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Abstract: The aim of this report is to expand on the existing available configurations for lattice spa-
tial structures and in turn widen the range of design options that can be presented to architects and/or
clients. This is achieved by developing a new family of configurations in which the aperiodic tiling
pattern ‘Penrose Kite and Dart’ tiling is applied to spherical caps using formex configuration pro-
cessing techniques. To further expand this new family, the pattern modification of triangulation is
suggested along with alternative projection methods of changing the shape of the initial tiling patch
as well as using pellevation. To determine a degree of feasibility, the regularity of components is stud-
ied and compared to configurations of existing, periodic patterns such as ribbed and diamatic domes.
As a result, the spherical caps under two decompositions of aperiodic tiling were found to have simi-
lar regularity indicators to the periodic configurations and are therefore considered feasible options.
Each proposed modification was also found to be low impacting on feasibility by introducing a low
number of new member lengths. However, the use of aperiodic tiling under three or more decomposi-
tions is not recommended due to the significant increase in new member lengths.

Keywords: Aperiodic Patterns; Penrose Tiling; Lattice Spatial Structures; Configuration Processing;
Regularity
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INTRODUCTION

A wider range of available configurations for lattice spatial structures provides a greater array of
interesting design options open for consideration. With most configurations consisting of periodic
patterns, the expansion of available families of configurations can be achieved by projecting aperi-
odic tilings, such as Penrose tiling, onto spherical surfaces to produce a family of aperiodic patterns

on spherical caps.

A tiling is periodic if a translation exists that leaves the tiling invariant. Among the symmetries of
the tiling, it should be possible to outline a region of tiling and tile the plane by translating copies of
that region without rotation or reflection. If this type of translation is not possible, the tiling is
deemed as non-periodic. Aperiodic tiling is considered as tiling with a set of prototiles that admit
infinitely many tilings of the plane, yet no such tiling is periodic. Aperiodic tiling can be generated

by various means such as decomposition (Griinbaum & Shephard, 2016).

Several famous examples of aperiodic tiling were produced by Sir Roger Penrose (1979) following
his pursuit to tile a plane with pentagons with no gaps or overlapping. The Penrose tiling under con-
sideration in this report is Penrose Kite and Dart tiling, otherwise known as P2 tiling, see Figure 1.
This tiling is remarkable in that it consists of just two prototiles while still tiling aperiodically

(Griinbaum & Shephard, 2016).
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Figure I Penrose Kite and Dart tiling patch (adapted from Penrose (1979)).

The regularity of a structure can be viewed in various ways such as the visual regularity, regular
arrangements, and the regularity of components (Behnejad, 2018). The two formers are subjective
terms based on interpretation by the viewer. Whereas the latter can be discussed quantitatively us-
ing regularity indicators including the number of members (n), the number of member lengths (b),

or ‘bundles’, the length ratio (r), and the length deviation (d) — all of which can be presented in a
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Length Profile (LEP) chart as discussed by Nooshin, ef al. (1997). Regularity indicators are deter-

mined using geometrical data given in the formulation process.

The comparison of regularity of components should be performed between configurations consist-
ing of a similar number of members, or ‘crowdedness’ (Durn & Behnejad, 2021), with the number
of bundles being the governing indicator of regularity. With a lower variation in structural compo-
nents, a structure with fewer bundles provides cost and time savings during construction as well as

the manufacturing of members (Behnejad, et al., 2013).

The length ratio and deviation can be used to further determine a level of feasibility by gaining an
understanding of how similar the lengths of each bundle are. Although a structure is defined as
more regular as the values for the length ratio and deviation become closer to one and zero, respec-
tively (Nooshin, et al., 1997), it can be argued that greater values for these parameters can be bene-
ficial. Bundles with greater differences in length are more identifiable, and thus reduce the probabil-

ity of human error during the labelling, sorting, and assembly processes.

METHODOLOGY

A spherical cap is formed by projecting a pattern onto a spherical surface. This can be achieved us-
ing formex configuration processing techniques (Nooshin, 2017). To reduce warping of the pattern
during projection, the author suggests the use of a pattern with an isosceles triangle perimeter with
an acute top angle. Figure 2 shows the generation of P2 tiling up to three decompositions starting

with half of a dart prototile.

(a) (b) () (d)

Figure 2 Initial patch shape of half a dart prototile (a) under one (b),
two (c¢) and three (d) decompositions of P2 tiling.

When projecting the pattern, a suitable scale factor should be applied to the circumferential direc-
tion so that the pattern covers a certain angle about the origin based on the pattern frequency. The

angle covered by a single section should allow the section to be repeated about the origin a number
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of times to form a complete spherical cap, see Figure 3 for an example. The flat bottom edge of the

tiling patch gives the spherical cap a level, circular base post projection.
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Figure 3 Section of spherical cap covering 36° about the origin in the circumferential direction (a).
Reflected section for symmetrical tiling (b). Full spherical cap of aperiodic tiling after five
repetitions of the section of symmetrical tiling (c).

DISCUSSION

In addition to varying the number of tiling decompositions, the family of aperiodic patterns on
spherical caps can be extended by producing variations of the original configuration through vari-
ous methods. These can include pattern modification, such as triangulation, and alternative projec-

tion methods, such as changing the tiling patch shape and the use of pellevation, a configuration

Figure 4 P2 spherical caps under triangulation (a), a change of tiling patch shape (b),
and circular cap pellevation (c).

processing technique developed by Hofmann (1999). Triangulation can be applied to tilings with
non-triangular prototiles, such as P2 tiling, by simply introducing a new member acting vertically
through the centre of each prototile. The result of such pattern modification can be seen in Figure

4a. Triangulation has the potential in improving the structural stability and performance of the lat-

tice spatial structure.

As previously mentioned, the use of a triangular tiling patch with a horizontal bottom edge produces

spherical caps with level, circular bases. By manipulating the shape of the patch, the shape of the
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base ring can be altered. Reflecting the tiling patch along one of its long edges to form a dart shaped
tiling patch produces spherical caps with “zig-zagged” base rings, see Figure 4b. Furthermore, the
use of pellevation (Hofmann, 1999) can create levic domes following the method presented by
Behnejad and Rognoni (2019), thus creating another variation in base-ring shape, see Figure 4c.
The resulting change in geometry from these projection methods may be suitable for projects where
the load on the structure is required to be directed into point loads around the perimeter of the
dome. Following the modification techniques discussed, the author has used formex configuration
processing techniques to produce a new family of lattice domes based on P2 tiling applied to spher-
ical caps, see Table 1. Within this family, the spherical caps can be classified based on the number

of tiling decompositions, pattern modifications and base shapes, the latter being the result of differ-

ent projection methods.

Table 1: Family of P2 spherical caps.

P2 Spherical Caps
Circular Base Zig-Zagged Base
2D
Original
Pattern
3D
‘\Iv‘ii\/
n=2
2D
Triangulated n=130,b=11
Pattern e
3D
n=330,b=26 n=330,b=35
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To avoid repetitive language, the author suggests a naming convention to easily identify the number
of decompositions a tiling has undergone. For a spherical cap of P2 tiling under two decomposi-
tions, the configuration is referred to as the “P2-2D” spherical cap in which the 2D indicates that the

tiling has undergone two iterations of decomposition.

Through comparison of the number of bundles, the P2-2D spherical cap with a circular base has the
highest degree of regularity, consisting of the lowest number of bundles (b = 9), see Figure 5a. In
addition, a comparison performed by Durn & Behnejad (2021) concluded that the number of bun-
dles in the P2-2D spherical cap with a circular base sits in the upper range presented by a group of
existing periodic configurations of four to 11 bundles. These configurations included diamatic, geo-
desic, ribbed, lamella, and Schwedler domes formulated to be of equal size and similar crowdedness

to that of the aperiodic configuration.

Regarding the length ratio and length deviation, the P2-2D spherical cap with a circular base again
presents values that are within the range given by the periodic configurations. The regularity indica-
tors therefore suggest that the time and cost savings, as well as probability of human error when
handling members, is similar to that of the periodic configurations. However, the two clusters of
bundles presented on the LEP chart in Figure 5a present potential difficulty in identifying members
belonging to each bundle due to the proximity in member length within each cluster of bundles.
Greater care should therefore be taken during the labelling, sorting, and assembly processes. This
challenge is also presented by the diamatic dome in Figure 5b but avoided by the more simplistic

ribbed dome in Figure 5c where the member lengths are more evenly spread.

As expected, the pattern modification of triangulation increases the number of bundles within each
configuration, as do the alternative projection methods. However, the number of new bundles intro-
duced by these variations are low compared to the original number of bundles and therefore do not

significantly impact the configurations regularity and feasibility.

With a similar degree of regularity in components to other existing periodic configurations, the P2-
2D spherical caps present themselves as viable, alternative design options. However, under a greater
number of pattern decompositions, the configurations become more crowded, and significantly
more bundles are introduced. As a result, the P2-3D solutions are considered less feasible than the

configurations of low crowdedness under two decompositions.
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Figure 5 P2-2D (a), diamatic (b) and ribbed (c) spherical caps with
corresponding LEP charts and regularity indicators.

CONCLUSION

Through the projection of aperiodic tiling patterns onto spherical surfaces using formex configura-
tion processing techniques, a new family of lattice domes consisting of aperiodic spherical caps has
been produced. This family is expanded through the application of pattern modifications, such as
varying the number of tiling decompositions and triangulation and altering the projection method by
manipulating the shape of the tiling patches before projection as well as using pellevation. Through

the study of regularity, the more feasible design solutions have been identified as those under two
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pattern decompositions, opposed to those of three, while the proposed design modifications have no

significant impact on regularity and feasibility.

As a result, new design options for lattice spatial structures have been produced which can be pre-
sented to architects as a range of interesting solutions to select from. The application of aperiodic
tiling has also opened the possibility for various other families of lattice spatial structure designs by

applying different aperiodic tilings and to various other structural forms.
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