(X) — R is said to be a scaled pressure function if there exists a
constant o > 0 (the scale) such that T' satisfies the following conditions:

e Monotonicity: ¢ <y = I'(¢) <T'(¢Y) Ve, € B(X)

e Scaled translation invariance: T'(p+c¢)=T(¢)+ac Vo€ B(X),VceR

o Convezity: T(to+ (1 —1t)y) <tl'(p)+ (1 -t)I'(Y) Ve, € B(X),Vte (0,1).

It is clear that pressure functions are scaled pressure functions with constant o = 1. Moreover
we note that, if ' is a scaled pressure function with constant a, then T = T'/«a is a pressure
function. For example, the functions (P(X,d,T,-,€))o<e<1, defined in Subsection 2.1 for a
continuous self-map T': X — X of a compact metric space X, are scaled pressure functions with
constant log 1/e. Indeed, the monotonicity and the convexity are immediate to show. Regarding
the translation invariant condition, given ¢ € C°(X) and ¢ € R, one has for every 0 < e < 1

S(X,d,p+c,e) = w inf {zn:(l/s)supUi(wc)} = (1/8)0( inf {zn:(l/e)supuﬂ’}

REESE A Uh<icn iz
and
AX,d, T, o+ c,e,n) = %logS(X,dn,Sn(go—kc),s) = %log ((1/5)”CS(X,dn,Sng0,E)).
Therefore,
P(X,d,T,o+ce) = lim AX,d,T,p+cen

n — +0o0o

)
= lim A(X,d,T,¢,en)+ (log 1/e)c

n — 400

= P(X,d,T,p,c)+ (log 1/¢)c.

2.5. Upper metric mean dimension determined by a family of scaled pressure func-
tions. In what follows, we will consider a compact metric space (X, d) and families of scaled
pressure functions acting on the same Banach space, and associate to them a conjoint notion
of upper metric mean dimension. Let T' = (I'.)g<- <1 be a family of scaled pressure functions
defined on the same Banach space B(X) and such that, for every 0 < € < 1, the map T satisfies
the scaled translation invariance condition with respect to the constant log 1/e.

Definition 2.6. The upper metric mean dimension of T' at ¢ € B(X) is given by
— : L (p)
mdimys (T, d, ) = limsup —————. 6
(L) = RSP g (1/2) ”

The previous notion generalizes the concept of upper metric mean dimension with potential
introduced in [25]. Indeed, if we consider a continuous self-map T acting on X and the family
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of scaled pressure functions I' = (P(X,d,T,-,¢€))o<-<1 defined in Subsection 2.1, then it is
immediate to verify that

mdimps (T, d, ) = mdimy/(X,d, T, -).

To simplify the notation, if a scaled pressure function I'.: B(X) — R, for some 0 < € < 1,
satisfies the scaled translation invariance condition with respect to the constant log 1/e, then
we will call it an e-pressure function.

3. MAIN RESULTS

We start with a consequence of [1], which provides a variational principle and equilibrium
states for the upper metric mean dimension determined by a family T' = (I';)g < - <1 of e-pressure
functions.

Theorem A. Let (X,d) be a compact metric space and T’ = (I'c)o <= <1 be a family of e-pressure
functions defined on a Banach space B(X) and such that mdimy; (T, d, ) < +oo. Then

iy (U d ) = o (M) + [pdu} Ve BY) (7)
where
M(p) = 1é1£ /cpdu and Cr = {p € B(X): mdimp(T,d, —p) < 0}. (8)
¢ €Cr

The map M is concave, upper semi-continuous, bounded above by mdimy (T, d,0) and satisfies

M(pu) = @GI%EX) {mdmﬂM(I‘,d, ) — /tpd,u} V€ Po(X).

In addition, if T: Py(X) — [0, +00] is another function taking the role of M in the equality (7),
then 7 < M. Moreover, Cr 2 liminf, 4+ Ar_, where

Ar, = {go € B(X): To(—p) < o}.
When B(X) = C%(X), the maximum in (7) is attained in P(X).

It is straightforward to conclude that p attains the infimum in (8) (that is, M(u) = [ o du
for some g € Cr) if and only if mdimy; (T, d, —pp) = 0 and p is an equilibrium state of —y.
Indeed, if mdimy/(T',d, —p¢) = 0 and g is an equilibrium state of —yg, then

0 = mdimy; (T, d, —p9) = M(p) +/—ch du
so M(p) = [ podp. Conversely, if M(u) = [ ¢odp for some ¢y € Cr, then
0 > mdimy/ (T, d, —po) > M(p) /goo =0

so mdimp; (T, d, —pp) = 0 and p is an equilibrium state of —¢yg.

After completing this work we became aware of the recent preprint [29] by Yang, Chen and
Zhou, where the authors propose a notion of measure-theoretic upper metric mean dimension
for continuous self-maps of compact metric spaces. Our strategy is different from, though akin
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to, the one we read in [29], whose authors define the measure-theoretic upper metric mean
dimension for a continuous map 7': X — X of a compact metric space (X, d) by

weP(X) — F(p) = inf /(pd,u
pel
where
C = {p € C%X): mdimy(X,d,T,—¢) = 0}.
Moreover, the authors showed that the map F' satisfies the variational principle
mdimy; (X,d, T, ) = sup {F(u) + /cpdu} Ve CUX).
neP(X)

From the latter equality, we deduce by applying Theorem A to (P(X,d,T,-,€))o<c<1 that

F(p) < M(p)  VpeP(X).
Yet, by definition, C C Cr; hence

M(p) < F(p)  VpeP(X).

Thus, M = F, so we may add that F' depends on the choice of the metric d (cf. Example 10.1)
and only attains the maximum at invariant probability measures (cf. Lemma 5.4). Therefore,
Theorem A recovers the main contribution of [29], besides extending it to scaled pressure func-
tions. We note that Theorem A’s statement is free from a dynamical context, which allows us
to consider other settings, such as semigroup actions (cf. Subsection 11.1).

We proceed to discuss the computability of the map M. More precisely, take a family I' =
(F5)0<5<1 of e-pressure functions I'.: C°(X) — R such that mdimy,(T,d,-) < 4oo. Let

M:P(X) — R be the map assigned by Theorem A to the family I' = (Fa)0<a<1, which
satisfies

. (o)
imewp s = me {M00+ [odn} veecon, ©)

For every 0 < € < 1, denote by h.: P(X) — R the map provided by the application of [1,
Theorem 1] to the pressure function I'c/log (1/¢), so that

1) { / 0
=) d } Vo e CO(X). 10
Is M the limsup, as € go to 07, of the maps h.? To address this question, consider the function
M*: PX) — R
[ SUP(u), e M(p) limsup, o+ be(pe)

where M(p) is the space of sequences of probability measures in P(X) which converge in the
weak*-topology to u.

Theorem B. Let (X, d) be a compact metric space and T’ = (F5)0<s <1 be a family of e-pressure
functions T.: CY(X) — R such that mdimy (T, d,-) < +oo. Then

— B * 0
mdimy (T, d, ) = , max {M (u)+/sodu} Ve CU(X).
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Moreover, given ¢ € C°(X), the previous mazimum is attained at any accumulation point of the
family of equilibrium states (u)n for ¢ and the pressure functions (U'c, /log (1/€n))n, where the
sequence (n)nen converges to zero and satisfies

— I, (v)
mdim; (T, d = lim —r_
M( ) 730) n— 400 log(l/sn)
Theorem B is a consequence of a more general result that will be proved in Section 6. Theo-
rems A and B may be applied to most definitions of pressure function available in the literature.
We will illustrate this assertion in Subsection 11.1, within the context of topological pressures
determined by dynamical systems or semigroup actions.

We will now address the dynamical setting. Let (X, d) be a compact metric space and T: X —
X be a continuous map such that mdimy; (X, d, T) < +oo. Although Theorem A provides a map
M: P(X) — R satisfying a variational principle, the variational nature of the definition of M
prevents us from easily compute it in specific examples or draw dynamical information from it.
In what follows, we introduce another suitable notion of measure-theoretic upper metric mean
dimension, built on Katok’s description of the metric entropy, which also satisfies a variational
principle like (4).

Given p € Pp(X) and § € |0, 1], we define

HE: Pr(X) — R
. hE (c,5) (11)
I > SUP(4). € M(p) lim sup, _, g+ m
where M () stands for the space of sequences of probability measures in Pp(X) which converge
to 41 in the weak*-topology, and hX (¢, 6) is the 6-Katok entropy of v at scale £ (see the definition
in [14] and more details in Section 7).

Theorem C. Let (X,d) be a compact metric space and T: X — X be a continuous map such
that mdimy; (X, d, T) < +o0o. Then, for every § €10,1],

mdimy (X, d,T,¢) = max {Hg((u)—i—/god,u} Ve CV(X). (12)
peE&r(X)

Our approach allows a generalization which will be established in Subsection 7.3.

We may improve the information conveyed by Theorems A and C if we consider full shifts on
compact alphabets satisfying a box dimension homogeneity condition. Given a compact metric
space (Y, d) and p > 1, we endow the space YN with the metric

d(Tn;s Yn)
dy(x,y) = sup ————=
p( y) neN pn—l

where = (z,)nen and ¥ = (yn)nen. For each ¢ € CY(YY) the following result provides an ex-
act formula for the upper metric mean dimension mdimy (Y™, d,, o, ¢), yielding a reformulation
of the variational principle (7) in this setting.

(13)

Theorem D. Let (Y,d) be a compact metric space such that dimpU = dimpgY for every
nonempty open set U CY. Then,

mdimy; (YN, d,, 0,¢) = dimpY + max /apdu Ve oO(Yh). (14)
pEE(YT)
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For instance, for every positive integer D and every p > 1,
mdim O,lDN,d,U,cp =D+ max /cpdu VoeC® 0,1]2)M.
(O dpog) = Dt max (10, 17)")

For more information when D = 1, see Example 10.2. To the authors knowledge, this is the first
explicit calculation of the upper metric mean dimension with potential of a dynamical system.
We also note that the maximization in (14) is an issue of ergodic optimization. Regarding this
subject, we refer the reader to Section 11.

In the remainder of this section, we consider the action of a homeomorphism 7" on a compact
metric space (X, d). Define the local metric mean dimension function by

D:X — R
x > inf {mdimM(U, d,T): U is an open neighborhood of m} (15)
As T is a homeomorphism, the map D is upper semi-continuous and 7T-invariant. In particular,

it is constant almost everywhere of any ergodic probability measure. Moreover, it satisfies the
following variational principle.

Theorem E. Let (X,d) be a compact metric space and T: X — X be a homeomorphism such
that mdimps(X,d,T) < +o00. Then

mdimys (X, d,T) = max /Dxd r) = max /Dxd x).
WX T) = max [ D@)dpte) = max [ D) d(a)
In addition, a measure p € Pp(X) attains the previous mazximum if and only if

Dlsupp(ny = mdimps (X, d, T).

4. CONVEX ANALYSIS AND PRESSURE FUNCTIONS

In this section we collect some information from [1] concerning pressure functions. We start
by observing that a monotone and translation invariant map Y: B(X) — R U {£oo} is finite
valued or constantly co. Indeed, given ¢, ¥ € B(X), then

T(@) = llp =Ylloc = T(e = llo = ¥lloo) < T(p) < T+ [l = VYlloo) = T(®) + o = Pllco-

Theorem 4.1 (Theorem 1 of [1]; see also [2]). Let (X, d) be a locally compact metric space and
T: B(X) — R be a pressure function. Then

T(p) = e {h(u) +/<pdu} Ve € B(X) (16)
where the map b = by p(x): Pa(X) = RU{—00, +oo} satisfies
o) = it [pda  and  Ar = {p e BOY) : T(-) <0}

The map b is concave, upper semi-continuous, bounded above by Y(0) and, if 7: Pe(X) —
[0, +00] takes the role of b in (16), then T < b. Moreover, one has

o) = _nt {10~ [edu} Vi€ Pux),

peB(X

In case X is compact and B(X) = C°(X), then the mazimum is attained at P(X).
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The variational principle (16) ensures that there always exist normalized finitely additive
measures which attain the supremum; that is, the set

E(T) = {1 € PalX)s T(e) = bi) + [ o}
is non empty.

Definition 4.2. Consider a pressure function T: B(X) — R and a potential ¢ € B(X). We
say that p € Py(X) is a tangent functional to Y at ¢ if

Yo+ v)-T(0) = [vdu  voeBX).
We denote by T,(Y) the set of tangent functionals to Y at .

The next result states that, for every potential ¢, the set 7,(Y) coincides with the space of
finitely additive equilibrium states of ¢ and established a sufficient condition for the uniqueness
of such finitely additive equilibrium states.

Theorem 4.3 (Theorem 2 of [1]). Let (X, d) be a locally compact metric space and T: B(X) —
R be a pressure function. Then

E,(T) = T,(X) ¥y e BX).

Moreover, if B(X) = Cp(X) or B(X) = C.(X), then there exists a residual subset R C B(X)
such that #E,(T) =1 for every ¢ € A.

It is known that the uniqueness of equilibrium states for the topological pressure associated
to a dynamical system is tied in with the differentiability of the pressure. In the wider setting
of pressure functions one has the following generalization.

Definition 4.4. A pressure function Y: B(X) — R is locally affine at ¢ € B(X) if there exists
a neighborhood V of 0 € B(X) and a unique p, € Po(X) such that

T(p + 1) — T(p) = /Muw Vi eV,

Recall that T: B(X) — R is Fréchet differentiable at ¢ € B(X) if there exists a unique
fy € Pa(X) such that

1 T d = 0.
i o [T+ 0 =T - [

Theorem 4.5 (Theorem 3 of [1]). Let (X, d) be a locally compact metric space and T : B(X) —
R be a pressure function. The following are equivalent:

(a) Y is locally affine at .
(b) There exists a unique tangent functional p, € To(Y) and

timsup {1 el € Tora(1) ) = 0

(c) Y is Fréchet differentiable at .

In particular, the following are also equivalent:
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(d) Y is affine.
(¢) Upe x) To(Y) is a singleton.
(f) Y is everywhere Fréchet differentiable.
As being affine is a rigid condition that often does not hold, one may consider the weaker
notion of Gateaux differentiability. A pressure function YT: B(X) — R is Gateaux differentiable

at ¢ € B(X) if the directional pressure map t € R — Y(p + ) is differentiable for every
¥ € B(X): that is, given ¢ € B(X), the limit

dY(p)(¥) = lim - [T(p+ 1) = T(0)]

S

exists and is finite.

Theorem 4.6 (Corollary 4 of [1]). A pressure function T: B(X) — R is Gateaux differentiable
at @ if and only if there exists a unique tangent functional in T (7).

5. PROOF OF THEOREM A

Part of the content of Theorem A is a direct consequence of [1, Theorem 1]. For instance, the
map M is concave, since it is the infimum of affine maps, and bounded above by mdim;(T', d, 0)
due to the translation invariance of I'. We are left to verify that the upper metric mean dimension
of a family I' = (I'z)g<e<1 of e-pressure functions (defined in Subsection 2.5) is a pressure
function. Afterwards, we identify the admissible potentials in Cr (a subset defined by (8) in the
statement of Theorem A) which determine the measure-theoretic upper metric mean dimension
map M.

Consider the space
Lpx) = {I': B(X) — R | I is a scaled pressure function} U {£o0}.

This is a positive convex cone, that is,

(a) if I' € Lg(x), then pI' € Lyx) for every 5 > 0;

(b) given I', T's € Lg(x) and 0 < ¢ < 1, then tT'y + (1 — )’z € L(x)-
The next lemma, whose proof is straightforward, describes another relevant property of this
space.
Lemma 5.1. Lgx) is closed under the limsup operator, which preserves the scale. More

precisely, let (Gt)
map

0<t<1 be a collection of elements of Lyx) with common scale . Then the

e B(X) ~— limsup Gi(p)
t— 0t
s a scaled pressure function with scale .

The next proposition establishes that mdimy, (T, d, ) is a pressure function.

Proposition 5.2. Given a family T' = (I:)o<c<1 of e-pressure functions, defined in the same
Banach space B(X), the map

— . L)
mdim, (T, d,): ¢ € B(X) +~— limsup ————
ullod )i € BUO = I g (172)

belongs to Ly(x)-
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Proof. Fix 0 < € < 1. It is immediate to check that the renormalization

I (p)
log (1/¢)

is a convex and monotone function. Moreover, for every ¢ € B(X) and every ¢ € R, one has

I(¢+c)  Te(p)+ (log1/e)e

T:: e BX)

T = = =7 .

“r = Ty (i/e) log (1/5) e
Therefore, the map logr(ﬁ is in Lg(x), with scale « =1 for every 0 < e < 1. Consequently, by
Lemma 5.1, the map mdim/ (T, d, ) is an element of Lp(x), as claimed. O

We will now find suitable potentials.

Lemma 5.3. LetT' = (I':)o<c<1 be a family of pressure functions and consider the sets
Cr = {¢ € B(X): mdimy(T,d,—¢) < 0}

and, for every 0 < e <1,
Ar. = {p € B(X): Te(~p) < 0}.

Then

Cr 2 liminf Ap,_.
e— 07t

Proof. Clearly, if T'.(—p) < 0 for every small enough &, then

lim sup M < 0.
e+ log(l/e)
Consequently,
U ﬂ «41"5 C Cr.
neNO<e<l/n
The proofs of Lemma 5.3 and Theorem A are complete. O

We conclude this section by showing that, in the case of a continuous map acting on a compact
metric space with finite upper metric mean dimension, all equilibrium states are T-invariant
probability measures.

Lemma 5.4. Let (X,d) be a compact metric space, T: X — X be a continuous map such that
mdimy; (X,d, T) < +oo and p € C%(X) be a continuous potential. Then any equilibrium state
ty of p with respect to the variational principle (7) is invariant under T.

Proof. Given ¢ € C°(X), let u, € P(X) be such that

mdimy (X, d, T, ) = M(Msﬁ)_‘_/‘pd“@

We will show that [(¢oT)dpu, = [ 1 dpy, for every ¢ € CY(X). Fix ¢ € C%(X) and let y; and
o be equilibrium states associated to the potentials p+woT —1 and ¢ —oT + 1), respectively.
Then

mdimp (X, d, T, o+ oT —1p) = M(,ul)—t—/cpdm—f—/(qboT)dul—/z/Jd;Ll
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and
mdimp (X, d, T, — o T + 1) = M(us) -i-/(,odug - /(on)d,ug +/wd,u2.
Moreover, by Remark 2.2, we know that

mdimy; (X, d, T, ¢) = mdimp(X,d, T, o+ oT — 1) = mdimp(X,d, T,p — o T + 1).

Therefore,
M(Mso)Jr/sodusoZM(M1)+/¢du1+/(¢0T)du1—/d)dul
2M(uw)+/<pdu<p+/(on)du<p—/wdu¢

which yields [(¢ o T)dp, < [ % du,. Analogously,
M(uso)Jr/sodmo:M(uz)+/wdu2—/(¢oT)du2+/z/zdu2
> M(u¢)+/<pdu<p —/(¢OT)dM¢+/¢dW

SO f (Y oT)du, > f Y du,. The proof is complete. Hence, the maximum in the variational
principle provided by Theorem A can be computed on the set of T-invariant probability mea-
sures. O

6. PROOF OF THEOREM B

Fix a compact metric space (X,d) and a family of pressure functions Y.: C°(X) — R, for
0 <e <1, such that ¥ = limsup, _, o+ T < +00. Recall that Lemma 5.1 ensures that Y is a
pressure function as well.

Lemma 6.1. Consider ¢ € C%(X) and a sequence (ep)ne N such that lim, ., o Ye, (0) =
Y (p). If, for every n € N, the measure u., € P(X) is a tangent functional to Y, at @, then
any accumulation point u € P(X) of (pe, )nen s a tangent functional to X at .

Proof. Given v € C%(X),
Y(p+v) = X(p) > limsup T, (¢ +¢) — lim T (¢)

n— 400 n — 400
= limsup (Tgn (p+)—"., (90)>
n — +0o
> limsup / WP dye,
n — 400
>

/@udﬂ.

We notice that, from Theorem 4.3, it is known that the set of equilibrium states of the pressure
function Y coincides with the set of its tangent functionals. For every 0 < ¢ < 1, denote by

O
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he: P(X) — R the map given by the application of [1, Theorem 1] to the pressure function Y,
which satisfies

Te(p) = e {bs(u)+/sodu} Vi e CU(X).

Moreover, given ¢ € C°(X) and 0 < ¢ < 1, let p, be an equilibrium state of the pressure
function Y, for .

Theorem 6.2. Let (X,d) be a compact metric space and (T5)0<5<1 be a family of pressure
functions Yo: C°(X) — R such that ¥ = limsup,_, g+ Ye < +o00. Then

o) = mpx {0+ [odn}  Veoex).

Moreover, given ¢ € C°(X), the previous mazimum is attained at any accumulation point of the
family of equilibrium states (u)n for ¢ and the pressure functions (Y, )n, where the sequence
(en)nen converges to zero and satisfies

Y(p) = lm T ().

n — +0o0o
Theorem B is a particular instance of the previous statement. Indeed, given a compact metric
space (X,d) and a family T' = (I'z)o<c<1 of e-pressure functions I'.: C°(X) — R such that

mdimys (T, d,-) < +o0, it is enough to apply Theorem 6.2 to the family of pressure functions
defined, for every 0 < & < 1, by

Te(p) Le(e)

= log(1/9) V€ CYX)

and the map
Y = mdimM((Te)O<€<lad7')‘

Proof of Theorem 6.2. We will show that the map M is an upper bound for M* and that they
coincide at the equilibrium states p provided by Lemma 6.1. Let p € P(X) and assume that
e — p in the weaks#-topology as € goes to zero. Then, for every ¢ € C°(X),

Y(p) = limsup Tc(p)

e— 0t

= lim sup max) {f)e(y) —|—/<de/}

et VEPX

> limsup (hs(us) +/s0dus)

e— 0t

= (limsup be(u.)) +/90du.

e— 0t

Thus
T(sO)—/sodu > M*(w).

Taking the infimum over all ¢ € C°(X) we get

M(p) = inf {T(@)—/Sﬂdﬂ} > M*(p).

p€CYX)
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Therefore,

max {M*(M)Jr/sodu} < Y(p).

pEP(X)

For the converse inequality, given ¢ € CY(X), take a sequence (¢,)nen as in the Lemma 6.1
and such that the limit limj, 4 p* in the weak*-topology exists. According to Lemma 6.1,
such a limit is an equilibrium state for Y and ¢. Denote it by j,. Then

Y(p) = lim T, (p)

n — +00

= lim (hgn(ufp")—k/gpdﬂfp”)

n— +oo

= (lim b, (u3")) +/sou¢-

n — +0o

Consequently, as u, is an equilibrium state of ¢, the previous estimates imply that

M) = Timbe, ().

Thus
M(pe) = lim be,(pg') < M7 (pp)
and so
Y(p) = M(uso)Jr/sodmo < M*(Mso)‘F/SOsto < Dax {M*(M)Jr/sodu}.
This finishes the proof of Theorem 6.2. 0

7. PROOF OF THEOREM C
Let (X,d) be a compact metric space and T: X — X be a continuous map such that
mdimys (X, d, T) < +oo. We start by recalling the definition of Katok metric entropy (cf. [14]).

Given p € Ep(X), e > 0,9 € ]0,1[ and n € N, consider the minimal number of open sets with
diameter smaller than ¢ with respect to d, needed to cover any subset A € B with measure p
greater than 1 — ¢, that is,

N,(e,0,n) = AlrelfB{S(A,dn,O,s): u(A) > 1 -4}

Define .
hff(z—:,é) = limsup - log N,(e,6,n).

n — +00
We can extend the previous notion to non-ergodic probability measures in Pr(X) via inte-
gration: given pu € Pp(X), define

WA (2,5) = / BE (¢, 8) dP, (m) (17)
Er(X)

where = | E£r(X) m dlP,(m) is the ergodic decomposition of ;. We note that, by definition, the

map h% is measurable and m-integrable; this way, the function
peP(X) =  hii(e0)

is also affine.
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Definition 7.1. Given p € Pr(X) and § € |0,1], define
HE: Pp(X) — R

> li hiic (€:0) (18)
7 SUP (4.). € M(p) 1M SUPe o+ log(1/e)

where M(p) stands for the space of sequences of probability measures in Pr(X) which converge
to p in the weak*-topology.

Remark 7.2. A priori, the map H({{ may depend on 0, though in several examples its value is
independent of this parameter (cf. Section 10). Moreover, given pu € Pr(X),

lim Hj(p) = sup H(p) (19)
§—0t §€10,1]
since the map 6 € 10,1[ — HE (1) is non-increasing.
To introduce a potential in the previous concept, given a continuous map ¢: X — R and
w € Ep(X), take
N,(p,e,0,n) = inf {S(A,dy, Snp,€): p(A) > 1—-46}
and

. 1

Pf(go,e,é) = limsup — log N, (p,¢,0,n).
n—4oo N

Similarly, we now extend the previous notion to u € Pp(X) using its ergodic decomposition,

that is,

PX(p,e,0) = / PE(p,e,8)dP,(m)
Er(X)
if u= ng(X) mdP,(m) € Pr(X).

Remark 7.3. Given § € ]0,1[ and p € Ep(X), one has Ny(p,e,6,n) < S(X,dn, Spp,€) for
everyn € N and € > 0; so Pf(go,s, 9) is bounded above by P(X,d, T, p,¢).

7.1. Linking H ({( and mdimys (X, d, T, ¢). The following connection between hff and Plf( is a
straightforward adaptation of Proposition 2.2 in [6].

Lemma 7.4. Let (X,d) be a compact metric space, T: X — X be a continuous map, ¢: X — R
be a continuous potential and p € Ep(X) be an ergodic probability measure. Then, given T > 0
and 1 > §1 > 69 > 03 > 0, one has for every 0 <e <7

hfi(e,61) Pl (p,e,09) _ hfi(e,03)
e dy—7 < £ 2777 < B / d . 20
ey + [ o= < B < e + ot 20)
This lemma has a main consequence: having fixed ¢ €0, 1[, if we define
Pl Pr(X) — R
. PK (p.6.8) (21)
7 = SUDP(4.). € M(u) IMSUP. g+ Tog(1/e)

then, taking limsup in (20), one gets

Hﬁ(u)+/¢du < Pl () < Hﬁ(u)Jr/sodu Vi€ Pr(X).
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Therefore, noticing that (see Remark 7.3)

Pls < mdimy(X,d,T,p)  V§€]0,1] Ve C'X)

we conclude that:

Lemma 7.5. For every 6 €]0,1[ and p € Pr(X), one has

A < nf{mdm (a7~ [ede} = M.

For future use, let us state two other properties of the map H ({( .
Lemma 7.6. For every 6 €]0,1], the map H({{ s conver and upper semi-continuous.
Proof. The convexity of H ({( is due to the fact that, for every § €]0,1[ and £ > 0, the map
pePHX) =  hli(e0)

is affine, hence the subsequent limsup in the definition of H g{ yields a convex map in Pp(X).
Besides, the supremum of convex maps is convex as well.

Regarding the upper semi-continuity of H ({{ , consider p € Pr(X) and a sequence (fip)nen in
Pr(X) converging, in the weak*-topology, to u. Given n € N, for every n > 0 there is a sequence
(ng))keN in M) such that
hK (Ek,5)

o () = < lmsup 300772

< Hj ().

Moreover, the sequence (Méﬁ))neN belongs to M(u). Thus,

HE (1) < limsup M—Fn < HE(p) +17
o n—+oo log(1l/ep) - ‘
So, for every n > 0,

lim sup Hg((,“n) < HC{{(M) +n

n — +0o
which implies that
limsup Hj* () < H{ ().

n — +00

We are ready to prove Theorem C.

7.2. Proof. Fix 0 €]0,1[. The upper bound follows immediately from Lemma 7.5 and Theo-
rem A:

di X.,d, T, o) = M dp b > HE du b, 22
mdimy (X, d, T, ¢) uer%%(){ (u)+/<p u}_uerré%(){ 5(u)+/<p u} (22)

We are left to show the other inequality. For that, we proceed by constructing o € Pr(X)
such that

mdimy (X, d, T, @) < Hf(u@%—/gpduo.
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It was proved in [7] that, for every § €]0, 1] and every non-negative ¢ € C°(X),

— . P (p,€,9)
mdimy, (X,d, T,¢) = limsup sup ———". (23)
e—0t peép(X) 10g(1/6)
We note that the translation invariance property on both sides of the previous equality allows us
to drop the condition ¢ > 0. Thus, given ¢ € C°(X), applying Lemma 7.4 and (23) we obtain,

for every 1 > 1 > 93 > 0,

: hji (e,01) — : hji (¢, 83)
limsup sup —|—/<pdu < mdimy(X,d, T, ) < limsup sup —l—/g@d,u.
c0t peep(x) log(l/e) e 0t peep(x) log(l/e)

These inequalities imply that, for every § €]0, 1],

dimy(X,d, T, o) = li UAGLIN / d (24)
mdimp,(X,d, T,p) = limsup sup ———— odu.
c0t peep(x) log(l/e)

Therefore, we may find a sequence (e,,), of positive real numbers converging to 0 and such that

mdim (X,d, T,0) = i b 6n.0) d
mdimy (X, d, T, ) nﬂloouesgzx)mga/a,g+/“o -

Thus, given 1 > 0, there is p € N such that, for every n > p,

dimy (X, d, T, ) < b (&n:9) +/ d
mampas (A, a, L, @) —1 Sup o pap
peen(x) log(l/en)

and so, for every n > p there exists p., € Er(X) satisfying

dimp (X, d, T P, (En:9) d
mdimp (X, d, T, ¢) —n < 1()g(1/5n)+/¢ ey, -

Taking a subsequence if necessary, we may assume that the sequence (Msn)n converges in the

>p
weak*-topology to up € Pr(X). Then, by Definition 7.1, for every n > 0,

hE (e,.6

HE (o) > limsup e (E0-9)

Hen TV s dimag(X.d, T, o) — dug — 1. 25
i sup < e > mdimy (X, d, T, ¢) /w to — 1 (25)

Hence,
mdim (X, d, T, @) < HE (o) + /g@duo.

To conclude, we note that even though the equilibrium state pg € Pr(X) may be non-ergodic,
by convexity and upper semi-continuity of the map

p—> {Hf(u)Jr/«pdu}

the maximum must also be attained at some ergodic measure. The proof of Theorem C is
complete.

Remark 7.7. From (22) and (25) we conclude that, up to a subsequence, the equilibrium state

1o satisfies
hE (e,,0)
Hf (no) = lim -t =
o) = B (1)
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Remark 7.8. If one defines H ({( without considering measures varying with the scale, say
~ h 1
Hs: p +—  limsup hule,0)
co+ log(1l/e)
then the equality (12) may not be valid: see Example 10.3 and Remark 10.4. This is related to
the existence of probability measures capturing the dynamical complexity at all scales, which is

a too strong requirement (see Section VIII in [16]). However, in some cases those probabilities
do exist, as happens in Example 10.2.

7.3. Generalization. The reasoning to prove Theorem C may be extended to maps
F:Pp(X)x]0,1[— R

satisfying

e : F(p,¢)

mdimps(X,d, T, ) = limsup  sup +/<pd,u . (26)

e 0t pePn(X) {log(l/E) }
Actually, if we define
F*: Pr(X) — R
1 P €y
7 = SUP(4.). € M(u) IMSUP, o+ loé’{l/?)

where M(u) is the space of sequences of probability measures in Pr(X) which converge to p in
the weak*-topology, then the previous argument also shows that

dimp (X, d, T, p) = F*(u d
R AT ) =, mg, {F0)+ f o

For instance, F' may be any of the examples referred to in (1), (2) and (3), or their corresponding
versions with potential (see definitions in [7]).

Remark 7.9. Example 10.3 provides a negative answer to the question of whether we can ez-
change the order of lim sup, and sup,, in (26). However, Theorem C shows that the regularization
F* of F' is sufficient to surpass the obstructions to such an exchange of order.

8. PROOF OF THEOREM D

The estimates in this section will be done for unilateral sequences, though they are also valid
for bilateral ones. Let (Y, d) be a compact metric space such that dimp U = dimp Y for every
nonempty open set U C Y. By Theorem A and Lemma 5.4 we have

mdimM(YN,dp,a, ©) =  sup {M(u) —i—/god,u} Ve C'X).
HEP(YT)
Since mdimy (YN, d,, o) = dimgY (cf. [27, Theorem 5]), Theorem A also indicates that

sup M(p) = dimpgY.
peE P, (YY)

Thus,

mdimy (YN, d,, 0,0) < dimpY + max /god,u Vo e CVX). (27)
pE P, (YN

For the converse inequality, recall from Lemma 7.5 that, given § > 0, we have
HE () < M(p) < mdimpy (YN, dy,0) = dimgY  Vu € P, (YY), (28)
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Theorem 8.1. Let (Y,d) be a compact metric space such that dimpU = dimpY for every
nonempty open set U C'Y. Then, for every § €]0,1],

HE(u) = dimpY  Vpue P, (Y.

Consequently,

mdimy (YN, dy, 0,0) > dimpY +u€%1a(>}</N) / odu Vo€ C¥UX) (29)

and, bringing (27) and (29) together, the proof of Theorem D is complete, up to the proof of
Theorem 8.1.
Proof of Theorem 8.1. To show that
HE(p) > dimpY Ve P (YY)
we start relating the map H ({( with the local box dimension of the alphabet set Y.

Lemma 8.2. For every § €]0,1[ and p > 1, given a fized point (y,y,---) € YN one has
. . KN
hm+ dimp B,(y) < Hy (dg,,)

v—0
where 5?;} € P, (YY) is the product measure of the Dirac measure supported on y and B (y)

stands for the open ball in'Y centered at y with radius v in the metric d,.

Proof. Fix 6 €]0,1[ and p > 1. Given € > 0 and v > 0, let E = E(¢) C B,(y) be a maximal
e-separated subset of B, (y). Take

1
2= 2 e md =00 (30)
ecE

Then, clearly any two elements in the n-cylinder
zweEEX - xEXY XY x--cYN

which differ at some of the first n coordinates satisfy d,,(z,w) > e. Let L = L(n,¢,d) be the
maximal positive integer such that L|E|™" < §, where |E| stands for the cardinal number of E.
Then, any subset A C YN satisfying

pl(A) > 1-96
must contain an (n, €)-separated subset F whose cardinal number satisfies
[FI = [E" =L > (1=9)|E["
since Y\ A can contain at most L sub-cylinders {y;1} x --- x {y,} x Y x Y x ---. Thus,
hfg(e,é) > log |E|.
Let (e5)r be a sequence of positive real numbers converging to 0 such that

log |E(en)] .
log(1/en)

o limy, 400 ,uzz = 7 € P(YY) in the weak*-topology.

e dimp B, (y) = lim, s 4o
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Then,
RE, (e}, 9)
. Hy : log|E(en)] _ ——
HE (1) > limsup —2——— > limsup ————=21 = dimp B .
o () 2 Imeup oy = I Yy — dme BO)
As supp(p?) C B, (y)Y, we also have
lim u” = (5{Ny}

y—0t
so, by the upper semi-continuity of H ({( , we get

Hi (37,) 2 livnlsg_lkp Hi* (07) > Jim - dimp By(y).

The next proposition generalizes the previous information.

Proposition 8.3. Given ¢ €]0,1[ and p > 1, for every periodic point by o with minimal period
D, $ay €= (Y1, Yps Y1, »Yp, - -+ ) € YN, the Dirac periodic probability measure pe € Py(YY)
supported on the orbit of £ satisfies

1 _
=~ lim dimpg BY(¢) < HE
p vin(%%- mp p(g) ) (M&)

where B)(y) = By(y1) X - -+ X By(yp) C YP and B, (a) stands for the open ball in'Y centered at
a with radius 7.

Proof. Endow the space Y? with the metric
ame ((Zla 2, 7Zp)a (’UJl, wa, - - awp)) = nax {d(ZI, w1)7 T 7d(zp7 wp)}

and consider in (Y?)" the metric dpr™ given by (13) when applied to the metric space (Y7, d™)
and the value p”:
max < <p A Xitnp — Bitnp)

Ay (a, ) =  sup )
P n e NU{0} pP"

Then the map

- (YN,dp,Jp) = ((YP)N,dg},aX,a)
(z1’227...) |_> ((Zl’...’zp)’(zp+1’...722p)’...)

satisfies ® o 0P = 0 o ® and is bi-Lipschitz. In fact, given z = (21, 29,---) and w = (wy, wa, - )
in YN, one has

maxi1<i<p d(zi+np - wi+np)

dp™(®(2), ®(w)) = sup

n € NU{0} pr
<"l sup  max [Zitnp — Witnpl
i v > 71
neNU{o} 1<is<p PP

= ppildﬂ(zﬁ w)
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and
a (2 —aps
dg;ax(q)(z)’ q)(w)) = sup maxj<i<p (Z’L+np w2+np)
yZu
n € NU{0} P
d(z: —
> sup max (Zz-i-nizjr nfUlz-i-np)
neNU{o} 1<i<p prre
=d,(z,w).
Now, take a periodic point & = (y1,- - ,Yp, Y1, ,Yp, - ) € YN by o, with minimal period

p, and let p¢ be the Dirac periodic probability measure supported on the orbit of {. We notice
that, for each i € {1,---,p}, the push-forward ®.(d(,i()}) is the Dirac measure dyg(yi(¢)yy in

(v?)N supported on the fixed point
(I)(O-Z(g)) = ((ler’ia s Yps Y1, 7@/1'), (ler’L'a 5 YUps Y1, ayi), ne )

For every v > 0 and € > 0, consider the probability measure (i) in (Yp‘)N defined in (30),
within the proof of Lemma 8.2, but now with respect to the fixed point ®(¢*(§)) by o. Then,

B o (e,8) 2 log | Ei(e)
where Ej(e) is a maximal e-separated subset of

B! = By(Yit1, 1 Yps Y1, 5 Yi) = By(yis1) X -+ X By(yp) X By(y1) X -+ x By(ys).
Therefore,

1 21
hlfzp,l § R i (€:0) >f§:log\E g)l.
p £i=0 1=0

We now observe that Bz (&) is given by permutatlons in the coordinates of By () for every
i =1,...,p. Hence they all have the same upper box dimension, which can be estimated using
the same sequence of scales, say (&,),. Assume (by taking a subsequence if necessary) that those
scales are such that the sequence (u W( ))n converges in the weak*-topology, say

im pl (i) = @)  Vie{l, - ,p}

n — +00o
Consequently,
Rk (en,0)
1 <& Zloﬂv() ’ log |Ei(en)]  ——
HK<7 v z) > limsu > limsup — 2L = dimp B (€).
> \p ;M ) = HHJroIo) log(1/e7) nﬁ+o§ D Z log(1/&3) 5B, ()
Moreover, as supp(u? (7)) C B} for every 1,
12
lim - Ofd (o D0y = o,
i Z Wi = ; (o Z} ooy = Ple).

Finally, by the upper semi-continuity of H ({{ ,
HE(®i(pe)) > lim dimp BJ(€).
v—0t

We are left to relate HE(®,(u¢)) with HE (uu¢). The following lemma explains why HE
preserved under bi-Lipschitz conjugations.
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Lemma 8.4. Let T: X — X and T': X' — X' be continuous maps on compact metric spaces
(X,d) and (X',d"), and ®: X — X' be a bi-Lipschitz conjugation between them. Then,

Hy (X, d, T, p) = Hf (X', d, T, ®(p)) Ve Pr(X).

Proof. We start by recalling a few simple facts about the push-forward map p — ®,p = pod~1:
(a) A sequence (pe)e in Pr(X) converges to p € Pr(X) if and only if ®,p. in Pp/(X') converges
to ®.pu € Pr(X').

(b) m € Ep(X) if and only if ®.m € Ep(X').
(¢) v = [ mdP,(m) is the ergodic decomposition of v € Pp(X) if and only if @, = [ ®.(m) dP,(m)
is the ergodic decomposition of ®,v € P (X').
Take now constants C7,Co > 0 such that
Crd(z,2') < d'(®(z),®(2')) < Cad(x,y) Vr, 2 € X.
Then, by considering separated subsets, we get for any A C X
S(A,dy,0,e) < S(®(A),d,,0,Cie) < S(A,dy,0,Cs¢)

where C3 = C1/C5. Thus, for every m € Er(X),
Np(e,6,n) = inf{S(A,dy,0,e) : m(A) >1—6}
< inf {S(®(A),d,,0,Cie) : P.m(P(A)) >1—4}
= No,m(Cig,0,n)
<inf{S(4,d,,0,C3¢) : m(A) >1—-6}
= N, (Cse,6,n).
Hence,
hhi(e,8) < hE,,.(Cie,8) < hlx(Cse,0).

P.m

Consequently, for every v € Pp(X) with ergodic decomposition given by v = [ mdP,(m) we
have

hE (e, 6) = / hE (e, 8) dP, (m)

< / BE . (Cre,8) dP, (m)
= hg.,(Cie, 8)

< / WK (Cye, 5) dP, (m)
= hE(Cs¢,6).

Thus,
hE(e,0) < hE ,(Cie,8) < hE(Cse,6).

We now proceed to evaluate H({( Given p € Pr(X), take sequences p, — p and &, — 0T
such that

HK _ i _Hn T 7
5 (p) = lim log(1/e)
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Then,

RE  (Cien,d)
HE (1) < limsup —t " 2 < gE(®,p).
o () = I T log(1en) = o (Pt
For the converse inequality, take sequences p,, — p and &, — 0T such that
hE  (Cien,d
HE(®,) = lim M.
n—+oo log(1/Chey)

Then,

hE (Csep, §
HE(®,p) < limsup i (€3 ) < HE

i sup e (1 Cren) = 1o (1)

It is equally straightforward to show the following power rule for the map H ({( .
Lemma 8.5. Let (X,d,T) be as above and p € N. Then
Hf(X,d, TP, p) < pHy (X, d,T,p) ¥ p € Pr(X).

To complete the proof of Proposition 8.3, we summon Lemmas 8.4 and 8.5 to deduce that

ylin&Jr dimp B} (r) < H({( ((YP)N,dE}aX,U, Q*;%) = Hf(YN,dp,Up,,%) < pHg((YN,dp,a, ,ug).

O

Let us resume the proof of Theorem 8.1. Under the assumption that every nonempty open
set in U C Y satisfies dimp U = dimp Y, we know that

p
dimp BJ(&) = dimp (Bﬂy(yl) X Bw(yp)) =" dimg B, (y).
=1

Therefore, by Proposition 8.3, for every periodic probability measure ji¢ supported on a periodic
point € = (y1,- -+ ,Yp, Y1, - ) with minimal period p, we have

. 1 & . . . K (N
dimpY = Z Zz; 715101+ dimp By(y:) = I; 'ylL\HSJr dimp Bg(f) < H; (Y ydp, 0, Mﬁ)'

In addition, by the specification property of the shift map (cf. [23, Proposition 2]), the set of
periodic probability measures is dense in P, (Y'N). Thus, from the upper semi-continuity of H, ({(
we obtain

HE(p) > dimgpY  Vue P, (YY),
We end the proof of Theorem D by bringing together the last inequality and (28). O

Remark 8.6. We note that, under the assumptions of Theorem D, one has

M(p) = dimpY  VYpue P, (YY)
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8.1. Dimension homogeneity assumption. We stress that some homogeneity hypothesis on
the box dimension structure of the space Y is indeed necessary. For instance, if a space of posi-
tive upper box dimension contains an isolated point (as happens with Y = {0} U {1 /n: n € N}
endowed with the Euclidean metric, whose box dimension is 1/2; cf. [13, Lemma 3.1]), then The-
orem 8.1 does not hold for the Dirac probability measure supported on that point. Consequently,
Theorem D is not valid for a well chosen potential, as the following result illustrates.
Proposition 8.7. Let (Y,d) be a compact metric space and o the shift map on (YN, dy).

(a) Giveny € Y, one has
H(57,) = M(6],y) = lim dimp B, (y).

v—0t+
(b) Assume that (Y,d) has positive upper box dimension and contains a point yo such that

lim dimp B,(y) < dimpY.
v—0t

Then there exists ¢ € CO(YN) such that

mdimy (YN, dy, 0, ) < dimpY + max /wdu.
neES(YN)

Proof. (a) Fix y € Y. For each v > 0 consider a map ¢, € CO(YY) satisfying

. 0 ifxy € B,Y/Q(y)
oy(T1,@2,-0) = { —dimgY — 1 if z1 ¢ B, (y)
and always bounded above by 0. Given € > 0, let Uy, --- ,Uy be a minimal open cover of
B, (y) with diameter at most . Complete it to an open cover of the whole space Y by adding a
minimal e-cover Un1,--- ,Un4p of the complement of U} U;. Without loss of generality we
may suppose that none of the sets Un41,--- ,Un4p intersects B, (y). Take £ = () such that
diam(Y,d)/p"~! < & and consider the open cover of YN given by
a={Uj x-xUj, XY xYx-: 1<ji, - ,jiyn <N+ P}.

Then the diameter of o with respect to the metric d,,, satisfies diam(e, d,, ) < € and

Z (1/5)SUPU Snoy — Z (1/8)25:2711 Supy, v

Uca Ujy x-xUj,,

(NP S (1)e)er P #
Ujy X xUsp,
< (N + P)Z Z (1/5)*(EBY+1)#{U: ij{N+1,---,N+P}}

Ujy X% Ujp,

— (N + P) (i <Z> pkyn—Fk (5EBY+1)k>
k=0

— (N—FP)K <N+P€HBY+1>
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We observe that as P is smaller than the e-covering number of Y then one has P < g~ (dimpY+1/2)

for small enough £ > 0. Thus, for those values of ¢,
POYN,d,, 0,0,,¢) < log (N +P5(TmBY+1) < log (N + 51/2)

and so
log (N + 51/2)

mdim; (YN, d,, o, < limsup = dimp B, (y). 31
( 14 (ID’Y) .ot lOg(l/&) ’Y( ) ( )
On the other hand,
_ N _
/AEI?B())(’N) /go,y du = /907 dé{y} =0 Vv > 0. (32)
Therefore
N _ . - N _ N
M) = {mdlmM(Y \d,0,1) /zpdé{y}}
< lim mdimpy (YN, d, 0, ¢,)
~v— 0t
< «,li)Hol+ dimp B, (y).

To complete the proof of item (a) we summon Lemmas 8.2 and 7.5.

. o T EE
(b) Let yo € Y be such that lim., _, o+ dimp B,(yo) < dimpY and 7o > 0 such that
ﬁB B,Yo(yo) < MBY

Consider ¢~, associated to yo as previously defined. Then, taking into account (31) and (32) we
conclude that

mdimM(YN,dp,U, ©rp) < dimpY + max /gov0 dp.
pe&s(YN)

9. PROOF OF THEOREM E

Recall from Section 3 that the map D: X — R is given by
D(x) = inf {mdimM(ﬁ, d,T) : U is an open neighborhood of m}

Even though the main results we show in this subsection assume invertibility of the dynamics,
we define D for possibly non-injective maps. Unless stated otherwise, in what follows we will
assume that 7" is just continuous. As one can see in Examples (10.3) and (10.5), which are far
from being injective, the above concept is closely related to the map H ({( . We will show this is
true in general if the map T is a homeomorphism.

We start by establishing some useful properties of the map D.

Lemma 9.1. The map D is upper semi-continuous and
0 <D < mdimy(X,d, T).

In particular, D is measurable and p-integrable with respect to every p € P(X).



28 M. CARVALHO, G. PESSIL, AND P. VARANDAS

Proof. Given z € X and an open neighborhood U of z, let (z,,),cn be a sequence of elements
in U converging to x. Then, for sufficiently large n, one has z,, € U and

D(xy,) < mdimp (U, d,T).
We conclude the proof by taking lim sup,, and inf;; . O
Lemma 9.2. For any p € Ep(X), the map D is constant pu-almost everywhere.

Proof. We begin by showing that D is increasing along orbits. Given an open nonempty subset
U of X, let E C U be (n+ 1,¢)-separated. Then, by the Pigeonhole Principle, there is an
(n, e)-separated subset A C T'(E) C T(U) with cardinality #A4 > #E/51(X,d,0,¢). Hence,

Sl (T(U)7 d'rl7 07 8) > SI(U7 dTL+17 07 E)/Sl (X7 d7 07 8)

and so D(z) < D(T'(x)) for all z € X.
We observe now that if x € X is recurrent, that is, limy _, 1o, 7™ (2) = x for some subsequence
of the orbit of by T', then by the upper semi-continuity of D one has
limsup D(T"™ (z)) < D(z).

k—+4o0

As D is increasing along orbits, the previous inequality implies that D is constant along orbits
of recurrent points. Thus, given u € Ep(X), by the Poincaré Recurrence Theorem we deduce
that D is constant p-almost everywhere. 0

9.1. Linking D and mdimy;(X,d, T, ¢). In the remaining of this section, we assume that the
map T: X — X is a homeomorphism. We will prove a general result, taking into account the
role of the potentials, of which Theorem E is an immediate consequence.

Theorem 9.3. Let (X,d) be a compact metric space and T: X — X be a homeomorphism such
that mdimy; (X, d, T) < +oo. Then, for every ¢ € C°(X),

mdimp (X, d, T, ) < max / (D+ ¢)(z)du(z) = ueH;??X) / (D + ¢)(z) du(z).

Proof. Fix § €]0,1[ and let pg be the equilibrium state constructed in the proof of Theorem C,
namely the probability measure which is the weak*-limit of the sequence (,ugn) in &p(X) as
(en)n goes to 0 and satisfies

neN

- K ) hffs (€n,0)
mdlmM(X,d,T,ap) :H(; (/,Lo)—i-/gOd,U,() :nh—golo]ogn(l/g)_‘_k/(pduo

Note that, given an open set U C X such that u(U) > 0, for large enough n one has . (U) > 0.
Lemma 9.4. [32, Theorem 3.7] If T: X — X is a homeomorphism on a compact metric space

(X,d), for every ergodic probability measure p € Ep(X), every open set U C X such that
w(U) >0, every € > 0 and every 6 €]0, 1] we have

PU,d,T,0,e) > hf(s,0).

By Lemma 9.4 and Remark 7.7 we have
K

h
HE (o) = lim =2 < @iy (T, d, T).
5 (ko) W Tog(1/ey) = mdimy (U, d, T)
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Thus, for any x € supp(uo),
HE (o) < infU mdimy,(U,d, T) = D(z).
x e
Therefore,

HE (o) < inf  D(x) < /Dd,ug.
x € supp(uo)

Hence,

mdimy (X, d, T, ¢) < /(D+4p) dpg < max /(D+cp)(a:)du(x).
pePr(X)

As p— [ Ddp is affine, the previous maximum is also attained at some ergodic probability
measure. This ends the proof of Theorem 9.3.
O

Let us resume the proof of Theorem E. The equality in its statement follows from Theorem 9.3,
when ¢ = 0, and the fact that D < mdimy (X, d,T') (cf. Lemma 9.1).

Now consider a measure p € Pr(X) satisfying
mdimy (X,d, T) = /Ddu.

Then, as D < mdimy/(X,d,T), there exists a full measure set Z C X such that D|y =
mdim s (X, d, T). Therefore, since supp(p) C Z and D is upper semi-continuous, we deduce
that D|supp(,) = mdimys (X, d, T). The proof of Theorem E is complete. [

Remark 9.5. A strict inequality may happen in Theorem 9.3. For instance, if one considers
the shift map on Y7, we always have
D =dimpY

and so, if (Y,d) has positive upper box dimension and contains an isolated point, then using the
potential @ provided by Proposition 8.7 we get

mdimp (Y2, d,, 0,0) < #erg?éz) / (D + ¢)(z) du(z).

Another consequence of Theorem 9.3 is the following relation between p — [ Ddu and
i M(p) (see (8)).

Corollary 9.6. Let (X,d) be a compact metric space and T: X — X be a homeomorphism such
that mdimps (X, d, T) < +o00. Then,

M) < /Ddu Vu e Pr(X).
In addition, the equality in Theorem 9.3 holds for every ¢ € CY(X) if and only if

M) = /Ddu Yy € Pr(X).
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Proof. We recall that M is given by M(p) = inf,ce. [ ¢ dp, where
= {p € C°X): mdimy(X,d, T, —¢) < 0}.
Now observe that, by Theorem 9.3, for every continuous potential satisfying ¢ > D we have
mdimps (X, d, T, —¢) < max / D—1)du <0
M ¥) S (D) du

that is, ¢ € Cr. By upper semi-continuity of D, there exists a decreasing sequence of continuous
potentials ¢, converging to D as n — oco. Then, by the Monotone Convergence Theorem,

M(p) = @ig(fzr /sodﬂ < nlgmm/wndﬂ = /Ddu Vi € Pr(X).

To conclude, assume that the inequality in Theorem 9.3 is indeed an equality for any potential
¢ € C%X). Then, p +— [Ddu satisfies the variational principle (7). By the maximality of
wu — M(p) among all those maps satisfying this variational principle (provided by Theorem A),
we get

M) > /Ddu Vu € Pr(X).
O

9.2. Metric mean dimension points. An element x € X is said to be as a metric mean
dimension point if D(x) > 0; it is a full metric mean dimension point if D(x) = mdimp,(X,d, T).
Denote the set of such points by D,(X,d,T) and Dg (X,d, T), respectively. It was shown in [19]
that D;J: (X,d,T) # . The following is an immediate consequence of Theorem E:

Corollary 9.7. Under the assumptions of Theorem E, there exists an ergodic probability measure
w € Er(X) such that supp(p) C Dg(X, d,T).
10. EXAMPLES

The first example confirms that the measure-theoretic upper metric mean dimension defined
in the statement of Theorem A depends on the metric.

Example 10.1. Consider the symbolic space Y = {0,1}" with the product topology. This
topology is generated by both distances

dl(I, y Z |':UTL yn| and d2 117 y Z |:En yn
neN neN
Endowing the product space YN with the metrics D, for j = 1,2, given by
d; b
Dj(a, b) = sup d;(an, bn)
neN 2n
which induce the same topology in YN, and considering in Y the shift map o, we get (cf. [15])
mdimy (YN, Dy, 0, 0) = dimp(Y,d;) = 1

while
mdimy; (YN, Dy, 0, 0) = dimp(Y,dz) = log2/log3.
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Let M; and M5 denote the measure-theoretic upper metric mean dimension maps assigned
by Theorem A to (YN, Dy,0) and (YN, Dy, o), respectively, when applied to the families of -
pressure functions (P(YN,Dl,a, ~,<€)) and (P(YN,DQ,U, -,5)) introduced in Sub-
section 2.1. Thus

0<e<1 0<e<1

log 2

M = <1= M .
MEI%E%);N) 1) log 3 uen;’%%) 1)

The next two examples comprise continuous maps with the same positive upper metric mean
dimension, though their dynamical traits and corresponding sources of complexity are different.

Example 10.2. Denote by |- | the Euclidean distance in [0, 1] and, given any p > 1, consider
the space [0, 1]Y with the metric d, (defined in (13)). Let o: [0, 1]Y — [0,1]N be the shift map.
From Theorem 8.1 we already know that, for every ¢ €]0, 1],

HE(W =1 VwpeP,(0,1Y). (33)

Nevertheless, we can improve the argument in the proof of Lemma 8.2 when computing H ({( at
a Dirac measure supported on a fixed point, thereby showing that each approximating measure
ue detects separation at all scales.

Given z € [0,1] and € > 0, denote by I(g) the amount of odd numbers between 1 and
[1/¢] (thus I(e) > 1/2¢) and by B = B.(z) C [0,1] the open interval of radius ¢ centered
at x. Partition B into [1/e] intervals with the same length, say B(1),---,B([1/¢]). Iterate
by partitioning B(i1,- -+ ,ip) into B(i1, -+ ,in, 1), -+, B(i1, - ,in, [1/€]) so that the length of
B(iy, -+ ,in) is at least e"*1. We observe that, if

y € B(if, - in) x B, ip) x - x B(if, -~ i)

’»'n ' 'n ’'n
@ € Bt odn) X B, i) o X BOY, )
where the i’s and j's are all odd, then dy(y, z) > "t
Let v, be a probability measure in [0, 1] determined by
e . (B) =1,
e v.(B(i)) = I(e)7*, for every odd i;
o v.(B(i1, -+ ,in)) = I(e)™", for every odd #'s.

Define 1. = /Y, which is clearly ergodic, converges to 51{\;} as € — 0" and satisfies

pe(B(i1, -+ yib) x B(i3, -+ ,i2) x -+ x B(i},,i¥)) = I(e)™™ ¥ odd 7's.
Let L = L(g,k,n,0) € N be the maximal integer such that LI(¢)™*" < §. Then, any set A
satisfying pe(A) > 1 — 6 must intersect at least I(e)*™ — L cylinders, with odd indices, of the
partition level B(il,--- ,iL) x B(i%,--- ,i2) x --- x B(i},--- ,iF), where

’r'n
(&) —L > (1-6)I(e)*™
since [0, 1]\ A can contain at most L of such sets. Hence, A must have a (dj,e"*!)
subset with cardinality (1 — 6)I(g)*". Thus,

-separated

3 1 " n n
hl ("1, 6) > léfilig z log ((1—6)I(e)™) = logI(e)" > log(1/2¢)™.
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Fix € > 0. Given ¢’ > 0, let n = n(g,&’) be such that e"*! < & < & Then
K (.

hu. (€',0)

£

HE > limsu
o) = 0P Log(1/e)
hE (&6

> liminf M

e —ot log(1/e’)

hK n’ )
liminf —fe———— (",9) (34)
n—+oo log(1/ent1)

Y

> liminf 2 (10g(1/€) —10g2)
n — +00 n+1 lOg(l/g)

_ . log2

T log(l/e)

Finally, the upper semi-continuity of H ({( yields
H({((élﬁv}) > limsup HE (pe) = 1.

e—0t
We emphasize that the interesting feature of this construction, in contrast to the proof of
Lemma 8.2, is the fact that the lower bound (34) of H (u.) is done by using the measure .
for all scales ¢’ > 0. More precisely, the inequality

hE ()6 log 2
lim inf 7“5( ) >1- _ o8z
e -0t log(l/¢e) log(1/e)
indicates that the complexity at every scale ¢’ > 0 (in terms of metric mean dimension) captured

by the measure p. is at least 1— %. This means precisely that u. detects separation of points

at all scales.

Example 10.3. Consider the interval [0, 1] with the metric |- |, the map f: [0,1] — [0, 1] given
by f(z) = [1 —[3z — 1[| and the sequence (an), enu o} of numbers in [0, 1] whose general term

isap =0and a, = > ;_, %. For each n € N, take the interval J, = [an—1,a,] and let
T,: Jn — [0,1] be the unique increasing affine map from .J,, onto [0, 1]. Define
T: 0,1 — [0, 1]
reJ, — Tn_lof”oTn
r=1 — 1

which is illustrated in Figure 1.

It is known (cf. [27] or [5]) that mdimp,([0,1],|-|,7) = 1, although, for every n € N, one
has mdimp;(Jp, | - |, 7);,) = 0. Let us redo this computation by applying (12) in order to show
that the Dirac mass 0y is the unique probability measure which maximizes H, ({( .

Given n € N, the set J,, can be partitioned into 3" intervals J,,(1),--- , J,(3") with the same
length in such a way that

T(J,(i) = Jo  Vie{l,---,3"}.

Similarly, J, (i) can be partitioned into 3" intervals J,(i,1),- - , J,(i,3™) with the same length
so that
T2(Jn(i,5) = Ju  Vi,je{l,---,3"}.
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12 o

n

FIGURE 1. Graph of the map 7.

Inductively, for every k € Nand (i1, - ,ix) such that i; € {1,---,3"}, we can split J,, (i1, - - , ig)
into 3" intervals

Jn(ila"' 7ik71)7 Jn(ila"' 7ik)2)a R Jn(llv aika?’n)
with the same length and satisfying
TR T Giyy oo yigyi) = Jo Vie{l,---,3"}.

We may rename these subsets so that the order of the intervals J, (i1, - ik, ) partitioning
Jn(i1, -+ , i) is increasing in 7 if 41 is odd, and decreasing in i if i1 is even. This choice fits the
fact that f" is increasing in J,(i1) if 41 is odd, and decreasing otherwise. This way, for every
1 <j <k, each x € J,(i1,--- i) belongs to J, (45,4541, - , i) after j — 1 iterates.

We note that each J,(iy, - - ,iz) has length |J,|/3*" for every k € N. Take

en = |Jn|/3" = 6/(x*n23"). (35)

If x € (i1, -+ ,ix) and y € Jn(j1, - ,jx), where (i1, - ,ix) # (j1, -+ ,jx) and the #'s and
the j’s are all odd, in at most k iterates their images lie in J(4;) and J(j;), respectively, whose
distance is at least &,; hence di(x,y) > .

We are ready to define a suitable sequence of invariant probability measures (jy,), which
converges to d(1). We start by recalling that, for every n € N,

"4+1
#{1<i<3":iisodd} = 3 2+ .
Let w, be defined by
b ,un(Jn) =1
o L (Jn(1)) = 3,,—2“ for every odd 1 < ¢ < 3™

o Lin(Jn(in, -+ k) = (3,1—2“)’“ for every odd 1 <y,--- i, < 3" and every k € N.
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Clearly, (gn)n converges to d¢1y and each p,, is T-invariant. In fact,

37’L
T iy, k) = | Jnlisin, - s in)
=1

and

2 >k+1

3n+1 - ( - )k = p(Jn(in, -+ i)

1<i<3™;4 odd

Moreover, being a Bernoulli probability measure, u,, is ergodic.
Let L = L(6,n,k) € N be the maximal positive integer satisfying

L(3n2+1>k <0

Then, any subset A C [0, 1] with p,(A) > 1—§ intersects at least (252)% — L sets J,, (i1, - , i)
with odd indices and

(- () 0

since [0,1] \ A contains at most L of such intervals. Therefore, A must contain an (e, dy)-

RN
separated subset of cardinality bigger than (32—“) (1—-90) and

hff"(en,é) > légilg % log(<3n;1>k(1—5)) = log(gng_l).

Hence, for every ¢ €]0, 1],

log (21 log (
HE(S > limsup ———2—= = limsup ———52-——
5 ( {1}) = n—>+£ log(l/gn) n—>+o£) log(%)

3"+1 )

2 - =1 (36)
Moreover, by Remark 2.3,
Thus,

Let us now use the previous information to evaluate H ({( for all T-invariant measures.
Claim: For every § €10, 1],

Hy (n) = n({1})  Vpe Pr((0,1).

In particular, the map H g( is affine and the unique probability measure which mazrimizes H ({( ]

the Dirac mass dyy.

Proof of the Claim. We will start by showing that, given pu € Pr(X),

p{1) =0 = Hi(u =0
Take one such a p and p. € M(u). Denote by pe = ng(X) m dP.(m) its ergodic decomposition.
Given ¢ €]0,1[, select k = k(J) such that u([0,ax[) > 1 — 6. Then u.([0,ar[) > 1 — ¢ for small
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enough € > 0. As every ergodic probability measure other than 4y gives full mass to some
J} = lan, ant1), we can write

[e.9]

pe= S0 [ mdpm) + (1) 8.

Moreover, for every positive integer n < k, if m(J},) = 1 then m([0, ax[) = 1. Yet, as T restricted
to [0, ax[ has finite topological entropy, we know that

k
1
limsup ———— g / hE (¢,6) dP.(m) = 0.
cot log(l/e) 1 dmL)=1 :

Consequently, to estimate H ({( (1), we are reduced to the ergodic components m of p. such that
m([ag, 1]) = 1. So,

lim sup i (€.0) lim sup — / i (e, 8) dP(m)
i —— =1 Tool1/2) mAT
coot log(l/e) Lo+ log(1/e) Jm(ax1)) =1 )
_ P(X,d,T,0,¢)

< limsup ————— ap, 1

- 8_>0+p log(1/¢) pellees 1)

< mdimp([0,1],]-],7) 8

= 4.
Therefore,

0< Hf(u) <5 Vée]o,1]
and so

0 < Hff (n) < sup H(u) = lim H(u) = 0.

(cf. Remark 7.2). Consequently,

Hf (1) = 0 = p({1}). (37)

From the previous equality and the convexity of H ({( , we further deduce that, for ¢ € [0, 1]
and p € Pr([0,1]) such that p({1}) =0, if v = tdy1y + (1 — t)p then

Hy'(v) = Hy (topy + (1= t)p) < tH; (5y) + (L= ) H () = t = v({1}).

We are left to prove the reverse inequality, that is, H ({( (v) > t. Take the sequence (g,), as
in (35) and the sequence of probability measures (i), in M(dy1y) used in the previous page to
compute H{ (6¢13), which satisfy

hE (e,,6
lim sup M

_ K _
n—+oo log(1/ey) = s (5{1}) =
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Let (vn)n = (tpn + (1 — t),u)n in M(v). As n+— hff(e, 9) is affine (cf. (17)), then

hE (2.0
HE(v) > limsup KAGHL)

Himsup 4 e by definition of HI ()

hE (e, 6) h5(ep, )

=1l R § )

map (13007 + U Diogi/e)

hE (e, 6)

= limsup ¢t +—"— by (37

nﬁJroIo) IOg(1/€n) y( )
= t.

The proof of the claim is complete. O

Remark 10.4. Ezample 10.3 evinces an obstruction if one tries to prove (12) using the map
Hy: pe Er(X) I hi (£,9)
5 T —  limsup ————
8 e+ log(1/e)
instead of HE. Take i € Er(X) and, for § €]0,1], consider k = k() large enough so that the
set [0,ax] U{1} = Uy < <y Jj U{1} satisfies the condition
w0, a] U{1}) > 15
Then,
Nu(e.d,n) < 5((0,ax] U{1},dn,0,2) < k max S(Jj,dn,0,¢) +1
<G <

and so

K
h, (,6) < 1rgnjagk P(J;,d,T|;;,0,¢)

Therefore, as the restriction of T' to any J; has finite topological entropy, for every § € ]0,1[ one
has

Hy(p) =0 VpePr(X).
The next example generalizes the last one.

Example 10.5. Given a €10, 1], let T},: [0,1] — [0, 1] be as in the previous example but whose

invariant intervals J3 = [al_;,a?] are determined by the sequence with general term

neN — ap = Z C(a) (31171
i=1

where C(a) = (352, 3i1-1/a))~1,
Claim: For every § €]0,1],
Hi (1) = ap{1})  vpePr(0,1).

In particular, the map H g( is affine and the unique probability measure which mazrimizes H ({( ]
the Dirac mass dyy.
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Proof of the Claim. The argument to prove the claim is completely analogous to the one in
Example 10.3 up to checking the upper bound

mdlmM([Ov 1]7 | : ‘7Ta) <
which in the previous example was a trivial consequence of Remark 2.3.
For each n € N, let
e = |21/ = Cla)3me,

[0}

Consider a positive integer L > 1 large enough so that 1 —ag

partition of the [0, 1]:

< €%, and take the following

L-1

0,1] = [0,a5] U | 500 Ulagy 1)
(=1
Thus, by Remark 2.3, for every £ = 1,..., L — 1 we have

P(Jgs ||, Tay 0, 65) < log S(Jity, | -1, 0, £6) = log[ |/l /5] = log[3"~(27D4] < log3™.

Moreover,

P(10,08], ||, T 0. £2) < huop(Talo.ag)) = log3™.
Hence,
P([0,1], -], Ta, 0,e5) = max{P([0,a}], ||, Ta, 0, €0), P(Jsrp ||, Ta, 0,65) | €=1,--- L}
< log3".
Now, for each € > 0, let n € N be such that e;y,; < e < . Then,
P([0,1],]|- |, T4, 0,¢) < P([0,1],] - |, Ta, 0,60, 1) < log 37+1
log(1/e) - log(1/e%) = log 3"/ —log C(a)
and so o
S log 3"
dimp (0,11, ] -1, Tn) < li -
m lmM([ ] | | a) ;Igi}ég loggn/a —logC(a) o
O
More generally, given N' € N and ay,--- , a; € |0, 1], consider the function

T: [0, V] — [0, V]

zel—-1,0 — Ty(z—0+1)+0-1
for £ € {1,--- ,N'}, where T} stands for the map of Example 10.3. Then,
mdim ([0, N],] |, T) = max {1, - ,an}
and, for every 6 €]0,1],

N
HE () = 3" acn®) = [Dau e Prio.a)).

(=1

In particular, H ({( is affine and the unique probability measures which maximize H 5K are the
convex combinations of the Dirac measures {d{/} }¢cz, where

ZT={te{l,--- N} :ay=max{oq, - ,an}}.
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Summoning Theorem C, we obtain the following simple formula for the upper metric mean
dimension with potential of T

o | ) )
mdima (0, M, |- |, T ) ueg%’N])/(Dvch)du Ve € C°(0, M)

where

ooy ifx=4
D(z) = { 0 otherwise.

Moreover, the space Cr described in Theorem A is, in this family of examples, given by

er = {p e C°(x): /Ddu < /god,u, Ve Pr(o. N}

Therefore,
N
Mip) = HEG) = [Dau =Y au{th)  Vae Pr(0.N).
(=1

11. FINAL COMMENTS

In this section we comment on some related topics and address a few questions that are
suggested by our main results.

11.1. Semigroup actions. We start by exploring the generality of our results by applying

them to the non-dynamical context of finitely generated semigroup actions for which a notion of

topological pressure is already defined (see [3] for an account of these notions). Consider m € N

and a semigroup G generated by a family of m + 1 continuous self-maps G = {id, g1, - , gm} of

a compact metric space (X,d), with the composition operation. The semigroup action of G on

X is the continuous map §: G x X — X defined by (g, z) — g(z) for every g € G and z € X.
Given n € N and g = (¢i,, iy, - , gi,,) € G, consider the metric

dgn(T,y) = o Lax, d(9i; 9i; 1+ 91 (T); 9i;Gi5_1 * 9ir (V)

which is equivalent to d. For every ¢ € C%(X), n € N and ¢ > 0, take the average

1
S(Xad,GNP?&”) - W Z S(X7dg,'m Sg,n()@a{f)
lgl=n

where S(X, dgn, Sgnep,€) is as defined in (5) and

Sgnp(@) = > 0(gi,9i,_, - 90, (2)).
§=0
Then
1
P(X,d,G,-,e): ¢ +— limsup — logS(X,d,G,¢,e,n)
n—4oo N

is an e-pressure function. This motivates the following notion of upper metric mean dimension
with potential for the semigroup action S.
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Definition 11.1. Given ¢ € C°(X), the upper metric mean dimension with potential, of the
action S of G on X and p, is given by

) P(X,d,G,p,ce
mdimy; (X, d, G, p) = limsup ( G p:€)
emor  log(1/e)
Some comments are in order. Firstly, as the notion of e-scaled pressure function depends
on the generating set GG, so does the previous notion of upper metric mean dimension with

potential. Secondly, according to Lemma 5.1, if limsup, _, o+ %ﬁ’g’s) < 400 at some (thus

every) ¢ € C°(X), then mdimy(X,d,G,-) is a pressure function on C°(X). Therefore, we
obtain the following consequence of Theorem A.

Corollary 11.2. Assume that mdimys(X,d,G,0) < +o00. Then

i - 0
mdimy (X, d, G, ) = e {M(u) +/<pdu} Ve CO(X) (38)
where
M(p) = ig&/¢du and A = {p € C%X): mdimy(X,d,G,p) < 0}.
7
Moreover,

M(p) = gpelé%f(X) {mdlmM(X,d, G, ) —/sodu}-

The map M is concave, upper semi-continuous and, if v: P(X) — [0, +00] is another function
with the role of M in (38), then v < M.

Since there are finitely generated semigroup actions by continuous maps on compact metric
spaces which admit no probability measure preserved by all the generators, one cannot expect to
replace the space P(X) in (38) by another requesting such a notion of invariance. Whenever the
semigroup action admits a probability measure preserved by all the generators, as happens when
the semigroup is amenable, then Corollary 11.2 and Theorem E suggest the following question.

Question 1: Let G be a finitely generated amenable group of homeomorphisms acting on a
compact metric space X such that mdimys(X,d, G,0) < 4+o00. Denote by Pg(X) the space of
probability measures on X preserved by all homeomorphisms g € G. Does there exist a function
D: X — [0, +00] such that

mdimy/ (X,d,G,0) = max /Dd,u ?
nePg(X)
If so:

(a) Does M(u) = D(x) for p-almost every point & € X and every probability measure
€ Pg(X)?
(b) Is D constant on the support of any ergodic probability measure p € Pg(X)?

For instance, we may consider a finitely generated group G acting on the shift X = {0,1}9 by

(9> (xh)heg) = (Tgn)heg
as these actions have plenty of invariant probability measures. A positive solution to the previous
question would clarify the ergodic theory of amenable finitely generated semigroup actions with
infinite topological entropy.
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11.2. Ergodic optimization. In the literature we find several notions of topological pressure
which are pressure functions. So, instead of defining an upper metric mean dimension as in
Definition 2.1 or 2.6, we might have followed another strategy.

Definition 11.3. Let (X,d) be a compact metric space and X = (T€)0<€<1 be a family of
pressure functions Yo: B(X) — R such that, for every ¢ € C°(X),

. T, ((IOg 1/5) (P)
Hmsub = g (1/2)

Let T' stand for the family of e-pressure functions T'c(¢) = Yc(log(1/e)p). The upper metric
mean dimension of X at ¢ € B(X) is the limit

< +o00.

T — T.((log 1
mdimy (Y, d, ¢) = mdimp/(T, d, ) = limsup (( 0g 1/¢) QO)

M og (1/) (39)

Observe that, by Lemma 5.1, the map mdimp;(Y,d,-) is a pressure function as well. Given
0 < e < 1, denote by E. the map assigned by Theorem 4.1 to the pressure function

Y. ((log 1/2) ¢)

# € BX) log (1/¢)
which satisfies
T:((log 1/e)p)
log (1/¢) N ué%?&) {EE(’M) +/<pdu} Vi € B(X). (40)

Similarly, for each 0 < & < 1, let h. be the map assigned by Theorem 4.1 to the pressure function
Y., so that

Te(p) = e {ba(ﬂ) +/<pdu} Vi € B(X). (41)
Proposition 11.4. For every 0 < e < 1 and p € Py(X), one has
be (1)
B(p) = =2

Proof. Applying the variational principle (41) to the potential (log1/¢) ¢ € B(X), we get

T:((log 1/e) @) = , ax {hs(u) +/(10g 1/e) sodu} Vo € B(X)
so, dividing by log 1/e, we obtain
T.((log 1/e) ) be (1)
oe 1/ 0 (g + [ v} veeBE)

Therefore, by the maximality of E. among the maps that comply with the variational principle
(40), we get

be (1)

log(1/2) = =
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Analogously, by the variational principle relation (40) when applied to the potential m €
B(X), one has

Tely) _ o
log(1/2) ~ nePu(x) {Ef(“”/bg(l/g)du} Vo € B(X)

SO

Te(p) =  ax {(log 1/¢) E-(n) +/wdu} V¢ € B(X)

which implies, due to the maximality of b, regarding the variational principle (41), that
(log 1/¢) E. < be.
O

If ¥ = (1), is determined by a single pressure function YT, the previous concept of upper
metric mean dimension leads us to the realm of ergodic optimization. For instance, given a
continuous map 7': X — X on a compact metric space (X, d) with finite topological entropy,
then the topological pressure Py, satisfies (cf. [12])

: Piop((log(1/¢)) ¢) 0
limsup —2 = sup /god,u Ve C'(X).
ST e/ udm )

This is the case of X = YN and the shift map o: YN — YN, for which the space of ergodic
o-invariant probability measures is pathwise-connected as a consequence of the specification
property [24]. Therefore, combining [22, Theorem B], [12, Theorem 2.4] and Theorem D we
obtain the following additional information.

Corollary 11.5. Let (Y,d) be a compact metric space such that dimp U = dimpY for every
nonempty open set U C Y. Consider the shift map o: YN — YN, Then
(a) There exists a Baire generic subset R C CO(YN) (resp. Ry € C*(YN) for each a > 0)
such that, given p € R (resp. ¢ € Ry), there exists a unique p, € E,(YN) satisfying

mdimy (YN, d,, 0,0) = dimBY+/<pdu¢,. (42)

(b) There exists a dense subset ® C CO(YN) such that, for every ¢ € D, the subset of ergodic
probability measures in the set

{u € P, (YN): mdimp (YN, d,,0,¢9) = dimBY+/cpdu}
1s uncountable.

In case the compact set Y is not finite, the shift map o: YN — YN has infinite topological
entropy and may no longer be expanding. It is known that hyperbolicity is a key assumption
in many results concerning ergodic optimization and, to the best of our knowledge, ergodic
optimization for dynamical systems with infinite topological entropy is seldom addressed. In
view of [4, 8, 18], it is natural to ask the following questions, whose answers would convey
relevant information on the upper metric mean dimension with potential for these shifts.

Question 2: Let (Y, d) be an infinite compact metric space and o YN = YN be corresponding
shift map.
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(a) Does there exist a Baire generic subset ;& € C°(YN) such that, for every ¢ € R, the
unique invariant probability measure j, satisfying (42) has zero entropy and full sup-
port?

(b) Given a > 0, does there exist an open and dense subset 9 C C*(YN) such that, for each
¢ € O, there is a unique invariant probability measure s, supported on a periodic orbit
by o and satisfying (42) 7

Acknowledgments. We thank the anonymous reviewer for the careful reading of our manu-
script and the many insightful comments and suggestions. MC and PV were partially supported
by CMUP, which is financed by national funds through FCT - Fundacao para a Ciéncia e a
Tecnologia, I.P., under the project with reference UIDB/00144/2020, and also acknowledges
financial support from the project PTDC/MAT-PUR/4048/2021. PV benefited from the grant
CEECIND/03721/2017 of the Stimulus of Scientific Employment, Individual Support 2017 Call,
awarded by FCT, and from the project PTDC/MAT-PUR/29126/2017. GP has been awarded
a PhD grant by FCT, with reference Ul/BD/152212/2021.

[

(10]
(11]
(12]
(13]

(14]

REFERENCES

A. Bi§, M. Carvalho, M. Mendes and P. Varandas. A convex analysis approach to entropy functions, varia-
tional principles and equilibrium states. Commun. Math. Phys 394 (2022), 215-256. 1, 2.3, 3, 3, 4, 4.1, 4.3,
4.5,4.6, 5,6

A. Bis, M. Carvalho, M. Mendes, P. Varandas and X. Zhong. Correction: A convex analysis approach to
entropy functions, variational principles and equilibrium states. Commun. Math. Phys 401:3 (2023), 3335—
3342. 4.1

A. Bi§, M. Carvalho, M. Mendes and P. Varandas. Entropy functions for semigroup actions. Preprint, 2022.
11.1

J. Brémont. Entropy and maximizing measures of generic continuous functions. C. R. Math. Acad. Sci. Sér.
I 346 (2008), 199-201. 11.2

M. Carvalho, F. Rodrigues and P. Varandas. A variational formula for the metric mean dimension of free
semigroup actions. Ergodic Theory Dynam. Systems 42 (2021), 65-85. 10.2

H. Chen, D. Cheng and Z. Li. Upper metric mean dimensions with potential. Results Math. 77 (2022), 54.
7.1

D. Cheng and Z. Li. Scaled pressure of dynamical systems. J. Differential Equations 342 (2023), 441-471. 1,
7.2,7.3

G. Contreras. Ground states are generically a periodic orbit. Invent. Math. 205:2 (2016), 383—-412. 11.2
D.-J. Feng and W. Huang. Variational principle for weighted topological pressure. J. Math. Pures Appl. 106
(2016), 411-452. 2.3

M. Gromov. Topological invariants of dynamical systems and spaces of holomorphic maps: I. Math. Phys.
Anal. Geom. 2 (1999), 323-415. 1

Y. Gutman and A. Spiewak. Around the variational principle for metric mean dimension. Studia Math. 261:3
(2021), 345-360. 1, 1, 1

O. Jenkinson. Survey: Ergodic optimization in dynamical systems. Ergodic Theory Dynam. Systems 39:10
(2019), 2593-2618. 11.2

T. Kawabata and A. Dembo. The rate-distortion dimension of sets and measures. IEEE Trans. Inf. Theory
40:5 (1994), 1564-1572. 8.1

A. Katok. Lyapunov exponents, entropy and periodic orbits for diffeomorphisms. Publ. Math. Inst. Hautes
Etudes Sci. 51 (1980), 137-173. 3, 7

E. Lindenstrauss and B. Weiss. Mean topological dimension. Israel J. Math. 115 (2000), 1-24. 1, 2.1, 10.1
E. Lindenstrauss and M. Tsukamoto. From rate distortion theory to metric mean dimension: variational
principle. IEEE Trans. Inform. Theory 64 (2018), 3590-3609. 1, 7.8



METRIC MEAN DIMENSION 43

[17] E. Lindenstrauss and M. Tsukamoto. Double variational principle for mean dimension. Geom. Funct. Anal.
29 (2019), 1048-1109. 1

[18] I. Morris. Ergodic optimization for generic continuous functions. Discrete Contin. Dyn. Sys. 27 (2010), 383
388. 11.2

[19] E. Scopel. Contributions to the theory of metric mean dimension and mean Hausdorff dimension (in Por-
tuguese). PhD thesis. Universidade Federal do Rio Grande do Sul - UFRGS (2021). 9.2

[20] R. Shi. On variational principles for metric mean dimension. IEEE Trans. Inform. Theory 68:7 (2022), 4282—
4288.1, 1

[21] R. Shi. Finite mean dimension and marker property. Trans. Amer. Math. Soc., electronically published on
June 22, 2023. 1

[22] M. Shinoda. Uncountably many maximizing measures for a dense subset of continuous functions. Nonlinearity
31 (2018), 2192-2200. 11.2

[23] K. Sigmund. On dynamical systems with the specification property. Trans. Amer. Math. Soc. 190 (1974),
285-299. 8

[24] K. Sigmund. On the connectedness of ergodic systems. Manuscr. Math. 22 (1977), 27-32. 11.2

[25] M. Tsukamoto. Double variational principle for mean dimension with potential. Adv. Math. 361 (2020),
106935. 1, 2.1, 2.5

[26] M. Tsukamoto, M. Tsutaya and M. Yoshinaga. G-index, topological dynamics and the marker property. Israel
J. Math. 251 (2022), 737-764. 1

[27] A. Velozo and R. Velozo. Rate distortion theory, metric mean dimension and measure theoretic entropy.
Preprint, 2017, arXiv:1707.05762 1, 8, 10.2

[28] P. Walters. An Introduction to Ergodic Theory. Graduate Texts in Mathematics 79, Springer-verlag, New
York, Berlin, Heidelberg, 1982. 1, 1, 2.3

[29] R. Yang, E. Chen and X. Zhou. On variational principle for upper metric mean dimension with potential.
Preprint 2022, arXiv: 2207.01901. 1, 1, 3

[30] R. Yang, E. Chen and X. Zhou. Some notes on variational principle for metric mean dimension. IEEE
Transactions on Information Theory 69:5 (2023), 2796-2800. 1

[31] R. Yang, E. Chen and X. Zhou. Bowen’s equations for upper metric mean dimension with potential. Nonlin-
earity 35:9 (2022), 4905-4938. 1

[32] X. Ye and G. Zhang. Entropy points and applications. Trans. Amer. Math. Soc. 359:12 (2007), 6167—-6186.
1,94

CMUP & DEPARTAMENTO DE MATEMATICA, FACULDADE DE CIENCIAS DA UNIVERSIDADE DO PORTO, RUA
DO CAMPO ALEGRE 687, PORTO, PORTUGAL.
E-mail address: mpcarval@fc.up.pt

CMUP & DEPARTAMENTO DE MATEMATICA, FACULDADE DE CIENCIAS DA UNIVERSIDADE DO PORTO, RUA
DO CAMPO ALEGRE 687, PORTO, PORTUGAL.
E-mail address: Gustavo.pessil@outlook.com

CMUP & DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE FEDERAL DA BAHIA, SALVADOR, BRAZIL.
E-mail address: paulo.varandas@ufba.br



	1. Introduction
	2. Main definitions
	2.1. Upper metric mean dimension with potential
	2.2. Box dimension
	2.3. Pressure functions
	2.4. Scaled pressure functions
	2.5. Upper metric mean dimension determined by a family of scaled pressure functions

	3. Main results
	4. Convex Analysis and pressure functions
	5. Proof of Theorem A
	6. Proof of Theorem B
	7. Proof of Theorem C
	7.1. Linking HK and mdimM(X,d,T,)
	7.2. Proof
	7.3. Generalization

	8. Proof of Theorem D
	8.1. Dimension homogeneity assumption

	9. Proof of Theorem E
	9.1. Linking D and mdimM(X,d,T,)
	9.2. Metric mean dimension points

	10. Examples
	11. Final comments
	11.1. Semigroup actions
	11.2. Ergodic optimization
	Acknowledgments

	References

