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Abstract

The observational success of the current standard cosmological model presupposes the existence of a

dark sector. While it is conventionally assumed to be composed by dark matter and dark energy, so

far their properties have only been inferred gravitationally, which precludes a definite conclusion in

regard to the number of dark components. In this thesis we explore the possibility of accounting for

the phenomenology associated to these dark entities using a single fluid. In particular, we focus on

unified dark energy (UDE) models described in terms of a single isentropic perfect fluid. We cover

several models belonging to this class of perfect fluids which have been suggested in the literature

as UDE candidates, along with further alternatives that we propose in this work. We study their

main cosmological properties and determine observational constrains at background and linear

level. The scalar field description of perfect fluids is reviewed, with the emphasis being on purely

kinetic Lagrangians to account for the dynamics of isentropic perfect fluids. We present a generic

mapping between purely kinetic dark energy models and UDE, determined by an appropriate

relation between their kinetic terms. We find that isentropic UDE models are severely restricted to

behave very similarly to ΛCDM if a standard treatment of perturbations is assumed. This result is

widely interpreted as a critical failure of UDE scenarios. We put into question this conclusion and

argue that backreaction effects cannot be ignored in the context of UDE. The impact of small scale

nonlinear clustering is studied for the generalized Chaplygin gas (GCG) model, taken as a UDE

prototype. Considering an ansatz to characterize the level of small scale nonlinear clustering, we

show that regions of the GCG parameter space ruled out in linear analysis can be made consistent

with observations, provided that the GCG is mostly comprised by collapsed regions at sufficiently

early times.
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Resumo

O sucesso observacional do actual modelo padrão da cosmologia pressupõe a existência de um sec-

tor escuro. Embora convencionalmente se assuma ser constitúıdo por matéria escura e energia

escura, até agora as suas propriedades foram apenas inferidas gravitacionalmente, o que impossi-

bilita determinar conclusivamente o número de componentes deste sector. Nesta tese explora-se

a possibilidade de usar um único flúıdo para explicar a fenomenologia associada às componentes

escuras. Focam-se, em particular, modelos de energia escura unificada (EEU) definidos por flúıdos

perfeitos e isentrópicos. Abrangem-se vários modelos pertencentes a esta classe de flúıdos perfeitos

sugeridos na literatura como EEU, juntamente com outras alternativas que propomos neste tra-

balho. Estudam-se as suas principais propriedades cosmológicas e determinam-se constrangimentos

observacionais de ordem zero e linear. Revê-se a descrição de flúıdos perfeitos em termos de cam-

pos escalares, sendo dada enfâse a Lagrangeanos puramente cinéticos para descrever a dinâmica

de flúıdos perfeitos e isentrópicos. Apresenta-se um mapa genérico entre modelos de energia es-

cura descritos por Lagrangeanos puramente cinéticos e EEU, sendo este mapa determinado por

uma relação apropriada entre os seus termos cinéticos. Conclui-se que os modelos isentrópicos de

EEU têm de se comportar de uma forma idêntica a ΛCDM se um tratamento tradicional das per-

turbações é assumido. Este resultado é amplamente interpretado como demonstrando o fracasso de

cenários de EEU. Põe-se em causa esta conclusão, e argumenta-se que efeitos de reação retroativa

não podem ser ignorados no contexto de EEU. O impacto de aglomerados não-lineares em pequena

escala é estudado para o gás de Chaplygin generalizado (GCG), assumido como um protótipo de

EEU. Considerando um ansatz para caracterizar o ńıvel de aglomeramento não-linear em pequena

escala, mostra-se que regiões do espaço de parâmetros do GCG (exclúıdos na análise linear) podem

ser consistentes com as observações se, desde suficientemente cedo, o GCG for maioritariamente

constitúıdo por regiões colapsadas.

iv



List of Publications

This thesis resulted in the following three publications:

1. V. M. C. Ferreira and P. P. Avelino. ”New limit on logotropic unified dark energy models”.

Physics Letters B, 770:213-216, (2017)

2. V. M. C. Ferreira and P. P. Avelino. ”Extended family of generalized Chaplygin gas

models”. Physical Review D 98, 043515, (2018)

3. V. M. C. Ferreira, P. P. Avelino and R. P. L. Azevedo. ”Lagrangian description of cosmic

fluids: mapping dark energy into unified dark energy”. Physical Review D 102, 063525 (2020)

and there is a fourth paper in preparation:

4. V. M. C. Ferreira, I. Tereno, D. Castelão, A. Rozas-Fernandez, and P. P. Avelino, ”Obser-

vational constraints on nonlinear Chaplygin gas cosmologies”.

During this period, the PhD candidate also co-authored an additional publication, not included in

the thesis:

• P. P. Avelino, V. M. C. Ferreira, J. Menezes and L. Sousa. ”Phantom Domain Walls”.

Physical Review D 96, 043506 (2017)

v



Contents

1 Introduction 1

1.1 An expanding Universe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.2 Hot Big Bang . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.3 Inflation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.4 The missing mass puzzle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.5 Late accelerated expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

1.6 The standard cosmological model, its challenges, and alternatives . . . . . . . . . . . 6

1.6.1 Dark matter . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.6.2 Dark energy . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.6.3 Observational tensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.7 This thesis: main hypothesis and outline . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Theoretical framework 11

2.1 General Relativity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Homogeneous cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2.1 Friedmann-Lemâıtre-Robertson-Walker metric . . . . . . . . . . . . . . . . . 15

2.2.2 Perfect fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.3 Friedmann equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.2.4 The ΛCDM model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

2.3 Perturbation theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

2.3.1 Scalar-vector-tensor decomposition . . . . . . . . . . . . . . . . . . . . . . . . 26

2.3.2 Perturbed field equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

2.3.3 Fixing the gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3.4 Conformal Newtonian gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

2.3.5 Synchronous gauge . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2.3.6 Statistical description of the density field . . . . . . . . . . . . . . . . . . . . 34

3 UDE: Perfect fluid models 36

3.1 Single dark fluid hypothesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36

3.2 The Chaplygin gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2.1 Background dynamics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

3.2.2 SNIa constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

vi



3.2.3 Evolution of linear density perturbations . . . . . . . . . . . . . . . . . . . . . 40

3.2.4 The GCG power spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

3.2.5 Matter power spectrum constraints: GCG + baryons . . . . . . . . . . . . . . 43

3.2.6 Logarithmic limit of the GCG model . . . . . . . . . . . . . . . . . . . . . . . 45

3.2.7 The modified CG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.3 The logotropic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.3.1 Logotropic equation of state . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.3.2 Logotropic cosmologies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3.3 Constraint on Blgt from the growth of cosmic structures . . . . . . . . . . . . 53

3.3.4 The role of the Planck density . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.3.5 Logotropic DM halos . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4 UDE: scalar field models 59

4.1 Action functionals for perfect fluids . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.1.1 Schutz-Sorkin action . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.1.2 Pure k-essence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62

4.1.3 The case Lon−shell = −ρ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2 Scalar field description of isentropic perfect fluids: specific models . . . . . . . . . . 65

4.2.1 Generalized Chaplygin gas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2.2 Logotropic model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

4.2.3 Logarithmic CG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66

4.3 One-parameter extension to the GCG model . . . . . . . . . . . . . . . . . . . . . . . 68

4.3.1 Non-relativistic limit . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

4.3.2 Background cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

4.3.3 SNIa constraints . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

4.3.4 Structure formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

5 Mapping DE models into Unified Dark Energy 79

5.1 Mapping pure k-essence models: trivial case . . . . . . . . . . . . . . . . . . . . . . . 79

5.1.1 CDM via a Lagrange multiplier . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.1.2 CDM via pure k-essence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

5.2 Mapping pure k-essence models: general case . . . . . . . . . . . . . . . . . . . . . . 81

5.2.1 Mapping the Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

5.2.2 Equation-of-state and the sound speed . . . . . . . . . . . . . . . . . . . . . . 84

5.2.3 Scalar field linear perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . 85

5.3 Mapping specific input DE models into UDE . . . . . . . . . . . . . . . . . . . . . . 86

5.3.1 Input DE model: wde = const . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

5.3.2 Input DE model: GCG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 87

5.3.3 Restrictions on isentropic UDE models . . . . . . . . . . . . . . . . . . . . . . 88

6 The role of nonlinearities in UDE models 90

6.1 Backreaction in cosmology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

vii



6.2 Impact of nonlinearities in UDE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

6.3 The nonlinear Chaplygin gas model . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

6.3.1 Small scale clustering parametrization . . . . . . . . . . . . . . . . . . . . . . 94

6.3.2 Background evolution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

6.3.3 Evolution of perturbations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

6.3.4 CMB power spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103

6.3.5 Matter power spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.4 Observational constraints on nonlinear Chaplygin gas cosmologies . . . . . . . . . . . 105

6.4.1 SNIa . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

6.4.2 Weak lensing . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.4.3 CMB . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

6.4.4 CMB vs WL Tensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

6.4.5 Joint SNIa+WL+CMB analysis . . . . . . . . . . . . . . . . . . . . . . . . . 113

7 Conclusions and Outlook 115

Appendices 120

A Methodology 121

A.1 Implementation in CLASS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 121

A.2 Cosmological parameters estimation . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

A.2.1 Statistical inference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

A.2.2 Markov chain Monte Carlo methods . . . . . . . . . . . . . . . . . . . . . . . 123

A.2.3 Contour plots . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 125

B Data sets 126

B.1 Pantheon sample (SNIa) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

B.2 SDSS DR7 (matter power spectrum) . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

B.3 Planck 2018 (CMB) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128

B.4 KiDS-450 (weak lensing) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

Bibliography 131

viii



List of Tables

6.1 Parameters and corresponding flat priors used for the SNIa likelihood analysis in

Sec. 6.4.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

6.2 Priors used for the likelihood analysis with KiDS-450 (green contours in Fig. 6.9),

Planck 2018 (blue contours in Fig. 6.9) and for the combined analysis Pantheon +

KiDS-450 + Planck 2018 (results given in Table 6.5). . . . . . . . . . . . . . . . . . . 110

6.3 Results from the likelihood analysis with KiDS-450 data. We show the best-fit and

mean values for the nonlinear GCG model and cosmological parameters, with the

correspondent 1 and 2σ deviations. Notice that α is unconstrained in the [0 , 1]

interval by the data. The minimum χ2 given by the best-fit values is χ2
min = 49. . . . 112

6.4 Results from likelihood analysis with Planck 2018 data. We show the best-fit and

mean values for the nonlinear GCG model and cosmological parameters, with the

correspondent 1 and 2σ deviations. The parameters εi and w0− are tightly con-

strained to εi & 0.97 and w−0 . −0.99 at 2σ, while α is unconstrained in the [0 , 1]

interval. The minimum χ2 given by the best-fit values is χ2
min = 623. . . . . . . . . . 112

6.5 Results for the combined likelihood analysis Pantheon + KiDS-450 + Planck 2018.

We show the best-fit and mean values for the nonlinear GCG model and cosmological

parameters, with the correspondent 1 and 2σ deviations. The parameters εi and w0−
are tightly constrained to εi & 0.96 and w−0 . −0.99 at 2σ, while α is unconstrained

in the [0 , 1] interval. The minimum χ2 given by the best-fit values is χ2
min = 1310. . 114

ix



List of Figures

3.1 The equation of state parameter wgcg (blue lines) and the sound speed squared c2
s,gcg

(green lines) as a function of the scale factor a, with A = 0.7. The different line

styles correspond to the choices α = 1 (solid line), α = 0.5 (dashed line) and α = 0.1

(dotted-dashed line). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.2 Pantheon SNIa data constraints for the GCG parameters A and α. Darker and

lighter regions correspond to the 1σ and 2σ confidence level, respectively. For the

analysis we consider a cosmology with Ωgcg + Ωb = 1 where Ωb0 = 0.0487 (the

radiation component can be safely ignored in the analysis). . . . . . . . . . . . . . . 40

3.3 The present linear GCG power spectra for α = 0 (black line), |α| = 10−5 (green lines)

and |α| = 10−4 (blue lines). The amplitude of the power spectrum is normalized such

that all models agree on very large scales. Deviations with respect to the ΛCDM

model on linear scales (i.e. k . 0.1 h Mpc−1) are significant if |α| & 10−5. . . . . . . 43

3.4 Left: GCG observational constraints in the
(
α,A

)
plane (the other free parameters

being marginalized). The constraints coming from large scale structure data (SDSS

DR7) are shown by the green regions (darker areas correspond to points with an

higher likelihood). The SNIa constraints (Pantheon) presented in Sec. 3.2.2 are

shown by the red contours. Right: 1σ and 2σ confidence regions for values of α very

close to zero that are allowed by the observations (corresponding to the ΛCDM limit). 44

3.5 GCG observational constraints in the (σ8, As) plane (the other free parameters being

marginalized) obtained from large scale structure data (SDSS DR7) corresponding

to the large region in Fig. 3.4. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

3.6 Top panel: Ratio between the energy density of the logotropic fluid and Algt as a

function of the number density, with n∗ being fixed to unity and Algt = 0.2 (solid

line), Algt = 0.5 (dashed line) and Algt = 0.8 (dotted-dashed line). Blue and black

lines correspond to dρ/dn > 0 and dρ/dn < 0, respectively. Bottom panel: Plot of

the two real branches of the Lambert W function W0 (f (ρ)) > −1 and W−1 (f (ρ)) <

−1. The color and line styles match the ones of the top panel. . . . . . . . . . . . . . 50

x



3.7 The matter density parameter is fixed to Ωm0 = 0.3 in both panels. Top panel:

Evolution of the equation of state parameter as a function of the scale factor (black

lines) while the blue vertical lines denote the value of the scale factor when w has

a maximum or a minimum. The solid, dashed, and dotted-dashed lines correspond

to Blgt = 0.1 , 0.5 and 1, respectively. Bottom panel: Evolution of the sound speed

squared as a function of the scale factor. For illustration purposes, we just plot c2
s

for the values Blgt = 0.1 and 1 (solid and dotted dashed lines, respectively). . . . . . 52

4.1 The equation of state parameter wext (top plot) and the sound speed squared c2
s[ext]

(bottom plot) as a function of ρext for the GCG model (β = (1 + α) /2α, solid line),

β = 0.5 (dotted-dashed line), and β = 2 (dotted line). Here, α has been fixed to unity. 70

4.2 SNIa constraints on the parameters ρΛ(eff)/ρ0, e−α and β using the Pantheon data

set, where darker and lighter regions correspond to the 68% and 95% confidence

level, respectively. The top plots in each column show the 1-dimensional likelihood,

marginalized over the remaining parameters. The black line shown in the panel

(1/β, e−α) satisfies the relation β = (1 + α) /2α, thus corresponding to the GCG

model. The dashed-lines represent GCG models with A = 0.7 (blue lines) and

A = 0.8 (red lines) as given by Eq. (4.86). . . . . . . . . . . . . . . . . . . . . . . . . 75

4.3 Lines of constant wext0 as a function of e−α and 1/β. We choose to plot the lines

for the values ρΛ(eff) = 0.67ρ0 (black lines) and ρΛ(eff) = 0.86ρ0 (red lines), which

correspond approximately to the lower and upper limit of the 95% C.L. interval

estimated from the SNIa constraints (see Fig. 4.2). . . . . . . . . . . . . . . . . . . . 76

4.4 The linear matter power spectra at the present epoch for the extended CG + baryons

(blue lines) normalized to the ΛCDM model (black line) amplitude on large scales,

for different choices of β (see legend) and α = 1. The parameter ρΛ(eff) is fixed such

that w0 ∼ −0.7. For increasingly larger values of β the spectra gets closer to the

ΛCDM prediction, with the oscillations appearing on ever smaller scales. . . . . . . . 77

4.5 Contour lines of constant c2
s[ext]0 = 0.1 (solid lines), 0.2 (dashed lines), and 0.3

(dotted-dashed lines), as a function of e−α and 1/β. The black and red lines corre-

spond to the fixed values of wext0 = −0.7 and wext0 = −0.8, respectively. . . . . . . . 77

6.1 Evolution of the baryon (black lines), ‘+’ component (blue lines), and ‘−’ component

(green lines), density parameters. We take three values for the initial collapsed GCG

fraction εi = 0.5 , 0.8 , 0.99 (solid, dashed and dotted-dashed lines, respectively). . . . 98

6.2 Evolution of the equation of state parameter for the ‘−’ component (black lines) and

the small scale clustering fraction of the GCG (blue lines) as a function of redshift.

We take three values for the initial collapsed GCG fraction εi = 0.5 , 0.8 , 0.99 (solid,

dashed and dotted-dashed lines, respectively), and fix α = 1. . . . . . . . . . . . . . 99

xi



6.3 Evolution of the density perturbations with the scale factor on the scales k =

0.01 hMpc−1 (top plot) and k = 0.1 hMpc−1 (bottom plot) for the ‘+’ component

(green lines) and ‘−’ component (blue lines). We fix the cosmological parameters as

in Fig. 6.1 with the initial collapsed fraction being εi = 0.5 (solid lines), εi = 0.8

(dashed lines) and εi = 0.99 (dotted-dashed lines). The vertical lines denote the value

of the scale factor when the fluctuations of the effective dark energy component stop

growing (with the corresponding line style for each εi). . . . . . . . . . . . . . . . . . 101

6.4 CMB power spectrum for cosmologies with a similar characteristic angle for the

location of peaks on the CMB power spectrum (`A ∼ 300). The result for the

ΛCDM model considering the standard values (see Sec. A.1) is shown by the blue

line. The black lines correspond to the CMB power spectrum predicted by the

Nonlinear Chaplygin gas model with α = 1, for three choices of the initial collapsed

fraction: εi = 0.5 (solid lines), εi = 0.8 (dashed lines) and εi = 0.99 (dotted-dashed

lines). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

6.5 Matter power spectra for the same choice of parameters as in Sec. 6.3.4, including

nonlinear corrections from the Halofit model. The blue line shows the ΛCDM result. 105

6.6 Observational constraints on the GCG parameters εi and α from the Pantheon SNIa

compilation. Darker and lighter regions correspond to the 1σ and 2σ confidence

level, respectively. In this analysis we assume Ωb0 = 0.0487, Ωm0 = 0.315, H0 =

67.3 km s−1 Mpc−1, and a fixed baryonic fractional density deep in the matter era

of Ωbi = 0.155 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

6.7 Diference of the convergence power spectrum for the Nonlinear GCG (red lines) with

respect to the ΛCDM model considering εi = 0.5 (solid line), εi = 0.8 (dashed line)

and εi = 0.99 (dotted-dashed line). All models have α = 1 and `A ∼ 300 (see Sec.

6.3.4). The auto-correlations are shown on the diagonal panels and the unique cross-

correlations between the redshift bins are presented in the off-diagonal plots. The

dashed vertical lines delimit the band powers, with the shadow regions in grey being

excluded from the KiDS-450 analysis. The blue regions show the 1σ errors for each

band derived from the analytical covariance matrix. . . . . . . . . . . . . . . . . . . 108

6.8 Comparison of the constraints from KiDS (green contours) and Planck (cyan con-

tours) in the σ8, α plane. Nonlinear GCG models with values over all the range of

α are allowed by CMB and the joint analysis CMB+WL. . . . . . . . . . . . . . . . 109

6.9 One and two dimensional posterior distribution showing the 1σ (darker regions) and

2σ (lighter regions) constraints for the Nonlinear Chaplygin gas model parameters

obtained from KiDS weak lensing (green contours) and Planck 2018 CMB measure-

ments (cyan contours) (check Table 6.2 for the assumed priors). The open contours

in red refer to the constraints with Pantheon SNIa data (see Sec. 6.4.1 for details

on the analysis). The dashed red lines indicate the upper bounds on the values of ε0

and w0 resulting from the priors assumed in Table 6.1. . . . . . . . . . . . . . . . . . 111

6.10 Comparison of the constraints from KiDS (green contours) and Planck (cyan con-

tours) in the σ8, Ωm0 plane (where Ωm0 = Ωb0 + Ω+0). . . . . . . . . . . . . . . . . . 113

xii



Chapter 1

Introduction

1.1 An expanding Universe

Modern cosmology seeks for the rigorous understanding of the physical nature of the Universe. It is

now a mature scientific discipline, built over more than 100 years by the symbiosis between theory

and observations. Its inception may be traced back to Albert Einstein and Willem de Sitter, when

in 1916 they applied the new theory of gravity (i.e. General Relativity, published by Einstein not

long before [1]) to describe the Universe on large scales [2–5]. However, the cosmological solutions

that they found did not match the established idea that the Universe was spatially static and

eternal; in fact, at that time there was no observational evidence suggesting otherwise1. In order to

get a static solution Einstein introduced a new term Λ, dubbed cosmological constant, that would

work as a repulsive force. Despite the modification in the field equations, the cosmological constant

has a noticeable effect only on large scales, meaning that the local predictions of General Relativity

(such as Mercury’s perihelion advance, or the deflection of light by the Sun) remained unaltered.

The scenario changed in 1929, when Edwin Hubble published his findings on the relationship be-

tween the recessional velocity of nearby galaxies and their radial distances [6]. Using the recent

Mount Wilson 2.5 meters Hooker telescope, Hubble was able to determine the distance to these

galaxies by observing Cepheid variable stars, whose brightness was known to have a regular pe-

riod (from Henrietta Leavitt’s observations on the Magellanic Clouds [7, 8]). In combination with

spectroscopic measurements done by Vesto Slipher in 1917 [9], Hubble found that the galaxies’s

redshift was linearly proportional to their distance. This relation, now known as Hubble’s law,

was consistent with a spatially expanding Universe, instead of a static one. Spatially expanding

cosmologies were first established by Alexander Friedmann [10,11] and, independently, a few years

later Georges Lemâıtre published his analysis on what he called “ Einstein Universe of variable ra-

dius ” [12]. In the same work, Lemâıtre also derived Hubble’s law from theoretical considerations,

and found Einstein’s static solution to be unstable (as recognized and further clarified by Eddington

1In the early 1920’s there was no consensus in the scientific community on the existence of galaxies besides the
Milky Way. For example, the Great Debate between Harlow Shapley and Heber Curtis in 1920 concerned the nature
of galaxies (then known as spiral nebulae) and the size of the Universe.

1
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in 1930 [13]). All the evidence was now suggesting the we live in a spatially expanding Universe,

and the primary motivation for a cosmological constant in Einstein’s equations had vanished.

1.2 Hot Big Bang

An immediate consequence of an expanding Universe is that, in the past, galaxies were closer

together. Lemâıtre was the first to suggest that the Universe was once very hot and dense, able

to cool down through expansion [14]. This idea was formalized and developed mainly during the

40’s by George Gamow [15, 16] and his collaborators [17, 18], in what became known as the Hot

Big Bang model. In the seminal work [19], colloquially dubbed as the αβγ paper2, they came with

the remarkable proposal that the nuclei of light elements (e.g. helium, deuterium or lithium) can

be synthesized at very early times, in agreement with their observed abundances in the Universe

(consistently with the rate of expansion determined from Hubble). Big Bang Nucleosynthesis (BBN)

is a significant and successful prediction, based on well known physics and measured cross-sections

for the nuclear reactions.

Yet, another unequivocal consequence of the Universe beginning in a hot and very dense state, is the

presence of a black-body radiation coming from all directions, with a present temperature on the

order of a few Kelvin [20] (corresponding to photons with a wavelength of about ∼ 7 cm). At early

times, the Universe was radiation dominated, with the energetic photons preventing the formation

of atoms. Thus, the Universe was filled with a dense and opaque plasma, with photons and charged

particles (mainly free electrons and protons) in thermal equilibrium, and interacting with each other

through Thompson scattering. As the Universe expanded photons became less energetic, and when

the Universe was about 1000 times smaller than today, electrons and protons combined to form

neutral atoms, a process known as recombination. After this point, photons essentially decoupled

(i.e. the scattering rate of photons became smaller than the rate of expansion) and could propagate

freely across the Universe, some of them reaching us at the present time. This cosmic microwave

background (CMB) radiation was accidentally detected by Arno Penzias and Robert Wilson in

1964, while working at Bell Laboratories [21]. Using a horn-reflector radio antenna, they measured

an excess signal which appeared to be isotropic and constant in time, with a temperature of 3.3±1.0

K. It was Robert Dicke and his colleagues at Princeton that interpreted this excess ’noise’ as the

relic microwave radiation, predicted decades before [22].

The ability of the standard model of hot Big Bang cosmology to account for the measured expansion

of the Universe, abundances of light elements, and the CMB (considered the three historical pillars

of modern cosmology) discredited alternative cosmological models that were still being considered

at that time e.g. the Milne model [23] or the Steady-State theory [24,25].

2A play on the greek letters α, β and γ, after the authors Alpher, Bethe and Gamow.
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1.3 Inflation

Despite the empirical evidence presented in the previous sections, the Big Bang model relies on

specific and puzzling initial conditions. The so-called Horizon problem, pointed out by Wolfgang

Rindler in 1956 [26], is related to the question of why the Universe is so homogeneous and isotropic

in the first place. The particle horizon i.e. the maximum distance that light could have traveled

since the beginning of time3, defines a maximal region which could have been in causal contact.

However, according to the hot Big Bang model, photons from the CMB coming from opposite

directions in the sky (relative to an observer on Earth, detecting the photons today) would not

have time to come into thermal equilibrium; simply because these regions were out of causal contact

at the epoch of photon decoupling. Moreover, the Horizon problem is also manifest in the BBN:

if significant anisotropies were present in the early Universe, the predicted abundances of light

elements would be notoriously changed and the agreement with observations could be lost [27].

Another issue concerns the spatial curvature of the Universe. There is a priori no theoretical

prejudice regarding the large scale geometry of the Universe. Still, in the 1970’s observations

suggested [28, 29] that the present mean energy density could not differ from the critical density

(i.e. the density we should measure if the Universe is flat) by more than 1 or 2 orders of magnitude.

The fact that our Universe is so close to being flat only at this stage in the history of its evolution

(without any apparent reason) may be regarded as a coincidence problem. In 1979, Dicke and James

Peebles draw the attention to what became known as the Flatness problem [30]: if the Universe

is not exactly flat, and in order to produce the rate of expansion measured today, an extreme

fine-tuning of the value of the energy density and the rate of expansion at early times is required.

Therefore, in order for the Big Bang model to retain its predictive capabilities (that matched very

well the observations at that time) specific initial conditions would have to be imposed.

The Inflation paradigm, consisting in a period of exponential expansion during the very early stages

of the Universe, was proposed by Alan Guth in 1981 [31] as a possible solution to the Horizon and

Flatness problems 4. Different mechanisms to produce this epoch of early accelerated expansion

were also put forward by Andrei Linde [33], Alexei Starobinsky [34], Andreas Albrecht and Paul

Steinhardt [35] in the following year. The Inflationary epoch increases the horizon size exponen-

tially and is consistent with our observable Universe having originated from a small and causally

connected region. This period also accounts, in a natural way, for the observed spatial flatness of

the Universe, even if the Universe before Inflation was strongly curved. Furthermore, it can also

explain the presence of small primordial inhomogeneities. Quantum fluctuations generated during

Inflation can give rise to a nearly scale invariant and gaussian spectrum of density perturbations,

responsible for seeding the formation of large scale structures in the late Universe [36]. Observa-

tions have so far provided strong hints that a period of Inflation may have occurred in the early

3Assuming that the model is valid back to the Big Bang (t = 0).
4The more exotic Monopole problem can also be addressed by Inflation. Grand Unified Theories attempt to

unify the electromagnetic and nuclear (both weak and strong) forces. Generally, these theories predict that the
Universe underwent a series of phase transitions through spontaneous symmetry breaking, leading to the production
of topological defects. This has important cosmological consequences, in particular the expectation that magnetic
monopoles (i.e. zero dimensional topological defects) should have dominated the energy density of the Universe, is
in contradiction with observations [32].



Chapter 1. Introduction 4

Universe (see e.g. [37]).

1.4 The missing mass puzzle

Gravity is the dominant interaction not only on cosmological scales, but also at the level of indi-

vidual galaxies and clusters of galaxies. By observing the dynamical properties of objects in these

gravitationally bound systems, e.g. measuring the velocities of stars in galaxies, or studying the

motion of galaxies within clusters, one may estimate their total mass. One can also infer the con-

tribution of luminous matter to the mass of these systems by measuring its luminosity. In general,

these two methods are not expected to give the same result: many astronomical bodies do not

shine, others may be too faint to be observed. In his series of lectures published in 1904 [38], Lord

Kelvin presented one of the first estimates of the contribution of dark bodies to the mass of our

galaxy. His calculations showed that some of the galactic mass could be made of invisible matter,

albeit not a significant fraction, as pointed out by Henri Poincaré [39]“Lord Kelvin’s method would

give us (...) the total number of stars including the dark ones; since his number is comparable to

that which the telescope gives, then there is no dark matter, or at least not so much as there is of

shining matter”.

The first indication that dark matter may dominate the dynamics on cluster scales was found by

Fritz Zwicky in 1933 [40], analyzing the redshifts of galaxies within the Coma Cluster [41]. From

the observed number of galaxies, and adopting a reasonable estimation for the physical size of the

cluster, he managed to compute the average velocity of the galaxies. However, the observed velocity

dispersion was 1 order of magnitude larger than what he expected from his calculations. Zwicky

concluded that, in order for the Coma Cluster to be a stable system, its mass should be far greater

than what could be inferred from the optical content. Following the same reasoning, a similar mass

discrepancy was found by Sinclair Smith for the Virgo Cluster [42]. In the years that followed, the

scientific community did not reach a consensus on a satisfactory solution to the problem posed by

Zwicky’s work [43–45].

Hints for “missing mass” on galactic scales were around already in the 1930’s [46, 47]. However, it

took a few decades for the emergence of more accurate technology to properly address the question.

The development of an image-tube spectrograph by Kent Ford [48], enabled him and Vera Rubin

to perform precise measurements of Andromeda’s rotational velocity through the Doppler shift of

optical emission lines. The results, published in 1970 [49], showed that the rotation curve (i.e.

the rotational velocity as a function of the radius) flattens as the radial distance increases. The

orbital velocity of stars and hot gas far way from the galactic center were much higher than what

one might predict from Newtonian gravity5 given the density profile inferred from its optical size.

This intriguing result was soon found on other galaxies through radio measurements of the 21-cm

hydrogen line [50, 51]. Under the assumption that Newtonian theory accurately accounts for the

gravitational interaction, the observed flat rotation curves implied the existence of a high fraction

5Given the small orbital velocity of stars, as well as the galaxy’s weak and approximately static gravitational field
(sufficiently far away from any black hole that may reside in the galactic center) the relativistic corrections from
General Relativity are expected to be negligible.
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of non-luminous mass [52,53].

Eventually it became clear that the ”missing mass” observed on multiple scales could share a

common origin [54,55], and the hypothesis that dark matter can account for most mass in galaxies

and clusters of galaxies began to be broadly accepted by the end of the ’70s [56]. So far, if

questioned about what dark matter is made of, astronomers could consider several (and the most

natural) candidates, e.g. planets, brown dwarfs, or even black holes6. However, upper bounds

on the cosmological baryonic density derived from the ever more precise measurements of the

abundance of light elements resulting from the BBN [57] strongly suggested that most of dark

matter is non-baryonic. Furthermore, a high density of baryons was also shown to be in conflict

with the absence of CMB anisotropies at the level of ∼ 10−4 [58] (e.g. in [59] it was reported an

upper limit . 4.5× 10−5 at the 95% confidence level on the CMB temperature fluctuations).

With growing evidence for the non-baryonic nature of dark matter, some promising candidates were

being considered at this time, including neutrinos [60,61], supersymmetric particles [62], or some yet

undetected weakly interacting particle beyond the Standard Model of Particle Physics [63–66]. The

study of large scale structure formation using numerical simulations provided another important

piece of information to characterize the properties of this hypothetical entity. The improvement

of N-body simulations, pioneered by William Press and Paul Schechter in 1974 [67], allowed to

numerically solve the formation of large structures from the initial density perturbations generated

by inflationary models [68–70]. When compared with the 3D galaxy survey available in the 80s [71],

cold (i.e. non-relativistic) dark matter particles provided the best reconstruction of the observed

cosmic structures [72].

1.5 Late accelerated expansion

By considering a non-baryonic cold dark matter (CDM) component, one could explain the flat

rotation curves of galaxies, the dynamics of galaxy clusters, as well as successfully predict the

statistical distribution of galaxies. Apparently, it could also be accommodated in the current

model of an expanding Universe with an early period of acceleration. However, several internal

inconsistencies were being noted. As mentioned before, the inflationary paradigm predicts that the

Universe should be very close to being flat. This would mean that, if the Universe is currently

dominated by matter, the energy density of matter should be close to the critical density. However,

observations in the beginning of 1990’s were pointing towards a matter content far lower than

that [73–76]. Negatively curved cosmologies were shown to alleviate some of the tensions [77],

but, on the other hand, could not be motivated by standard inflationary scenarios. The prevailing

standard CDM model was in crisis.

In the late 1960s, a number of authors did consider a cosmological constant in order to explain the

excessive number of observed quasars [78–80]. Though the evidence was far from being convincing,

these works motivated Yakov Zeldovich [81] to account for a cosmological constant with the energy

6These dark matter candidates were later known by the acronym MACHOs (MAssive Compact Halo Objects)
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density of vacuum7. However, the interpretation of Λ as the vacuum energy leads to a theoretical

expectation for its value several orders of magnitude larger than the critical density of the Universe;

a conundrum known as the cosmological constant problem [85]. Given that in General Relativity all

forms of energy contribute to the gravitational field, the presence of a nonzero energy from empty

space can not be promptly dismissed.

Notwithstanding the problem attached to the cosmological constant, in the early 90s the possibility

that Λ may play a significant role on the dynamics of the Universe on cosmological scales started

to be taken seriously [86, 87]. The addition of a cosmological constant to the cosmic budget was

shown to fit well the available data, while also being consistent with the inflationary imperative

of a spatially flat Universe [88, 89]. Furthermore, a flat ΛCDM model would also imply that the

current expansion of the Universe should be accelerating, provided that the contribution of Λ to the

total energy density is high enough [90]. Observational evidence for an accelerated Universe was

found by two teams in 1998 and 1999 from distance measurements using high redshift supernovae

[91,92]. The possibility of unaccounted systematic errors on the SNIa measurements, as well as the

results being dependent on the assumed geometry, still raised some skepticism among cosmologists

[93–96]. However, the case for a flat ΛCDM model only got stronger in the intervening years, with

CMB measurements performed by the BOOMERanG experiment [97]. When combined with SNIa

observations, the measured CMB angular power spectrum strongly constrained the curvature of

the Universe to be close to zero.

1.6 The standard cosmological model, its challenges, and alterna-

tives

The turn of the millennium witnessed the emergence of a concordance cosmology: the flat ΛCDM

model, complemented with an early-time inflationary period, was able to consistently fit all the

empirical data available at that time, probing different epochs of the cosmic history. Moreover,

other unequivocal predictions of the standard model, e.g. the polarization of CMB photons, and

the signature of baryon acoustic oscillations (BAO) in the distribution of galaxies, were soon after

detected [98,99]; again, in perfect agreement with the theory. The Wilkinson Microwave Anisotropy

Probe (WMAP) spacecraft launched in 2001 to measure the all-sky CMB anisotropies (as well as

its polarization), corroborated and improved previous results, being key in establishing the today’s

standard cosmological model [100–103].

Quite remarkably, the standard model is specified by a set of only six free parameters which need

to be inferred from observations. Its underlying assumptions are that: 1) gravity is described

by General Relativity, 2) the Universe is approximately homogeneous and isotropic on sufficiently

large scales, and 3) the Universe contains particles well described by the standard model of particle

physics. According to this picture we can say, with very high confidence, that the present cosmic

7A nonzero vacuum energy is an unavoidable consequence of the quantization of fields. The net force due to a
change in the vacuum energy between two flat conducting plates predicted by Hendrik Casimir [82] was shown to
be consistent with the experiments in 1957 [83]. More recent measurements have verified the Casimir effect at a 5%
level [84].
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energy budget is roughly composed by ∼ 5% baryonic matter, ∼ 25% CDM, and the remaining

∼ 70% are accounted by the cosmological constant (the contribution from relativistic species is

very small). Hence, assuming that the standard model hypotheses hold, we are left with ∼ 95% of

the Universe in some dark form that we now very little about. Understanding the physical origin

of this dark sector is one of the major challenges in contemporary cosmology.

1.6.1 Dark matter

Guided by observational evidence, only a few things are known about non-baryonic dark matter. For

one, since its presence is only inferred through gravitational effects, it must interact very weakly with

ordinary matter. Secondly, the particles that made up dark matter must have been non-relativistic

since early in the history of the Universe; structure formation would, otherwise, be suppressed

on small scales in a way that is incompatible with what is observed. In the meantime, there is

no suitable CDM candidate from the standard model of particle physics. The best candidates

from the domain of particle physics to represent dark matter are known under the generic name of

weakly interacting massive particles (WIMPs), which are predicted by several extensions beyond the

standard model [104,105] (see also [106]); so far they have not yet been directly detected [107–109].

Primordial black holes (PBHs) have also been considered as an alternative dark matter candidate

since the 70’s [110, 111], though the interest on the topic gained momentum [112] with the recent

detection of gravitational waves emitted from the merging of a binary black hole [113]. Being

formed right after the end of inflation, PBHs can evade in this way the tight BBN constraints on

the abundance of baryonic matter [114,115].

Instead of some new particle, what is perceived as dark matter could be the result of gravity be-

having differently from what we expect when assuming General Relativity (or Newtonian theory in

the appropriate conditions). The archetypal example is the MOND paradigm [116, 117]: through

a phenomenological modification of Newtonian gravity, MOND is able to reproduce the observed

rotation curves of galaxies without postulating an “unseen” matter source [118]. However, repro-

ducing the dynamics of the Bullet Cluster with modified gravity alone is somewhat contrived and

overly complicated [119], while dark matter is able to provide a more direct explanation [120,121].

More recently, MOND is challenged to explain dark matter deficient galaxies — mass estimations

of two ultra-diffuse galaxies in the NGC 1052 Group seem to indicate that dark matter is separable

from luminous matter on galactic scales [122, 123] (further examples are reported in [124]). Using

high-resolution hydrodynamical simulations, two different teams [125,126] have shown that galaxies

not dominated by dark matter may be naturally created via tidal interactions, showing no tension

with the standard paradigm of galaxy evolution. On the other hand, theories in which dark matter

phenomenology is replaced by a modification of gravity, a dark matter-like behavior due to the

gravitational field from visible matter should always be present [127]. These two examples provide

strong hints of the presence of dark matter at the scale of galaxies and clusters of galaxies (see

also [128]).
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1.6.2 Dark energy

The cause behind the late accelerated expansion of the Universe is even more enigmatic. The

cosmological constant Λ, adopted by the standard cosmological model, is the simplest form of dark

energy one can concoct. It is characterized by a negative pressure which does not vary in time, and

is smoothly distributed in space. Despite its simplicity, it is difficult to justify the small value of Λ on

more fundamental grounds. As far as classical physics is concerned, there is no theoretical constraint

on the what value the cosmological constant should take, so it can be taken as a free parameter.

On the other hand, Quantum Field Theory predicts a non zero vacuum energy which, according

to General Relativity, must source the gravitational field. Ultimately, cosmological observations

measure an effective cosmological constant, i.e., the sum of a bare cosmological constant with all

other possible contributions to the energy of empty space. However, as we have mentioned before,

the expected vacuum energy density is many orders of magnitude larger than the present critical

density of the Universe. Hence, one has to enforce the bare value to cancel almost exactly the large

vacuum contribution, resulting on a tiny effective cosmological constant that is compatible with

cosmological observations. This extreme case of fine-tuning is now known as the new cosmological

constant problem, in opposition to the old cosmological constant problem (formulated before the

evidence for the present accelerated expansion), which requires the effective cosmological constant

to be completely negligible for the cosmic expansion [129] (for further details see e.g. [130,131]).

In the search for alternative models to explain the observational data one implicitly assumes that

the old problem is solved. One representative class of dark energy models, dubbed quintessence

[132–134], evokes a dynamical canonical scalar field to account for the late time acceleration. Other

alternative dark energy models abound (see e.g. the review [135]), which often involve further

generalizations in the form of non-canonical scalar field models. The possibility that General

Relativity might not hold on large scales is also vastly explored in the literature — in this case,

the dark energy phenomenology is substituted by some version of modified gravity theory [136].

Although these approaches modify Einstein equations in different ways, the same phenomenology

can, to some extent, be equally well reproduced by these alternatives [137]. Some models also take

into account the possibility of interactions (besides gravity) between dark energy and other matter

fields [138], which can be motivated in the context of e.g. scalar-tensor theories or f (R) gravity

(see [139]). These non-minimal coupling scenarios give rise to the propagation of a fifth force, though

suppression mechanisms are envisaged (e.g. chameleon mechanism [140]) in order to avoid local

gravity restrictions. However, with the emergence of multi-messenger gravitational wave astronomy

[141], several modified gravity models predicting an anomalous propagation of gravitational waves

(and consistent with other cosmological data), were ruled out or severely constrained [142, 143].

Nevertheless, given our current knowledge of fundamental physics, one cannot really provide a

robust rationale in favor of (or against) any of the alternatives to the ΛCDM, provided that some

region of the parameter space in these models proves to be consistent with the observations.
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1.6.3 Observational tensions

Although the standard model is extremely successful in explaining a wide number of observations, in

more recent years discrepancies on the preferred value of some of its parameters started to emerge.

The most statistically significant tensions arise between the inferred values from measurements of

the CMB and the results obtained from other low redshift probes, particularly on the value of the

present expansion rate [144] (given by the Hubble constant H0) and the linear density fluctuation

power spectrum amplitude [145]. Currently there is a & 4σ discrepancy between the derived H0

value from Planck data [146] and what is found from measurements of the distance-redshift relation

from SNIa observations [147]. Moreover, constraints on the power spectrum amplitude value from

weak-lensing surveys [148–151] also show a persistent & 2σ disagreement with Planck results.

While the exquisite quality of Planck data provides the most tight constrains on the cosmological

parameters to date, these results are also model dependent: the early time observables have to be

interpolated to late time quantities assuming a specific cosmological evolution. On the other hand,

local measurements are able to probe late time observables independently of the cosmology. Po-

tential unaccounted systematics or selection bias in the data could eventually explain discrepancies

between the different probes, although this seems unlikely [144]. Actually, the tensions only got

worse as the number and precision of observations continued to improve over the years [152–158].

Hence, these results pose a serious challenge to the concordance model, and might indicate that a

paradigm shift [159] is lurking around the corner.

1.7 This thesis: main hypothesis and outline

Within the standard cosmological model, which assumes General Relativity and the Cosmological

Principle, the dark sector is separated into two components: CDM, and a cosmological constant.

This is however, a quite circumstantial assumption; historically, CDM was required to account for

the observed dynamics of galaxies and clusters of galaxies well before the first evidence for the

late accelerated expansion of the Universe. Unified Dark Energy (UDE) models are built upon the

hypothesis that the entire dark sector can be characterized by a single fluid or field. In this thesis

we shall mainly focus our attention on UDE isentropic perfect fluids, described by an equation of

state, or, under suitable conditions, by a real scalar field whose dynamics is described by a purely

kinetical Lagrangian. We consider various models, derive their properties, and constraint them

with current data. The outline of the thesis is the following.

In chapter 2 we provide an overview of the technical details required for the later chapters. We

present the necessary concepts from General Relativity, and review essential principles to back-

ground cosmology and linear perturbation theory.

In chapter 3 we start by discussing the single dark fluid hypothesis, followed by a review of the

generalized Chaplygin gas (GCG) and discussion of its main properties as a representative example

of UDE. The GCG model parameters are constrained against SNIa luminosity distances obtained

from the Pantheon compilation. We then study the impact of the sound speed on the linear density

perturbations and its effect on large scale structure formation. Using the matter power spectrum
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data from the clustering of the Sloan Digital Sky Survey DR7 Luminous Red Galaxies we present

constraints for GCG cosmologies, including the effect of baryons, updating the analysis of [160].

The logarithmic limit of the GCG is also discussed, following part of Thesis paper 2 [161]. Based

on the analysis of our published paper [162], we use the measurements from spiral galaxies rotation

curves to constrain the sound speed of the effective dark matter component associated to the high

density limit of the modified Chaplygin gas. The final section focus on the logotropic fluid as a UDE

model, and includes several results published in Thesis paper 1 [163]. We study its background

evolution and discuss the implications of the logotropic UDE sound speed on the linear growth of

cosmic structures, as well as on the stability of logotropic dark matter halos.

Chapter 4 deals with the scalar field description of perfect fluids. Starting from a Schutz-Sorkin

action, we show that purely kinetic Lagrangians are appropriate to describe the dynamics of isen-

tropic perfect fluids as long as the kinetic term is positive. This first part follows from our discussion

in Thesis paper 3 [164]. The Lagrangian descriptions for three isentropic UDE models discussed in

chapter 3 are presented. We then consider a one-parameter extension to the GCG Lagrangian, first

proposed in our published work Thesis paper 2 [161]. We first examine the non-relativistic regime

for this extended family of GCG models. The background evolution is studied, and constraints on

the model parameters are also determined using SNIa observations. We then discuss how structure

formation is affected for different values of the parameters by examining their impact on the shape

of the linear matter power spectrum.

The content of chapter 5 is based on part of Thesis paper 3 [164]. Here we establish a mapping

between dark energy models described in terms of pure k-essence Lagrangians and UDE, by defining

an appropriate relation between their kinetic terms. We also describe the correspondence between

their equation of state parameter and sound speed. We make it more concrete by presenting

examples of this mapping, and discuss the implications of constraints on the sound speed in this

context.

In chapter 6 we focus on the problem of backreaction. We argue that nonlinearities may have a

potential impact and cannot be safely ignored in the analysis of UDE scenarios. We exemplify

the role of backreaction effects on the GCG model by considering an ansatz parametrizing the

level of small scale nonlinear clustering. We discuss in detail the impact of GCG clustering on

the background results and evolution of linear density perturbations. We also show how the CMB

and matter power spectra are affected on nonlinear Chaplygin gas cosmologies. We finally provide

constraints from Pantheon, Planck 2018, and Kilo Degree Survey (KiDS)-450. Part of the contents

of this chapter are based on the results from Thesis paper 4 (in preparation) [165].

We conclude in chapter 7, by drawing some perspectives on the viability of isentropic UDE scenarios,

the role of nonlinearities, and outlook future developments. We finalize by presenting a summary

of the main results obtained in this thesis.

The Appendices contain details on the methodology and the data sets used in this work.



Chapter 2

Theoretical framework

This chapter aims to present, on a more technical level, a succinct review of essential principles

behind modern cosmology. For more detail we refer the reader to several reference textbooks and

lecture notes [166–174]. One should bear in mind that several hypotheses are required in the

construction of any well defined cosmological model. While in the following sections the discussion

focus on the standard model of cosmology, our work in subsequent chapters relies on the same

fundamental assumptions regarding the theory of gravity, large scale symmetry, and the standard

matter content in the Universe.

Notation and conventions

Unless otherwise stated, throughout this thesis we work in the natural units ~ = c = kB = 1, where

~ is the reduced Planck constant, c is the speed of light in the vacuum, and kB is the Boltzmann

constant. We follow the Einstein summation convention, with upper and lower repeated indices

being summed over. The Greek indices run over the spacetime coordinates and Latin indices run

over the spatial coordinates e.g.

xµxµ ≡
3∑

µ=0

xµxµ , xixi ≡
3∑
i=1

xixi ,

for 3 + 1 spacetime dimensions. We shall also employ a spacelike signature (−,+,+,+) for the

spacetime metric gµν .

2.1 General Relativity

In the theory of General Relativity gravity is interpreted as a physical manifestation of spacetime

geometry, which is ultimately a consequence of Einstein’s insight [175] that there is a “complete

physical equivalence of a gravitational field and a corresponding acceleration of the reference system”

11
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1. This statement became known as the Einstein equivalence principle, and was a keystone in

the formulation of the gravitational field equations first published in 1915 [1]. In the same year,

Einstein also showed that the theory of General Relativity correctly accounts for the precession in

the perihelion of Mercury’s orbit [176], which Newtonian gravitational theory was unable to fully

explain [177] (as first reported by Le Verrier in 1859 [178]). However, it was only in 1919 that the

most celebrated prediction of General Relativity was confirmed by observations, when Eddington

and his collaborators measured the deflection of light from distant stars by the Sun [179]. The

collected data was in agreement with Einstein calculations. More recent and precise measurements

performed in several astrophysical scenarios [180–184] have conferred the results obtained back in

the beginning of the 20th century.

Indirect evidence for the existence of gravitational waves had been already found from observations

of the first binary pulsar ever discovered by Russell Hulse and Joseph Taylor in 1974 [185]. The

measured orbital decay of this binary system provides a striking match with the estimated energy

loss due to gravitational radiation predicted by General Relativity [186]. More recently, the Laser-

Interferometer Gravitational-Wave Observatory (LIGO) team and Virgo collaboration reported

the first direct detection of gravitational waves [113], laying down the foundations of Gravitational-

Wave Astronomy. With the subsequent detection of the gravitational wave signal GW170817 and

the observation of its electromagnetic counterpart GRB 170817A, the difference between the speed

of propagation of gravitational waves and the speed of light was tightly constrained to be between

−3 × 10−15 and +7 × 10−16 times the speed of light [141], in perfect agreement with General

Relativity.

A direct implication of the Einstein equivalence principle is the gravitational redshift of light, which

has also been tested with high precision using photon sources artificially generated e.g. Gravity

Probe A [187], or by measuring the shift in the spectral lines of stars [188]. A more elementary

formulation of the Einstein equivalence principle, known as the weak equivalence principle, states

that all bodies fall with the same acceleration when subjected to the same gravitational field.

The results from the MICROSCOPE mission showed that the relative difference in the free-fall

accelerations between two test masses is smaller than ∼ 10−14 [189].

So far, no significant deviations from the predictions of General Relativity have been observed.

Although several alternative theories of gravity do exist, in this thesis we shall assume that Gen-

eral Relativity provides an accurate description of the gravitational interaction on cosmological

scales. As mentioned before, in General Relativity gravity is a manifestation of spacetime curva-

ture. Mathematically, the spacetime geometry is described by a pseudo-Riemannian manifold M
embedded with a metric tensor g. We shall denote the spacetime coordinates by xµ and the partial

derivative with respect to a coordinate system as ∂µ ≡ ∂/∂xµ. The Riemann curvature tensor is

given by

Rρσµν = ∂µΓρνσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ , (2.1)

1The Collected Papers of Albert Einstein. Volume 2: The Swiss Years: Writings, 1900-1909 (English translation
supplement) Page 302
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where the components of the Chistoffel connection, better known as the Christoffel symbols, are

Γλµν =
1

2
gλσ (∂µgνσ + ∂νgσµ − ∂σgµν) , (2.2)

with gµν being the components of the metric, and gµν the inverse metric, where gµαgνα = δµν is

Kronecker’s delta. Contracting the first and third index of the Riemann curvature tensor given in

Eq. (2.1) one gets the Ricci tensor

Rµν = Rαµαν = gραRρµαν , (2.3)

while the Ricci scalar is obtained from the trace of the Ricci tensor R = Rµµ = gµνRµν . The

Christoffel connection is metric-compatible, meaning that∇αgµν = 0, where the covariant derivative

is defined as

∇αT µ1...µpν1...νq = ∂αT µ1...µpν1...νq + Γµ1ασT σ...µpν1...νq + ...− Γσαν1T µ1...µpσ...νq − ... (2.4)

for a general tensor T µ1...µpν1...νq . Another important concept is that of parallel transport of a

tensor T along a path xµ (λ) defined by

dxα

dλ
∇αT µ1...µpν1...νq = 0 , (2.5)

with λ being an affine parameter. If we parallel transport the vector dxµ/dλ (i.e. the tangent

vector to the path) along the curve, one gets the geodesic equation

dxα

dλ

[
∂α

(
dxµ

dλ

)
+ Γµαβ

dxβ

dλ

]
= 0⇒ d2xµ

dλ2
+ Γµαβ

dxα

dλ

dxβ

dλ
= 0 . (2.6)

Notice that Eq. (2.6) is invariant under the affine reparameterization λ → aλ + b, where a and b

are some constant real numbers.

Einstein field equations encode the interplay between the curvature of spacetime and a source of

matter (expressed by the energy-momentum tensor Tµν)

Gµν = Rµν −
1

2
gµνR = 8πGTµν , (2.7)

where Gµν is the Einstein tensor. The differential Bianchi identity gives ∇µGµν = 0 and, therefore,

ensures that the total energy-momentum tensor is automatically conserved i.e. ∇µTµν = 0 regard-

less of the metric under consideration. The field equations may also be derived from the following

action functional

S
[
gµν ,Φ

i
]

= SE.H. + SM , (2.8)

by considering variations with respect to the metric, where Φi (xµ) can be any spacetime dependent
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tensor field in M (here the superscript i is used to label the fields). The first term in Eq. (2.8) is

known as the Einstein-Hilbert action,

SE.H. [gµν ] =

∫
d4x
√−g R

16πG
, (2.9)

and depends solely on quantities derived from the metric tensor, viz., R and g, where g = det (gµν).

The second term is given by

SM

[
gµν ,Φ

i
]

=

∫
d4x
√−gLM

(
gµν ,Φ

i
)
, (2.10)

and, being a functional of the metric and the matter fields Φi, it is usually dubbed as the matter

action (in general, SM is a function of the matter field derivatives as well i.e. SM

[
gµν ,Φ

i,∇µΦi
]
).

The energy-momentum tensor, appearing on the right side of Eq. (2.7), is given by

Tµν = − 2√−g
δ (
√−gLM)

δgµν
= −2

δLM

δgµν
+ Lgµν , (2.11)

where the variation is taken with respect to the inverse metric (note that δgµν = −gµαgνβδgαβ).

The equation of motion characterizing the dynamics of a given field Φi is simply given by

δSM

δΦi
= 0 . (2.12)

We shall rely on Eq. (2.11) to compute the energy-momentum tensor in Chap. 4, where we explore

possible Lagrangian descriptions of perfect fluids and their connection with scalar field theories.

2.2 Homogeneous cosmology

The Standard Cosmological Model stands upon the assumption that, on very large scales (typically

larger than 100 Mpc), the Universe is essentially homogeneous and isotropic at each instant of

cosmic time. This postulate, being of crucial importance in contemporary cosmology, is known

as the Cosmological Principle. The hypothesis of spatial uniformity can be viewed as a remnant

of the Copernican Principle, according to which the Earth does not have a privileged location in

the Universe. Isotropy, on the other hand, assert that there is no preferred spatial direction. The

two concepts are not completely independent, although in general homogeneity does not imply

isotropy, and vice versa. Isotropy around every point in space however implies homogeneity. The

observed distributions of radio sources [190], galaxies [191], clusters of galaxies [192], and gamma-

ray bursts [193] have been used to test isotropy, finding no significant evidence against statistical

isotropy on large scales. Of particular relevance are the CMB measurements, where deviations from

isotropy are found to be on the order of 10−5 [194]. Hence, given the high level of isotropy inferred

from observations and by assuming that the Copernican Principle holds, the Cosmological Principle

follows. Although the validity of the Copernican Principle is much harder to probe than isotropy,

the assumption of homogeneity on large scales is shown to be compatible with several observations
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and consistency tests [195–199] (see also the review [200]). Hence, even if the Cosmological Principle

leads to a very idealized model, it seems to be consistent (at first approximation) with the Universe

we observe.

2.2.1 Friedmann-Lemâıtre-Robertson-Walker metric

The investigation of homogeneous and isotropic solutions to the Einstein’s equations was pioneered

by Friedmann and Lemâıtre in the 1920’s [10–12], and later rediscovered by Howard Robertson and

Arthur Walker [201–204].

The most general metric, fulfilling the requirements of the Cosmological Principle, is given by the

spherically symmetric Friedmann-Lemâıtre-Robertson-Walker (FLRW) metric

ds2 = −dt2 + a2 (t) g
(3)
ij dx

idxj , (2.13)

where t is the physical cosmic time, a (t) is the scale factor, and g
(3)
ij is a 3-dimensional metric of

constant curvature K. Depending on the sign of K, the spatial geometry can be closed (if K > 0),

open (if K < 0), or flat (if K = 0). The spatial line element may be written as

g
(3)
ij dx

idxj =
dr2

1−Kr2
+ r2

(
dθ2 + sin2 θdϕ2

)
, (2.14)

with r, θ and ϕ being comoving spatial coordinates, which remain constant in time for a comoving

observer i.e. a free-falling observer for which the Universe is homogeneous and isotropic.

One may now use Eq. (2.2) to find the non-vanishing connection coefficients for the FLRW metric

Γ0
ij = aȧg

(3)
ij , Γi0j = Γij0 =

ȧ

a
δij , (2.15)

Γ1
11 =

Kr
1−Kr2

, Γ1
22 = −r

(
1−Kr2

)
, (2.16)

Γ1
33 = −r

(
1−Kr2

)
sin2 θ , Γ2

33 = − sin θ cos θ , (2.17)

Γ2
12 = Γ2

21 = Γ3
13 = Γ3

31 =
1

r
, Γ3

23 = Γ3
32 = cot θ , (2.18)

where an over-dot represents the derivative in order to the cosmic time (i.e. ẋ ≡ dx/dt). From Eq.

(2.1) one gets the components of the Ricci tensor

R00 = −3
ä

a
, (2.19)

Rij =
(
aä+ 2ȧ2 + 2K

)
g

(3)
ij , (2.20)

while the Ricci scalar is given by
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R = 6

[
ä

a
+

(
ȧ

a

)2

+
K
a2

]
. (2.21)

Notice that if the Universe is spatially closed, a coordinate singularity arises for r = rK = 1/
√
K.

This singularity can be removed with a coordinate transformation

dχ =
dr√

1−Kr2
, (2.22)

where χ defines a new radial coordinate. Integrating the equation above one finds

r = fK (χ) =


1√
K sin (χ) , K > 0

χ , K = 0

1√
|K|

sinh (χ) , K < 0 ,

(2.23)

so the FLRW metric may be recasted as follows

ds2 = −dt2 + a2fK (χ)2 [dχ2 + dθ2 + sin2 θdϕ2
]
. (2.24)

In several situations it is useful to work with a conformal time coordinate η

dη =
dt

a (t)
, (2.25)

giving us a complete comoving coordinate system (η, r, θ, ϕ), or (η, χ, θ, ϕ) (if one uses Eq. (2.24)).

An essential observable in cosmology is the redshift associated with the propagation of light in an

expanding Universe. As we have seen in Chapter 1, the redshift of spectral lines of distant galaxies

was key to Hubble’s insight. Given that the trajectory of a light-ray follows a null geodesic (i.e.

ds2 = 0), one gets

dt

dλ
=

a (t)√
1−Kr2

dr

dλ
, (2.26)

where the affine parameter λ is normalized such that pµ = dxµ/dλ gives the photon 4-momentum.

Notice that, due to spatial isotropy, θ and ϕ may be set to zero without generality being lost.

Combining Eq. (2.26) with the component µ = 0 from Eq. (2.6) leads to

d2t

dλ2
+
ȧ

a

(
dt

dλ

)2

= 0 , (2.27)

which has the solution

dt

dλ
=

ω0

a (t)
, (2.28)
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with ω0 being an integration constant. Let us now consider a comoving observer i.e. an observer

for which uµ = (1, 0, 0, 0) — here uµ = dxµ/dτ are the components of the 4-velocity, and τ is the

proper time. Such observer measures the energy of a photon to be

E = −gµνpµuν = −g00
dx0

dλ
u0 =

ω0

a (t)
. (2.29)

Since ȧ > 0 in an expanding Universe, the energy of a photon decreases with time and the associated

wavelength is stretched in proportion to the scale factor. Hence, the energy of a photon emitted

from a source at a time tem and observed at a time tobs > tem is changed by a factor of

E (tem)

E (tobs)
=
a (tobs)

a (tem)
, (2.30)

and the cosmological redshift is then

z =
E (t0)

E (tobs)
− 1 =

a (t0)

a (tem)
− 1 , (2.31)

for a comoving observer making the measurement at the present time t0. For the remaining of the

thesis we shall normalize the scale factor to unity at t0 (so that z = 0 corresponds to the present

epoch).

The physical distance, or proper distance, may be defined as the travel time of a photon emitted

at a time t and observed at t0

dP (t) = −
∫ t

t0

dt = a (t)

∫ r

0

dr′√
1−Kr′2

= a (t) f−1
K (r) = a (t) d(c) , (2.32)

where d(c) is the comoving distance. The associated “recessional velocity” of a comoving object at

a distance dP is simply given by

v (t) = ḋP = HdP . (2.33)

Considering small values of the redshift (z � 1), the expansion rate H ≡ ȧ/a can be well approxi-

mated by its present value H0

v ' H0dP , (2.34)

which is precisely the relation that Hubble derived from observations in the 1920’s, and thus called

the Hubble’s law. The quantity H0 is known as the Hubble parameter, and is often written in

terms of a dimensionless parameter h

H0 = 100h km s−1 Mpc−1 . (2.35)
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2.2.2 Perfect fluids

Physical systems containing a very large number of “free” particles2 may be effectively approxi-

mated by a fluid. The validity of such approximation is usually quantified in terms of the ratio

Kn ≡ Lp/Ls � 1 known as the Knudsen number, where Lp is the typical inter-particle separation

and Ls is the characteristic size of the system. The building blocks of a fluid are the so called fluid

elements (also dubbed fluid “particles”). A fluid element is defined as a small volume of the fluid

(relatively to the scale Ls) in order to guarantee homogeneity within the element, but large enough

to contain a very large number of particles, such that, in each of these fluid elements, the particles

are in thermodynamical equilibrium. Hence, fluids provide a high-level description of matter: only

a few continuous macroscopic quantities are required in order to effectively characterize the system.

A perfect fluid, defined as one that can be completely specified by a rest-frame energy density ρ,

and an isotropic3 rest-frame pressure p, often provides an adequate framework to model the source

of the gravitational field.

The energy-momentum tensor

Having fixed the background geometry to be described by a FLRW metric, Einstein field equations

can be solved once the matter content of the Universe is specified in terms of its energy-momentum

tensor. Considering a perfect fluid, the energy-momentum tensor may be expressed in a matrix

form as

Tµ̂ν̂ = T µ̂ν̂ =


ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

 , (2.36)

where the “hats” over the indices indicate that the components are computed in the local inertial

rest frame of the fluid (i.e. gµ̂ν̂ = ηµ̂ν̂ where ηµν = (−1, 1, 1, 1) are the components of the Minkowski

metric in cartesian coordinates). In any other frame, the energy-momentum tensor of a perfect fluid

is given by

Tµν = (ρ+ p)uµuν + pgµν . (2.37)

For a comoving observer in a FLRW background at rest with the fluid one has

T 00 = ρ = T00 , (2.38)

T ij = pgij =
1

a2
pgij(3) . (2.39)

2Here free is meant to indicate that the particles are not part of a rigid structure, such as e.g. a crystal lattice.
3By relaxing this assumption one may construct a broader class of perfect fluids, which are characterized by

having distinct values for the pressure along different spatial directions and are, therefore, known as anisotropic
perfect fluids [205].
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As mentioned in Sec. 2.1, the conservation of the total energy-momentum tensor follows from

Einstein equations together with the differential Bianchi identity, that demands∇µGµν = 0. Taking

the covariant derivative of Eq. (2.37), the conservation equations for a perfect fluid are

∇µTµν = ∂µT
µν + ΓµµαT

αν + ΓνµαT
µα . (2.40)

For the component ν = 0 one gets

∇µTµ0 = ∂0T
00 + Γµµ0T

00 + Γ0
µαT

µα = ρ̇+ 3H (ρ+ p) = 0 , (2.41)

whereas the equations for the spatial components ν = i

∇µTµi = ∂jT
ij + ΓµµjT

ij + ΓiµαT
µα ⇒ ∂ip = 0 , (2.42)

are trivially satisfied. On the other hand, the ν = 0 component in Eq. (2.41) tell us how the energy

density evolves with time given the expansion rate of the Universe and the pressure of the fluid.

This conservation equation is usually written as

ρ̇+ 3Hρ (1 + w) = 0 , (2.43)

where w ≡ p/ρ is the equation of state parameter. In Sec. 2.2.3 we show that Einstein equations

provide a further relation between ρ and H. Thus, in order to solve Eq. (2.43) additional infor-

mation is needed. One possible way to close the system of equations is by providing a relation

between the pressure and energy density in the form of a barotropic equation of state p = p (ρ) (or

w = w (ρ)).

Thermodynamics

In addition to ρ and p, let us now also consider the proper particle number density n = N/V and the

entropy density s̃ = S/V of a perfect fluid (these quantities being also defined in the local comoving

inertial frame) where N is the number of particles and S is the entropy within a physical volume

V . Assuming that there are no creation or annihilation processes the total number of particles is

conserved. The local form of the first law of thermodynamics may be written as

d
(ρ
n

)
+ pd

(
1

n

)
= Td

(
s̃

n

)
, (2.44)

where T is the temperature of the fluid. The conservation of the total number of particles can be

expressed through the continuity equation for the particle number density

∇αjα = uα∇αn+ n∇αuα = 0 , (2.45)

where jα = nuα is the particle number current. For a comoving observer one gets
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uα∇αn+ n
(
∂αu

α + Γααβu
β
)

= ṅ+ 3Hn = 0 , (2.46)

being straightforward to show from Eq. (2.46) that, in an expanding Universe, the particle number

density decays as n ∝ a−3 (N is fixed while the physical volume grows as V ∝ a3).

Now let us consider the projection of the covariant derivative of the energy-momentum tensor for

a perfect fluid along uβ

uβ∇αTαβ = 0 = uβ∇α
[
(ρ+ p)uαuβ + pgαβ

]
= (2.47)

= −uα∇αρ− (ρ+ p)∇αuα = (2.48)

= −n
[
uα∇α

(ρ
n

)
+ puα∇α

(
1

n

)]
, (2.49)

where we have used the identity uαuα = −1. Identifying the expression inside the parenthesis in

Eq. (2.49) with the l.h.s. in Eq. (2.44) one obtains

uα∇α
(
s̃

n

)
= 0 , (2.50)

implying that, for perfect fluids conserving the total number of particles, the entropy per particle

s = s̃/n is conserved along the fluid lines. Fluids that satisfy Eq. (2.50) are said to be adiabatic.

In fact, for fluids conserving the number of particles and defined by a barotropic equation of state,

the entropy is going to be the same constant throughout the volume of the fluid at all times, i.e.

∇α
(
s̃

n

)
= 0 ⇒ S = const. (2.51)

which defines an isentropic motion (see e.g. [206]). Clearly, if Eq. (2.51) holds then the adiabaticity

condition is also satisfied. Although we will not need to work directly with Eq. (2.51), it is worth

to make here this distinction between adiabaticity and isentropy.

Notice that the adiabaticity condition simplifies Eq. (2.44) to

d
(ρ
n

)
+ pd

(
1

n

)
= 0 . (2.52)

It is a simple matter to show that Eq. (2.43) is recovered from Eq. (2.49) (in combination with Eq.

(2.45)). Hence, instead of a barotropic equation of state, one may also define an isentropic perfect

fluid from an equation of state of the form ρ = ρ (n) and solve Eq. (2.52), giving the pressure in

terms of n

p(n) = µn− ρ (n) , (2.53)
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where µ = dρ/dn is the chemical potential. Alternatively, if p = p (n) is assumed, then Eq. (2.52)

implies that

ρ(n) = mn+ n

∫ n p (n′)
n′2

dn′ . (2.54)

The integration constant m may be identified as the rest mass of the particles (so as to recover

ρ = nm for p = 0).

2.2.3 Friedmann equations

Now that we have a suitable mathematical formulation of a geometry complying with the sym-

metries imposed by the Cosmological Principle, we are in position to determine the dynamical

evolution of the Universe (with its matter content being described in terms of a perfect fluid

energy-momentum tensor) by solving Einstein equations. Using Eqs. (2.19), (2.20), and (2.21), one

finds the components (00) and (ij) of the Einstein tensor to be

G00 = 3

(
H2 +

K
a2

)
, (2.55)

and

Gij = −
(
2äa+ ȧ2 +K

)
g

(3)
ij , (2.56)

with all the other components being identically zero. Combining Eqs. (2.55) and (2.38) one obtains

H2 =
8πG

3
ρ− K

a2
, (2.57)

while Eqs. (2.56) and (2.39) give

2
ä

a
+H2 +

K
a2

= −8πGp . (2.58)

Eqs. (2.57) and (2.58) are known as the Friedmann equations. Another important relation can be

obtained by eliminating the curvature term by combining Eqs. (2.57) and (2.58)

ä

a
= −4πG

3
(ρ+ 3p) , (2.59)

which is usually known (in a cosmological context) as the Raychaudhuri equation. It is clear from

Eq. (2.59) that the condition w < −1/3 is required to obtain an accelerated rate of expansion (i.e.

ä > 0). Dividing Eq. (2.59) by −H2 one gets the deceleration parameter

q ≡ − ä

aH2
=

1

2
(1 + 3w) , (2.60)
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where q is negative (positive) if the cosmic expansion accelerates (decelerates). Also notice that

the continuity equation given in Eq. (2.43) can be obtained by first multiplying Eq. (2.57) by a2,

differentiating with respect to time, and then using Eq. (2.58).

So far we have presented the equations in terms of the full energy-momentum tensor. The results

can be easily generalized to the case of Nf several perfect fluids by taking

ρ =

Nf∑
i

ρi , p =

Nf∑
i

pi , (2.61)

while the continuity equation holds individually for each fluid

ρ̇i + 3H (ρi + pi) = 0 , (2.62)

provided that they interact only through gravity. For a perfect fluid with constant equation of state

parameter wi the above equation can be integrated to give

ρi = ρi0a
−3(1+wi) . (2.63)

A perfect fluid with constant w is sufficient to model the background dynamics of several cosmo-

logical components of interest. It covers, for instance, radiation (wr = 1/3), pressureless matter

(wm = 0), and a cosmological constant (wΛ = −1). From Eq. (2.63) one finds that the energy

density of these components evolve as ρr ∝ a−4, ρm ∝ a−3, and ρΛ ∝ const., respectively.

It is often useful to work with the fractional contribution from each component to the total energy

density. For a given component the dimensionless density parameter is usually defined as

Ωi =
ρi
ρcrit

, (2.64)

whereas the reduced density parameter is given by

ωi = Ωih
2 . (2.65)

The critical density ρcrit is defined such that K = 0, i.e.

ρcrit =
3H2

8πG
. (2.66)

As one may check from Eq. (2.57), the Universe is closed (i.e. K > 0) if the total energy density

is above the ρcrit, and open (i.e. K < 0) if the total energy density is bellow ρcrit. With these

definitions in place, the first Friedmann equation may be rewritten as

∑
i

Ωi + ΩK = 1 , (2.67)
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where

ΩK = − K
H2a2

. (2.68)

2.2.4 The ΛCDM model

The Standard Cosmological model assumes General Relativity and a FLRW metric, while a few

free parameters have to be constrained from observations. These include the present fractional

densities of the energy and matter content in the Universe Ωi0, the curvature parameter ΩK0, and

the present rate of expansion H0, which are sufficient to completely determine the background

dynamics.

The joint results of the most recent CMB [146] and BAO data [207–209] are able to tightly constrain

the curvature term

ΩK0 = 0.0007± 0.0019 , (2.69)

thus suggesting that our Universe is virtually flat. Given such strong observational bound on ΩK0

the curvature is usually taken to be exactly zero in the ΛCDM model. We assume hereafter K = 0

and, therefore, we shall work with a flat FLRW metric (so we can set a cartesian metric for the

spatial part of the metric i.e. g
(3)
ij = δij).

Regarding the content described by the Standard Model of Particle Physics, for most cosmological

purposes it is sufficient to consider photons, neutrinos, and baryons. Photons emitted by stars or

hot gas represent only a small fraction of the photons in the Universe; most of the photons are,

by large, part of the CMB. Their energy density can then be characterized by the CMB monopole

temperature, which has been measured with an outstanding precision from a combination of the

COBE/FIRAS data [210,211]. Considering the mean value for the temperature, the reduced photon

density parameter at the present is found to be

ωγ0 = 2.47× 10−5 . (2.70)

Neutrinos also behave as relativistic particles provided that their masses are small. Although cosmic

neutrinos have not yet been observed the theoretical arguments in favor of their existence are well

grounded, based on very well-understood physics [212]. By accounting for the contribution from

relativistic neutrinos to the radiation density one gets

ωr0 = 4.17× 10−5 . (2.71)

It turns out that the radiation contribution to the total energy density at the present time is

extremely small. Hence, in most late-time analysis one can safely ignore this component on the

background dynamics.
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Some of the non-relativistic matter is found in the form of atomic nuclei and electrons. Following

the widespread terminology among the cosmology community, these are referred to as baryons4.

The density of baryons in the Universe may be estimated in several ways, either directly e.g. by

measuring the emission or absortion in the electromagnetic spectrum [213], indirectly e.g. via the

abundance of light elements from BBN [214], or from CMB anisotropies, with the latest Planck

data providing the tightest constraint to date of ωb0 = 0.00224± 0.0001 [146]. All these estimates

using different techniques agree to a large extent on a baryonic fractional energy density of about

Ωb0 ≈ 0.05 , (2.72)

showing that baryonic matter accounts for a small fraction (∼ 5%) of the total energy density at

the present time.

In the present paradigm the largest proportion of non-relativistic matter is attributed to CDM.

The reduced fraction of CDM is well constrained by Planck to be [146]

ωcdm0 = 0.120± 0.001 , (2.73)

while the derived total matter density5 is

Ωm0 = 0.315± 0.007 . (2.74)

A Universe containing ∼ 30% of matter is consistent with the values determined e.g. from weak-

lensing measurements [150,151] and the distribution of large scale structures [215].

Within the standard cosmological model, the remaining chunk of the cosmic energy budget (satis-

fying the closure relation given by Eq. (2.67)) is identified with a cosmological constant

ΩΛ0 = 0.6847± 0.0073 , (2.75)

being responsible for the present state of cosmic acceleration.

Multiple independent methods have been used to measure the Hubble constant at different cosmic

epochs. With the improvement of the precision obtained by these experiments, a significant tension

in the H0 value started to emerge (see Sec. 1.6.3). For instance, Planck’s inferred value (which

assumes a flat ΛCDM model)

4Though electrons are technically leptons, protons and neutrons are so much more massive than electrons that
most of the mass accounted by standard particles is indeed found in the form of baryons.

5The total matter density fraction includes baryons, CDM, and also the small contribution from one massive
neutrino with mν = 0.06 eV. The analysis presented in [146] show that the combination of CMB and BAO data
tightly constrains the upper bound on the sum of neutrino masses to be

∑
imν i < 12 eV at 95% C.L. . Since

neutrinos have such a small mass, they behave essentially as relativistic particles for most of the cosmic expansion
history. Hence, for simplicity, throughout this thesis we shall treat neutrinos as massless particles.
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H0[CMB] = 67.4± 0.5 km s−1 Mpc−1 , (2.76)

is in tension at a statistical significance of more than 4σ with the value reported in [147]

H0[SNIa] = 73.2± 1.3 km s−1 Mpc−1 . (2.77)

The latter relies on distance ladder measurements, with the magnitude of supernovae being cali-

brated through variable Cepheid stars. Currently, the reason for the discrepancy on the value of

H0 obtained by different probes still remains unclear.

2.3 Perturbation theory

Although an homogeneous and isotropic Universe described by a FLRW metric might be an ade-

quate description on sufficiently large scales, on smaller scales our universe is fairly inhomogeneous;

cosmic structures in the form of e.g. galaxies, clusters of galaxies, filaments or voids, can have

densities significantly different from the average value. One of the first attempts to describe the

formation of planets and stars in a static Universe governed by Newtonian gravity was published

by James Jeans in 1902, in which he demonstrated that small density perturbations can grow

with time in a homogeneous and isotropic self-gravitating fluid via gravitational instability [216].

The evolution of density perturbations in a FLRW expanding Universe was pioneered by Lifshitz

in 1946 [217], and provided the basis for further developments regarding the formation of cosmic

structures e.g. [218–223] (see the editorial note by Ellis in [224] for a historical perspective). These

works used linear perturbations theory by considering small perturbations around an “unperturbed”

background. According to the prevailing scenario, primordial density perturbations originated from

an inflationary phase in the early Universe seeded the formation of cosmic structures, which were

then amplified due to self gravity.

To get the perturbed relativistic equations we must consider perturbations to the FLRW metric

gµν (η,x) = g(0)
µν (η) + δgµν (η,x) , (2.78)

where g
(0)
µν (η) stands for the background metric (zero-th order)6 and δgµν (η,x)� 1 (in the linear

regime) are the components of the perturbed metric tensor, so we may write

ds2 = gµνdx
µdxν = a2(η)

[
−dη2 + δijdx

idxj + δgµνdx
µdxν

]
. (2.79)

The most general linear perturbation around the FLRW metric can be decomposed as follows

δg00 = −2Ψ , δg0i = wi , δgij = 2 (hij − Φδij) , (2.80)

6In general we shall denote zero-th order quantities by an upper or lower script “(0)”. For ease of notation, we
drop the (0) when it is clear to which value we are referring to (i.e. either to the background or to the total variable).
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where the perturbations Ψ and Φ are scalar functions, wi is a 3-vector, and hij is a symmetric and

traceless (δijhij = 0) second order tensor. Notice that Φ encodes the trace of δgij as Φ = −δijδgij/6.

2.3.1 Scalar-vector-tensor decomposition

One may decompose any 3-vector into a longitudinal and transverse parts

w = w|| + w⊥ , (2.81)

where a longitudinal vector is curl-free (i.e. ~∇×w|| = 0) and a transverse vector is divergence-free

(i.e. ~∇ · w⊥ = 0). Given that the curl of a gradient is always zero, the longitudinal part can

be written as the gradient of a scalar field w|| = ~∇ws, being also known as the irrotational part.

On the other hand we can write the transverse (or rotational) part as w⊥ = ~∇ × wv. It is clear

that the longitudinal part has one degree of freedom carried by the ws, and the transverse part

two degrees of freedom (the null divergence implies that one of the three components of the vector

w⊥ is constrained by the other two). By definition w|| represents a scalar perturbation and w⊥
represents a vector perturbation. Analogously, we can decompose the traceless 2-tensor hij as

h = h|| + h⊥ + hT , (2.82)

where now the divergences ~∇ · h|| and ~∇ · h⊥ are longitudinal and transverse, respectively, and hT

is transverse. Thus, the divergence of hT is zero

δjk∂khij T = 0 , (2.83)

while the divergence of ~∇ · h⊥ (sometimes also called the solenoid part) is divergence-free

δilδjk∂l∂khij⊥ = 0 . (2.84)

One can then derive hij⊥ from a transverse vector field hv

hij⊥ = ∂ihj v + ∂jhi v . (2.85)

Hence hT and h⊥ carry two degrees each. The longitudinal part ~∇ · h|| is (similarly to the vector

decomposition case) curl-free, so it can be derived from a scalar function as

hij|| =
(
∂i∂j −

1

3
δij∇2

)
hs , (2.86)

and it will have just one degree of freedom. Physically tensor modes represent gravitational waves,

while vector modes are associated to rotational velocity perturbations. As for scalar modes, they

are related to the density perturbations. It turns out that at first order, scalar, vector, and tensor

modes evolve independently of each other. Here we shall focus on the growth of cosmic structures
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and, consequently, only scalar perturbations will be taken into account, i.e. we assume that the two

other types of perturbations vanish. Therefore, the perturbed line element that shall be considered

is given by

ds2 = a2 (η)
{
− (1 + 2Ψ) dη2 + 2wi ||dηdx

i +
[
(1− 2Φ) δij + 2hij ||

]
dxidxj

}
. (2.87)

2.3.2 Perturbed field equations

In order to derive the first-order Einstein equations we decompose the Einstein tensor Gµν and the

energy-momentum tensor Tµν into background and perturbed parts

Gµν = G(0)
µν + δGµν , Tµν = T (0)

µν + δTµν . (2.88)

which results in the Einstein equations for the background

G(0)
µν = 8πGT (0)

µν , (2.89)

and for the perturbations

δGµν = 8πGδTµν . (2.90)

The perturbed Einstein tensor is

δGµν = δRµν −
1

2
(δgµνR+ gµνδR)⇒ δGµν = δgµαGαν + gµαδGαν , (2.91)

and going all the way through the perturbed Ricci scalar δR, Ricci tensor δRµν and Christoffel

symbols δΓµνλ we get everything in terms of the perturbed metric

δR = δgµαRαµ + gµαδRαµ , (2.92)

δRµν = δΓαµν,α − δΓαµα,ν + δΓαµνΓβαβ + ΓαµνδΓ
β
αβ − δΓαµβΓβαν − ΓαµβδΓ

β
αν , (2.93)

δΓµνλ =
1

2
δgµα (gαν,λ + gαλ,ν − gνλ,α) +

1

2
gµα (δgαν,λ + δgαλ,ν − δgνλ,α) . (2.94)

From the condition gναg
αµ = δµν it follows that, at first order (i.e. drooping the quadratic terms of

the perturbed quantities)

δgµν = −δgαβ g(0)αµg(0)βν . (2.95)
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Here we shall assume that the perturbed fluid can also be treated as a perfect fluid, which implies

that δT ij = 0 if i 6= j. Working with mixed components for convenience

Tµν = (ρ+ p)uµuν + pδµν (2.96)

we have

δTµν = (δρ+ δp)uµ(0)uν(0) +
(
ρ(0) + p(0)

)(
uµ(0)δuν + uν(0)δu

µ
)

+ δpδµν , (2.97)

where

ρ (η,x) = ρ(0) (η) + δρ (η,x) (2.98)

p (η,x) = p(0) (η) + δp (η,x) (2.99)

uµ (η,x) = uµ(0) (η) + δuµ (η,x) . (2.100)

We now proceed to evaluate the velocity perturbations. The fluid 4-velocity can be written as

uµ = u0
(
1, vi

)
where vi = vi = dxi/dη = adxi/dt is the coordinate 3-velocity, and u0 = dη/dτ .

Using Eq. (2.87) one obtains from the normalization condition for the 4-velocity

u0 =
1

a

1√
1− v2 + 2

(
Ψ− wi ||vi + Φv2 − hij ||vivj

) , (2.101)

where v2 = δijv
ivj . Since the metric perturbations are assumed to be small, we may Taylor expand

Eq. (2.101) to obtain

u0 =
1

a
√

1− v2

[
1−

Ψ− wi ||vi + Φv2 − hij ||vivj

1− v2

]
. (2.102)

Furthermore, if the fluid is non-relativistic the quadratic terms in v can be neglected, which leads

leads to

uµ =

[
1

a
(1−Ψ) ,

vi

a

]
, (2.103)

uµ = gµνu
ν =

[
−a (1 + Ψ) , a

(
vi + wi ||

)]
. (2.104)

The 4-velocity in the background is uµ(0) =
(
a−1, 0, 0, 0

)
so, from the expansion uµ = uµ(0) + δuµ

one gets

δuµ =

(
−Ψ

a
, ui
)

, δuµ = (−aΨ, ui) , (2.105)
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which results in the following components of the perturbed energy-momentum tensor

δT 0
0 = −ρ(0)δ , δT i0 = −ρ(0) (1 + w) vi

δT 0
i = ρ(0) (1 + w)

(
vi + wi ||

)
, δT ij = ρ(0)δc2

sδ
i
j (2.106)

with the density contrast and the sound speed squared being defined as

δ = δ (η,x) ≡ ρ (η,x)− ρ(0)

ρ(0)
=

δρ

ρ(0)
, (2.107)

c2
s ≡

δp

δρ
, (2.108)

and w = p(0)/ρ(0).

To compute the perturbation equations it is often convenient to decompose the perturbation fields

in Fourier modes. For instance, for the density contrast one has

δ (η,x) =
1

(2π)3

∫
eik·xδk (η) d3k , (2.109)

with the Fourier transform associated to a given comoving wavevector k (notice that x are comoving

coordinates) being

δk (η) =

∫
e−ik·xδ (η,x) d3x . (2.110)

Operationally, this translates to the following substitutions of the perturbations and its derivatives

δ (η,x)→ eik·xδk (η) , (2.111)

~∇δ (η,x)→ ikeik·xδk (η) , (2.112)

∇i∇iδ (η,x)→ −k2eik·xδk (η) . (2.113)

Since the equations are linear the spatial parts cancel out, and each plane wave obeys the same

equations with a different comoving wavenumber. The physical scale λp of the perturbation asso-

ciated to a given comoving wavenumber k evolves as λp = (2π/k) a in the linear regime.
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2.3.3 Fixing the gauge

At the background level (described by the metric g
(0)
µν ) comoving coordinates were defined such

that observers expanding with the Universe remain at fixed coordinates. However, in the presence

of perturbations δgµν we no longer have a preferred coordinate system. This amounts to say that

the decomposition of the physical metric between a background plus small perturbations is, in

general, not unique. However we constrain our choice of coordinate systems such that, in the limit

where the perturbations vanish, the coordinates must reduce to the preferred coordinates in the

unperturbed background. Hence, we consider that g
(0)
µν is invariant under a general infinitesimal

coordinate transformation xµ → xµ− ξµ (generated by the vector field ξµ such that ξµ � 1), while

δgµν is subject to change. This class of transformations are called gauge transformations, and the

metric perturbation is changed by

δgµν → δgµν +∇µξν +∇νξµ , (2.114)

but the Riemann tensor (and, therefore, the “physics”) is unaltered by the transformation. There-

fore, the 4 degrees of freedom carried by the vector field ξµ do not correspond to any real pertur-

bation. This gauge freedom when dealing with perturbations around a FLRW metric created a

great deal of confusion in the past, as pointed out in [225,226]. The construction of gauge invariant

quantities from the four scalar functions Ψ, Φ, ws and hs is one way to deal with the gauge issue (see

e.g. the references [223, 226]). Alternatively, one may specify a coordinate system when defining

the metric perturbations (i.e. fix the gauge) by imposing the appropriate conditions on the metric

and energy-momentum tensor components. In the following sections we shall introduce two of the

most common gauges used in cosmological perturbation theory: the conformal Newtonian gauge

(also called longitudinal gauge), and the synchronous gauge. Both of them are implemented in

the publicly available CLASS code (see Appendix A.1), which we use to numerically solve the back-

ground cosmology and the evolution of anisotropies and inhomogeneities in several of the models

explored in this thesis.

2.3.4 Conformal Newtonian gauge

This is in fact the most intuitive gauge that we can choose because it provides a direct link between

the variables in relativistic perturbations and the Newtonian theory of small perturbations when

we take the Newtonian gravity limit. The perturbed metric is obtained making wi || = hij || = 0 in

Eq. (2.87), so

ds2 = a2 (η)
[
− (1 + 2Ψ) dη2 + (1− 2Φ) δijdx

idxj
]
. (2.115)

If the expansion of the universe is neglected (i.e. for a = 1) the metric describes a weak gravitational

field. Here the observers are attached to the points in the unperturbed frame and will detect a

velocity field of particles falling into the clumps of matter, measuring a gravitational potential.

The metric perturbations Φ and Ψ are known as the Bardeen potentials. The function Φ is also

called Newtonian potential since it becomes equal to the Newtonian potential perturbation in
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appropriated limit; Ψ is the Newtonian curvature perturbation and determines the curvature of the

spatial section at t = const which are flat in the unperturbed universe.

From Eq. (2.91) we get the components of the perturbed Einstein tensor in Fourier space

δG0
0 =

2

a2

[
3H
(
HΨ + Φ

′
)

+ k2Φ
]
, (2.116)

δG0
j = − 2

a2
ikj
(
Φ′ +HΨ

)
, (2.117)

δGij =
2

a2

[(
H2 + 2H′

)
Ψ +HΨ

′
+ Φ

′′
+ 2HΦ

′
]
δij+

1

a2

[
−k2 (Ψ− Φ) δij + (Ψ− Φ) kikj

]
, (2.118)

where the prime stands for
′

= d/dη and H = a
′
/a is the conformal Hubble function.

The perturbed part of the energy-momentum tensor for this gauge follows from Eqs. (2.106), so

the components of Eq. (2.90) are given by

3H
(
HΨ + Φ

′
)

+ k2Φ = −4πGa2δρ, (2.119)

k2
(

Φ
′
+HΨ

)
= 4πGa2 (1 + w) ρ(0)θ, (2.120)

Ψ = Φ, (2.121)

Φ
′′

+ 2HΦ′ +HΨ′ +
(
H2 +H′

)
Ψ− k2

3
(Ψ− Φ) = 4πGa2c2

sδρ . (2.122)

Here we have introduced the velocity divergence θ = ∇jvj = ikjv
j . Notice that Eq. (2.121) follows

from the fact that δT ij = 0 for i 6= j, and Eq. (2.122) is obtained by taking the trace of Eq. (2.118)

and δT ij . Using the continuity equation for the perturbed energy-momentum tensor one gets a set

of differential equations for the evolution of the density contrast and the velocity divergence

∇µδTµ0 = 0⇒ δ
′
k + 3H

(
c2

s − w
)
δk = − (1 + w)

(
θk − 3Φ

′
)
, (2.123)

∇µδTµj = 0⇒ θ
′
k +

[
H (1− 3w) +

w
′

1 + w

]
θk = k2

(
c2

s

1 + w
δk + Ψ

)
, (2.124)

with the subscript k for the Fourier mode now being explicit. These equations hold individually

for each fluid Tµνi (minimally coupled) contributing to the total Tµν =
∑

i T
µν
i . The system of



Chapter 2. Theoretical framework 32

equations describing the scalar perturbations is then closed using Eqs. (2.119) and (2.122). We

workout the result in the next section, and focus for now in the single fluid case.

Combining Eqs. (2.119), (2.120) and using Φ = Ψ one obtains the relation

k2Φ = 4πGa2ρ

[
δk + 3H (1 + w)

θk
k2

]
= 4πGa2ρδ∗k , (2.125)

where the total-matter density contrast δ∗k is defined as

δ∗k ≡ δk + 3H (1 + w)
θk
k2
. (2.126)

Using Eqs. (2.119) and (2.122) the evolution of Φ is determined by

Φ
′′

+ 3H
(
1 + c2

s

)
Φ
′
+
(
c2

sk
2 + 3H2c2

s + 2H′ +H2
)

Φ = 0 . (2.127)

On the other hand, one may use Eq. (2.125) and the relation

H′ = −1

2
(1 + 3w)H2 (2.128)

to write Eq. (2.127) as

δ∗
′′
k +H

(
1 + 3c2

s − 6w
)
δ∗
′
k −

[
3

2
H2
(
1− 6c2

s − 3w2 + 8w
)
− c2

sk
2

]
δ∗k = 0 , (2.129)

describing the evolution of δ∗k (η).

2.3.5 Synchronous gauge

The synchronous gauge was first introduced by Lifshitz in 1946 [217] and is defined by the conditions

Ψ = wi || = 0, so the perturbed line element is

ds2 = a2 (η)
{
−dη2 +

[
(1− 2Φ) δij + 2hij ||

]
dxidxj

}
. (2.130)

With this gauge choice the conformal time η coincide with the proper time and observers follow-

ing geodesics do not change their spacial coordinates (they only move along η-threads), so the

coordinates in synchronous gauge are Lagrangian coordinates and the observers are attached to

the perturbed particles. This implies that large density perturbations will deform the coordinate

lines giving rise to caustic formation (singularities). Since this problem is only noticeable when

perturbations grow large enough, the synchronous gauge can be safely used in the linear regime

(
∣∣δρ/ρ(0)

∣∣� 1) [227].

We have the components of the perturbed Einstein tensor (from Eq. (2.91)) in the synchronous

gauge
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δG0
0 =

1

a2

[
2k2

(
Φ− hs

3

)
+ 6HΦ

′
]
, (2.131)

δG0
j = −2ikj

a2
Φ
′
, (2.132)

δGij =
1

a2

[
2Φ
′′

+ k2Φ + 4HΦ
′
+

1

3

(
h
′′
s + 2Hh

′
s − k2hs

)]
δij− (2.133)

−k
ikj
a2

[
Φ− 1

3
hs +

1

k2

(
h
′′
s + 2Hh

′
s

)]
, (2.134)

while components of the perturbed Einstein equation for n minimally coupled perfect fluids read

k2

(
Φ− hs

3

)
+ 3HΦ

′
= −4πG

∑
i

δρi , (2.135)

k2

(
Φ
′ − h

′
s

3

)
= 4πGa2

∑
i

ρ
(0)
i (1 + wi) θi , (2.136)

h
′′
s + 2Hh

′
s − k2

(
Φ− hs

3

)
= 0 , (2.137)

and

3Φ
′′

+ 6HΦ
′
+ k2

(
Φ− hs

3

)
= 12πGa2

∑
i

δpi , (2.138)

where the sum on i goes over all n fluid components in the model. The corresponding equations

determining the evolution of δk (from ∇µδTµ0 = 0) and θk (from ∇µδTµj = 0) for each fluid i are

given by

δ
′
k + 3H

(
c2

s − w
)
δk + (1 + w)

(
θk − 3Φ

′
k

)
= 0 , (2.139)

and

θ
′
k +H

(
1− 3c2

s

)
θk −

c2
sk

2

1 + w
δk = 0 . (2.140)

Combining Eqs. (2.135) and (2.138) we determine the evolution of Φ

Φ
′′

+HΦ
′ − 1

2
H2
∑
i

(
1 + 3c2

s,i

)
Ωiδi = 0 , (2.141)

closing the system of equations describing the scalar perturbations.
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2.3.6 Statistical description of the density field

Linear perturbation theory is not expected to predict the exact value of the density contrast field

at some particular time and location. Hence, we got to rely on a statistical treatment to compare

the predictions of the theory with observations. Usually one assumes that the density contrast is a

random field with its statistical properties being determined from a distribution function. In this

regard, a useful descriptor is the two-point correlation function

ξ (r) = 〈δ (x) δ (x + r)〉 , (2.142)

where r is the vector distance and r = |r|. Note that statistical homogeneity forces the correlation

function to depend only on r i.e. that the statistical properties of the field do not change under a

spatial translation. Moreover, statistical isotropy ensures that ξ (r) depends only on the norm of r.

The angle brackets in Eq. (2.142) indicate that the average is taken over all realizations of the field,

being also known as the ensemble average. In practice, cosmological observations can only measure

one realization of the density field (corresponding to the particular realization in our Universe).

However, one may assume that sufficiently large and independent volumes have similar statistical

properties (i.e. that these regions represent a fair sample of the Universe), so that measurements of

the field on these different volumes can be considered as measurements of independent realizations.

In other words, the sample average coincides with the ensemble average, an assumption known as

the ergodicity hypothesis. Writing the two-point correlation function in Fourier space one has

〈δkδ∗k′〉 =

〈∫
d3xδ (x) eik·x

∫
d3x′δ

(
x′
)
e−ik

′·x′
〉

(2.143)

=

∫
d3xeik·x

∫
d3re−ik

′·(x+r) 〈δ (x) δ (x + r)〉 (2.144)

=

∫
d3xei(k−k

′)·x
∫
d3rξ (r) e−ik

′·r (2.145)

= (2π)3 δD

(
k− k′

)
P (k) , (2.146)

where

δD

(
k− k′

)
=

1

(2π)3

∫
d3xei(k−k

′)·x (2.147)

is the Fourier transform of the Dirac’s delta and, since the density contrast is a real field, we

have used δ∗k = δ−k (the star indicates complex conjugation). The quantity P (k) depends only

on k = |k|, and it is usually called the power spectrum of the field, being defined as the Fourier

transform of the correlation function

P (k) =

∫
d3rξ (r) e−ik

′·r . (2.148)
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Standard inflation models predict a Gaussian distribution for the primordial density field, as well

as a power law for the primordial power spectrum Pi (k) = Ask
ns , where ns is the spectral index

and As is the amplitude. Notice that, for a linear evolution, the density field preserves the initial

statistical distribution, and remains Gaussian at any later time. Thus, the statistics of the linear

density contrast field is completely characterized by its correlation function or, equivalently, by its

power spectrum. The primordial power spectrum is then modified by the evolution of linear density

perturbations as

P (k, η) = |δk|2T 2 (k)Pi (k) , (2.149)

where T (k) is the transfer function, which enable us to process the primordial power spectrum

from the radiation era to late times using linear theory. In general, we shall use the Boltzmann

code CLASS to compute the power spectrum for the models that are discussed in this thesis.

While the shape of the primordial power spectrum can be fixed by Inflation theory, its initial

amplitude is not specified and has to be fixed by observations at a certain scale. The usual way to

do this normalization is through the variance in the smoothed density field. Let us start by writing

the variance of the field

σ2 =
〈
δ (x)2

〉
− 〈δ (x)〉2 =

1

(2π)3

∫
d3kP (k) , (2.150)

where 〈δ (x)〉 = 0 by definition (as the density contrast is a random field). One can then define a

parameter σR as a weighted average

σ2
R =

1

(2π)3

∫
d3kP (k)W 2 (k,R) =

1

2π2

∫ ∞
0

P (k)W 2 (k,R) k2dk , (2.151)

with W (k,R) being a window function. A typical choice is to consider a spherical top-hat filter

What (x,R) in real space, such that it assigns a constant weight for x < R and a zero weight for

x > R. The Fourier transform of this filter is given by

What (k,R) =

∫
d3xWhat (x,R) e−ik·x = 3

sin (kR)− kR cos (kR)

(kR)3 . (2.152)

One can fix the amplitude of the power spectrum from Eq. (2.151) once σR is known, the usual

choice for the normalization being R = 8h−1 Mpc.



Chapter 3

UDE: Perfect fluid models

3.1 Single dark fluid hypothesis

The dark sector can be defined, to a good approximation, as the cosmological content that couples

only through gravity with the fields of the standard model of particle physics — despite the exper-

imental efforts to detect signatures of possible interactions via any of the other three fundamental

forces, so far its presence has been inferred only gravitationally. Within the standard cosmolog-

ical model, which assumes General Relativity and the Cosmological Principle, the dark sector is

separated into two components: CDM, and a cosmological constant. This is however, a quite cir-

cumstantial assumption; historically, CDM was required to account for the observed dynamics of

galaxies and clusters of galaxies well before the first evidence for the late accelerated expansion of

the Universe. As it turns out, such decomposition into two independent components is not even

unique.

To make it more concrete, let us define the energy-momentum tensor associated to the dark sector

as

T (dark)
µν =

1

8πG
Gµν − T (visible)

µν , (3.1)

being T
(visible)
µν the energy-momentum tensor of the content which can be observed directly (i.e.

through the detection of photons). Gravity alone is only sensitive to the total T
(dark)
µν and, therefore,

can not discriminate the number of individual components that comprise the dark sector. This

remark was first made in [228], being further explored in [229–231], and it has become known

as the dark degeneracy (see also [232–235]). In general this degeneracy could be broken if, for

instance, dark matter particles [236] or a dark energy field [237] were directly detected in laboratory

experiments. However, as we have mentioned above, up until now no conclusive evidence for a non-

minimal coupling between these dark entities and standard model particles has been found [109,238].

Our ignorance of the fundamental nature of T
(dark)
µν precludes a definitive answer regarding the

number of dark components. Thus, even if dark matter and dark energy manifest differently at

36
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the macroscopic level, there is still the possibility that they may share a common origin. Unified

Dark Energy (UDE) models are built upon the hypothesis that the entire dark sector can be

characterized by a single fluid or field. The first definite prototype of a UDE model, known as

the Chaplygin gas [239], is able to mimic matter and a cosmological constant, depending on the

value that its local density takes. Such unification scenarios can be achieved in several ways

and were extensively explored in the literature: these include generalizations to the Chaplygin gas

equation of state [160–162,240–250], k-essence models [251,252], tachyon fields [253–255], logotropic

fluids [163,256], UDE models with a fast transition [257,258], and even a negative mass fluid [259].

In this thesis we shall mainly focus our attention on UDE isentropic perfect fluids, with an equation

of state of the form p = p (ρ) or, under suitable conditions (that we shall discuss in more detail in

chapter 4), by a real scalar field φ whose dynamics is described by a purely kinetical Lagrangian

L (X), where X = −∇µφ∇µφ/2.

3.2 The Chaplygin gas

The Chaplygin gas (CG), pioneered in a cosmological context by Alexander Kamenshchik and

collaborators [239], is defined as a perfect fluid obeying the following barotropic equation of state

pcg = − A

ρcg
, (3.2)

where A is a positive constant. An interesting generalization of Eq. (3.2), known as the Generalized

Chaplygin gas (GCG), was proposed in [240]

pgcg = − A

ραgcg

. (3.3)

The additional parameter α is usually assumed to lie in the range 0 ≤ α ≤ 1. As we shall discuss

later, negative values of α lead to instabilities associated with imaginary sound speeds, whereas

α > 1 would imply a maximum sound speed greater than the speed of light.

It is noticeable from Eq. (3.3) that the GCG approximates the behavior of a pressureless fluid

for sufficiently large values of the energy density i.e. pgcg → 0 as ρgcg → ∞. On the other hand,

since the pressure is always negative for any A > 0 and ρgcg > 0, the condition for an accelerated

expansion (i.e. q > 0) can be realized if the energy density is low enough.

3.2.1 Background dynamics

From the continuity equation given in Eq. (2.63), one may determine the evolution of the energy

density of the GCG with the scale factor. The differential equation

dρgcg

da
= −3

a
ρgcg (1 + wgcg) (3.4)

admits the analytical solution
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ρgcg (a) = ρgcg0

[
A+

(
1−A

)
a−3(1+α)

] 1
1+α

, (3.5)

where A = A/ρ1+α
gcg0. Hence, the equation of state parameter as a function of the scale factor is

given by

wgcg = − A

A+
(
1−A

)
a−3(1+α)

, (3.6)

and its value at the present is simply wgcg0 = −A. As the Universe expands, the GCG model

interpolates from a matter state (wgcg ∼ 0) at early times

ρgcg ≈ ρgcg0

(
1−A

) 1
1+α a−3 for a�

(
A

1−A

)− 1
3(1+α)

, (3.7)

to a dark energy state at later times, asymptotically approaching a cosmological constant at suffi-

ciently late times (wgcg ∼ −1)

10−2 10−1 100 101 102

a

−1.0

−0.5

0.0
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1.0 wgcg

c
2
s ,gcg

Figure 3.1: The equation of state parameter wgcg (blue lines) and the sound speed squared c2
s,gcg

(green lines) as a function of the scale factor a, with A = 0.7. The different line styles correspond
to the choices α = 1 (solid line), α = 0.5 (dashed line) and α = 0.1 (dotted-dashed line).

ρgcg ≈ ρgcg0A
1

1+α for a�
(

A

1−A

)− 1
3(1+α)

, (3.8)

as depicted in Fig. 3.1 (blue lines). Hence, the value

atr =

(
A

1−A

)− 1
3(1+α)

, (3.9)
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defines the transition scale factor between both regimes (i.e. when wgcg = −0.5). The limiting

vacuum-like state for a→∞ means that the GCG energy density has a non-zero minimum value,

set by the model parameters A and α.

Considering that the background dynamics is dominated by a GCG fluid, the transition between a

decelerating and an accelerating regime occurs when

aq=0 =

(
1−A

2A

) 1
3(1+α)

. (3.10)

Therefore, the condition for an accelerated expansion at the present time driven by the GCG fluid

can only be met if A > 1/3 (note that, given any α ≥ 0, the GCG behaves essentially as CDM

for A = 0, and as a cosmological constant for A = 1). From Fig. 3.1 one may also note that the

steepness of the GCG equation of state parameter function wgcg (a) interpolating from wgcg ∼ 0 to

wgcg ∼ −1 is sensitive to the value of α, the transition being faster for larger values of α. Models

that enter an accelerated epoch at earlier times also experience a quicker transition. Eq. (3.10)

shows that the scale factor at which the background starts to accelerate is mostly influenced by A,

higher values of A corresponding to models with lower aq=0.

Another interesting (and convenient) property of the GCG is that of being completely degenerate

with the ΛCDM model for α = 0. Indeed, it is clear that from Eq. (3.5) and fixing α = 0 we

recover the same background evolution

ρgcg (a) = ρgcg0

[
A+

(
1−A

)
a−3
]
, (3.11)

once we make the following identifications: ρΛ = ρgcg0A and ρcdm0 = ρgcg0

(
1−A

)
(in a Universe

dominated by the GCG these would simply be ΩΛ = A and Ωcdm0 = 1 − A). This equivalence

between the GCG in the α = 0 limit and the ΛCDM model holds not only at the background level,

but at any order [260].

3.2.2 SNIa constraints

We use the Pantheon SNIa compilation [261] (see Appendix B.1 for further details) to place con-

straints on the GCG parameters A and α, assuming flat priors in the interval [0, 1] for both param-

eters. We consider a Universe containing baryons and a GCG fluid, so the Friedmann equation for

our model is

H2 = H2
0

{
Ωb0a

−3 + Ωgcg0

[
A+

(
1−A

)
a−3(1+α)

]}
, (3.12)

where H0 = 67.3 km s−1 Mpc−1, Ωb0 = 0.0487 and Ωgcg0 = 1 − Ωb0 (the radiation component is

negligible for the background dynamics at z ∼ 1 − 2). The absolute magnitude M is taken as a

nuisance parameter in the luminosity distance estimate. Since H0 is degenerate withM, the specific

value of the Hubble constant is irrelevant for the obtained SNIa constraints (the uncertainty onM
is marginalized).
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Figure 3.2: Pantheon SNIa data constraints for the GCG parameters A and α. Darker and lighter
regions correspond to the 1σ and 2σ confidence level, respectively. For the analysis we consider a
cosmology with Ωgcg + Ωb = 1 where Ωb0 = 0.0487 (the radiation component can be safely ignored
in the analysis).

The 1σ (darker red) and 2σ (lighter red) confidence regions are shown in Fig. 3.2. After marginal-

izing over α, the parameter A is restricted to 0.713 < A < 0.845 at a 95% level; α, on the other

hand, is not so well constrained by the data. Since the luminosity distance depends on a double

integration of wgcg (z) over some redshift (or scale factor) interval, SNIa measurements are mostly

sensitive to an effective wgcg (which strongly depends on A, see Eq. (3.6)), and not so much to its

time variation [262].

The combination
(
A, α,M

)
for the best-fit has a minimum χ2 of 1027. Although the original

Chaplygin gas model lies outside the 1σ region, a separate run with α = 1 gives a similar goodness

of fit (considering the number of SNIa data points of ∼ 103 and the fact that it has one free

parameter less), with χ2
min = 1029. Regarding the ΛCDM limit of the GCG model (i.e. α = 0),

one may find the corresponding A using ΩΛ (or Ωcdm0) as mentioned in the previous subsection.

Taking the conservative estimate ΩΛ ≈ 0.7 for the cosmological constant density, the resulting value

A = ΩΛ/ (1− Ωb0) ≈ 0.74 is found the be within the derived 1σ limits.

3.2.3 Evolution of linear density perturbations

Due to a smooth transition from a matter state at early times to a present epoch of accelerated

expansion, the GCG model is compatible with SNIa data for a wide range of α. In this regard, a

GCG equation of state is able to mimic both dark matter and dark energy at the background level.

However, if it is to be considered as a viable alternative to CDM, one would expect the GCG to

also account for the observed large scale structures in the Universe.

As discussed in Sec. 2.3, a fundamental quantity in linear perturbation theory is the sound speed
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(introduced in Eq. (2.108)) which relates the pressure and energy density perturbations. In the

case of a barotropic fluid the pressure depends on ρ alone, so one has

c2
s ≡

δp

δρ
=
dp

dρ
. (3.13)

Taking Eqs. (3.13) and (3.3), one finds that the sound speed squared associated to the GCG model

is given by

c2
s[gcg] = α

A

ρ1+α
gcg

= −αwgcg . (3.14)

If the GCG has a matter like evolution, then c2
s[gcg] ∼ 0 irrespectively of the value of α. With the

background transition to a dark energy state, wgcg approaches −1, so the sound speed squared

is bounded by α. This behavior can be seen in Fig. 3.1, where we plot c2
s[gcg] (green lines) as a

function of the scale factor, considering three values of α (α = 1, 0.5 and 0.1, corresponding to

the solid, dashed and dotted-dashed lines, respectively). For the original CG, the maximum sound

speed attained as wgcg → −1 equals the speed of light i.e. c2
s[gcg] = 1. If α = 0 (corresponding to

the ΛCDM limit) then c2
s[gcg] = 0 at all times, while for α < 0 the GCG admits negative values of

the sound speed squared.

To study the evolution of linear density perturbations with a comoving wavenumber k in a Universe

dominated by a GCG fluid, on scales much smaller than the horizon (i.e. k � aH) we may use Eq.

(2.129)

δ̈gcg +
(

2 + 3c2
s[gcg] − 6wgcg

)
Hδ̇gcg −

[
3

2
H2
(

1− 6c2
s[gcg] − 3w2

gcg + 8wgcg

)
−
(
cs[gcg]k

a

)2
]
δgcg = 0 .

(3.15)

Here the derivatives of δgcg are taken in order to the cosmic time (note that we consider conformal

time in the derivation of Eq. (2.129)). Before analyzing Eq. (3.15) with all generality, let us first

briefly examine how the sign of the sound speed affects the evolution of the density fluctuations

in the absence of gravity. Neglecting the effect of the cosmic expansion (effectively taking the

Minkowski limit H → 0 and fix a = 1) Eq. (3.15) reduces to

δ̈k + c2
sk

2δk = 0 . (3.16)

Substituting the ansatz δk ∝ exp (λt) it is a simple matter to show that δk admits an oscillatory

solution for c2
s > 0, while if c2

s < 0 the solution is composed by a growing mode δk ∝ exp (cskt) and

a decaying mode δk ∝ exp (−cskt). The decaying solution quickly becomes irrelevant with respect

to the growing one, so it can be safely neglected1.

Considering now the full equation for the evolution of linear perturbations one finds that Eq. (3.15)

1Throughout this thesis we will consistently ignore decaying solutions.
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admits a growing solution provided that

|c2
s[gcg]| .

3

2

(
aH

k

)2

. (3.17)

The non-null sound speed sets a characteristic length defining the stability criteria for the pertur-

bations

λJ = |cs|
√

π

Gρ
, (3.18)

being known as the Jeans length [216]. Therefore, for physical scales λp = (2π/k) a larger than

λJ[gcg], linear density perturbations can grow via the gravitational instability. In contrast, if λp <

λJ[gcg] and cs[gcg] > 0 the density fluctuations oscillate and inhomogeneities do not grow due to

pressure support. On the other hand if cs[gcg] < 0 the GCG density perturbations on physical scales

smaller than the Jeans length are exponentially unstable. Note that, since the Jeans length gets

smaller for higher energy densities, smaller scales may become gravitationally unstable at earlier

times (remember that at the background level ρgcg →∞ as a→ 0). Regarding the particular α = 0

case, the linear sound speed and the Jeans length are identically zero at all times.

Hence, as the sound speed starts to deviate from zero with the transition to a dark energy state,

the condition given in Eq. (3.17) can only be met on ever larger scales. Using Eq. (3.17) one may

estimate the upper bound

|α| . 10−5 , (3.19)

where we take wgcg = −1, H0 = h/3000 Mpc−1 and k = 0.1 h Mpc−1 (i.e., a comoving scale firmly

in the linear regime).

3.2.4 The GCG power spectrum

To compute the linear GCG power spectrum, here we shall consider the fitting form of Bardeen,

Bond, Keiser and Szalay (BBKS) transfer function [263]

T (k) =
ln
(
1 + 2.34 kΓ

)
2.34 kΓ

[
1 + 3.89

k

Γ
+

(
16.1

k

Γ

)2

+

(
5.46

k

Γ

)3

+

(
6.71

k

Γ

)4
]−1/4

, (3.20)

where k is given in units of h−1 Mpc and the coefficient Γ = Ωm0h is the shape parameter. In this

way, one takes into account the stagnation period of the GCG perturbations during the radiation era

for scales inside the Hubble radius (due to the Mészáros effect2) to process the primordial power

spectrum. In order to solve numerically Eq. (3.15) we use the independent variable y = ln (a)

2Even if CDM (or, in our case, the GCG) does not couple to photons, the rate of expansion during the radiation
era prevents the gravitational collapse. However, this effect is not experienced for perturbations on scales larger than
the Hubble radius at the matter radiation equality (only during the matter era they become smaller than the Hubble
radius).
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instead of t. Then, one may rewrite Eq. (3.15) as

d2δgcg

dy2
+
(

2 + ζ − 6wgcg + 3c2
s[gcg]

) dδgcg

dy
−
[

3

2

(
1− 6c2

s[gcg] + 8wgcg − 3w2
gcg

)
− c2

s[gcg]

(
k

aH

)2
]
δgcg = 0 ,

(3.21)

with ζ = −3 (1 + wgcg) /2. Since we consider small values of α, we fix A = 1−Ωm0 for Ωm0 = 0.315.

Eq. (3.21) is numerically solved for each k from a = 10−2 up to a = 1, starting with a set

of normalized initial conditions. Combining these solutions at a = 1 with Eq. (3.20) one gets

the linear GCG power spectrum from Eq. (2.149), where we take ns = 0.96 and the spectra is

normalized such that σ8 = 0.83

In Fig. 3.3 we plot the predicted linear GCG power spectra for values of α close to the bound

given in Eq. (3.19). Indeed, if |α| & 10−5 the power spectra on linear scales start to deviate sig-

nificantly relatively to the ΛCDM result, showing fast oscillations on smaller scales (corresponding

to fluctuations on physical scales bellow λJ). Note that we also show in Fig. 3.3 models with

α = −10−4 and α = −10−5 (solid blue and green lines, respectively), for which c2
s[gcg] < 0. The

GCG is well behaved for small k, giving rise to a ΛCDM-like matter power spectrum on linear

scales if |α| & −10−5. However, in these cases the density fluctuations are exponentially unstable

on small scales, and the GCG power spectra blows up, unless if α is close enough to zero.
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Figure 3.3: The present linear GCG power spectra for α = 0 (black line), |α| = 10−5 (green lines)
and |α| = 10−4 (blue lines). The amplitude of the power spectrum is normalized such that all
models agree on very large scales. Deviations with respect to the ΛCDM model on linear scales
(i.e. k . 0.1 h Mpc−1) are significant if |α| & 10−5.

3.2.5 Matter power spectrum constraints: GCG + baryons

By comparing the theoretically predicted GCG matter power spectrum against that observed with

the 2dF Galaxy Redshift Survey [264,265], the work [266] strongly constrained the value of α to be
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Figure 3.4: Left: GCG observational constraints in the
(
α,A

)
plane (the other free parameters

being marginalized). The constraints coming from large scale structure data (SDSS DR7) are
shown by the green regions (darker areas correspond to points with an higher likelihood). The
SNIa constraints (Pantheon) presented in Sec. 3.2.2 are shown by the red contours. Right: 1σ
and 2σ confidence regions for values of α very close to zero that are allowed by the observations
(corresponding to the ΛCDM limit).

very close to zero. Taken at face value, such result imply that the GCG model would have to behave

essentially as ΛCDM. However, the analysis made in [266] relies on the simplifying assumption of a

cosmology in the absence of baryons. By having a very small sound speed, baryons can still keep the

growth of inhomogeneities when the density fluctuations of the GCG start to decay. Therefore, the

influence of baryons on structure formation should not be ignored. If one considers the contribution

of the baryonic density fluctuations to the matter power spectrum, any value of α in the range [0, 1]

is consistent with the 2dF Galaxy Redshift Survey data within 3σ, as reported in [160].

Following the same reasoning, we have obtained similar results to [160], though here we use a

different (and slightly more recent) matter power spectrum data set from the SDSS DR7 [267] (see

Appendix B.2), and the matter power spectrum is obtained from our implementation in CLASS

(see Appendix A.1). Flat priors for α and A have been assumed (between [0, 1]); h and As (the

power spectrum amplitude) are also left free in the analysis, with the priors being [0.6, 0.8] and[
10−11, 6× 10−9

]
, respectively. The observational constraints in the

(
α,A

)
parameter space are

shown in Fig. 3.4, with the uncertainties on h and As being marginalized. Notice that there are

two disjoint green regions in the left plot, with the largest one showing that a good fit to the data

is possible for wide range of values of α, in particular α = 1. The very small region around α ∼ 0

and A ∼ 0.75 correspond to the ΛCDM limit of the GCG. Due to the lack of resolution of this

tiny area on the global constraints, we ran a separate MCMC analysis focusing on small values of

α (see right plot in Fig. 3.4). The overlap of the green regions with the SNIa contours show that

both the original CG proposal (i.e. α = 1) and the ΛCDM give an equally good fit to the data.
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However, the large region is only possible for small values of σ8 and As (see Fig. 3.5), which can

be ruled out if combined with CMB data. On the other hand, the small region for small values of

α (corresponding to the ΛCDM limit) is compatible with all SNIa+WL+CMB probes combined.

These conclusions are consistent with the analysis presented in [245].

0.0727 0.221 0.369
σ8

0.01 0.613 1.09

As × 109

0.0727

0.221

0.369

σ
8

Figure 3.5: GCG observational constraints in the (σ8, As) plane (the other free parameters being
marginalized) obtained from large scale structure data (SDSS DR7) corresponding to the large
region in Fig. 3.4.

Notwithstanding the obvious importance of considering baryons in the matter power spectrum

analysis, CMB constraints are able to impose stringent limits on the GCG model [243,245,248,268,

269] (particularly on large angular scales [246,252]), forcing α close to zero. Beware that this result

only applies as long as linear perturbation theory is a valid approximation for large scales. As we

shall discuss in more detail in chapter 6, the usual linear treatment is not enough to characterize all

the relevant physics, neglecting the potential effect that inhomogeneities have on the cosmological

evolution of the GCG and, in general, on other UDE models. Hence, a more careful analysis may

significantly change the results that we have discussed in this section.

3.2.6 Logarithmic limit of the GCG model

So far, when taking the α→ 0 limit of the GCG, a finite A > 0 was always implicitly assumed. As

we have mentioned, in this limit the GCG is completely equivalent to the ΛCDM model. However,

a regularization of the limit (α→ 0 , A→∞) leads to a model with a logarithmic equation of state,

as we have shown in Thesis paper 2 [161]. Following the steps of our work, let us start by recalling

the equation for the sound speed of the GCG
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c2
s[gcg] = α

A

ρ1+α
gcg

. (3.22)

Note that, from the definition of the sound speed (i.e. c2
s ≡ dp/dρ), one we may integrate Eq.

(3.22) to obtain the corresponding pressure for α 6= 0

pgcg = − A

ραgcg

+ C , (3.23)

where C is a real constant which is usually assumed to be equal to zero. Rewriting Eq. (3.23) as

pgcg = − A
ρα∗

(
ρ∗
ρgcg

)α
+ C , (3.24)

and expanding around α = 0 gives

pgcg = A

[
−1 + α ln

(
ρgcg

ρ∗

)
+O

(
α2
)]

+ C . (3.25)

Considering the following limit

A = lim
A→∞
α→0

αA , (3.26)

such that A is finite and C = A, one obtains a logarithmic equation of state

plog = A ln

(
ρlog

ρ∗

)
, (3.27)

with the sound speed squared being equal to

c2
s[log] =

A
ρlog

. (3.28)

This logarithmic limit of the GCG (that we shall refer to as logCG) is one of the simplest extensions

of the standard ΛCDM model containing a single extra parameter. By tuning the value of A and

the reference density ρ∗, this model allows for the study small deviations from the ΛCDM model.

On the other hand, the ΛCDM model can be obtained by considering the A → 0, ρ∗ → ∞ limit,

with finite A ln ρ∗. In Sec. 4.2.3 we shall derive a Lagrangian formulation for this model in the

non-relativistic limit.

3.2.7 The modified CG

As previously discussed, the GCG sound speed has a huge impact on the GCG power spectrum at

late times, specially on small scales. Effectively, the sound speed is zero when the GCG behaves

firmly as CDM, and only starts to become large as the fluid transitions to a dark energy state (if

α > 0). Let us now consider the following generalization of the GCG equation of state, known as

the modified Chaplygin gas (MCG) [241,270]
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pmcg = Bρmcg −
A

ραmcg

. (3.29)

Here B is a constant parameter, and for B = 0 Eq. (3.29) reduces to the GCG model. Using Eq.

(2.63) the background evolution of the energy density in the MCG is

ρmcg = ρmcg0

[
Ã+

(
1− Ã

)
a−3(1+B)(1+α)

] 1
1+α

, (3.30)

with Ã = Aρ
−(1+α)
mcg0 / (1 +B). Similarly to the GCG, the MCG model tends to a vacuum-like state as

a→∞ (i.e. wmcg → −1) corresponding to an energy density ρmcg (a→∞) = [A/ (1 +B)]1/(1+α).

On the other hand, for small values of the scale factor the energy density scales as a−3(1+B).

Therefore, B parametrizes deviations with respect to a pressureless CDM behavior at early times

[one has wmcg (a→ 0) = B].

The MCG sound speed squared is obtained from Eq. (3.13)

c2
s[mcg] ≡

dp

dρ
= B + α

A

ρ1+α
mcg

. (3.31)

Notice that, for B ≥ 0 then cs[mcg] →
√
B in the ρmcg → ∞ limit. Thus, if the MCG is taken as

a UDE model, the extra parameter B 6= 0 accounts for a non-zero sound speed associated to the

effective DM component i.e. in the high density regime. Furthermore, assuming that the MCG

model plays the role of DM on galactic scales, it is possible to find an upper limit on the value B

from the observed rotational velocity of galaxies [162].

Measurements of the orbital velocity of stars and hot gas in galaxies strongly support the existence

of large amounts of DM (see discussion in Secs. 1.4 and 1.6.1). Considering a spherically symmetric

distribution of matter with radius r (where r = 0 at the center), in the Newtonian limit the radial

orbital velocity profile v (r) is given by

v2 (r) =
GM (r)

r
=

4π

3
Gρ (r) r2 , (3.32)

where M (r) is the mass enclosed by a sphere of radius r, and ρ (r) = 3M (r) /
(
4πr3

)
is the

correspondent average density. At sufficiently large distances from the center, the rotational velocity

curves of spiral galaxies are typically flattened [271–273]. Considering these outskirt regions to be

at a distance rf from the galactic center, we may write

Gρ (rf) =
3

4π

v2
f

r2
f

, (3.33)

for the flat part of the rotation curves, where v (rf) = vf ∼ const. The positive value c2
s[mcg] → B

attained for large enough energy densities implies a Jeans length larger than zero, which determines

the stability criteria of MCG DM halos. Using Eqs. (3.18) and (3.33) one obtains
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λJ[DM]

rf
=

√
4

3
π
cs[DM]

vf
. (3.34)

Since collapse may only occur on scales smaller than rf if λJ[DM] < rf , we have

cs[DM] <

√
3

4

vf

π
. (3.35)

In turn, this implies the following inequality

B < c2
s[DM] <

3

4

(vf

π

)2
. (3.36)

The values for vf derived from the observations of rotation curves in spiral galaxies are of the order

of vf ∼ 10−3 (typically in the range vf ∼ 100− 300 km s−1 [271–273]). Hence, from Eq. (3.36) we

get a conservative estimate for an upper limit on the value of B allowed by the data

B < 10−8 . (3.37)

This restriction is consistent with those obtained by other authors using a wide variety of data to

constrain the MCG model, including BAO, CMB and matter power spectrum observations [274–281]

(see [250] for a more recent analysis). The constraints on the parameter B presented in these works

are, however, not as stringent as the one given in Eq. (3.37) (as further explained in [162]).

3.3 The logotropic model

Fluids defined by a logarithmic equation of state (also known as logotropes) were first considered

as a phenomenological approach to the analysis of the gravitational collapse of molecular clouds

[282, 283]. More recently, Chavanis proposed a cosmological model based on a logotropic equation

of state, as a way to achieve a unification of dark matter and dark energy from a single perfect fluid

[256,284]. Remarkably, it was claimed that the logotropic model could predict several observational

results that the ΛCDM model fails to explain in a satisfactory way, while having the same number

of free parameters. Thenceforth, the logotropic model raised considerable attention, being tested

against observations [285, 286] and further extended by other authors in [287–290] using the so-

called Anton-Schmidt’s equation of state [291] (originally introduced to describe the pressure of

crystalline solids which deform under isotropic stress). However, these works fail to critically assess

the viability of the logotropic model as a single dark fluid. Following closely the analysis presented

in Thesis paper 1 [163], in this section we shall present the main features of the logotropic fluid,

and discuss in more detail implications of this UDE model on the cosmological dynamics, structure

formation, as well as on the stability of DM halos.

3.3.1 Logotropic equation of state

The logotropic fluid has an equation of state of the form [256,284]
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p (n) = Algt ln

(
n

n∗

)
, (3.38)

where n is the particle number density of the fluid, and Algt and n∗ > 0 are constant parameters of

the model. Owing to the properties of the logarithmic function, the parameter n∗ sets the condition

for vanishing pressure of the logotropic fluid i.e. p = 0 if n = n∗. Inserting the logotropic equation

of state given by Eq. (3.38) into Eq. (2.54) one obtains the energy density ρ as a function of n (see

top panel in Fig. 3.6)

ρ (n) = mn+ n

∫ n p (n′)
n′2

dn′ = n−Algt ln

(
n

n∗

)
−Algt , (3.39)

where in the last term we set m = 1. Taking the derivative of Eq. (3.39) one finds that the

minimum energy density

ρ(min) = −Algt ln

(
Algt

n∗

)
(3.40)

is attained for n = Algt. Hence, to satisfy the condition ρ ≥ 0 for any given n > 0, the parameter

Algt is bounded to 0 ≤ Algt ≤ n∗ (which we shall assume henceforth). Considering the particular

case Algt = 0, and assuming that n∗ is fixed to a finite value, Eq. (3.38) is zero independently of

the value of n, and the energy density is simply ρ (n) = n. Also notice that Eq. (3.40) has the well

defined limit

lim
Algt→0

ρ(min) = 0 . (3.41)

Despite being originally defined by an equation of state of the form p = p (n), it is interesting to

note that the logotropic model admits an explicit barotropic formulation p = p (ρ), as we have

shown in [163]. Combining Eqs. (3.38) and (3.39), and after some algebraic manipulation, we get

(
−p+ ρ

Algt
− 1

)
exp

(
−p+ ρ

Algt
− 1

)
= f (ρ) , (3.42)

where

f (ρ) = − n∗
Algt

exp

(
− ρ

Algt
− 1

)
. (3.43)

Eq. (3.42) may be solved using the so-called Lambert W function [292], provided that f (ρ) ≥ −e−1

for any value of the energy density. This function has a minimum f
(
ρ(min)

)
= −e−1 [with ρ(min)

being given by Eq. (3.40)] so the condition f (ρ) ≥ −e−1 is always satisfied. Thus, the barotropic

equation of state for the logotropic model is given by
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Figure 3.6: Top panel: Ratio between the energy density of the logotropic fluid and Algt as a
function of the number density, with n∗ being fixed to unity and Algt = 0.2 (solid line), Algt = 0.5
(dashed line) and Algt = 0.8 (dotted-dashed line). Blue and black lines correspond to dρ/dn > 0
and dρ/dn < 0, respectively. Bottom panel: Plot of the two real branches of the Lambert W
function W0 (f (ρ)) > −1 and W−1 (f (ρ)) < −1. The color and line styles match the ones of the
top panel.
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−p+ ρ

Algt
− 1 = Wi [f (ρ)] ⇔ (3.44)

⇔ p (ρ) = −AlgtWi [f (ρ)]− ρ−Algt , (3.45)

where Wi is the Lambert W function, and the subscript i = 0 ,−1 refers to the two real branches

of this multivalued function, with W0

(
−e−1

)
= W−1

(
−e−1

)
= −1. Notice that there is a clear

physical interpretation of these two real branches, as one may see in Fig. 3.6 (bottom panel): the

branch W−1 corresponds to a standard evolution of the energy density (i.e. dρ/dn > 0), and W0

to a phantom regime (i.e. dρ/dn < 0).

3.3.2 Logotropic cosmologies

We will now explore the logotropic fluid as a UDE model. For that purpose, we shall consider a

Universe filled solely by a dark fluid described by a logotropic equation of state. The background

evolution of the energy density in a FLRW Universe may be found as usual i.e. by plugging Eq.

(3.45) into the continuity equation (given by Eq. (2.63)) and solving the resultant differential

equation. However, observe that, due to the conservation of the number of particles, the number

particle density scales as n ∝ a−3. From Eq. (3.39) one immediately gets

ρ (a) = n0a
−3 −Algt ln

(
n0a

−3

n∗

)
−Algt . (3.46)

Notice that the first term on the r.h.s. dilutes in the same way as matter as the Universe expands,

so we may identify n0 = ρm0. At the present time, i.e. for a = 1, Eq. (3.46) provides the following

relation

n∗ = Ωm0ρ0 exp

(
1 +

1

Blgt

)
, (3.47)

where

Blgt =
Algt

ρ0 (1− Ωm0)
≥ 0 . (3.48)

Using Eq. (3.47) one may rewrite Eq. (3.49) as

ρ (a) = ρ0

[
Ωm0a

−3 + (1− Ωm0) (1 + 3Blgt ln a)
]
, (3.49)

while the pressure of the logotropic fluid is given by

p (a) = −ρ0 (1− Ωm0) (1 +Blgt + 3Blgt ln a) . (3.50)

From the two free parameters Algt and n∗ that we started with in Eq. (3.38), the dimensionless

quantity Blgt remains as the only extra free parameter inherent to the logotropic model. Deviations
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with respect to the ΛCDM are found for logotropic cosmologies considering values of Blgt larger

than zero. Observe that both models are completely equivalent for Blgt = 0: the limit Blgt → 0

implies both Algt → 0 and n∗ →∞ [from Eqs. (3.47) and (3.48)], with the pressure of the logotropic

fluid being, in this case, a negative constant

p (Blgt = 0) = −ρ0 (1− Ωm0) . (3.51)
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Figure 3.7: The matter density parameter is fixed to Ωm0 = 0.3 in both panels. Top panel:
Evolution of the equation of state parameter as a function of the scale factor (black lines) while the
blue vertical lines denote the value of the scale factor when w has a maximum or a minimum. The
solid, dashed, and dotted-dashed lines correspond to Blgt = 0.1 , 0.5 and 1, respectively. Bottom
panel: Evolution of the sound speed squared as a function of the scale factor. For illustration
purposes, we just plot c2

s for the values Blgt = 0.1 and 1 (solid and dotted dashed lines, respectively).

From Eqs. (3.49) and (3.50) one obtains the equation of state parameter as a function of the scale

factor



Chapter 3. UDE: Perfect fluid models 53

w = − (1− Ωm0) (1 +Blgt + 3Blgt ln a)

Ωm0a−3 + (1− Ωm0) (1 + 3Blgt ln a)
. (3.52)

Similarly to the GCG, the logotropic dark fluid mimics dark matter at sufficiently early times, and

asymptotically approaches a cosmological constant state as a → ∞ [Eq. (3.52) has the limiting

cases w (a→ 0) = 0 and w (a→∞) = −1]. However, the intermediary behavior is in general not

as smooth (see left plot in Fig. 3.7). Before the transition to a DE state the equation of state

parameter is a positive and growing function, reaching a maximum before becoming negative for

a > a(p=0), where

a(p=0) = exp

(
−1 +Blgt

3Blgt

)
. (3.53)

As w decreases, it passes −1 for

a(w=−1) = 3

√
Ωm0

Blgt (1− Ωm0)
, (3.54)

and reaches a minimum before converging asymptotically to −1. The extrema of w occur at

aextrema = 3

√
− Ωm0

Blgt (1− Ωm0)
Wi

[
−Blgt (1− Ωm0)

Ωm0
exp

(
−2− 1

Blgt

)]
, (3.55)

with the branches i = 0 and i = −1 giving the value of the scale factor when w is maximum and

minimum, respectively (see blue vertical lines in Fig. 3.7).

Therefore, the DM-DE interpolation in the logotropic model strongly depends on Blgt, with higher

values resulting on a steeper transition and larger absolute values for the extrema of w. Conse-

quently, the background evolution deviates significantly with respect to the ΛCDM model, unless

Blgt is sufficiently small. As mentioned in the previous subsection, Algt < n∗ is required for consis-

tency with ρ > 0 at all times. Using Eqs. (3.47) and (3.48) one gets

Blgt <

[
W0

(
1− Ωm0

Ωm0e−1

)]−1

. 2 , (3.56)

where we take the reference value Ωm0 = 0.3. If the upper limit is considered, notice that both

extrema for w would occur for the same value of the scale factor (from Eq. (3.55)).

3.3.3 Constraint on Blgt from the growth of cosmic structures

From the usual definition for the sound speed (i.e. c2
s ≡ dp/dρ), and taking into account that for

any branch dW (x) /dx = x−1W (x) / (1 +W (x)) (except for x = 0 and x = −e−1) one obtains

from Eq. (3.45)

c2
s = − 1

1 +Wi [f (ρ)]
. (3.57)
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The logotropic sound speed is positive in the W−1 branch, negative in the W0 branch, and diverges

when f
(
ρ(min)

)
= −e−1. From Eqs. (3.47) and (3.49), and using the identity Wi (xex) = x (valid

for both branches) we may write the sound speed as a function of the scale factor

c2
s =

(
Ωm0

Blgt (1− Ωm0)
a−3 − 1

)−1

. (3.58)

Unless Blgt is exactly zero (in which case cs = 0 at all times), the sound speed diverges at a(w=−1),

being positive for a < a(w=−1), and negative for a > a(w=−1) (see right plot in Fig. 3.7). In models

with Blgt < Ωm0/ (1− Ωm0) the sound speed diverges only for a > 1, so the logotropic fluid can be

taken as an effective model up to the present time without facing any discontinuity on the evolution

of the sound speed.

In the following discussion we consider a Universe dominated by a logotropic fluid at sufficiently

early times, such that it still firmly evolves as DM (i.e. w ∼ 0). Under this assumption, the sound

speed is well approximated by

c2
s ∼

Blgt (1− Ωm0)

Ωm0
a3 , (3.59)

and ρ ∼ n = ρm0a
−3 (so the sound speed is always positive in this regime). Due to a non-zero

sound speed for Blgt > 0, the growth of linear density perturbations can only occur on scales

larger than the comoving Jeans length (on smaller scales pressure gradients give rise to acoustic

oscillations, as we have discussed in Sec. 3.2.3). Using Eq. (3.59), and taking into account that

ρm0 = 3H2
0 Ωm0/(8πG), the comoving Jeans length λcJ = λJ/a (see Eq. (3.18)) is given by

λcJ =
π

Ωm0H0 (1 + z)2

√
8

3
Blgt (1− Ωm0) . (3.60)

One may estimate an upper limit on Blgt by requiring that the linear growth of cosmic structures

is not significantly affected with respect to the standard matter era evolution on comoving scales

larger than R = 8h−1 Mpc. Thus, the condition λcJ < R implies

Blgt <
3

8π2

(RH0Ωm0)2

1− Ωm0
(1 + z)4 . (3.61)

Taking z = 1 and H0 = h/3000 Mpc−1 in Eq. (3.61), together with Ωm0 = 0.3 and R = 8h−1 Mpc,

we get [163]

Blgt . 6× 10−7 . (3.62)

This upper limit on Blgt is more than three orders of magnitude smaller than the value Blgt =

3.53× 10−3 considered in [256,284,285], which was shown to provide a good fit to SNIa, BAO, and

CMB data (see also [286]). We shall now discuss the motivation behind this particular choice for

the value of Blgt.
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3.3.4 The role of the Planck density

The logotropic model, defined in Eq. (3.52), has two fundamental parameters, Algt and n∗. The

dimensionless parameter Blgt is obtained combining Algt, the present value of the energy density

ρ0, and the matter density parameter Ωm0 (see Eq. (3.48)). The reference particle number density

n∗, given in Eq. (3.47), depends on ρ0, Ωm0, and Blgt.

Though it is a priori a free parameter of the model, n∗ has been identified with the Planck density

ρpl in [256, 284]. Assuming the values for the cosmological Ωm0 = 0.3 and h = 0.67, one may fix

the parameter Blgt using Eq. (3.47)

Blgt = Bpl =

(
ln

(
ρpl

Ωm0ρ0

)
− 1

)−1

= 3.53× 10−3 , (3.63)

where ρpl/ρ0 ∼ 2.74 × 10122 h−2. In this case, the logotropic model has the same number of free

parameters as the ΛCDM. However, given the analysis from the previous subsection, it is clear

that such large Blgt would significantly affect the growth of linear perturbations on scales much

larger than R = 8h−1 Mpc. Indeed, for Blgt = 3.53 × 10−3, the linear density perturbations in

the logotropic dark fluid at z = 1 would be able to grow only on scales & 600h−1 Mpc, in clear

contradiction with observations.

Due to the logarithmic dependence in Eq. (3.63), Blgt is rather insensitive to the exact values of

n∗, ρ0 and Ωm0. In contrast, small changes on Blgt may led to very large differences on the value

of n∗, specially when Blgt � 1. Considering the constraint B < 6× 10−7 and using Eq. (3.47) one

has

n∗
ρpl

= exp

(
1

Blgt
− 1

Bpl

)
> 107×105 , (3.64)

resulting on a value of n∗ which is many orders of magnitude larger than the Planck density [163].

Such a large value of the fundamental density of the logotropic fluid model may be hard to justify

at a more fundamental level.

3.3.5 Logotropic DM halos

Let us now consider that DM halos are described by a logotropic equation of state as given in Eq.

(3.52). The structure of a spherically symmetric configuration of a perfect fluid in gravitational

equilibrium is completely determined by the Tolman–Oppenheimer–Volkoff equation [293,294]. In

the non-relativistic limit3 (where n ∼ ρ, c2
s � 1, and |w| = |p/ρ| � 1) it reduces to the classical

hydrostatic equilibrium equation

1

ρ

dp

dr
= −GM (r)

r2
, (3.65)

3Notice that in the non-relativistic regime the logotropic equation of state is degenerate with the logCG defined
in Sec. 3.2.6
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with M (r) being the mass inside a sphere of radius r, and ρ (r) = 3M (r) /
(
4πr3

)
being the average

density. Thus, for a logotropic sphere one has

1

ρ

dp

dr
=
Algt

ρ2

dρ

dr
= −GM (r)

r2
, (3.66)

that may be rewritten as

1

r2

d

dr

(
r2

ρ2

dρ

dr

)
= −4πG

Algt
ρ , (3.67)

taking into account that dM/dr = 4πr2Gρ. One may easily check that ρlgt ∝ r−1 is a solution of

Eq. (3.67). Therefore, the surface density of the logotropic sphere is a constant

ρlgtr ∝
√
Algt

G
=

√
Blgtρ0 (1− Ωm0)

G
. (3.68)

Observations do seem to suggest that the central surface density of galaxy DM halos is nearly

constant and independent of galaxy luminosity [295] (see [296] for a different perspective). Using

the value Bpl = 3.53×10−3 (corresponding to the identification n∗ = ρpl), it was shown in [256,284]

that the estimated value of the surface density of logotropic DM halos is consistent with the one

inferred from observations. However, if the logotropic fluid is to be considered as a UDE model,

the upper limit B = 6 × 10−7 derived in Sec. 3.3.3 would result on a value almost two orders of

magnitude lower. The same also applies to the claim that the logotropic equation of state with

n∗ = ρpl would also explain the observed Tully-Fisher relation and the mass of dwarf galaxies, since

both of these depend strongly on the surface density of the DM halos.

In order to derive the stability criteria of a logotropic sphere, we shall consider a homologous per-

turbation [297] i.e. we assume that the halo is initially in hydrostatic equilibrium and then expand

or contract the radius r = r(0) + δr, where r(0) is the radius of the unperturbed configuration, and

δr is a small perturbation. We employ the same notation for the pressure and density perturba-

tions, which also change in response to the change in the radius (assuming that |δp/p(0)| � 1 and

|δρ/ρ(0)| � 1). The equation of motion

r̈ = −1

ρ

dp

dr
− GM (r)

r2
(3.69)

reduces to the classical hydrostatic equilibrium equation for r̈ = 0. Notice that one may further

rewrite Eq. (3.69) as

r̈dM = −GM
r2

dM − 4πr2dp , (3.70)

using the relation dM/dr = 4πr2ρ. Thus, the equation for the unperturbed configuration can be

written as



Chapter 3. UDE: Perfect fluid models 57

GM

r2
(0)

dM + 4πr2
(0)dp(0) = 0 , (3.71)

while the perturbed configuration satisfies

dMr̈ = −GM
r2

dM − 4πr2dp . (3.72)

The substitution of p = p(0) + δp and r = r(0) + δr in Eq. (3.72) gives

dM
d2

dt2
(
r(0) + δr

)
= − GM(

r(0) + δr
)2dM − 4π

(
r2

(0) + δr
)2
d
(
p(0) + δp

)
. (3.73)

Keeping only linear terms, one obtains

dMδ̈r = 2
GM

r2
(0)

δrdM − 4π

(
2
δr

r(0)
+

δp

p(0)

)
r(0)dp(0) = 0 . (3.74)

Now we must find how the pressure responds to a small change in the radius of the sphere. From

the logotropic equation of state one may relate δp and δρ as

p(0)

(
1 +

δp

p(0)

)
= Algt ln

[
1

n∗
ρ(0)

(
1 +

δρ

ρ(0)

)]
≈ p(0) +Algt

δρ

ρ(0)
, (3.75)

where the last term is found by Taylor expanding the logarithm ln
(
1 + δρ/ρ(0)

)
≈ δρ/ρ(0). Hence,

we find

δp = Algt
δρ

ρ(0)
. (3.76)

In a homologous expansion or contraction, r and ρ vary, while leaving the shell mass dM unchanged

dM = 4π

[
r(0)

(
1 +

δr

r(0)

)]2

ρ(0)

(
1 +

δρ

ρ(0)

)
dr(0)

(
1 +

δr

r(0)

)
≈ (3.77)

≈ 4πr2
(0)dρ(0)

(
1 + 3

δr

r(0)
+
δρ

ρ0

)
(3.78)

so one has

δρ

ρ(0)
= −3

δr

r(0)
. (3.79)

Combining Eqs. (3.74), (3.76) and (3.79) one finally obtains
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δ̈r = −GM
r3

(0)

 3

ln
(
ρ(0)
n∗

) − 4

 δr . (3.80)

Given the solution δr ∝ exp (iωt) for this second order differential equation, one finds that the

logotropic halo is stable provided that

ω2 = −GM
r3

(0)

 3

ln
(
ρ(0)
n∗

) − 4

 > 0 , (3.81)

which implies that

ρ(0) > n∗ exp

(
3

4

)
∼ 2n∗ . (3.82)

Therefore, if n∗ = ρpl the condition given in Eq. (3.82) could only be met for unrealistic large

values of ρ(0).



Chapter 4

UDE: scalar field models

Scalar fields are ubiquitous in cosmology, being central to the primordial inflation paradigm [31,33,

34, 298–300], and considered as potential candidates to explain the current accelerated expansion

of the Universe [135, 301, 302] or even CDM [303–305]. In the literature one may also find scalar

fields being evoked to describe, in a unified way, both primordial inflation and DE [306], while in

the works [307–309] it is shown that a single scalar field can account for CDM and both (early and

late) periods of acceleration. Indeed, the discovery of a Higgs-like particle in 2012 [310,311] (so far,

the only fundamental scalar field for which we have strong experimental evidence) reinforces the

idea that scalar fields play a fundamental role in physics.

We have so far considered a fluid description of UDE models, in which the dynamics is fully

characterized given an equation of state p = p (ρ) or, equivalently, by p = p (n). On the other

hand, it is well known that a minimally coupled scalar field in General Relativity admits a perfect

fluid description [312]. Therefore, if one starts by modeling the energy content of the Universe as a

collection of perfect fluids, an equivalent description (although contingent, as we explain later) in

terms of a collection of scalar fields is also possible. In this chapter we shall explore in more detail

this duality, focusing on scalar field theories that are appropriate to describe isentropic perfect

fluids.

4.1 Action functionals for perfect fluids

4.1.1 Schutz-Sorkin action

The derivation of the equations of motion of a perfect fluid from an action functional has been

studied by several authors [313–318]. We shall start by considering the following action

S =

∫
d4x
√−gL(gαβ, j

α, φ) , (4.1)

where the Lagrangian is given by

59
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L = F (|j|) + jα∇αφ , (4.2)

with jα being the components of a timelike vector field j, φ is a scalar field, and F is a function of

|j|, where

|j| =
√
−jαjα =

√
−gαβjαjβ . (4.3)

Varying the action with respect to the dynamical fields jα and φ (see Eq. (2.12)) leads to the

following equations of motion

δS
δjα

= 0 = − 1

|j|
dF

d|j|jα +∇αφ , (4.4)

δS
δφ

= 0 = ∇αjα . (4.5)

From the definition of the energy-momentum tensor given in Eq. (2.11) one obtains1

Tαβ = − dF
d|j|

jαjβ

|j| +

(
F − |j| dF

d|j|

)
gαβ , (4.6)

where we have also used Eq. (4.4). Let us retrieve the expression for the energy-momentum tensor

of a perfect fluid

Tαβ = (ρ+ p)uαuβ + pgαβ . (4.7)

Eq. (4.7) is obtained from Eq. (4.6) once the following identifications are made:

n = |j| , (4.8)

ρ (n) = −F , (4.9)

p (n) = F − ndF
dn

, (4.10)

uα =
jα

n
, (4.11)

Notice that combining Eqs. (4.9) and (4.10) one obtains the relationship presented in Eq. (2.53)

(with the chemical potential being given by µ = dρ/dn)

p+ ρ = nµ , (4.12)

1Notice that in Eq. (2.11) the energy-momentum tensor was defined in terms of the variation with respect to
the inverse metric (so the energy-momentum tensor was given in its covariant form i.e. with lower indices). In the

present case one has Tαβ = 2√−g
δ(
√−gL)
δgαβ

= 2 δL
δgαβ

+ Lgαβ .
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which follows from the 1st law of thermodynamics. Hence, Eqs. (4.4), (4.8), and (4.11) now define

the 4-velocity of the fluid as

uα = −∇
αφ

µ
, (4.13)

associated with an irrotational flow, meaning that the spatial components of uα are curl-free in the

local comoving inertial frame (also referred to as potential flow, since in this case the 4-velocity

of the fluid is fully determined by the gradient of a scalar function). The normalization condition

uαuα = −1 implies that

µ2 = 2X , (4.14)

where

X ≡ −1

2
∇αφ∇αφ > 0 , (4.15)

thus requiring the quantity ∇αφ to be timelike. The equation of motion (4.5) guarantees that the

fluid conserves the number of particles.

The Lagrangian we considered in Eq. (4.2) is a particular case of the following model (see e.g. [318])

S [gαβ, j
α, φ, θ, s, Aa, Ba] =

∫
d4x
√−g {−ρ (n, s) + jα (∇αφ+ s∇αθ +Ba∇αAa)} , (4.16)

being usually known as the Schutz-Sorkin action. This more general Lagrangian, often considered

in the literature to describe a perfect fluid [319–327], considers s, θ, Ba and Aa as dynamical

variables (in addition to gαβ, n and φ). Here ρ (n, s) is the energy density of the fluid as usual,

though in this case it is a function of both the number density n and entropy per particle s. From

Eq. (4.16) one has the additional equations of motion

δS
δs

= 0 = −∂ρ
∂s

+ jα∇αθ , (4.17)

δS
δθ

= 0 = ∇α (sjα) , (4.18)

δS
δAa

= 0 = jα∇αAa , (4.19)

δS
Ba

= 0 = ∇α (jαBa) , (4.20)

whereas

δS

δjα
= 0 =

∂ρ

∂n
uα +∇αφ+ s∇αθ +Ba∇αAa , (4.21)
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replaces our Eq. (4.4) (note that Eq. (4.5) remains unchanged). Here, the scalar field θ works

as a Lagrange multiplier, ensuring that the entropy exchange constraint in Eq. (4.18) is satisfied.

In combination with the particle number conservation equation [i.e., Eq. (4.5)] it implies that

jα∇αs = 0, which defines an adiabatic flow [328]. The Lagrange multipliers Ba (where a = 1, 2, 3)

restrict the fluid 4-velocity to be directed along the flow lines of constant Aa [Eq. (4.19)], where

Aa are the Lagrangian coordinates of the fluid.

Thus, from the Schutz-Sorkin action defined in Eq. (4.16), some of the most important dynamical

and thermodynamical relations characterizing a perfect fluid undergoing an adiabatic flow can be

elegantly derived from the equations of motion. Nonetheless, the model defined in Eq. (4.2) will

be sufficient for our discussion of particle conserving isentropic irrotational perfect fluids and their

connection with pure k-essence scalar field models, as we shall discuss next.

4.1.2 Pure k-essence

It is a simple matter to show that, using the equation of motion (4.4) and the relations (4.8 - 4.10),

the Lagrangian given in Eq. (4.2) can be written on-shell (i.e. the scalar field satisfies the equation

of motion) as

Lon−shell = −ρ+ n
dρ

dn
= p . (4.22)

Let us assume the chemical potential µ (n) to be a strictly monotonic function of n (such that there

is a one-to-one relation between µ and n)2. Then, Eq. (4.12) may be written as

p (µ) = µn− ρ , (4.23)

where p (µ) is the Legendre transform of ρ (n), with the conjugate variables being related through

n =
dp

dµ
, µ =

dρ

dn
. (4.24)

Having the relation given in Eq. (4.14), the pressure can be written as a function of X, so that the

Lagrangian from Eq. (4.22) reduces to that of a pure k-essence model

L (X) = p (X) . (4.25)

Using Eq. (4.14) we find µ = ±
√

2X, so one can express the number density as

n(X) =
dX

dµ
p,X = ±

√
2Xp,X . (4.26)

2This guarantees that the Legendre transform is single valued and has continuous first derivatives [329]. Such
assumption may be relaxed in order to allow for a scalar field description of a more broad class of isentropic perfect
fluids. Note, however, that the expressions given in this section also hold in this more general case.
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where a comma denotes a partial derivative (e.g., p,X ≡ dp/dX). The condition n (X) > 0 implies

that one has p,X > 0 or p,X < 0, if µ > 0 or µ < 0, respectively. The equation of motion of the

scalar field may be found by varying Eq. (4.22) with respect to φ

∇α (L,X∇αφ) = 0 . (4.27)

Notice that Eq. (4.27) provides the equivalent in the scalar field theory of the particle number

conservation, given by Eq. (4.5). From Eq. (2.11) one finds the energy-momentum tensor of a

model given by Eq. (4.25) to be

Tαβ = L,X∇αφ∇βφ+ Lgαβ . (4.28)

Therefore, with the identification uα = −∇αφ/
√

2X, in combination with

ρ = 2XL,X − L , (4.29)

a pure k-essence Lagrangian may be used to describe an irrotational perfect fluid with conserved

particle number and constant entropy per particle, provided that X > 0 [330–332]. Considering

Eqs. (4.25) and (4.29) one finds the sound speed squared to be given by

c2
s =

δp

δρ
=

L,XδX
(L,X + 2XL,XX) δX

=
p,X
ρ,X

. (4.30)

4.1.3 The case Lon−shell = −ρ

Surface terms may be added to an action without changing the equations of motion. Hence, even

if the resultant action appears to be different, it still describes the same physics. Let us take the

action in Eq. (4.1) and consider the following transformation

L → L−∇α(φjα) . (4.31)

and, since we are adding a surface term, the equations of motion given in Eqs. (4.4) and (4.5) are

insensitive to this transformation. The resulting Lagrangian is given by

L = F (n) + jα∇αφ−∇α(φjα)

= F (n)− φ∇αjα . (4.32)

Varying the matter action with respect to the metric components one obtains
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δS =

∫
d4x

δ (
√−gL)

δgαβ
δgαβ

=
1

2

∫
d4x
√−g Tαβδgαβ , (4.33)

where

δ
(√−gL) =

√−gδL+ Lδ√−g

=
√−gδL+

L
2

√−ggαβδgαβ , (4.34)

with

δL = −1

2

dF

d|j|
jαjβ

|j| δgαβ − φδ(∇νj
ν) , (4.35)

and

φδ (∇νjν) = φδ

(
∂ν (
√−gjν)√−g

)
= −1

2
gαβδgαβ∇ν (φjν)

+
1

2
∇ν
(
φjνgαβδgαβ

)
. (4.36)

Discarding the last term in Eq. (4.36) — this term gives rise to a vanishing surface term in Eq.

(4.33) (since δgαβ = 0 on the boundary) — and using Eqs. (4.4) and (4.5) it is simple to show that

the energy-momentum tensor associated with the transformed Lagrangian defined in (4.32) is still

given by Eq. (4.6). However, in this case the on-shell Lagrangian is equal to

Lon−shell = F = −ρ . (4.37)

Using this result, in combination with Eq. (2.54), it is possible to write the on-shell Lagrangian as

Lon−shell = −mn− n
∫ n p (n′)

n′2
dn′ (4.38)

(see also [333] for an alternative derivation of this result).

Other on-shell Lagrangians may be considered to describe the dynamics of a perfect fluid by adding

surface terms to Eq. (4.16). However note that, although these different models are degenerate when

considering minimally coupled matter fields, this degeneracy is generally broken in the presence

of nonminimal coupling either to gravity [334–338] or to other fields [138, 339–346]. This issue is

discussed in more detail in Thesis paper 3 [164].
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4.2 Scalar field description of isentropic perfect fluids: specific

models

4.2.1 Generalized Chaplygin gas

The original CG was first given in terms of a quintessence Lagrangian in the seminal paper [239].

However, in this derivation the scalar field was taken to be a function of time alone, meaning

that the result relies on the assumption of perfect spatial homogeneity. Moreover, it is clear that

Lagrangians with a canonical kinetic term cannot do the job: quintessence models have c2
s = 1

irrespectively of the potential [347,348], while in the CG the sound speed strongly depends on the

value of the energy density. Relaxing the assumption of homogeneity, it was shown in [240,349] that

the CG and its generalization admit a scalar field theory description in terms of a purely kinetical

Lagrangian (see also [232]).

As seen in Sec. 4.1.2, in pure k-essence models the Lagrangian is identified with the pressure of

the fluid i.e. L (X) = p (X). From the relation given in Eq. (4.29) and using the GCG equation of

state pgcg = −Aρ−αgcg one obtains

pgcg = −A (2Xpgcg,X − pgcg)−α ⇒ 2Xpgcg,X = pgcg +
(
−pgcg

A

)− 1
α
. (4.39)

Up to an integration constant, the solution for the above equation is given by

pgcg (X) = Lgcg (X) = −A 1
1+α

√(
1− (2X)

1+α
2α

) 2α
1+α

, (4.40)

such that 0 < 2X < 1, to ensure that pgcg is a non-null real value. This restriction immediately

satisfies the condition X > 0, which is needed in order for Eq. (4.40) to describe the GCG defined

as an isentropic perfect fluid. From Eq. (4.29) one finds the GCG energy density

ρgcg = A
1

1+α

(
1− (2X)

1+α
2α

) −1
1+α

, (4.41)

and the equation of state parameter

wgcg = −
(

1− (2X)
1+α
2α

)
, (4.42)

while the sound speed squared is simply c2
s[gcg] = −αwgcg.

4.2.2 Logotropic model

In [284] it was shown that a logotropic equation of state (see Sec. 3.3) arises from a complex scalar

field with a self-interacting potential. Being the logotropic model defined as an isentropic perfect

fluid, a pure k-essence Lagrangian may also be obtained. The derivation is straightforward, though,

to our knowledge, it has not been presented in the literature. For the sake of completeness we shall

present it here.
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Going back to the results presented in Sec. 3.3, let us rewrite Eq. (3.42) as

ρ = n∗ exp

(
p

Algt

)
− p−Algt . (4.43)

Using Eq. (4.29) one gets

2Xp,X = n∗ exp

(
p

Algt

)
−Algt , (4.44)

with the solution

p (X) = L (X) = −Algt ln

(
n∗ + C

√
X

Algt

)
, (4.45)

where C is an integration constant. Hence, substituting Eq. (4.45) back in Eq. (4.43) one obtains

the energy density as a function of X

ρ = Algt ln

(
n∗ + C

√
X

Algt

)
−Algt

C
√
X

C
√
X + n∗

. (4.46)

It is straightforward to check that by substituting

C
√
X = n∗

(
a3

ρ0Ωm0
− 1

)
(4.47)

into Eqs. (4.46) and (4.45), one recovers the correct equations for the evolution of p (a) and ρ (a)

[given in Eqs. (3.49) and (3.50)].

4.2.3 Logarithmic CG

The Lagrangian L (X) for the logCG model (see Sec. 3.2.6) could in principle be found in the same

way as shown in Secs. 4.2.1 and 4.2.2. Considering the logCG equation of state given in Eq. (3.27)

one obtains the following relation between X and plog

dX

X
= 2

dplog

plog + ρ∗eplog/A
(4.48)

or, equivalently,

ln

(
X

X∗

)
= 2

∫ plog

p∗

dp′

p′ + ρ∗ep
′/A (4.49)

where X∗ is an arbitrary integration constant. Unfortunately, the right hand side of Eq. (4.49) does

not have a simple analytical solution. Nevertheless, in the following we shall obtain an analytical

form of the Lagrangian valid in the non-relativistic regime, following our work [161].
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Let us start by briefly review some aspects of the canonical theory for perfect fluids (see e.g. [350]).

In classical fluid dynamics, the Hamiltonian of an irrotational perfect fluid is given by

H (ρ, ϑ, t) =

∫
dx3H =

∫
dx3

(
1

2
ρ ϑ,iϑ

,i + V (ρ)

)
, (4.50)

and H
(
ρ, ϑ, xi, t

)
is equal to

H
(
ρ, ϑ, xi, t

)
= ρ̇ ϑ− L

(
ρ, ρ,i, ρ̇, x

i, t
)
, (4.51)

with the comma denoting the partial derivative with respect to one of the coordinates (e.g. ϑ,i ≡
∂ϑ/∂xi). Here V (ρ) is some potential, ϑ a scalar field, and ρ is the density, as usual. Comparing

Eqs. (4.50) and (4.51) the Lagrangian reads

L = ρ̇ϑ− 1

2
ρ ϑ,iϑ

,i − V (ρ) , (4.52)

with

ϑ =
∂L
∂ρ̇

, (4.53)

and, since ρ and ϑ are canonically conjugate we have

ϑ̇ =
∂L
∂ρ

= −1

2
ϑ,iϑ

,i − dV

dρ
. (4.54)

Assuming an irrotational flow (i.e. that the 3-velocity is written as the gradient of a scalar vi = ϑ,i)

the gradient of Eq. (4.54) may be identified with Euler’s equation, provided that

d2V

dρ2
=

1

ρ

dp

dρ
⇔ p = ρ

dV

dρ
− V . (4.55)

Specifying for the case of the logCG equation of state, Eqs. (3.27) and (4.55) imply that

V = −A
[
1 + ln

(
ρlog

ρ∗

)]
+Dρlog (4.56)

= −A
[
1 + ln

(
ρlog

ρ∗

)]
, (4.57)

where D is an arbitrary integration constant which is taken to be zero. Using Eq. (4.54) one finds

ρlog = A
(
ϑ̇+

1

2
ϑ,iϑ

,i

)−1

. (4.58)

One may now eliminate ρlog from Eq. (4.52) to obtain a Lagrangian describing a perfect fluid with
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a logCG equation of state in the non-relativistic regime

LNR[log] = A
[
ln

(A
ρ∗

)
− ln

(
ϑ̇+

1

2
ϑ,iθ

,i

)]
. (4.59)

Interestingly, Eq. (4.59) may also be obtained by considering the non-relativistic Lagrangian of the

GCG [351]

LNR[gcg] = −A 1
1+α

(
1 + α

α

) α
1+α

√(
ϑ̇+

1

2
ϑ,iϑ,i

) 2α
1+α

+A , (4.60)

which coincides with the Lagrangian proposed in [352] for the CG when α = 1. Compared with

the expression given in [351], Eq. (4.60) has an additional constant term A. Naturally, one may

always add a constant term to the Lagrangian without affecting the dynamics of ϑ.

Performing a Puiseux series expansion of Eq. (4.60) around α = 0 and keeping up to first order

terms in α one obtains

LNR[gcg] = αA

[
ln

(
α
A

ρ∗

)
− ln

(
ϑ̇+

1

2
ϑ,iϑ

,i

)]
+O

(
α2
)
. (4.61)

In Sec. 3.2.6 we have introduced the logCG equation of state as a regularization of the limit α→ 0

and A → ∞ of the GCG model with finite A = αA. By the same token, one finds that the

Lagrangian given in Eq. (4.61) is equal to that given in Eq. (4.59).

A similar approach to the one presented in this section was followed in [290], showing that the

Lagrangian (4.59) is also recovered for the logotropic model (the logotropic model being a sub-class

of the more general Anton-Schmidt fluids). This was to be expected, since the logCG and the

logotropic model are degenerate in the non-relativistic limit.

4.3 One-parameter extension to the GCG model

The formalism introduced in the previous section shows how one may describe an isentropic perfect

fluid using a scalar field theory whose dynamics is determined by a pure k-essence Lagrangian —

the scalar field description of the GCG model is a well known example. In [161] we have considered

an extension of Eq. (4.40) so as to accommodate different Lagrangians proposed in the literature

to describe the GCG. The proposed Lagrangian is given by

Lext (X) = −ρΛ(eff)

√(
1− (2X)β

) 2α
1+α

, (4.62)

where α ≥ 0, β > 0 and ρΛ(eff) > 0 are model parameters. This model provides a simple extension

to the GCG Lagrangian given in Eq. (4.40), the latter being recovered if β = (1 + α) /(2α) and

ρΛ(eff) = A
1

1+α . Eq. (4.62) is also general enough to include the Lagrangian proposed in [351],

which corresponds to the choice β = 1. Using Eq. (4.29), the energy density can be computed
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ρext = ρΛ(eff)

[
1 + (2X)β

(
β

2α

1 + α
− 1

)](
1− (2X)β

)− 1
1+α

, (4.63)

being always positive for ρΛ(eff) > 0, β > 0 and α ≥ 0. The corresponding equation of state

parameter reads

wext = − 1− (2X)β

1 + (2X)β
(
β 2α

1+α − 1
) , (4.64)

and is bounded between −1 and 0 (−1 ≤ wext ≤ 0). Using Eq. (4.30) the sound speed squared is

given by

c2
s[ext] = α

1− (2X)β

1 +
(

1 + α− α (2X)β
)(

β 2α
1+α − 1

) , (4.65)

with c2
s[ext] > 0 at all times if β > 1/2. Given that, for β > 1/2, c2

s (X) is a monotonically decreasing

function of X, the maximum sound speed

c2
s[ext] (X = 0) =

1

2β − 1
, (4.66)

is attained for X = 0. On the other hand, the requirement that c2
s[ext] ≤ 1 at all times is satisfied if

β ≥ 1. Hence, the conditions of classical stability and subluminal sound speed are satisfied by this

class of models if β ≥ 1.

Rewriting Eq. (4.63) as

ρext = ρΛ(eff)

{
1 +

[
1−

(
− pext

ρΛ(eff)

) 1+α
α

] [
β

2α

1 + α
− 1

]}(
− pext

ρΛ(eff)

)− 1
α

, (4.67)

it is clear that only the particular choice β = (1 + α) /2α leads to the standard GCG equation of

state (see Eq. (3.3)) with A = ρ1+α
Λ(eff), wext = −Aρ1+α

ext , and c2
s[ext] = −αwext, independently of the

value of ρext.

In Fig. 4.1 we plot the equation of state parameter wext (top plot) and the sound speed squared c2
s[ext]

(bottom plot) as a function of the proper density ρext for different values of β [(β = (1 + α) /2α,

solid line), (β = 0.5, dotted-dashed line), and (β = 2, dotted line)], while keeping α fixed to unity.

The value of wext interpolates from wext = 0 (ρext � ρΛ(eff)) to wext = −1 (ρext = ρΛ(eff)) for any

value of β (this is also true for any other value of α > 0). For the represented values of β the sound

speed cs[ext] is always a decreasing positive function of ρext, with cs[ext] → 0 for ρext/ρΛ(eff) → ∞
and cs[ext] → (2β − 1)−1/2, for ρext/ρΛ(eff) → 1 (note that this is true for any β ≥ 0.5, and that if

β = 0.5 then cs[ext] →∞ for ρext/ρΛ(eff) → 1).
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Figure 4.1: The equation of state parameter wext (top plot) and the sound speed squared c2
s[ext]

(bottom plot) as a function of ρext for the GCG model (β = (1 + α) /2α, solid line), β = 0.5
(dotted-dashed line), and β = 2 (dotted line). Here, α has been fixed to unity.
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4.3.1 Non-relativistic limit

In the following we will show that the GCG equation of state is always recovered in the non-

relativistic regime, independently of the value of β. Consider the (high-density) non-relativistic

regime of Eq. (4.62) with 2X ∼ 1 and LNR[ext] = pext ≈ 0. One can define a small parameter

ε = 1− 2X ≈ 0 and Taylor expand at first order

(1− ε)β ≈ 1− εβ . (4.68)

Hence, considering the expansion above one obtains from Eq. (4.62)

LNR[ext] = −ρΛ(eff)β
α

1+α

√
(1− 2X)

2α
1+α , (4.69)

which coincides with the Lagrangian considered in [351] to describe the generalized Chaplygin gas

(and, consequently, also coincides with the non-relativistic CG Lagrangian in [352] when α = 1).

The relation between pext and ρext given in Eq. (4.67) may be written as

ρext

ρΛ(eff)
=

(
− pext

ρΛ(eff)

)(
2α

1 + α
− 1

)
+ β

2α

1 + α

(
− pext

ρΛ(eff)

)− 1
α

. (4.70)

Notice that the first term on the right hand side of Eq. (4.70) is negligible in the non relativistic

regime (since pext ≈ 0), thus leading to the standard GCG equation of state pgcg = −Aρ−αgcg with

A = ρ1+α
Λ(eff)

(
2α

1 + α
β

)α
. (4.71)

Therefore, the GCG equation of state is recovered in the non-relativistic regime for any β > 0,

meaning that the construction of a non-relativistic GCG Lagrangian is, in this sense, not unique.

The model we have defined in Eq. (4.62) encompasses an extended family of models that reduce

to the GCG in the non-relativistic limit.

Coming full circle, the non-relativistic Lagrangian description of the GCG proposed in [351] may

be obtained from Eq. (4.69) considering the identification φ = −t + ϑ (where vi = ϑ,i for an

irrotational flow, as in Sec. 4.2.3)

LNR[ext]|φ→t−ϑ = −ρΛ(eff)β
α

1+α

√√√√[
1− 2

(
ϑ̇2

2
− ϑ̇+

1

2
− ϑ,iϑ,i

2

)] 2α
1+α

, (4.72)

Keeping only linear terms on ϑ̇ and using Eq. (4.71) one gets
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LNR[ext]|φ→t−ϑ ∼ −ρΛ(eff) (2β)
α

1+α

√(
ϑ̇+

1

2
ϑ,iϑ,i

) 2α
1+α

(4.73)

= −A 1
1+α

(
1 + α

α

) α
1+α

√(
ϑ̇+

1

2
ϑ,iϑ,i

) 2α
1+α

, (4.74)

cf. Eq. (4.60).

4.3.2 Background cosmology

In this subsection we focus on the background evolution of the extended CG scalar field model

defined by Eq. (4.62), and restrict the discussion to β ≥ 1 in order to avoid superluminal sound

speeds. The evolution of the scalar field is determined by the equation of motion (4.27) which, at

the background level, is a function of time alone i.e. φ = φ (t). For a generic Lagrangian L = L (X),

Eq. (4.27) may be written as

∇µ (L,X∇µ) = L,XX∇µX∇µφ+ L,X�φ , (4.75)

where � ≡ gµν∇µ∇ν is the d’Alembert operator

�φ = gµν∇µ (∂νφ) = gµν
[
∂µ (∂νφ)− Γγµν∂γφ

]
, (4.76)

and the covariant derivative of X is given by

∇µX = −1

2
gαβ∇µ (∇αφ∇βφ) (4.77)

= −gαβ∇αφ∇µ (∇βφ) (4.78)

= −gαβ∂αφ
[
∂µ (∂βφ)− Γγµβ∂γφ

]
, (4.79)

where we now explicitly write that ∇µφ = ∂µφ. Using the Christoffel symbols computed in Eqs.

(2.15)-(2.18) for a flat FLRW metric one gets the following equation of motion determining the

background dynamics of φ

φ̈+ 3Hφ̇
L,X

L,X + φ̇2L,XX
= 0 , (4.80)

or, alternatively

Ẋ + 6HXc2
s = 0 , (4.81)

with the sound speed squared being given by Eq. (4.30). Changing the independent variable from

t to a, Eq. (4.81) can be integrated exactly for an arbitrary L (X) [251,270]
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XL2
,X ∝ a−6 . (4.82)

Hence, one can now take Eq. (4.62) and determine the evolution of X (a) for the extended CG

model

(
1− (2X)β

)− 2
1+α

(2X)1−2β
=

(
1− (2X0)β

)− 2
1+α

(2X0)1−2β
a−6 , (4.83)

where X0 is fixed using Eq. (4.63)

ρext0

ρΛ(eff)
=

[
1 + (2X0)β

(
β

2α

1 + α
− 1

)](
1− (2X0)β

)− 1
1+α

. (4.84)

Observe that, in general, X and X0 cannot be found explicitly from Eqs. (4.83) and (4.84). A

notable exception is the GCG i.e. for β = (1 + α) /2α we have

(2X)−
1+α
2α − 1 =

[
(2X0)−

1+α
2α − 1

]
a3(1+α) , (4.85)

and

1− (2X0)
1+α
2α =

(
ρΛ(eff)

ρgcg0

)(1+α)

= A . (4.86)

For the extended CG model superluminal sound speeds can be avoided at all times if β ≥ 1 for

any α > 0 (remember that in the case of the GCG this condition can only be fulfilled if α ≤ 1).

Considering models with α� 1 (formally we take α→∞) we may write Eq. (4.83) as

X ≈ X0a
− 6

2β−1 , (4.87)

leading to

ρext ≈ ρΛ(eff) +
(
ρext0 − ρΛ(eff)

)
a
− 6β

2β−1 = ρext0

[
ΩΛ(eff)

Ωext0
+

(
1−

ΩΛ(eff)

Ωext0

)
a
− 6β

2β−1

]
. (4.88)

Thus, in the limit of large values of α, ρext ∝ a
− 6β

2β−1 at early times, reaching a minimum energy

density ρext → ρΛ(eff) as a → ∞. For β = 1 the model can be interpreted as the sum of a stiff

fluid (i.e. a fluid with equation of state parameter w = 1) and a cosmological constant. On the

other hand, the ΛCDM model is found in the limit β →∞, with the present CDM density fraction

being Ωcdm0 =
(
1− ΩΛ(eff)/Ωext0

)
. Actually, the extended CG model reduces to ΛCDM in the limit

β → ∞ independently of the value of α: from Eq. (4.66), the maximum sound speed attained is

solely regulated by β, and one has c2
s[ext] → 0 as β →∞.
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For arbitrary values of α > 0 and β ≥ 1, Eqs. (4.83) and (4.84) have to be solved numerically. We

have implemented a root finding algorithm using Ridder’s method [353] in CLASS (see Appendix

A.1) to find X0 (given the value of ρext0 and the model parameters α, β and ρΛ(eff)) and X (a),

which is then used to compute the evolution of ρext (a).

4.3.3 SNIa constraints

We constrain the parameters of the extended CG (taken as a UDE model) against the SNIa Pan-

theon data [261] (see Appendix B.1) considering a cosmology with Ωext + Ωb = 1. Given the

required lower bounds α > 0, β ≥ 1 and ρΛ(eff) > 0 we choose to work with the quantities e−α,

1/β and ρΛ(eff)/ρ0 to compose our parameter space. In this way, flat priors can be assumed in the

open interval ]0, 1[ for e−α and 1/β, while the remaining cosmological parameters are fixed to the

standard values (namely H0 = 67.3 km s−1 Mpc−1 and Ωb0 = 0.0487). The 2-dimensional contours

and the marginalized likelihoods for all three parameters are shown in Fig. 4.2.

The results can be understood in terms of the correspondent values of wext0, which are found from

the relation

ρΛ(eff)

ρext0
= −wext0F

α
1+α

0 , (4.89)

where

F0 = 1− (1 + wext0) (1 + α)

2αβwext0
, (4.90)

obtained from Eqs. (4.64) and (4.84). The solutions of Eq. (4.89) as a function of e−α and 1/β

are presented in Fig. 4.3 for ρΛ(eff) = 0.67ρ0 (black lines) and ρΛ(eff) = 0.86ρ0 (red lines) where, for

each case, we show three curves along which wext0 has a constant value. Comparing the pairs of

neighboring red and black lines (covering similar regions of the parameter space), one notes that

models with higher ρΛ(eff)/ρ0 have lower wext0 (i.e. these models get closer to wext0 = −1). Overall,

larger values of β also correspond to a lower value of wext0 if α is sufficiently large (in this region

the value of wext0 is mostly insensitive to α). Hence, one may have the same value for wext0 by

increasing (decreasing) ρΛ(eff)/ρ0 while decreasing (increasing) β. The 2-dimensional constraints

from the panel
(
ρΛ(eff)/ρ0, 1/β

)
in Fig. 4.2 show this degeneracy between both parameters. On the

other hand, for α . 1 small changes on α can lead to very different values of wext0. These variations

can, however, be compensated by changes on β and ρΛ(eff), in order to have a wext0 consistent with

the observations; notice the enlargement of the likelihood regions as e−α → 1 (i.e. as α→ 0) in the

panels
(
ρΛ(eff)/ρ0, e

−α) and (1/β, e−α).

The results show that the parameter ρΛ(eff) is constrained to the region between ∼ 0.67ρ0 and

∼ 0.86ρ0 at 95% C.L., with a mean value of ∼ 0.77ρ0. All values α > 0 and β ≥ 1 are consistent

with the SNIa data at the 95% level, with the maximum likelihood for e−α and 1/β being found for

α → 0 and β →∞, respectively. The best-fit has the same minimum χ2 that was obtained in the

GCG SNIa analysis presented in Sec. 3.2.2, i.e. χ2
min = 1027. This point of the parameter space
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Figure 4.2: SNIa constraints on the parameters ρΛ(eff)/ρ0, e−α and β using the Pantheon data set,
where darker and lighter regions correspond to the 68% and 95% confidence level, respectively.
The top plots in each column show the 1-dimensional likelihood, marginalized over the remaining
parameters. The black line shown in the panel (1/β, e−α) satisfies the relation β = (1 + α) /2α,
thus corresponding to the GCG model. The dashed-lines represent GCG models with A = 0.7
(blue lines) and A = 0.8 (red lines) as given by Eq. (4.86).
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Figure 4.3: Lines of constant wext0 as a function of e−α and 1/β. We choose to plot the lines for the
values ρΛ(eff) = 0.67ρ0 (black lines) and ρΛ(eff) = 0.86ρ0 (red lines), which correspond approximately
to the lower and upper limit of the 95% C.L. interval estimated from the SNIa constraints (see Fig.
4.2).

has wext0 ∼ −0.75, corresponding to an effective equation of state parameter of w0 = Ωext0wext0 ∼
−0.72 (which is consistent with the mean value from the Table 5. in [261] for the ΛCDM model).

4.3.4 Structure formation

In the extended CG model the maximum sound speed, attained as a → ∞, depends only on

β. Since cs[ext] (a) is a monotonically increasing function, the Jeans length may be taken to be

arbitrarily small if β is large enough. Hence, density perturbations can grow on sufficiently large

scales independently of the value of α, even when wext0 ∼ −1, as long as β is sufficiently large.

Combining Eqs. (4.65), (4.84) and (4.89), one finds the present sound speed to be given by

c2
s[ext]0 = α

1

F0 + (F0 + α)
(
β 2α

1+α − 1
) . (4.91)

Deep in the matter era, linear perturbations can grow provided that c2
s[ext] . (3/2)a2H2/k2 [cf. Eq.

(3.17)]. Taking F0 = 1, H0 = h/3000 Mpc−1 and α = 1, one estimates that β & 105 is required for

the growth of linear density perturbations on scales larger than k = 0.1 h Mpc−1.

We compute the matter power spectrum using our implementation of the extended CG on the

CLASS code (see A.1), assuming a Universe containing the standard content (i.e. relativistic species

and baryons) and an extended CG component with α = 1. The usual cosmological parameters

take their standard values, with the exception of the amplitude of the power spectrum, which is

normalized such that all models have the same power on very large scales. The density of the

extended CG fulfills the relation Ωext + Ωr + Ωb = 1 for a flat FLRW metric, and ρΛ(eff) is fixed

such that w0 ∼ −0.7. The results plotted in Fig. 4.4 show that an agreement with the ΛCDM

result on linear scales is attained for an extended CG model with β = 5 × 105. Large oscillations

of the matter spectrum would rule out completely smaller values of β, as shown in the figure for
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Figure 4.4: The linear matter power spectra at the present epoch for the extended CG + baryons
(blue lines) normalized to the ΛCDM model (black line) amplitude on large scales, for different
choices of β (see legend) and α = 1. The parameter ρΛ(eff) is fixed such that w0 ∼ −0.7. For
increasingly larger values of β the spectra gets closer to the ΛCDM prediction, with the oscillations
appearing on ever smaller scales.

β = 1 (corresponding in this case to the original CG model, i.e. α = 1) and β = 102. Notice that,

since in this analysis α has been fixed to unity, all these models have a CG equation of state in the

non-relativistic limit, as we have shown in Sec. 4.3.1.
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Figure 4.5: Contour lines of constant c2
s[ext]0 = 0.1 (solid lines), 0.2 (dashed lines), and 0.3 (dotted-

dashed lines), as a function of e−α and 1/β. The black and red lines correspond to the fixed values
of wext0 = −0.7 and wext0 = −0.8, respectively.

While models with β →∞ are assured to have cs[ext] → 0 at all times, one can also have arbitrarily

small sound speeds at the present time for small β (i.e. models with a large maximum cs[ext]),

provided that α is close enough to zero. This relation between α and β is clear in Fig. 4.5, where



Chapter 4. UDE: scalar field models 78

we plot lines of constant c2
s[ext]0 (from Eq. (4.91)) as a function of e−α and 1/β, for the values

wext0 = −0.7 (black lines) and wext0 = −0.8 (red lines).



Chapter 5

Mapping DE models into Unified

Dark Energy

As we have seen so far, the main feature of UDE models is that of mimicking DE and CDM with

a single underlying perfect fluid or scalar field. In this section we follow Sec. IV of the published

Thesis paper 4. [164], where we show how a DE scalar field model can be mapped into a UDE

model, with both Lagrangians having the same value on-shell.

5.1 Mapping pure k-essence models: trivial case

Before moving to the specificities of this mapping, let us start by considering the following con-

struction of a UDE Lagrangian

Lude = Lde + Lcdm . (5.1)

Assuming that Lde ≡ Lde (X) is an arbitrary pure kinetic DE Lagrangian and that Lcdm is a La-

grangian describing CDM, one has that the ratio between Lcdm and Lde vanishes on-shell (or is

extremely small), so that the contribution of Lcdm to the total pressure can be neglected. There-

fore, the UDE Lagrangian Lude describes a fluid with proper pressure pude = Lude(on−shell) =

Lde(on−shell) = pde and energy density

ρude = ρde + ρcdm , (5.2)

where ρde = 2XLde,X−Lde. Hence, the new Lagrangian may be regarded as a UDE model provided

that, at late times, wde = pde/ρde ∼ −1 or, equivalently, ρde = Lde(on−shell)/wde ∼ −Lde(on−shell).

Now one has to define a suitable Lagrangian to describe CDM.

79



Chapter 5. Mapping DE models into Unified Dark Energy 80

5.1.1 CDM via a Lagrange multiplier

A possible choice for Lcdm, discussed in [303, 354], would be to consider a canonical Quintessence

field constrained by a Lagrange multiplier λ

Lcdm = λ (X − V (φ)) . (5.3)

The equation of motion

δLcdm

δλ
= 0→ X − V (φ) = 0 , (5.4)

ensures that the constraintX = V (φ) is always satisfied on-shell, thus implying that Lcdm(on−shell) =

0 or, equivalently, from Eq. (5.1), that pude = Lude(on−shell) = Lde(on−shell) = pde. The CDM energy

density is given by Eq. (4.29) as usual

ρcdm = 2XLcdm,X − Lcdm = λ (X + V (φ)) = 2λX , (5.5)

while the 4-velocity can be written as

uα = − ∇
αφ√
2X

= − ∇αφ√
2V (φ)

, (5.6)

so that the constraint X = V (φ) gives

− 1

2
∇αφ∇αφ = V (φ)⇔ uα∇αφ =

√
2V (φ) . (5.7)

Regarding the dynamics of the Lagrange multiplier λ, its evolution is such as to ensure that the

energy-momentum tensor of the UDE fluid

Tαβcdm = λ∇αφ∇βφ , (5.8)

is covariantly conserved. In order to stay in the realm of irrotational perfect fluid models with

conserved particle number and constant entropy per particle, we want the Lagrangian to depend

solely on the kinetic term. Notice that for the particular case with V (φ) = V0 = const one would get

X = V0 = const, thus implying that pude = Lde(on−shell) would be a constant [since we are assuming

that Lde = Lde (X)]. Hence, such UDE model would be totally equivalent to ΛCDM [232,233,260].

5.1.2 CDM via pure k-essence

An alternative would be to consider a class of purely kinetic Lagrangians given by

L (X) = p (X) = AXγ , (5.9)

where A and γ are positive real constants, and the energy density is
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ρ = 2XL,X − L = (2γ − 1)AXγ , (5.10)

For this class of models the equation of state parameter is a constant determined by γ

w ≡ p

ρ
=

1

2γ − 1
. (5.11)

Since we have w → 0 for γ → ∞, in this limit the scalar field mimicks pressureless dust. Thus,

another possible choice for Lcdm would be

Lcdm (X) = lim
γ→∞

A(γ)Xγ . (5.12)

The function A(γ) is chosen in such a way that pcdm vanishes at every space time point in this

limit. On the other hand, the CDM density

ρcdm = lim
γ→∞

(2γ − 1)A(γ)Xγ (5.13)

is essentially unrestricted. Note that by choosing A(γ) such that the function C(γ) = (2γ− 1)A(γ)

tends to a constant C∞ in the γ →∞ limit, X must be equal to unity in this limit. However, the

density may take any value in this limit since 1∞ is indeterminate. The equation of motion of the

scalar field

(
L,Xgαβ + L,XX∇αφ∇βφ

)
∇α∇βφ =

=

(
gαβ +

γ − 1

X
∇αφ∇βφ

)
∇α∇βφ = 0 (5.14)

reduces to

∇αφ∇βφ∇α∇βφ = −∇αφ∇αX = 0 , (5.15)

for γ →∞, thus implying that the equation of motion preserves the condition X = 1 in this limit.

Furthermore, the condition X > 0 is always satisfied, so this model describes the dynamics of a

perfect fluid. Notice that this UDE model would have pude = Lde(on−shell) (X = 1) = const and,

therefore, would again be totally equivalent to ΛCDM.

5.2 Mapping pure k-essence models: general case

5.2.1 Mapping the Lagrangian

Let us consider an isentropic perfect fluid with proper pressure and density p = p(µ), ρ = ρ(µ)

(with µ = µ(n)), and 4-velocity u at each spacetime point. The transformation
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ρ̃ = ρ+mn , (5.16)

µ̃ = µ+m, (5.17)

at every point with the 4-velocity unchanged leads to a different perfect fluid, but leaves the proper

pressure unaltered, so that p̃ (µ̃) = p (µ) (here, m > 0 is a constant) — i.e. the transformations

given in Eqs. (5.16) and (5.17) leave Eq. (4.23) invariant. Note that, if the original fluid represented

a constant density with p = −ρ = const (a cosmological constant), then this transformation would

simply add a pressureless dust-like component to the original dark energy fluid.

Starting with a perfect fluid described by a purely kinetic Lagrangian L(X) = p(X) with µ2 = 2X,

let us write the Lagrangian of the new fluid as L̃(X̃) = L(X) and its 4-velocity as ũα = −∇αφ̃/
√

2X̃,

where X̃ = −∇αφ̃∇αφ̃/2 and µ̃2 = 2X̃. Hence, Eq. (5.17) is just
√

2X̃ =
√

2X + m, and we get

the following relation between the kinetic terms X and X̃:

X̃ = X +m
√

2X +
m2

2
. (5.18)

Applying the previous transformations, the energy-momentum tensor of the new fluid may be

written as [cf. Eq. (4.28)]

T̃αβ = (ρ̃+ p̃) ũαũβ + p̃gαβ

= 2X̃L̃
,X̃
ũαũβ + L̃gαβ = L̃

,X̃
∇αφ̃∇βφ̃+ L̃gαβ

=
√

2X
(√

2X +m
)
L,Xuαuβ + Lgαβ ,

= Tαβ + Tαβm , (5.19)

where Tαβ is the energy-momentum tensor of the original fluid. For the additional dustlike com-

ponent one has (remember that n =
√

2XL,X)

Tαβm = ρmu
αuβ , ρm = mn = m

√
2XL,X , (5.20)

where we have used Eq. (5.18) and the relations

X
,X̃

=
(
X̃,X

)−1
=

√
2X√

2X +m
, (5.21)

uα = − ∇
αφ√
2X

= − ∇
αφ̃√
2X̃

= ũα . (5.22)

Thus, Eq. (5.22) is equivalent to
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∇αφ̃ =

√
2X +m√

2X
∇αφ . (5.23)

However, given a scalar field φ it may not always be possible to find another scalar field φ̃ which

satisfies this equation. Nevertheless, in a perfectly homogeneous and isotropic FLRW Universe,

φ and X are functions of cosmic time alone, making it always possible to define a scalar field φ̃

fulfilling Eq. (5.23). Given that the dark energy field is expected to be nearly homogeneous this

will turn out to be the most relevant case, which will be further explored later. Also, having defined

L̃(X̃) it is possible to explore the full consequences of the model, taking into account cosmological

perturbations.

The energy momentum tensor is covariantly conserved or equivalently, ∇αT̃αβ = 0. With all

generality, this implies that

∇αTαβ = Qβ , (5.24)

∇αTαβm = −Qβ , (5.25)

where Qβ is the coupling between the two components. Contracting the equation ∇αT̃αβ = 0 with

ũβ, one obtains the continuity equation

ũα∇αρ̃+ (ρ̃+ p̃)∇αũα = 0 , (5.26)

which is equivalent to the equation of conservation of the particle number ∇α
(
L̃
,X̃

√
2X̃ũα

)
= 0

[see Eq. (4.27)]. Given the relations from Eqs. (5.18) and (5.21) one may check that

n =
√

2XL,X =
(√

2X̃ −m
)
X
X̃
L̃
,X̃

=
√

2X̃L̃
,X̃

= ñ . (5.27)

Using Eq. (5.22),the particle number conservation equation may also be written as

∇α
(
L̃
,X̃

√
2X̃ũα

)
= ∇α

(
L,X
√

2Xuα
)

= 0 . (5.28)

Taking this into account, it is simple to show that

uβQ
β = uβ∇αTαβ =

= −uα∇α (2XL,X)− uα∇αL − 2XL,X∇αuα =

= − 1√
2X
∇α
(
L,X
√

2Xuα
)

= 0 . (5.29)

The contraction of ∇αT̃αβ = 0 with hνβ = δνβ + uνuβ results in
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(gνα + ũν ũα)∇αp̃ = − (ρ̃+ p̃) ãν , (5.30)

with ãα = ũβ∇βũα = aα being the components of the 4-acceleration (notice that ũαã
α = 0). From

the contraction of hνβ with Eq. (5.25) one finds that

ρma
ν = −hνβQβ . (5.31)

In a perfectly homogeneous and isotropic FLRW background u0 = 1 and aν = 0. Hence, Eq.

(5.31) in combination with the condition Qβuβ = 0, implies that Qν = 0. In this case, the energy-

momentum tensors of the matter and dark energy components are separately conserved.

5.2.2 Equation-of-state and the sound speed

Having determined the Lagrangian and energy density of the the transformed fluid in terms of the

original scalar field, we may now write the equation of state of the transformed fluid as

w̃ ≡ p̃

ρ̃
=

L (X)
√

2XL,X
(√

2X +m
) , (5.32)

and the sound speed squared as

c̃2
s =

p̃
,X̃

ρ̃
,X̃

=

√
2X√

2X +m

LX
2XL,X + L =

√
2X√

2X +m
c2

s , (5.33)

where c2
s is the sound speed of the original fluid [cf. Eq. (4.30)].

Considering a FLRW metric, we have shown in Sec. 4.3.2 that the equation of motion for a scalar

field described by a pure k-essence Lagrangian has the general solution

XL2
,X ∝ a−6 ∝ (1 + z)6 . (5.34)

Therefore, we may write n =
√

2XL,X = n0(1 + z)3, where n0 ≡ n(z = 0). This means that

ρm = mn = mn0(1 + z)3 as expected for the matter component, irrespective of the original pure

k-essence model. Thus, from Eq. (5.32), the equation of state parameter of the transformed fluid

is given by

w̃ =
p

ρ+mn
=

w

1 +mn0(1 + z)3/ρ
, (5.35)

where w ≡ p/ρ is the equation of state parameter of the original fluid. On the other hand, the

sound speed of the transformed fluid given in Eq. (5.33) is equal to

c̃2
s =

p̃,z
ρ̃,z

=
c2

s

1 +mn,z/ρ,z
=

c2
s

1 + 3mn0(1 + z)2/ρ,z
. (5.36)
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Hence, given m and n0, the evolution of the sound speed squared of the transformed fluid c̃2
s with

the redshift is completely determined by the evolution of the sound speed squared c2
s and of the

density of the original model. It is straightforward to show that, for |ρ,z/n,z| � m (or, equivalently,

m�
√

2X), one has c̃2
s � c2

s .

5.2.3 Scalar field linear perturbations

Given a scalar field model defined by a Lagrangian L (X), its description in term of an isentropic

perfect fluid is possible (provided that X > 0) also at the linear level. In this subsection we shall

briefly consider the linear evolution of the field perturbations and show that the map
√

2X̃ =√
2X +m leads to the expected sound speed of the UDE model.

Let us write φ = φ(0) + δφ, so that φ(0) refers to the purely time dependent background value of φ

and δφ denotes the fluctuation of φ with respect to the background value (we shall use the same

notation in the case of the other variables). At first order in δφ, the energy-momentum tensor

defined in Eq. (5.19) may be written as

T̃αβ = T̃αβ(0) + δT̃αβ , (5.37)

where T̃ 0
0(0) = −ρ̃(0), T̃

i
j(0) = p̃(0) δ

i
j , and

δT̃ 0
0 = −δρ̃ = −

(
L,X(0) + 2X(0)L,XX(0)

)
×

(
1 +

m√
2X(0)

)
δX , (5.38)

δT̃ 0
i = a−2L,X(0)

(
φ
′
(0) +m

)
φ
′
(0)δui , (5.39)

δT̃ i0 = −a−4L,X(0)

(
φ
′
(0) +m

)
φ
′
(0)δui , (5.40)

δT̃ ij = δp̃ δij = L,X(0)δ
i
jδX . (5.41)

Here δui = a2δui, and it has been taken into account that, up to first order in δφ, the perturbation

to the kinetic term X is given by

δX = 2X(0)

(
δφ
′

φ
′
(0)

− Φ

)
. (5.42)

Given the energy-momentum tensor defined by Eqs. (5.37)-(5.41), and the perturbed Einstein

equations in the Newtonian gauge i.e. Eqs. (2.119) and (2.122) one obtains

3H
(
HΦ + Φ

′
)

+ k2Φ = 4πGa2
(
L,X(0) + 2X(0)L,XX(0)

)
×
(

1 +
m√
2X(0)

)
δX , (5.43)
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and

Φ
′′

+ 3HΦ′ +
(
H2 +H′

)
Φ = 4πGa2L,X(0)δX , (5.44)

resulting in the usual evolution of the gravitational potential

Φ
′′

+ 3H
(
1 + c̃2

s

)
Φ
′
+
(
c̃2

sk
2 + 3H2c̃2

s + 2H′ +H2
)

Φ = 0 , (5.45)

with c̃2
s being given by Eq. (5.33).

5.3 Mapping specific input DE models into UDE

In this subsection we shall assume that the original Lagrangian L(X) describes a dark energy fluid

with equation of state parameter at the present being w0 = wde0 ∼ −1, so that the transformed

Lagrangian L̃(X̃) defines a UDE fluid with equation of state parameter w̃ = wude (in the following,

we shall use the subscripts “de” and “ude”, respectively, when referring to dark energy and UDE).

Thus, we write Eqs. (5.35) and (5.36) as

wude(z) =
wde(z)

1 +mn0(1 + z)3/ρde(z)
, (5.46)

c2
s(ude) =

pude,z

ρude,z
=

(
1 + 3

mn0 (1 + z)2

ρde,z

)−1

c2
s(de) , (5.47)

respectively. Notice that, as long as the sound speed squared c2
s(de) of the input dark energy fluid

is positive, the same is verified in the case of the resulting UDE fluid, thus ensuring that no

pathological instabilities occur (at a nonlinear level it is guaranteed a priori by the fact that the

behavior of UDE is similar to that of CDM in the high density regime). If ρde,z > −3mn0 (1 + z)2

then c2
s(de) > 0 is required in order to guarantee that c2

s(ude) > 0. On the other hand, if ρde,z <

−3mn0 (1 + z)2 < 0 the condition c2
s(ude) > 0 would be satisfied if, and only if, c2

s(de) < 0. Here we

shall not explore the latter case.

5.3.1 Input DE model: wde = const

It is instructive to start by examining a dark energy model with constant wde ∼ −1 (here, we shall

consider a non-phantom dark energy model with wde > −1) defined by the Lagrangian

L(X) = CX
1+wde
2wde , (5.48)

where C < 0 is a constant (notice that a constant wde implies that c2
s(de) = wde). One can use Eq.

(5.18) to obtain the Lagrangian
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L̃(X̃) = C

(√
X̃ − m√

2

) 1+wde
wde

(5.49)

describing a UDE model with proper energy density

ρude(X̃) = 2X̃L̃
,X̃
− L̃ = C

(√
X̃

wde
+

m√
2

)

×
(√

X̃ − m√
2

) 1
wde

(5.50)

and proper pressure pude(X̃) = L̃(X̃) = L(X). Notice that ρude →∞ for X̃ → m2/2 (dark matter

limit, with pude → 0), and that

ρude ∼
C

wde
X

wde+1

wde → 0 (5.51)

in the X̃ →∞ limit (dark energy limit, satisfying pude ∼ wdeρude ∼ −ρude). Since X̃ ∈ ]m2/2,+∞[

the perfect fluid correspondence is always verified. However, the sound speed squared of the UDE

fluid

c2
s(ude) =

p
ude,X̃

ρ
ude,X̃

= wude

(
1− m√

2X̃

)
, (5.52)

is negative for X̃ ∈ ]m2/2,+∞[. Although, this may appear to constitute a no-go condition for

this model, that may not be the case. Indeed, for wde sufficiently close to −1, the negative sound

speed would only become significant in extremely underdense regions (note that c̃2
s → 0 when

X̃2 → m2/2). In any case, UDE models with a negative sound speed may be avoided by starting

with a non-phantom dark energy model satisfying the condition c2
s(de) > 0.

5.3.2 Input DE model: GCG

Let us consider the case of the GCG Lagrangian discussed in Sec. 4.2.1

L(X) = −A 1
1+α

(
1− (2X)

1+α
2α

) α
1+α

, (5.53)

where 0 < α < 1 and A > 0 are constants (in the following we shall also assume that variables

with dimensions of mass are measured in some arbitrary mass unit munit). Although throughout

this thesis we have assumed the GCG as a UDE model, here we shall take it as our input dark

energy model. The corresponding equation of state parameter and sound speed squared are given,

respectively, by
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wde = − A

ρ1+α
de

c2
s(de) = −αwde , (5.54)

with −1 < wde < 0 and 0 < c2
s < 1 (assuming that ρ > A

1
1+α ) [cf. sec. 3.2]. In this case, using Eq.

(5.18) one gets

L̃(X̃) = −A 1
1+α ξ(X̃)

α
1+α , (5.55)

with

ξ(X̃) = 1−
(√

2X̃ −m
) 1+α

α
, (5.56)

describing a UDE model with proper pressure pude(X̃) = L̃(X̃) and proper energy density

ρude(X̃) = 2X̃L̃
,X̃
− L̃ = ρm(X̃) + ρde(X̃) , (5.57)

ρde(X̃) = A
1

1+α ξ(X̃)−
1

1+α , (5.58)

ρm(X̃) = mn = m
(√

2X̃ −m
) 1
α
ρde . (5.59)

At late times one has X̃ → m2/2, thus implying that both ρude and −pude approach the constant

value A1/(1+α) (notice that ρm → 0 and ξ → 1 in this limit). On the other hand, at early times

X̃ approaches (m + 1/2)2/2. As a result, the energy density becomes large and ρm is roughly

proportional to ρde — this behavior is explained by the fact that the Chaplygin gas behaves as

CDM for densities much greater than A1/(1+α). Notice that for m sufficiently large it is always

possible to ensure that ρude ∼ ρm at early times. As previously discussed, the positive sound speed

squared of the input generalized Chaplygin model implies that c2
s(ude) > 0, thus guaranteeing that

the resulting UDE model is free from pathological instabilities associated with an imaginary sound

speed.

5.3.3 Restrictions on isentropic UDE models

Let us now consider the Chevallier-Polarski-Linder (CPL) parametrization of the equation of state

of the original dark fluid [355]

wde(z) = w0 + ∆w
z

1 + z
, (5.60)

where w0 ≡ wde(z = 0), w∞ ≡ wde(z = ∞) and ∆w ≡ w∞ − w0. Solving the continuity equation,

the energy density of the original dark energy fluid is given by

dρde/dz − 3ρde (1 + wde(z)) / (1 + z) = 0 =⇒ ρde ∝ (1 + z)3(1+w∞) e3∆w/(1+z) , (5.61)
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so corresponding energy density of the UDE fluid is equal to

ρude = ρude0

[
(1 + z)3(1+w∞) e3∆w/(1+z) +Q (1 + z)3

]
, (5.62)

where Q ≡ mn0/ρude0. Using Eq. (5.47) the sound speed squared is

c2
s(ude) =

(1 + w∞)wde(z) + (1− 3wde(z))
∆w

3(1+z)

1 + wde(z) +Q(1 + z)−3w∞e−3∆w/(1+z)
, (5.63)

which simplifies to

c2
s(ude)0 =

∆w + 3w0 (1 + w0)

3(1 + w0 +Qe−3∆w)
, (5.64)

the present time. If one assumes that the original fluid is a dark energy fluid with w0 sufficiently

close to −1 one finds

c2
s(ude)0 =

w∞ + 1

3Q e3(w∞+1) . (5.65)

In order for the transformed fluid to play a UDE role Q ∼ Ωcdm0/Ωde0 ∼ 3/7, where we assume

Ωcdm0 ∼ 0.3 and Ωde0 ∼ 0.7 for the fractional CDM and dark energy densities inferred from the

observations. This in turn implies that c2
s(ude)0 ∼ (w∞+ 1)e3(w∞+1). Therefore, large sound speeds

at recent times would be unavoidable, unless |w∞+ 1| � 1. One can estimate how small this value

has to be in order to not affect significantly the standard growth of perturbation on linear scales by

imposing that cs(ude)0 . 10−3 (this upper limit being consistent with the values found in chapter

3).

Hence the variation of w is limited to |1 + w∞| . 10−6, meaning that the original fluid has to

follow very closely the behavior of a cosmological constant. More generally, Eq. (5.63) implies that

large sound speeds at low redshifts can be avoided only if both |w∞+ 1| and |w0 + 1| are extremely

small. Such stringent constraints at the linear level regarding a non-null sound speed are, as we

have seen so far, typical for isentropic UDE models. The key factor behind this result is the fact

that the adiabatic sound speed in isentropic perfect fluids is necessarily tied up to the background

evolution. However, it turns out that a traditional approach to perturbation theory is, in general,

not sufficient to account for all the relevant physics in UDE scenarios. In fact, it has been shown

that the clustering on nonlinear scales can have a potential impact on the large scale evolution

in UDE cosmologies [356, 357]. Moreover, taking into account nonlinear effects may render these

models (ruled out in a linear analysis) consistent with cosmological observations, as we shall discuss

in more detail in the following chapter.



Chapter 6

The role of nonlinearities in UDE

models

So far our approach to the formation of structures in UDE models was based on the standard

approach to cosmological perturbations, as presented in Sec. 2.3: provided some initial conditions

set by Inflation, the growth of structures on sufficiently large scales is determined by the evolution of

small perturbations around an homogeneous and isotropic background. This perturbative treatment

comes to aid due to our inability to solve Einstein equations completely with all generality. Although

our Universe may be well approximated by a FLRW metric g
(FLRW)
µν on large scales, on smaller scales

it is highly inhomogeneous, having hierarchical structures like e.g. stars, galaxies, and clusters of

galaxies, that formed at later times. Hence, a FLRW metric does not account for these nonlinear

small scale structures, and the “lumpiness” of the real Universe is simply averaged. Due to the

highly nonlinear nature of General Relativity, this raises an important question for cosmology: can

the smaller structures influence the dynamics of the Universe on larger scales?

6.1 Backreaction in cosmology

The impact of non-linearities present on smaller scales on the average expansion of the Universe

is known as backreaction. This effect was first recognized by Schirokov and Fisher in 1963 [358],

but remained virtually unnoticed until Ellis brought back the issue with a more detailed discussion

in his 1987 paper [359]. Partially due to the resounding phenomenological success of the standard

cosmological model over the last years to fit the available observational data, the backreaction

problem did not become a main concern for the cosmology community. The basics of the problem

can be understood as follows. Let us assume that a realistic description of the Universe can be given

in terms of a metric gµν and an energy-momentum tensor Tµν . Then, operationally, the background

cosmology could be obtained by applying a “suitable smoothing procedure” to Einstein’s equations

G(smooth)
µν = 8πGT (smooth)

µν , (6.1)

90



Chapter 6. The role of nonlinearities in UDE models 91

where the Einstein tensor G
(smooth)
µν and the energy-momentum tensor T

(smooth)
µν are a coarse-grained

representation of the real (and lumpy) Universe. In contrast, the standard way to build the back-

ground is to first consider a FLRW metric and then compute the components of the Einstein tensor

G
(FLRW)
µν . However, note that, since Einstein’s equations are highly nonlinear, in general these

operations do not commute, i.e. G
(smooth)
µν 6= G

(FLRW)
µν . Thus, the equations for the background

dynamics display an extra term

G(FLRW)
µν = 8πGT (smooth)

µν +Bµν , (6.2)

where Bµν = G
(FLRW)
µν − G

(smooth)
µν is an effective matter source, representing the backreaction

from the small scales (which were averaged out by the averaging process) to the evolution of the

homogeneous and isotropic FLRW metric. The issue of finding the best-fit background FLRW

model which does not ignore the lumpy details of the real Universe is referred to as the fitting

problem [359].

However, the averaging procedure in General Relativity is far from trivial, and while several ap-

proaches to the problem may be found on the literature, none is still completely satisfactory (see

e.g. [360, 361] and references therein). Regarding the magnitude of the backreaction effect and its

relevance on standard cosmologies it is still subject to controversy [362–364]: the claims go from the

speculation that such corrections could explain the current accelerated expansion of the Universe

(without the need of a dark energy component), to the suggestion that backreaction is completely

negligible — a survey of cosmologist’s opinions working in the field of inhomogeneous cosmology

may be found in [365] (see also [366,367] and references therein). Meanwhile, improved computing

power along with significant progress in the techniques to solve numerically Einstein’s equations in

generic spacetimes [368] is paving the way to more realistic simulations of fully relativistic cosmolo-

gies without the need to assume a background geometry. Efforts in that direction have been made

in several independent papers, both with full relativistic cosmological simulations and relativistic

N-body methods [369–373] (see [374] for a comparison and consistency check between different

codes). The authors, focusing on matter-dominated cosmologies, conclude that backreaction has a

small impact on the background dynamics.

In light of these results, it seems reasonable to doubt that backreaction alone can explain the

mystery behind the dark sector. Nevertheless, even if one adopts a more conservative point of view

regarding the magnitude of this effect, the need to correctly account for the impact of backreaction is

growing relevantly as observations get more and more precise. Moreover, with the standard ΛCDM

model currently facing significant tensions given the incompatible constraints between different

data sets, some authors have further suggested that backreaction corrections may be sufficient to

explain these discrepancies (see e.g. [375,376]).

6.2 Impact of nonlinearities in UDE

While the previous subsection refers to the gravitational backreaction (resulting from the left hand

side of Einstein’s equations, broadly speaking), one still needs to address the problem of averaging
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the energy-momentum tensor. The background dynamics depends on the averaged matter source

〈Tµν〉, with the matter content being defined by a local energy-momentum tensor Tµν at every point

of spacetime. For instance, in the case of CDM, its local energy-momentum tensor may be regarded

as the energy-momentum tensor of a collection of discrete particles [358]. The averaging process

of point particles is well defined in kinetic theory, enabling a smooth and continuous description

of CDM, so that
〈
T

(CDM)
µν

〉
= ρ(CDM)uµuν for a perfect fluid modeling dust [361]. Recalling that

barotropic perfect fluids can be fully specified by a local equation of state p = ρ (ρ), one often

identifies the background equation of state with the local one, i.e. that 〈p (ρ)〉 = p (〈ρ〉). Notice

however that this relation does not hold in general, with the exception of p ∝ ρ models (from now on

the angle brackets 〈〉 stand for a spatial average, which we shall define forward in this subsection).

Indeed, assuming a perturbative decomposition of the local pressure and energy density [232]

p = 〈p〉+ δp+ ... (6.3)

ρ = 〈ρ〉+ δρ+ ... (6.4)

it is clear that the average quantities differ from the local ones, except if the perturbations are very

small. For concreteness, let us take the GCG equation of state (see Eq. (3.3))

〈pgcg〉 = −A
〈
ρ−αgcg

〉
6= pgcg (〈ρgcg〉) = −A 〈ρgcg〉−α . (6.5)

Of course, if perturbations are small (δgcg = δρgcg/ 〈ρgcg〉 � 1) the left and right hand side of Eq.

(6.5) will be similar

〈pgcg〉 = −A
〈
ρ−αgcg

〉
' −A

〈
〈ρgcg〉−α (1 + δgcg)−α

〉
(6.6)

' −A 〈ρgcg〉−α
〈
(1 + δgcg)−α

〉
' −A 〈ρgcg〉−α 〈1− αδ〉 ' −A 〈ρgcg〉−α , (6.7)

where the term (1 + δgcg)−α was Taylor expanded. However, if density perturbations are large

(as one expects in regions where the perturbations become nonlinear) the values of the local and

average quantities may differ significantly. Hence, if the role of CDM and DE is played by a

single fluid with a barotropic equation of state, the background evolution of a UDE fluid might

be susceptible to nonlinear inhomogeneities; accounting for nonlinear effects in the background

may then be crucial when confronting the model predictions with cosmological data, as noted e.g.

in [356]. This subtlety is not unique to UDE paradigms, and indeed similar remarks have been

made in other contexts (see for instance [377–381]).

One may further illustrate this point as follows (see [382]). The average of a scalar quantity Υ (t,x)

over a spatial domain D of volume VD may be defined as
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〈Υ (t,x)〉 =
1

VD

∫
D
d3x

√
g(3)Υ (t,x) , (6.8)

where g(3) is the determinant of the spatial 3-metric and VD =
∫
D d

3x
√
g(3). Now let us consider a

spherical domain of radius R filled with a GCG fluid. If the distribution of ρgcg inside the sphere is

homogeneous, then the average energy density is simply 〈ρgcg〉 = ρgcg, while the average pressure

is given by 〈pgcg〉 = −Aρ−αgcg. However, if one deviates from this homogeneous case, the result will

in general be different. For concreteness, let us consider a non homogeneous radial distribution of

the GCG energy density inside the sphere, such that

ρ1 = N 〈ρgcg〉 , r < R1

ρ2 = ρmin , R1 < r < R

where N > 1 (so that the core region has an energy density larger than the average) is some

constant. The outer region has ρmin i.e. the minimum energy density attained by the GCG, so

that p (R1 < r < R) = pmin = −ρmin. Since the energy E = 〈ρgcg〉VD in the sphere is the same

regardless the configuration, one can write a relation between N and the radius R1 of the collapsed

core

E = ρ1V1 + ρ2 (VD − V1) =⇒ N =

(
R

R1

)3

+

[
1−

(
R

R1

)3
]
ρmin

〈ρgcg〉
. (6.9)

On the other hand, the average pressure is given by

〈pgcg〉 =
1

VD

∫
D
d3x

√
g(3)pgcg (6.10)

= −4πA

VD

∫ R1

0
ρ−α1 r2dr − 4π

VD

∫ R

R1

ρminr
2dr (6.11)

= −A
(
R1

R

)3

(N 〈ρgcg〉)−α −
[

1−
(
R1

R

)3
]
ρmin . (6.12)

In the limit of small R1/R (or large N ) one has 〈pgcg〉 = −ρmin, so the average pressure of the GCG

fluid will be significantly larger (in modulus) than the average pressure that one obtains from the

homogeneous configuration i.e. 〈pgcg〉 = −A 〈ρgcg〉−α. Hence, as nonlinear collapse occurs (even if

only on small scales) it can change the background pressure of the GCG in a considerable way, and

therefore it might influence the dynamics of the Universe on large scales.

In the remaining of this chapter we shall quantify the impact of small scale nonlinearities by

considering an ansatz to parametrize the level of small scale clustering.
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6.3 The nonlinear Chaplygin gas model

As we have just discussed, in UDE scenarios nonlinearities have, in general, a potential impact on

the evolution of the average Universe — the inhomogeneous configuration from the previous section

considering a GCG equation of state illustrates that effect. The study of the nonlinear collapse in

GCG-dominated cosmologies presented in [254, 383–385] shows that initially small perturbations

can give rise to rise to GCG clumps1. Fully relativistic simulations properly taking into account

the impact of spatial pressure gradients (which, by construction, are absent in top-hat spherical

collapse approximations) would be necessary in order to draw more definite conclusions regarding

the details of the formation and evolution of GCG small scale nonlinear structures; to our knowledge

such analysis is still lacking in the literature. We shall however assume that clustering can occur at

sufficiently high redshifts and on small enough scales, creating stable GCG clumps. In such high

density objects the transition from a DM-like to a DE-like stage never occurs.

By adopting a Press-Schechter approach [67] to estimate the abundance of collapsed objects, it

has been argued in [254, 383] that the fraction of GCG found in clumps is far too small to affect

in a significant way the linear results. However, this conclusion relies heavily on the validity of a

standard shape for the primordial power spectrum on all scales. This is a very strong assumption

given the current constraints: Planck [146] finds no evidence for significant deviations from a nearly

invariant power law spectrum for wavenumbers in the range 0.008 Mpc−1 . k . 0.1 Mpc−1, but for

larger k the shape of the power spectrum predicted by inflationary models have not yet been probed

by observations2. Therefore, a nonstandard form of the primordial power spectrum cannot be ruled

out on smaller scales. This loophole is found frequently in the context of e.g. small-scale clumps of

DM (see [388] for a review) and PBH’s formation scenarios. The abundance and clustering of PBH’s

is very sensitive to the value of the amplitude of the primordial power spectrum [389,390] as well as

to the statistical distribution of density fluctuations at early times [391,392]. Modifications to the

primordial power spectrum can then lead to an increase of the number of PBH’s in the Universe.

We expect similar arguments to hold for the GCG model as well, meaning that the enhancement

or suppression of nonlinear clustering can be justified by relaxing the assumption of a standard

spectrum on small scales, while also being consistent with the present observational constraints.

6.3.1 Small scale clustering parametrization

An attempt to quantify the impact of the backreaction of small scale non-linearities on UDE models

has been made in [393], using the GCG as a representative example. Following this work, we assume

that the distribution of the GCG component in a large comoving volume V is composed of collapsed

and underdense regions. Collapsed regions occupy a very small volume Vcoll � V and have a density

ρcoll much higher than the average GCG density 〈ρgcg〉. More precisely, we assume ραcoll � A such

that the pressure associated to the collapsed regions pcoll = −A/ραcoll is negligible. Underdense

1In the literature very small bounded structures of DM are usually referred to as clumps, micro-halos, or mini-
halos. This terminology is handy to establish a distinction between DM clumps as smaller analogs of the larger DM
halos that are expected to exist at the scale of galaxies and clusters of galaxies.

2Future CMB experiments, such as the Primordial Inflation eXplorer (PIXIE) [386], might be able to constrain
the primordial power spectrum for 50 Mpc−1 . k . 104 Mpc−1 [387].
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regions, on the other hand, comprise most of the volume, i.e. Vund ∼ V . The energy of the total

GCG in a large comoving volume V is simply given by

E = 〈ρgcg〉V . (6.13)

One useful way to quantify the level of small scale clustering is by considering the average fraction

of E which is incorporated into collapsed objects (with energy Ecoll = ρcollVcoll)

ε (a) =
Ecoll (a)

E (a)
, (6.14)

where we write explicitly that ε (a) is in general an evolving quantity. The contribution of collapsed

regions to the average GCG energy density in the large comoving volume is the average value of

ρcoll

ρ+ = 〈ρcoll〉 =
Ecoll

V
= ε 〈ρgcg〉 , (6.15)

whereas its pressure contribution is negligible, i.e. p+ = 〈pcoll〉 ∼ 0. Therefore, this allows us to

consider ρ+ as the energy density of an effective CDM component (or ‘+’ component for short).

In the same way, one may also write the contribution from the underdense regions (with energy

Eund = E − Ecoll) to the average GCG energy density as

ρ− = 〈ρund〉 =
Eund

V
=
E − Ecoll

V
= (1− ε) 〈ρgcg〉 . (6.16)

The contribution to the average GCG pressure comes solely from the underdense regions, i.e.

p− = 〈pund〉 = 〈pgcg〉 = − A

ρα−
(6.17)

Therefore, the equation of state parameter of the average GCG reads

〈wgcg〉 ≡
〈pgcg〉
〈ρgcg〉

=
p−
〈ρgcg〉

= (1− ε)w− , (6.18)

where we have used Eq. (6.16) in the last equality and that w− = p−/ρ−, which represents the

equation of state parameter of an effective dark energy component (or ‘−’ component for short).

For the remaining of this section we drop the angle brackets, so that e.g. the quantity ρgcg shall

stand for the average GCG energy density.

The simplest assumption regarding the level of small scale nonlinear clustering of the GCG is to

consider that the total energy Ecoll incorporated into collapsed objects is a constant. In more

realistic parametrizations, Ecoll could be allowed to vary, and presumably, increase with time.

However, assuming that Ecoll = const provides a reasonable first approximation.



Chapter 6. The role of nonlinearities in UDE models 96

6.3.2 Background evolution

With the equation of state parameter for the average GCG being defined in Eq. (6.18), we can use

the continuity equation [cf. Eq. (2.43)] to obtain

ρ̇+ 3Hρ (1 + w) = 0 −→ ρ̇gcg + 3Hρgcg (1 + wgcg) = 0 . (6.19)

Notice that from Eq. (6.18) one has wgcg = (1− ε)w−, while from Eqs. (6.16) and (6.17) the

equation of state parameter of the ‘−’ component can be written as w− = −A/ [(1− ε) ρgcg]1+α.

Hence, Eq. (6.19) gives

ρ̇gcg + 3Hρgcg

[
1− A

(1− ε)α ρ1+α
gcg

]
= 0 . (6.20)

Changing the integration variable, and taking into account that V = V0a
3 and ε = Ecoll/ (ρgcgV )

[from the combination of Eqs. (6.13) and (6.14)] results in the following continuity equation

dρgcg

da
= −3

ρgcg

a

[
1−A

(
1− Ecoll

ρgcgV0a3

)−α
ρ−(1+α)

gcg

]
. (6.21)

The evolution of ρgcg with the scale factor is found by solving Eq. (6.21) once Ecoll is specified.

One can write Ecoll in terms of present quantities i.e. Ecoll = ε0ρgcg0V0. Solving Eq. (6.21) one

obtains

ρgcg = ρ+ + ρ− , (6.22)

where

ρ+ = ρ+0a
−3 , (6.23)

ρ− = ρ−0

[
Aeff +

(
1−Aeff

)
a−3(1+α)

] 1
1+α

, (6.24)

and

Aeff =
A

ρ1+α
−0

=
A

(1− ε0)1+α . (6.25)

The first term in Eq. (6.22), corresponding to the energy density of the ‘+’ component, evolves as

CDM; the second term, corresponding to the ‘−’ component, evolves like the original GCG model as

if the parameters were α and Aeff (which in turn depends on the original parameters as given in Eq.

(6.25), where A = A/ρ1+α
gcg0). Therefore, with this parametrization of the small scale clustering, the

evolution of ρgcg is equivalent to a decomposition into a CDM and a GCG component interacting

only through gravity. In addition, nonlinear clustering affects the background evolution of the ‘−’

component through Aeff (if ε0 6= 0).
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If the condition

a�
(

1−Aeff

Aeff

) 1
3(1+α)

(6.26)

holds, Eq. (6.22) simplifies to

ρgcg ∼ ρ+0a
−3 + ρ−0

(
1−Aeff

) 1
1+α a−3 = ρgcg0

[
ε0 + (1− ε0)

(
1−Aeff

) 1
1+α

]
a−3 , (6.27)

meaning that the energy density is proportional to a−3 for both components and, as a result, the

average GCG fluid mimics pressureless matter. This also shows that Eq. (6.26) defines the scale

factor of transition

atr =

(
1−Aeff

Aeff

) 1
3(1+α)

, (6.28)

[cf. Eq. (3.9))]. Considering a value ai satisfying the condition in Eq. (6.26), then E (ai) =

ρgcg (ai)V0a
3
i is constant. Therefore, the level of small scale clustering fraction tends to a constant

value at sufficiently early times

ε (ai) = εi =
Ecoll

E (ai)
=

ε0ρgcg0

ρgcg (ai)
a−3
i . (6.29)

Using Eq. (6.27), one finds the following relation

εi =

(
1 +

1− ε0
ε0

(
1−Aeff

) 1
1+α

)−1

, (6.30)

so that εi is completely determined given ε0, α, and Aeff .

Let us consider a flat Universe containing the GCG fluid, baryons, and relativistic particles. The

corresponding Friedmann equation is

H2 =
8πG

3
ρ =

8πG

3
(ρgcg + ρb + ρr) . (6.31)

For this discussion we fix α = 1, H0 = 67.5 km s−1 Mpc−1, Ωb0 ∼ 0.05 and Ωr0 ∼ 10−5, such that

Ωgcg0 ∼ 0.95. The density parameters for the ‘+’ and ‘−’ components as functions of redshift are

given by

Ω+ (z) =
ρ+

ρ
=

1 +
Ωb0 + Ωr0 (1 + z) + Ω−0

√
1−Aeff +Aeff (1 + z)−6

Ω+0

−1

, (6.32)
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Figure 6.1: Evolution of the baryon (black lines), ‘+’ component (blue lines), and ‘−’ component
(green lines), density parameters. We take three values for the initial collapsed GCG fraction
εi = 0.5 , 0.8 , 0.99 (solid, dashed and dotted-dashed lines, respectively).

and

Ω− (z) =
ρ−
ρ

=

1 +
Ω+0 + Ωb0 + Ωr0 (1 + z)

Ω−0

√
1−Aeff +Aeff (1 + z)−6

−1

, (6.33)

respectively. The evolution for the baryonic density parameter is similar to the right hand side of

Eq. (6.32) (just swap Ω+0 and Ωb0). The present level of small nonlinear clustering fraction is

given by ε0 = Ω+0/Ωgcg0, with Ω+0 ∼ 0.26, while the present density fraction of the ‘−’ component

is fixed by Ω−0 = Ωgcg0 − Ω+0.

From Eq. (6.30) one finds

Aeff = 1−
(

Ω+0

Ω−0

1− εi
εi

)2

. (6.34)

Fig. 6.1 shows that, for εi = 0.5 (solid line), the ‘−’ and ‘+’ components contribute in the same

proportion to the background expansion (i.e. Ω+ = Ω−) until the end of the matter era. The

term proportional to (1 + z)−6 in Eqs. (6.32) and (6.33) is negligible at high redshifts and from

Eq. (6.34) one has 1−Aeff = (Ω+0/Ω−0)2. For larger values of εi (dashed and dotted-dashed lines

for εi = 0.8 and 0.99, respectively), Ω− starts to deviate from zero at smaller redshifts (note that

1− Aeff → 0 as εi → 1): the ‘+’ component dominates the dynamics during the matter era, while

the ‘−’ component only becomes relevant to the background evolution at late times.

The evolution for the effective equation of state parameter of the ‘−’ component is given by



Chapter 6. The role of nonlinearities in UDE models 99

10−3 10−1 101 103 105

z

−1.0

−0.5

0.0

0.5

1.0
w−
ε

Figure 6.2: Evolution of the equation of state parameter for the ‘−’ component (black lines) and
the small scale clustering fraction of the GCG (blue lines) as a function of redshift. We take three
values for the initial collapsed GCG fraction εi = 0.5 , 0.8 , 0.99 (solid, dashed and dotted-dashed
lines, respectively), and fix α = 1.

w− =
p−
ρ−

= − A

ρ1+α
−0

[
Aeff +

(
1−Aeff

)
a−3(1+α)

] = − Aeff

Aeff +
(
1−Aeff

)
a−3(1+α)

, (6.35)

with its present value being w−0 = −Aeff . In Fig. 6.2 (black lines) we plot w− (z) (black lines) for

three different values of εi. The value of w− interpolates from w− = 0 at earlier times to w− ∼ −1

at later times. At the transition redshift ztr = 1/atr − 1 [see Eq. (6.28)], w− = −0.5.

As εi increases, the transition to a dark energy state in the ‘−’ component occurs at higher redshifts.

The level of nonlinear small scale clustering as a function of the redshift is given by

ε (z) =
ρ+

ρgcg
=

(
1 +

Ω−0

Ω+0

√
1−Aeff +Aeff (1 + z)−6

)−1

. (6.36)

As shown in Fig. 6.2, at early times the value of ε is approximately constant and close to its initial

value. Ignoring the term proportional to (1 + z)−6 in Eq. (6.36), and using the relation in Eq.

(6.34), one obtains ε (z � ztr) = εi.

6.3.3 Evolution of perturbations

In this subsection we analyze the evolution of linear density perturbations in the GCG model

taking into account the parametrization of small scale nonlinear clustering discussed in the previous

subsections. We have modified the CLASS code (see Appendix A.1) in order to solve the full

Boltzmann equations considering a Universe containing radiation and baryons and the GCG fluid.

The full perturbation equations are then used to compute the CMB and matter power spectra
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discussed in Secs. 6.3.4 and 6.3.5, as well as to derive the observational constraints in Sec. 6.4.

Although all the results follow from the numerical solutions given by our implementation in CLASS,

we present here the perturbation equations in the synchronous gauge (the same gauge used to obtain

the numerical solutions) in order to derive a few analytical results of interest, under appropriate

simplifications. Such analysis also provides a consistency check of the numerical results.

Since we shall mainly focus on the evolution of linear perturbations from the epoch of matter

domination up to the present time, the contribution from relativistic particles may be safely ignored.

In this regime one may also take the baryonic content to be a pressureless perfect fluid interacting

with the GCG fluid only through gravity. According to the parametrization presented in the

previous section, the ‘+’ component behaves as standard CDM (i.e. it has negligible pressure and

negligible sound speed). On the other hand, the sound speed associated to the effective dark energy

component is

c2
s,− = −αw− . (6.37)

One may further simplify the system of equations and include the baryonic density contrast contri-

bution δb on δ+ and consider the total matter density parameter Ωm = Ω+ +Ωb, where Ω+ = εΩgcg.

Note that θm = ∇ivim = 0 at all times, so one may use the matter component to fix the synchronous

coordinates. Setting wm = c2
s,m = θm = 0 in Eq. (2.139) one obtains δ

′
m = 3Φ

′
. Using this result,

Eq. (2.141) gives

δ
′′
m +Hδ′m −

3

2
[Ωmδm + (1− 3αw−) Ω−δ−] = 0 , (6.38)

while the equations for the perturbations δ− and θ− [from Eqs. (2.139) and (2.140)] read

δ
′
− + (1 + w−)

[
θ− − δ

′
m

]
− 3w− (1 + α) δ− = 0 , (6.39)

θ
′
− +H (1 + 3αw−) θ− +

αw−k2

1 + w−
δ− = 0 . (6.40)

For convenience, we shall rewrite this system of equations as



δ̈m + (2 + ξ) δ̇m −
3

2
[Ωmδm + (1− 3αw−) Ω−δ−] = 0 (6.41)

δ̇− + (1 + w−)

[
θ−
H − δ̇m

]
− 3w− (1 + α) δ− = 0 (6.42)

θ̇− + (1 + 3αw−) θ− +
αw−k2

H (1 + w−)
δ− = 0 (6.43)

where, exceptionally, we have . ≡ d/d ln a and ξ = Ḣ/H.
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Figure 6.3: Evolution of the density perturbations with the scale factor on the scales k =
0.01 hMpc−1 (top plot) and k = 0.1 hMpc−1 (bottom plot) for the ‘+’ component (green lines)
and ‘−’ component (blue lines). We fix the cosmological parameters as in Fig. 6.1 with the initial
collapsed fraction being εi = 0.5 (solid lines), εi = 0.8 (dashed lines) and εi = 0.99 (dotted-dashed
lines). The vertical lines denote the value of the scale factor when the fluctuations of the effective
dark energy component stop growing (with the corresponding line style for each εi).

In Fig. 6.3 we plot the evolution of the density perturbations for the ‘+’ and ‘−’ components as

a function of the scale factor. We take εi = 0.5, 0.8 and 0.99, for the scales k = 0.01 hMpc−1 and

k = 0.1 hMpc−1, where h is the usual reduced Hubble parameter, and α = 1. The present collapsed

fraction is fixed to ε0 = 0.277 and A is found from Eq. (6.30). At early times, the perturbations

of the ‘+’ and ‘−’ components evolve in a similar manner for all models, on scales larger than the
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sound horizon (i.e. for k � H/cs,−). In the matter era one has H ∝ a−3/2, so ξ = −3/2. Thus, we

may write Eq. (6.41) as

δ̈m +
1

2
δ̇m −

3

2
δm = 0 , (6.44)

recovering the standard result for the CDM perturbations: a growing mode δm ∝ a and a decaying

mode δm ∝ a−3/2. All components evolve as matter, so w− ∼ 0, and Eqs. (6.42) and (6.43) can be

combined to give δ̇− = δ̇m.

If α > 0, w− < 0 for a > atr, and the ‘−’ component has a non-null sound speed which prevents the

growth of δ− on scales smaller than the sound horizon (i.e. for k � H/cs,− the density perturbations

start to oscillate and decay). The damped oscillatory behavior of δ− happens approximately when

kcs,−/H ∼ 1. Taking into account that H ∼ H0a
−3/2 in the matter dominated era, and using Eq.

(6.37), we may estimate that the fluctuations of the effective dark energy component stop growing

at the scale factor

ak ∼
(
k

H0

)− 2
4+3α

α−
1

4+3αa
3(1+α)
4+3α

tr , (6.45)

where

atr =

[(
1− ε0
1− εi

εi
ε0

)1+α

− 1

]− 1
3(1+α)

, (6.46)

being obtained from Eqs. (6.28) and (6.30) (see vertical lines in Fig. 6.3). Comparing the upper

and lower plots in Fig. 6.3 we note that for higher k, δ− stops growing at earlier times. Higher

values of εi (the vertical lines are plotted from right to left for increasing values of εi) also have

a similar effect, since atr decreases as εi increases, leading to an earlier increase of the critical

scale in the ‘−’ component, preventing further collapse (notice that for εi → 1, corresponding to

a ΛCDM limit, the density fluctuations of the ‘−’ component become negligible at all scales). If

the transition to a dark energy state in the ‘−’ component happens while the background is still

dominated by the matter components, then Eq. (6.41) gives

δ̈m +
1

2
δ̇m −

3

2
Ωmδm = 0 , (6.47)

taking δ− ∼ 0. During the matter era one can assume Ωm ∼ const, so Eq. (6.47) has the growing

solution δm ∝ aλ where

λ =
1

4

(
−1 +

√
1 + 24Ωm

)
. (6.48)

In this case, the contribution of the ‘−’ component is also subdominant (i.e. Ω− = 1 − Ωm � 1),

so we may expand the radical to obtain
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λ ∼ 1− 3

5
Ω− , (6.49)

showing that, on scales smaller than the sound horizon, density perturbations grow at a slower pace

when compared to the standard case (i.e. λ = 1).

6.3.4 CMB power spectra

The CMB power spectra computed by CLASS is shown in Fig. 6.4. The blue line shows the ΛCDM

model with the standard values for the cosmological parameters being considered (see Sec. A.1).

The Nonlinear GCG CMB power spectra predictions (with α = 1) are plotted in black lines, for

three values of the initial collapsed fraction: εi = 0.5 (solid lines), εi = 0.8 (dashed lines) and

εi = 0.99 (dotted-dashed lines). The GCG changes the CMB temperature spectrum with respect

to the ΛCDM prediction mainly for two reasons: a different the expansion history resulting on a

shift in the location of the peaks, and a different decay of the gravitational potential at late times,

affecting the CMB anisotropies for low-multipoles due to the late integrated Sachs-Wolfe (ISW)

effect [394]. For this discussion we fix ε0 such that the angular scale of the sound horizon at the

last scattering surface

`A = π
d

(c)
A (z∗)
r∗

, (6.50)

is the same for the different choices of εi (we take `A ∼ 300). Here d
(c)
A is the comoving angular

diameter distance, defined in a flat Universe as

d
(c)
A (z) =

∫ z

0

dz′

H (z′)
, (6.51)

and r∗ is the comoving size of the sound horizon of the coupled baryon-photon system at z∗

r∗ = rs (z∗) =
1√
3

∫ ∞
z∗

dz

H (z)
√

1 + (3/4) ρb/ργ
, (6.52)

where z∗ is the redshift at the photon decoupling epoch.

With this requirement, we get lower values for the present total matter density parameter for lower

εi (Ωm0 ≈ 0.21 and Ωm0 ≈ 0.29 for εi = 0.5 and εi = 0.8, respectively). The increase of Ω− for

models with lower εi is compensated by having a higher atr [see Eq. (6.46)], so the transition to

a dark energy state in the ‘−’ component happens at later times. The primordial amplitude As

at the pivot scale kP = 0.05 Mpc−1 is also adjusted to match the ΛCDM CMB peak amplitude.

Hence, on small angular scales (` & 200) all models follow the ΛCDM result, thus being consistent

with CMB observations. Note that the model with εi = 0.99 perfectly overlaps the blue line (i.e.

the ΛCDM model) on all scales. On the other hand, models with values of εi not sufficiently close

to 1, produce a strong signal on large angular scales, due to the late ISW effect.
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Figure 6.4: CMB power spectrum for cosmologies with a similar characteristic angle for the location
of peaks on the CMB power spectrum (`A ∼ 300). The result for the ΛCDM model considering
the standard values (see Sec. A.1) is shown by the blue line. The black lines correspond to the
CMB power spectrum predicted by the Nonlinear Chaplygin gas model with α = 1, for three
choices of the initial collapsed fraction: εi = 0.5 (solid lines), εi = 0.8 (dashed lines) and εi = 0.99
(dotted-dashed lines).

6.3.5 Matter power spectra

In our implementation, the matter power spectrum incorporates the contribution from density

fluctuations of the effective CDM component (δ+) and baryons (δb). We also consider nonlinear

corrections to the power spectrum using the Halofit model, as these corrections are needed for the

weak lensing constraints presented in the following section (see [395, 396] for details). This fitting

formula for the nonlinear matter power spectrum is calibrated from CDM N-body simulations,

which is perfectly consistent with our assumptions regarding the collapse properties of the GCG (the

GCG clusters very early, effectively behaving as CDM particles for most of the cosmic expansion

history). Fig. 6.5 shows the matter power spectra for the ΛCDM model (blue line) and the

Nonlinear CG models (black lines) with the same choice of parameters as given in the previous

section, i.e. `A ∼ 300 for all models. Notice that the typical oscillations of the GCG matter power

spectrum due to a large sound speed are absent. The pressure perturbations are carried by the ‘−’

component, and its density perturbations become negligible with the transition to a dark energy

state (see Sec. 6.3.3). On large scales all models agree with the ΛCDM result, while on smaller

scales the variation of εi leads to slight changes in the amplitude of the matter power spectrum.
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Figure 6.5: Matter power spectra for the same choice of parameters as in Sec. 6.3.4, including
nonlinear corrections from the Halofit model. The blue line shows the ΛCDM result.

6.4 Observational constraints on nonlinear Chaplygin gas cosmolo-

gies

Here we present the observational constraints on the Nonlinear GCG model parameters using

a likelihood analysis. We have performed the parameter estimation with the publicly available

Monte Carlo code Montepython [397, 398], with the Python implementation PyMultiNest [399]

of the nested sampling algorithm Multinest [400] to sample the parameter space. To guarantee

that the chains are well converged, we verify that the Gelman-Rubin criterium [401] is satisfied

(see Appendix A). For the data sets we take the Pantheon SNIa compilation [261], KiDS weak

lensing [148,402], and Planck 2018 CMB measurements [146] (see Appendix B).

The parameters defining the Nonlinear GCG model {α , ε0 , εi} are constrained against each data

set and their combination. The cosmological parameters considered in the analysis are given in

Table 6.2: the the physical baryonic density Ωb0h
2, ln 1010As (As is the amplitude of the scalar

primordial power spectrum), the spectral index of scalar primordial power spectrum ns, the present

Hubble parameter H0, and the optical depth τreio.

6.4.1 SNIa

We start by studying background constraints, using SNIa Pantheon data (see Appendix B.1). In

order to be readily compared with the results obtained in [393], in this analysis we fix the parameters

Ωb0 = 0.0487 and H0 = 67.3 km s−1 Mpc−1 (a relativistic component is also taken into account

by CLASS, but in this discussion we can safely ignore its contribution to the background). We also

consider a fixed baryonic fractional density deep in the matter era of Ωbi = 0.155 (corresponding to

the ΛCDM value Ωbi = Ωb0/Ωm0 for Ωm0 = 0.315). With this restriction, cosmologies dominated

by the baryonic component during the matter era are avoided in the analysis. Otherwise, since
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SNIa constraints are only sensitive to H (z), large degeneracies would appear in the results.

Thus, using Eqs. (6.27) and (6.30) one obtains

Ωbi =
Ωb0

Ωb0 + Ωgcg0

[
ε0 + (1− ε0) (1−Aeff)1/(1+α)

] =
Ωb0

Ωb0 + Ωgcg0ε0/εi
, (6.53)

which fixes the present collapsed fraction to

ε0 =
Ωb0

Ωgcg0

1− Ωbi

Ωbi
εi . (6.54)

In this case the GCG model has only two independent parameters, that we take to be εi and α,

while A and ε0 are derived parameters, given by Eqs. (6.25), (6.30) and (6.54).

Figure 6.6: Observational constraints on the GCG parameters εi and α from the Pantheon SNIa
compilation. Darker and lighter regions correspond to the 1σ and 2σ confidence level, respectively.
In this analysis we assume Ωb0 = 0.0487, Ωm0 = 0.315, H0 = 67.3 km s−1 Mpc−1, and a fixed
baryonic fractional density deep in the matter era of Ωbi = 0.155

We perform a nested sampling analysis of a 3-dimensional parameter space. Besides the 2 GCG

independent model parameters, we only include the absolute magnitude M as nuisance parameter.

The result, marginalized over M , is shown in Fig. 6.6. Comparing the results from [393] with

Fig. 6.6 we get slightly tighter constraints on the 1σ and 2σ regions (the Pantheon compilation

being roughly twice the size of the Union 2.1 SNIa data set [403] and with data points at higher

redshifts). All values of α in the interval [0, 1] are consistent with the SNIa observations at 1σ,

provided that the value of εi is high enough. For models with lower values of εi this is no longer

the case, and models with α closer to 1 are disfavored. Notice that, with the value of Ωbi being

considered in this analysis, Eq. (6.54) limits the present collapsed fraction to the maximum value

ε0 = 0.279 (obtained when εi → 1). The present value of the GCG equation of state parameter w0

is constrained by this analysis to w0 = −0.75+0.03
−0.01. From Eqs. (6.18), (6.29), and (6.54), one may
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write w0 as

w0 =

(
Ωb0 (1− Ωbi)

Ωbi (1− Ωb0)
εi − 1

)
+

 1− εi
Ωbi(1−Ωb0)
Ωb0(1−Ωbi)

− εi

1+α

= (0.279 εi − 1) +

(
1− εi
1

0.279 − εi

)1+α

. (6.55)

Taking εi = 0

w0|εi=0 = −1 + 0.2791+α , (6.56)

we get w0|εi=0 = −0.721 for α = 0, which lies in the 1σ uncertainty interval. The absolute value

of w0|εi=0 gets larger as α → 1, reaching w0|εi=0 ≈ −0.92 for α = 1, which is already ruled out at

more than 2σ. The lower 2σ bound obtained in the analysis w0 > −0.8 constrains α . 0.26 when

εi = 0. On the other hand, in the εi → 1 limit the second term on the r.h.s. of Eq. (6.55) becomes

negligible. Therefore, one recovers

w0|εi=1 = −0.721 , (6.57)

being consistent at 1σ with the data irrespectively of the value of α.

Table 6.1: Parameters and corresponding flat priors used for the SNIa likelihood analysis in Sec.
6.4.1.

Type Parameters Prior

α [0, 1]
εi [0, 1]

Model ε0 Derived
w−0 Derived
w0 Derived

Cosmological Ωb0 0.0487
h 0.673

Pantheon M [−20, −18]

On the other hand, CMB data is able to impose tight constraints on the baryonic density fraction.

Hence, when SNIa data is combined with Planck data (see Sec. 6.4.5), the baryon/GCG degeneracy

“problem” from background constraints is irrelevant, and we no longer need to impose Ωbi = 0.155

to reduce the number of free parameters. Therefore, for the analyses in the following sections, we

consider instead the parameters and correspondent priors given in Table 6.2.

6.4.2 Weak lensing

For the analysis with weak lensing we use KiDS-450 data (see Appendix B.4). We use 3 tomographic

bins (z1 ∈ [0.10, 0.30], z2 ∈ [0.30, 0.60] and z3 ∈ [0.60, 0.90]). The uncertainties of the measured

convergence power spectra on these 3 redshift bins (3 auto power spectra and 3 cross-spectra
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Figure 6.7: Diference of the convergence power spectrum for the Nonlinear GCG (red lines) with
respect to the ΛCDM model considering εi = 0.5 (solid line), εi = 0.8 (dashed line) and εi = 0.99
(dotted-dashed line). All models have α = 1 and `A ∼ 300 (see Sec. 6.3.4). The auto-correlations
are shown on the diagonal panels and the unique cross-correlations between the redshift bins are
presented in the off-diagonal plots. The dashed vertical lines delimit the band powers, with the
shadow regions in grey being excluded from the KiDS-450 analysis. The blue regions show the 1σ
errors for each band derived from the analytical covariance matrix.
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between pairs of bins) are shown in Fig. 6.7 for multipoles in the range 76 ≤ ` ≤ 1310; the first,

second to last, and last band powers are not considered in the analysis (shaded in grey). This choice

for the redshift bins and multipole range correspond to the ones used in the KiDS data [148]. The

auto power spectra are shown on the diagonal panels and the cross-spectra are presented in the

off-diagonal plots. We also plot the difference between the Nonlinear GCG and the ΛCDM model

in the predicted convergence power spectrum, i.e. ∆CEE (`) = CEEΛCDM (`) − CEEgcg (`), for different

values of εi. This allows us to have a hint on the potential of KIDS-450 data to discriminate

between our GCG model and ΛCDM. The behavior of ∆CEE (`) is similar for all power spectra.

Here α = 1 and ε0 is fixed such that all models have `A ∼ 300 (see Sec. 6.3.4). The deviation of the

εi = 0.99 model from ΛCDM starts to manifest on the small scales of the data, but the error bars

are too large to allow to distinguish the models. Models with εi < 0.8 start deviating at least by

1σ from ΛCDM. Since the deviations are small (less than 2σ), degeneracies with other parameters

will most likely prevent these data to strongly constrain εi.
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Figure 6.8: Comparison of the constraints from KiDS (green contours) and Planck (cyan contours)
in the σ8, α plane. Nonlinear GCG models with values over all the range of α are allowed by CMB
and the joint analysis CMB+WL.

Let us move then to the full WL analysis. We perform a nested sampling analysis of a 14-dimensional

parameter space. The parameters used are: 3 GCG model parameters (α, εi, ε0), 5 standard

cosmological parameters, and 6 WL nuisance parameters (see Appendix B.4). The list of parameters

and the corresponding limits of flat priors used in the analysis are given in Table 6.2. The constraints

for the GCG models parameters, marginalized over all nuisance and standard cosmology parameters

are shown in the Fig. 6.9 (green contours). The model parameters are only mildly constrained; only
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ε0 and w0 are constrained at 2σ in the prior interval, with the constraints on ε0 being comparable

with the ones presented in [148] for the present matter density parameter.

Note that like in the galaxy survey data analysis of chapter 3 (using SDSS galaxy clustering data),

we also find that galaxy survey data (in this case WL) basically does not limit α, all values between

0 and 1 being allowed. However, in that analysis (where the clustering of the GCG model is driven

by the baryons), the wide range of α was allowed only for models with low σ8 values. When

combining with CMB data, only a small region close to α = 0 remained viable (corresponding to

higher σ8 values compatible with CMB constraints) reducing to the ΛCDM limit. Here on the

contrary, for a model where the clustering is driven by the nonlinear GCG clumps, the wide range

of α found is more robust, not being restricted to low σ8 amplitudes. The corresponding Planck

and KiDS constraints on the (σ8 , α) plane (when marginalizing over all other parameters) is shown

in Fig. 6.8.

Table 6.2: Priors used for the likelihood analysis with KiDS-450 (green contours in Fig. 6.9), Planck
2018 (blue contours in Fig. 6.9) and for the combined analysis Pantheon + KiDS-450 + Planck
2018 (results given in Table 6.5).

Type Parameters Prior

α [0, 1]
εi [0.5, 0.9999]

Model ε0 [0, 0.4999]
w0 Derived
w0− Derived

Ωb0h
2 [0.019, 0.026]

ln1010As [1.7, 5.0]
Cosmological ns [0.7, 1.3]

H0 [60.0, 80.0]
τreio [0.01, 0.15]
σ8 Derived

Pantheon M [−20, −18]

Planck Aplanck [90, 110]

mcorr [−0.03368, 0.00632]
Anoise (z1) [−0.1, 0.1]

KiDS Anoise (z2) [−0.1, 0.1]
Anoise (z3) [−0.1, 0.1]
Abary [0, 10]
AIA [−6, 6]

6.4.3 CMB

For the analysis with CMB we use Planck 2018 data (see Appendix B.3). We use the combination

of the high-` TT likelihood at multipoles ` ≥ 30 (Plik lite) and the low-` (` = 2 to ` = 29)

temperature (Commander) and polarization (SimAll) likelihoods [404]. We perform a nested sam-

pling analysis of a 9-dimensional parameter space. Besides the 3 GCG model parameters and the

5 standard cosmological parameters, we only include one CMB nuisance parameter Aplanck. The
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Figure 6.9: One and two dimensional posterior distribution showing the 1σ (darker regions) and
2σ (lighter regions) constraints for the Nonlinear Chaplygin gas model parameters obtained from
KiDS weak lensing (green contours) and Planck 2018 CMB measurements (cyan contours) (check
Table 6.2 for the assumed priors). The open contours in red refer to the constraints with Pantheon
SNIa data (see Sec. 6.4.1 for details on the analysis). The dashed red lines indicate the upper
bounds on the values of ε0 and w0 resulting from the priors assumed in Table 6.1.
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Table 6.3: Results from the likelihood analysis with KiDS-450 data. We show the best-fit and mean
values for the nonlinear GCG model and cosmological parameters, with the correspondent 1 and
2σ deviations. Notice that α is unconstrained in the [0 , 1] interval by the data. The minimum χ2

given by the best-fit values is χ2
min = 49.

Parameters Best-Fit Mean±σ −2σ +2σ

ε0 0.44 0.29+0.10
−0.09 0.12 0.45

−w0 0.34 0.63+0.17
−0.11 0.34 0.89

−w−0 0.61 0.89+0.11
−0.02 0.60 0.99

σ8 0.55 0.68+0.08
−0.15 0.47 0.96

Ωm0 0.470 0.323+0.098
−0.084 0.159 0.477

S8 0.704 0.724+0.067
−0.075 0.581 0.863

list of parameters and the corresponding limits of flat priors used in the analysis are given in Table

6.2. The constraints for the GCG models parameters, marginalized over all nuisance and standard

cosmology parameters are shown in Fig. 6.9 (cyan contours).

Table 6.4: Results from likelihood analysis with Planck 2018 data. We show the best-fit and mean
values for the nonlinear GCG model and cosmological parameters, with the correspondent 1 and
2σ deviations. The parameters εi and w0− are tightly constrained to εi & 0.97 and w−0 . −0.99
at 2σ, while α is unconstrained in the [0 , 1] interval. The minimum χ2 given by the best-fit values
is χ2

min = 623.

Parameters Best-Fit Mean±σ −2σ +2σ

ε0 0.267 0.273± 0.015 0.244 0.303
−w0 0.733 0.726± 0.015 0.697 0.755

Ωm0 0.302 0.308± 0.015 0.278 0.338

ωb × 102 2.223 2.211+0.027
−0.028 2.156 2.264

ln1010As 3.045 3.041± 0.018 3.005 3.077
ns 0.968 0.963± 0.007 0.949 0.977
H0 [km/s/Mpc] 68.3 67.8± 1.1 65.7 70.0
τreio 0.057 0.052± 0.008 0.036 0.069
σ8 0.821 0.819± 0.015 0.794 0.849
S8 0.87 0.87± 0.03 0.81 0.93

Fig. 6.9 shows a very strong constraint on εi, being highly restricted to assume values close to 1.

Due to Planck high precision data of the CMB temperature spectrum at multipoles ` > 30, GCG

models are tightly constrained to a combination of parameters giving similar `A. As we have shown

in Sec. 6.3.4, varying the value of εi (while keeping `A fixed) changes the spectrum on large scales,

where the Planck error bars are larger. Yet, models with εi < 0.8 start deviating significantly from

ΛCDM already at ` ∼ 60− 70. Hence, we get a lower limit εi & 0.968 at 2σ from CMB data alone.

Constraints on the parameters ε0 and w0 are also improved in comparison to the results from KiDS.

However, α remains unconstrained for values inside the prior interval [0, 1]. This is an interesting

result: nonlinear GCG models with values over all the range of α are allowed by CMB and the

joint analysis CMB+WL, overcoming the shortcomings pointed out by [266] on the one side, and

the problem of the low clustering amplitude introduced by the baryon-driven clustering solution on
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the other side.

6.4.4 CMB vs WL Tensions

The projection of cosmological constraints in the σ8 versus Ωm0 plane from KiDS and Planck

data is shown in Fig. 6.10. Notice that the well known disagreement between CMB and cosmic

shear measurements is still present for the nonlinear GCG model at ∼ 1.7σ, with σ8 = 0.68+0.08
−0.15 and

σ8 = 0.82±0.02 for the marginalized constraints from KiDS and Planck, respectively. Slightly larger

values for the present matter density are favored by KiDS (Ωm0 = 0.32+0.10
−0.08) when compared to

Planck (Ωm0 = 0.31±0.02) but their values are perfectly consistent at 1σ. In the literature the ten-

sion between CMB and weak lensing is often quantified using the combination S8 = σ8

√
Ωm0/0.3.

Our analysis give S8 = 0.72+0.07
−0.08 for KiDS and S8 = 0.87 ± 0.03 for Planck, which are in tension

at the ∼ 2σ level. This value is slightly lower than the reported ∼ 2.3σ discrepancy between

KiDS-450 [148] and CMB Planck data for the standard ΛCDM model.
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Figure 6.10: Comparison of the constraints from KiDS (green contours) and Planck (cyan contours)
in the σ8, Ωm0 plane (where Ωm0 = Ωb0 + Ω+0).

6.4.5 Joint SNIa+WL+CMB analysis

We perform a combined likelihood analysis with Pantheon + KiDS-450 + Planck 2018. Here, for

the CMB data, we take the temperature only likelihoods i.e. high-` TT likelihood at multipoles

` ≥ 30 (Plik lite) and the low-` (` = 2 to ` = 29) Commander likelihood. The full set of parameters

used and their priors are given in Table 6.2. The results are shown in Table 6.5. The combined

analysis imposes stringent limits to the present and initial collapsed fraction of the GCG, which are
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Table 6.5: Results for the combined likelihood analysis Pantheon + KiDS-450 + Planck 2018. We
show the best-fit and mean values for the nonlinear GCG model and cosmological parameters, with
the correspondent 1 and 2σ deviations. The parameters εi and w0− are tightly constrained to
εi & 0.96 and w−0 . −0.99 at 2σ, while α is unconstrained in the [0 , 1] interval. The minimum χ2

given by the best-fit values is χ2
min = 1310.

Parameters Best-Fit Mean ± 1σ −2σ +2σ

ε0 0.253 0.250+0.015
−0.014 0.219 0.278

A 0.652 0.654+0.068
−0.059 0.552 0.758

w0 −0.747 −0.749± 0.014 −0.776 −0.723

Ωb0h
2 × 102 2.25 2.24± 0.04 2.17 2.31

ln
(
1010As

)
3.12 3.12+0.06

−0.05 3.03 3.22
ns 0.976 0.973± 0.010 0.956 0.990

H0 [km/s/Mpc] 69.5 69.6+1.2
−1.3 67.3 72.1

τreio × 102 9.38 9.77+3.10
−2.40 4.89 14.47

σ8 0.845 0.840± 0.026 0.792 0.889

driven by the Planck constraints. Their mean values and 1σ deviations are ε0 = 0.2499+0.015
−0.014 and

εi = 0.9855+0.014
−0.0088. The value of the dark energy equation of state parameter w0− is also tightly

constrained to values close to −1, thus following closely the behavior of a cosmological constant

at the present. In contrast, the parameter α is essentially unconstrained by the combined data in

the interval [0, 1]. The best-fit values are shown in Table 6.5, and are in general close to the mean

values of the posterior distribution. It is a model with εi close to 1, ε0 = 0.253, w0 = −0.747 and

w−0 ∼ −1. The mean density parameters of the ‘+’ and ‘−’ components are Ω+0 = 0.241 and

Ω−0 = 0.712, respectively.

The χ2 of the best-fit model is χ2
min = 1310. As a consistency check, we have also verified that the

ΛCDM model provides a similar goodness of fit to the data.
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Conclusions and Outlook

In this thesis we have explored the possibility of accounting for the phenomenology associated to

the cosmological dark sector (conventionally assumed to be constituted by CDM and a cosmological

constant) using a single fluid. In particular, we focused on a class of UDE models described by

isentropic perfect fluids. We found that, when a traditional approach to perturbation theory is

assumed, observations restrict isentropic UDE models to behave very closely to ΛCDM. The key

factor behind this result is the fact that the adiabatic sound speed in isentropic perfect fluids is

necessarily tied up to the background evolution. A sound speed significantly different from zero

typically arises in isentropic UDE, when the transition from a dark matter state to a dark energy

state occurs. This introduces a characteristic length determining the stability of linear perturbations

which, if not sufficiently small, affects in a crucial way the standard growth of cosmic structures

on linear scales. Therefore, the sound speed has to be very close to zero in order to be consistent

with large scale structure observations; in these models, the background evolution is necessarily

ΛCDM-like.

Notice that this result, by itself, does not refute the single dark fluid hypothesis in general, or

invalidate isentropic UDE models in particular. As we have discussed, the ΛCDM model also

admits a single fluid interpretation in terms of an isentropic perfect fluid with zero sound speed

(remember that the dark sector, so far, has only been inferred gravitationally, and gravity alone

does not discriminate the number of dark components). Furthermore, with an equation of state

being given just by a negative and constant pressure, the ΛCDM may be regarded as the simplest

UDE model one can concoct. On the other hand, the strong restrictions on isentropic UDE from

linear analysis could discourage the pursue of further models or parametrizations; in the literature,

a common way out to avoid large sound speeds in UDE models is to give up entirely on isentropic

perfect fluids, and consider e.g. non adiabatic contributions to the sound speed [405,406]. It turns

out that a proper analysis of UDE scenarios is much more complex to deal with than what could

be initially expected, and one does not need to go beyond the isentropic perfect fluid assumption

to find far more richer phenomenology.

We have argued in this thesis that potential backreaction effects cannot, in general, be ignored in

115
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the context of UDE. As the behavior of both dark matter and dark energy arise from the same

single fluid, the local equation of state has to reproduce both phenomena. Hence, the background

dynamics is prone to be affected by inhomogeneities (even if present only on small scales), as the

values of the local and large scale average quantities can be completely different. A standard

approach to perturbations can be safely used on linear scales in the case that dark matter and

dark energy are independent i.e. when the equations of state of both components do not depend

on one another. As a result, the nonlinear collapse of CDM on small scales (occurring mainly

during the matter era) does not influence the dynamics of the dark energy component, which in

the case of the standard model is given by a constant Λ everywhere. Note that this insusceptibility

of the background dynamics to small scale inhomogeneities is also consistent with the single fluid

interpretation of ΛCDM — the equation of state of the total fluid is simply determined by a constant

pressure everywhere, irrespectively of the level of clustering. However, this is not the case if more

general UDE models are considered.

Taking into account the formation of nonlinear structures in these models may become crucial even

for background analyses. To study the impact of small scale nonlinear clustering we have restricted

our attention to the GCG, taken as a representative model of isentropic UDE. As we have noted,

previous studies suggest that level of nonlinear clustering is expected to not be significant if a

standard scale-invariant primordial power spectrum is assumed. However, the amplitude and shape

of the power spectrum on small scales is poorly constrained by observations, and deviations with

respect to the simple power law on these scales cannot be dismissed. Hence, it is relevant to study

the impact of such deviations on the efficiency of nonlinear clustering in the GCG. In turn, the

exact details on the formation and evolution of small scale nonlinearities are expected to be model

dependent. Therefore, even if nonlinear clustering is likely to affect any isentropic UDE model in a

critical way, the degree to which backreaction effects are important need to be assessed for a each

particular case. Of course, this includes all the other isentropic UDE models that we have studied

in this thesis.

Ultimately, the problem of backreaction in isentropic UDE cosmologies should be addressed by

solving the full Einstein equations. Tackling this problem with all generality is, by all means, in-

conceivable in the foreseeable future. However, as we have mentioned, fully relativistic simulations

have been used to compute the evolution of inhomogeneous distributions of matter and measure

departures with respect to the background and linear predictions of FLRW cosmologies. Partic-

ularly, in [369] it was computed for the first time the exact behavior of geometric backreaction

as defined by Buchert’s averaging formalism [407]. It should be underlined that most discussions

in the literature are often centered on the problem of backreaction by geometrical averaging, as

this is the relevant case in the ΛCDM model scenario. In this context, simulations have also con-

sistently shown that backreaction effects are negligible given the current precision of cosmological

observations. Interestingly, Buchert extended his formalism to the perfect fluid case in [377] (see

also [408]), and mentions the backreaction effect arising from the non-trivial averaging of the per-

fect fluid energy-momentum tensor (that we have discussed in Sec. 6.2). We are not aware of

any numerical analyses focusing on this more general case, which may be pertinent to clarify the
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importance of the impact of nonlinearities in the background evolution and clustering properties

of isentropic UDE models.

One should bear in mind that throughout this thesis (and in our discussion above) we have con-

sidered that the cosmological dark sector is well described by an isentropic perfect fluid on all

scales. In general, the working assumption of a perfect fluid is expected to break on sufficiently

small scales [409] — the specific scale at which this happens might have implications for the back-

reaction problem in UDE. On the other hand, the scalar field theories studied in chapters 4 and

5 to describe isentropic UDE models, also incorporate a regime for which the dynamics of the

scalar field is not the one of an isentropic perfect fluid. Therefore, if one considers that the dark

sector is fundamentally accounted by a scalar field (whose dynamics is characterized by one of the

Lagrangians considered in those chapters), an isentropic perfect fluid can still provide a valid effec-

tive description of the scalar field dynamics, except when nonlinearities start to become important

(more specifically, when the spatial gradients dominate over the time variations of the scalar field).

Further work has yet to be done to determine the susceptibility of these scalar field UDE models

to backreaction effects.

Summary

Let’s now summarize the main results of our work.

In chapter 3 we discussed the problem of dark degeneracy, motivating a phenomenological approach

to model the dark sector by a single fluid. We then presented the GCG in Sec. 3.2 as an archetypal

example of isentropic UDE, studying the main cosmological properties at the background level and

evolution of linear density perturbations. SNIa observations are shown to constrain 0.713 < A <

0.845 at a 95% level; α, on the other hand, is not well constrained in the [0 , 1] prior interval. On

the other hand, the GCG power spectrum shows a significant deviation with respect to the ΛCDM-

like spectrum on linear scales unless |α| . 10−5. Although this tight restriction can be evaded if

baryons are also considered in the analysis of matter power spectrum constraints, a simultaneous fit

to the combination of SNIa, CMB, and matter power spectrum observations can only be obtained

for α close to zero. In this case, the GCG is forced to behave very similarly to ΛCDM, as both

models are completely equivalent in the limit α → 0 and finite A. We have demonstrated in Sec.

3.2.6 that it is possible to find a logarithmic limit of the GCG, i.e. a perfect fluid with an equation

of state p (ρ) ∝ ln (ρ), dubbed logarithmic Chaplygin gas (logCG), by a regularization of the limit(
α→ 0 , A→∞

)
. In Sec. 3.2.7 we then briefly discussed the case of the modified Chaplygin

gas, as an extension to the GCG model which incorporates an effective dark matter component

with a non-zero sound speed regulated by a new parameter B. We showed that the rotational

velocity of galaxies can be used to constrain the value of B and derived a conservative upper limit

B < 10−8, which provides the best constraint to date. In Sec. 3.3 we studied the recently proposed

logotropic fluid as UDE, originally given in terms of an equation of state p (n) ∝ ln (n). We show

that this model may alternatively be defined by a barotropic equation of state p = p (ρ) via the

Lambert W function. The two real branches of this function are found to have a clear physical

interpretation: the principal branch W0 corresponds to a phantom regime and the branch W−1 to
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a standard evolution of the energy density. Logotropic cosmologies are degenerate with ΛCDM for

the logotropic parameter Blgt = 0. We determined an upper limit Blgt . 6 × 10−7 by requiring

that the linear growth of cosmic structures is not significantly affected with respect to the standard

matter evolution. This result rules out the identification of the logotropic reference number density

with the Planck density previously suggested in the literature. Moreover, we have also shown that

logotropic dark matter halos are unstable under homologous perturbations unless its present energy

density is unrealistically large. We concluded that these results preclude the logotropic dark fluid

of providing a solution to the small scale problems of the ΛCDM model.

In chapter 4 we investigated the appropriateness of scalar field theories to describe the dynamics

of perfect fluids. The required formalism was reviewed in Sec. 4.1.1. Focusing on a particular

case of the Schutz-Sorkin action, we showed in Sec. 4.1.2 that the equation of motion of a mini-

mally coupled scalar field determined by purely kinetic Lagrangians are adequate to describe the

dynamics of isentropic perfect fluids, provided that X > 0. In Sec. 4.2 we provided examples of

Lagrangians describing some of the isentropic UDE models discussed in chapter 3: the GCG, the

logotropic fluid, and the logCG. To our knowledge, a pure k-essence Lagrangian representation of

the logotropic model has not been presented before. In Sec. 4.3 we motivated a one-parameter

extension to the GCG Lagrangian, showing that the GCG model is recovered in the non-relativistic

limit independently of the value of the new parameter β. We studied the background evolution

of this extended family of GCG models, with an explicit solution for the evolution of the energy

density being obtained in the limit α → ∞. Taking the extended GCG as a UDE model, the

parameters α and β exhibit a large degeneracy on the SNIa constraints. We then showed that, for

α = 1, large oscillations in the predicted linear matter power spectrum can be avoided on linear

scales if β & 105.

In close connection with the results derived in Sec. 4.1.1, we presented in chapter 5 a mapping

between pure kinetic dark energy and UDE models, established by an appropriate relation between

their kinetic terms. This allows for the explicit determination of a UDE Lagrangian when a dark

energy model is given as input. Assuming a CPL parametrization of the equation of state for the

input dark energy model, we showed that large sound speeds at late times are unavoidable unless

|1 +w∞| . 10−6, where w∞ = wde (z =∞). As a result, the input dark energy model has to follow

very closely the behavior of a cosmological constant.

We argued in chapter 6 that the traditional approach to perturbation theory is, in general, not

sufficient to account for all the relevant physics in UDE scenarios. In Sec 6.1 we briefly reviewed

the problem of cosmological backreaction. The averaging problem in isentropic UDE models is then

presented in Sec. 6.2. In Sec. 6.3 we studied the impact of nonlinearities in GCG cosmologies.

Given that nonlinear clustering of the GCG fluid is expected to occur at sufficiently high redshifts

and on small enough scales, these high density regions are assumed to virialize and decouple from the

expansion, effectively behaving as a dark matter component. We also considered that the fraction

of GCG in high density regions is constant at high redshifts, which is then taken as a free parameter

in an ansatz parametrizing the level of small scale nonlinear clustering. The GCG not contained

in collapsed regions is assumed to be distributed in underdense regions, associated to an effective
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dark energy component. Thus, we have shown in Sec. 6.3.2 that the background dynamics can

be interpreted as a cosmology having CDM minimally coupled with a GCG component. From the

analysis of the evolution of perturbations in Sec. 6.3.3, the density perturbations of the effective

CDM component are shown to be able to grow on all scales even for models with α = 1. We

determined observational constraints using SNIa, CMB, and weak lensing data in Sec. 6.4. When

the effect of nonlinear small scale clustering is taken into account, the results reveal that all values

of α ∈ [0 , 1] are consistent with the observations, provided that initial fraction of GCG in collapsed

regions is sufficiently close to 1.
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Appendix A

Methodology

A.1 Implementation in CLASS

The Cosmic Linear Solving System (CLASS) code1 is a publicly available cosmological perturbation

code written in C (programming language), that implements the full set of Einstein-Boltzmann

equations [410–413]. The implementation of the physical equations is structured in a few modules,

that compute:

1. background.c - background evolution;

2. thermodynamics.c - thermal history;

3. perturbations.c - perturbation equations for all cosmic components;

4. primordial.c - primordial power spectra;

5. nonlinear.c - linear and non-linear power spectra;

6. transfer.c - transfer functions;

7. spectra.c - linear and non-linear harmonic power spectra;

8. lensing.c - lensed temperature and polarization anisotropy power spectra;

The set of cosmological parameters are given as input in the module input.c and the results are

written by the module output.c. If the value of a cosmological parameter is not explicitly given as

input, the version of CLASS being used assumes, by default, the following values

1In this thesis we work with the version 2.9. released on 21/01/2020.
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h = 0.67556 , (A.1)

ωr0 = 4.18371× 10−5 , (A.2)

ωb0 = 0.022032 , (A.3)

ωcdm0 = 0.12038 , (A.4)

As = 2.215× 10−9 , (A.5)

ns = 0.9619 , (A.6)

τreio = 0.0925 , (A.7)

among other quantities (these ones are sufficient for our analyses). Regarding the implementation

of the isentropic UDE models studied in this thesis, the necessary physics can be included by a

modification of the modules background.c and perturbations.c. The new fluids are introduced as

new components at the background level. For the GCG model, the evolution of the energy density

with the scale factor is known [cf. Eqs. (3.5) and (6.22)] and can be easily implemented. On the

other hand, for the extended GCG the energy density cannot be written explicitly as a function

of the kinetic term [cf. Eqs. (4.83) and (4.84)]. Hence, for each time integration step, a root-

finding algorithm is employed; due to the simplicity of implementation and robustness, we chose

to use the Ridder’s method. In the perturbation module perturbations.c, one has to implement the

differential equations governing the evolution of linear perturbations (as discussed in Sec. 2.3),

with the calculations being performed by default in the synchronous gauge. The procedure ends

up being similar to other perfect fluid models already implemented in CLASS. Moreovoer, as we do

not make any additional assumptions beyond the standard cosmological model besides treating the

dark sector as a single fluid, the remaining modules do not need further modifications.

A.2 Cosmological parameters estimation

A.2.1 Statistical inference

To derive the observational constrains presented in this thesis we have implicitly used the theory

of statistical inference i.e. we were inferring the properties of the underlying distribution of prob-

ability for the cosmological parameters given the observational data. This approach is known as

Bayesian inference. Let us consider a model M (p) that, given a set of k free model parameters

p = {p1 , p2 , ... , pk}, is able to predict some observable quantity ψM = ψ (p). The probability of

p delivering the right result when confronted with a set d of n observations of the quantity i.e.

d = {ψ1 , ψ2 , ... , ψn} (as measured by a certain experiment) is written as P (p|d). This is known

as the posterior probability of p given d. Now, the rule for the conditional probabilities gives

P (p ∩ d) = P (p|d)P (d) = P (d|p)P (p) , (A.8)
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where P (p ∩ d) is the joint probability of the model to equal a certain p and the probability of the

data to equal a certain d. Using Eq. (A.8) one can write the posterior probability as

P (p|d) =
P (p)

P (d)
P (d|p) , (A.9)

this equation being known as the Bayes’ theorem. The denominator P (d) is known as the evidence,

and plays the role of a constant normalization for the posterior probability. The probability P (p)

is called the prior probability of p. For each parameter pi, the prior is often considered to be

flat in a given interval (assuming a constant value inside that interval and zero outside) in a more

conservative approach; if the value of the parameter has been inferred from another cosmological

experiment one can also assume a Gaussian distribution i.e. we “expect” the parameter to have a

certain mean value and a certain standard deviation.

The term P (d|p) is the probability of getting the data d given the model parameters, and is usually

known as the likelihood. Considering that observations measure a signal plus some noise given by

a Gaussian distribution, one may write the likelihood for a single data point as

P (ψi|p) ∝ exp

(
−(ψi − ψ (p))2

2σ2
i

)
, (A.10)

where σ2
i is the variance i.e. the observational error on the measurement of ψi. If the measurements

of all data points are assumed to be independent then

P (d|p) =
∏
i

P (ψi|p) ∝ exp

(
−
∑
i

(ψi − ψ (p))2

2σ2
i

)
. (A.11)

However, this is not always the case, and errors from different measurements may be correlated.

In general, the likelihood function is written as

P (d|p) = L (p) =
1

(2π)n
√

det (C)
exp

(
−χ

2

2

)
, (A.12)

where C is called the covariance matrix and

χ2 = [d− ψ (p)]C−1 [d− ψ (p)]t . (A.13)

Here t denotes the transpose. Of course, if Cij = 0 for i 6= j then one recovers Eq. (A.11).

A.2.2 Markov chain Monte Carlo methods

Now, we want to find the posterior distribution of the k dimensional space of the free model

parameters. Furthermore, cosmological data sets often have several nuisance parameters (specific

for each data set) that further increase the dimensions of the search space. Thus, computing

the likelihood for a grid of parameters with high enough resolution quickly becomes intractable.
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To explore the parameter space and extract the values of the cosmological parameters that are

most likely against the several data sets, we use the Markov chain Monte Carlo (MCMC) code

MontePython [397,398].

Monte Carlo methods rely on random samples of points of the parameter space to represent the

underlying distribution function. A Markov chain is a stochastic model defined by a sequence of

random events, in which the probability of the nth element is only determined by the (n− 1)th

element. Given an initial point in the parameter space, the MCMC jumps to another point and

computes the likelihood correspondent to that combination of parameters. If the likelihood in that

point is higher than in the previous one, the MCMC accepts that new point and proceeds from

there. If the likelihood is lower than in the previous one, an algorithm is used to decide if the chain

accepts the new step or not. MontePython includes several methods to do the sampling which

might be more or less efficient, that might depend on several factors e.g. the models being tested,

the assumed priors, or the data sets. Taking these factors into account, in this thesis we have used

the Metropolis-Hastings and Nested sampling [400] algorithms.

As the sampling progresses, the algorithm produces a chain of points in the parameter space. In

MontePython the burn-in phase of each chain is defined, by default, as all the first points in the

chains until an effective χ2 value smaller than χ2
min + 6 is reached for the first time. The points

from the burn-in phase are then discarded. When the chain is converged, the density of the points

reflects the underlying probability distribution. To check if the chains are well converged one can

verify e.g. if there is an high acceptance rate of the proposed steps and if different chains starting

from different points converge to the same distribution. Another useful convergence diagnostics is

the Gelman-Rubin criteria [401]. Consider J chains running in parallel with length L and sampling

set

x(j) =
{
x

(j)
1 , x

(j)
2 , ... , x

(j)
L

}
, (A.14)

for each chain j. The chain and grand mean are given by

x(j) =
1

L

L∑
t=1

x
(j)
t , (A.15)

x =
1

J

J∑
j=1

x(j) , (A.16)

respectively. The variance between chains is

B =
L

J

J∑
j=1

(
x(j) − x

)2
, (A.17)

and for the variance within the chains weighted for all J chains one has
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W =
1

J

J∑
j=1

1

L− 1

L∑
t=1

(
x

(j)
t − x(j)

)2
. (A.18)

The Gelman-Rubin statistic

R =
1

LW
[(L− 1)W +B] , (A.19)

condenses the uncertainty on the final probability distribution introduced by the MCMC sampling

by checking if the different chains are providing similar results. This ratio approaches 1 for large L

and small B. Typically, one must ensure that R− 1 < 0.01.

A.2.3 Contour plots

The parameter space has, in general, a large number of dimensions. To obtain the 1 and 2-

dimensional contour plots presented in this thesis, one has to marginalize the likelihood over the

extra parameters. Analytically one has

L (p1) =

∫
L (p) dp2 ... dpk , (A.20)

for the 1-dimensional case and

L (p1 , p2) =

∫
L (p) dp3 ... dpk , (A.21)

for the 2-dimensional case. Notice that, if nuisance parameters are also considered in the anal-

ysis, they are marginalized over in a similar fashion. To produce the contour plots we use the

MontePython plotting tools, where the marginalization is automatically made over the other pa-

rameters. Here the number of points in the higher dimensional parameter space are added over

along the dimensions of marginalized parameters and then normalized over the total number of

points in the chain.

The contours on the plots showing the 1σ and 2σ confidence levels are computed by finding and

enclosing the highest 68% and 95% density values of the sampled parameter space, respectively.

They approximately correspond to iso-contours of ∆χ2

∆χ2 = χ2 − χ2
min . (A.22)

The values of ∆χ2 corresponding to 1σ, 2σ and 3σ deviations depend on the number of pa-

rameters being fitted. For one parameter one has ∆χ2 = (1 , 4 , 9) and for two parameters

∆χ2 = (2.30 , 6.18 , 11.83). For illustration, in the case of the 2-dimensional contours, regions

that satisfy the condition ∆χ2 < 2.30 are within the 68% confidence level, while regions for which

2.30 < ∆χ2 < 6.18 are within the 95% confidence level.
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Data sets

B.1 Pantheon sample (SNIa)

Due to their extreme intrinsic luminosity, supernova explosions can be detected at relatively high

redshifts (z ∼ 1). In particular, supernova type Ia (SNIa) are known to have an almost constant

absolute magnitude M at the peak of their brightness. Hence, if the redshift of a given SNIa is

measured, its distance can then be inferred. This makes them interesting events to probe the late

time cosmic expansion history. An important concept is the luminosity distance dL which, assuming

a flat Universe, is given by

dL (z) = (1 + z)

∫ z

0

dz′

H (z′)
, (B.1)

being determined for a given cosmological model by CLASS. The difference between the apparent

and absolute magnitude µ = m −M is known as the distance modulus. For our analyses we use

the Pantheon SNIa data set [414] and the correspondent likelihood code in MontePython. In [414]

they consider the following distance estimator

µ = mB −M + αx1 − βc+ ∆M + ∆B , (B.2)

where mB corresponds to the log of the overall flux normalization (the observed peak magnitude

of the supernova), x1 is the light-curve shape parameter (with a coefficient α), c is the supernova

color at maximum brightness (with a coefficient β), and ∆M and ∆B are distance corrections. Their

analysis determines a global calibration solution to combine 13 different supernova samples to form

the Pantheon SNIa compilation. Hence, for each SNIa, the code computes

µobs = mobs −M , (B.3)

where mobs is the apparent magnitude given by the data set and M is taken as a nuisance parameter.

The additional nuisance parameters from Eq. (B.2) are used to standardize the supernovae, such
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that a common M parameter can be used to all, since in reality they do not all have the same

absolute magnitude.

To find the distance modulus predicted by the cosmological model, the luminosity distance is first

determined given the observed SNIa redshift i.e. dL (zobs). Then, using the relation

µmodel = 5 log10

(
dL

10 pc

)
, (B.4)

one obtains the theoretical value for the distance modulus. This step is repeated for all SNIa, and

the χ2 of the model fit for each point of the parameter space is computed as given in Eq. (A.13),

using the data covariance matrix.

B.2 SDSS DR7 (matter power spectrum)

The shape of the power spectrum of density fluctuations is used for the constraints presented in Sec.

3.2.5. Here we follow the work [267], where they present the halo power spectrum reconstructed

from the density field derived from a sample of Luminous Red Galaxies from the seventh data release

of the Sloan Digital Sky Survey (SDSS DR7). Depending on their position, galaxies are attributed

to a DM halo, while neighboring galaxies are consider to occupy the same halo. Having the

reconstructed halo density field traced by the galaxies, the overdensity field is obtained by comparing

the result with unclustered simulations. The power spectrum Ph [obs] (k) is then calculated from the

overdensity field.

The likelihood code converts the linear matter power spectrum P[model] (k) computed by CLASS to a

Ph [model] (k) that can be compared with the inferred halo power spectrum. For this transformation

they take into account three effects: the damping of the BAO, the impact of non-linear structure

formation in the broad shape of the power spectrum, and the galaxy bias. Although in this process

several nuisance parameters calibrated from ΛCDM simulations are introduced, in our analysis we

kept them fixed to the standard values. The obtained theoretical halo power spectrum is then

processed by a window function, here denoted as PW
h [model] (k).

To partially correct for the discrepancy between the comoving distance in the fiducial model (as-

sumed to assign positions to the galaxies) and the model to be tested a scale parameter is introduced

ascl (z) =
dV (z)

dfid
V (z)

, (B.5)

where

dV =

[
(1 + z)2 dA (z)2 z

H (z)

]1/3

, (B.6)

with the angular diameter distance being given by
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dA (z) =
1

1 + z

∫ z

0

dz′

H (z′)
. (B.7)

In practice, the theoretical halo power spectrum for the central wavenumbers of the observed

bandpowers ki are scaled as PW
h [model] (ki)→ PW

h [model] (ki/ascl). This quantity is suitable to compare

with Ph [obs] (ki) and the likelihood can then be computed.

B.3 Planck 2018 (CMB)

The CMB is the oldest radiation we can observe (with its photons being originated from the last

scattering surface) and understanding its physics provides an important probe of the early Universe.

While the CMB temperature across the sky is highly isotropic, anisotropies have been accurately

measured by several missions. In this work we focus on the latest one, and adopt the Planck 2018

CMB data [146,194] to constrain the cosmological parameters.

CMB observations measure the temperature fluctuations projected in the 2-dimensional spherical

surface sky. To confront the model predictions with the data, the temperature anisotropies along

the direction given by the unit vector n̂ are usually decomposed in a spherical harmonic basis

δT

T
≡ Θ (n̂) =

∞∑
`=0

∑̀
m=−`

a`mY`m (n̂) , (B.8)

where Y`m (n̂) are the spherical harmonic functions. The multipole ` corresponds to a given angular

scale θ in the sky, which is approximately given by θ = π/`. The case ` = 0 represents the average

value of T over the whole sky (i.e. the monopole term). For ` = 1 one has θ = π (corresponding

to the dipole term) for which our own motion across the galaxy provides the main contribution to

the signal.

When a Gaussian distribution of the coefficients a`m is assumed, the ensemble average

C` ≡< |a`m|2 > (B.9)

completely characterizes the power spectrum of the temperature field (the mean for the anisotropies

is zero by definition). Also notice that the result depends only on ` due to statistical isotropy. The

temperature correlation function (CMB TT) is then given by

< Θ (n̂) Θ
(
n̂′
)
>=

∞∑
`=0

2`+ 1

4π
C`P`

(
n̂, n̂′

)
, (B.10)

where P` are the Legendre polynomials.

CLASS solves numerically the Einstein and Boltzmann equations for the various components to

obtain the CMB spectrum for a given cosmological model. The likelihood is computed from the C

library click, that contains the codes to compute different approximations for the Planck likeli-
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hood. The input for the compute function is a N = Ncl +Nnuisance vector containing the theoretical

power spectra in the appropriate range of `’s (filling the first Ncl entries of the vector) followed

by the nuisance parameters (filling the last Nnuisance entries). For the analysis we have used two

files to compute the CMB TT likelihood: the low-` TT - Commander file (in the range ` = 2− 29),

and the high-` TT - Plik file (in the range ` = 30− 2508). These files admit the Planck absolute

calibration Aplanck as the only nuisance parameter. A Python wrapper is also provided so that the

functions can be called from the MontePython code, where the sampling of the parameter space is

done.

B.4 KiDS-450 (weak lensing)

Weak gravitational lensing is the phenomenon of differential deflection of the light emitted from

distant galaxies (the sources) as they pass through intervening large scale structures (the lenses).

This deflection produces shear and convergence effects in the observed images of distant galaxies.

The resulting correlations of galaxy shapes can be measured in galaxy surveys, and can be used

to constrain the matter power spectrum of the lenses. In our case, the lenses are the GCG inho-

mogeneous fluid, whose matter power spectrum we compute with CLASS. The convergence power

spectra they induce on galaxy shapes is the result of a line-of-sight integration from source to ob-

server, being function of the redshift of the source galaxies and the evolution of the GCG matter

power spectrum over redshift. The theoretical prediction of the convergence power spectrum per

redshift-bin correlation is given by

CEEµν (`) =

∫ χH

0
dχ
qµ (χ) qν (χ)

f2
K (χ)

Pδ

(
k =

`+ 0.5

fK (χ)
;χ

)
, (B.11)

where χ is the comoving radial distance, χH is the comoving distance to the horizon, and fK (χ)

is the comoving angular distance [cf. Eq. (2.23)]. Pδ (k;χ) is the power spectrum computed by

CLASS. The weight functions

qµ (χ) =
3Ωm0H

2
0

2c2

fK (χ)

a (χ)

∫ χH

χ
dχ
′
nµ(χ

′
)
fK(χ

′ − χ)

fK (χ′)
, (B.12)

measure the lensing efficiency in each tomographic bin µ. The source redshift distribution is given

by nµ (χ) dχ = n′ (z)µ dz with
∫
dχnµ (χ) = 1.

The data power spectra is obtained by applying a quadratic estimator to the galaxy shapes data,

and the data is binned in 3 tomographic redshift bins (we refer to the original paper [148] for fur-

ther details on the KiDS-450 data analysis). The process introduces various nuisance parameters

that we have considered in our analysis (see Table 6.2). The nuisance parameters account for the

multiplicative bias correction mcorr (the observed shear is generally a biased estimator of the true

shear) and model excess-noise power in each redshift auto-correlation power spectrum with the free

amplitude Anoise (zi) (for each redshift bin i = 1, 2, 3). Furthermore, astrophysical systematics are

also included. Baryon feedback modifies the matter distribution on small scales and is taken into
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account using the fitting formula from [415], with Abary being treated as a general free amplitude.

Another important astrophysical systematic are Intrinsic Alignments, which take into account cor-

relation contributions to the total lensing power spectrum besides the cosmological convergence

power spectrum. These effects are modeled using a nonlinear modification of the tidal alignment

model of intrinsic alignments [416–418], where AIA is a free dimensionless amplitude. The theo-

retical convergence power spectrum is then modified according to these systematics, resulting in

the effective convergence power spectrum to be directly compared with the data to evaluate the

likelihood of the GCG parameters. For this, the data covariance matrix is also provided in the

likelihood code
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[188] J.I. González Hernández et al. The solar gravitational redshift from HARPS-LFC Moon

spectra. A test of the General Theory of Relativity. 9 2020.

[189] Pierre Touboul et al. MICROSCOPE Mission: First Results of a Space Test of the Equivalence

Principle. Phys. Rev. Lett., 119(23):231101, 2017.

[190] Chris Blake and Jasper Wall. Detection of the velocity dipole in the radio galaxies of the

nrao vla sky survey. Nature, 416:150–152, 2002.

[191] C. Marinoni, J. Bel, and A. Buzzi. The scale of cosmic isotropy. JCAP, 2012(10):036, October

2012.

[192] C.A.P. Bengaly, A. Bernui, J.S. Alcaniz, and I.S. Ferreira. Probing cosmological isotropy with

Planck Sunyaev–Zeldovich galaxy clusters. Mon. Not. Roy. Astron. Soc., 466(3):2799–2804,

2017.

[193] Uendert Andrade, Carlos A.P. Bengaly, Jailson S. Alcaniz, and Salvatore Capozziello. Re-

visiting the statistical isotropy of GRB sky distribution. Mon. Not. Roy. Astron. Soc.,

490(4):4481–4488, 2019.

[194] Y. Akrami et al. Planck 2018 results. VII. Isotropy and Statistics of the CMB. Astron.

Astrophys., 641:A7, 2020.

[195] R. R. Caldwell and A. Stebbins. A Test of the Copernican Principle. Phys. Rev. Lett.,

100:191302, 2008.

[196] Pengjie Zhang and Albert Stebbins. Confirmation of the Copernican Principle at Gpc Radial

Scale and above from the Kinetic Sunyaev-Zel’dovich Effect Power Spectrum. Phys. Rev.

Lett, 107(4):041301, July 2011.

[197] Domenico Sapone, Elisabetta Majerotto, and Savvas Nesseris. Curvature versus distances:

Testing the FLRW cosmology. Phys. Rev. D, 90(2):023012, 2014.

[198] Suman Sarkar and Biswajit Pandey. An information theory based search for homogeneity on

the largest accessible scale. Mon. Not. Roy. Astron. Soc., 463(1):L12–L16, 2016.



Bibliography 144
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