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Abstract

The observational success of the current standard cosmological model presupposes the existence of a
dark sector. While it is conventionally assumed to be composed by dark matter and dark energy, so
far their properties have only been inferred gravitationally, which precludes a definite conclusion in
regard to the number of dark components. In this thesis we explore the possibility of accounting for
the phenomenology associated to these dark entities using a single fluid. In particular, we focus on
unified dark energy (UDE) models described in terms of a single isentropic perfect fluid. We cover
several models belonging to this class of perfect fluids which have been suggested in the literature
as UDE candidates, along with further alternatives that we propose in this work. We study their
main cosmological properties and determine observational constrains at background and linear
level. The scalar field description of perfect fluids is reviewed, with the emphasis being on purely
kinetic Lagrangians to account for the dynamics of isentropic perfect fluids. We present a generic
mapping between purely kinetic dark energy models and UDE, determined by an appropriate
relation between their kinetic terms. We find that isentropic UDE models are severely restricted to
behave very similarly to ACDM if a standard treatment of perturbations is assumed. This result is
widely interpreted as a critical failure of UDE scenarios. We put into question this conclusion and
argue that backreaction effects cannot be ignored in the context of UDE. The impact of small scale
nonlinear clustering is studied for the generalized Chaplygin gas (GCG) model, taken as a UDE
prototype. Considering an ansatz to characterize the level of small scale nonlinear clustering, we
show that regions of the GCG parameter space ruled out in linear analysis can be made consistent
with observations, provided that the GCG is mostly comprised by collapsed regions at sufficiently

early times.
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Resumo

O sucesso observacional do actual modelo padrao da cosmologia pressupoe a existéncia de um sec-
tor escuro. Embora convencionalmente se assuma ser constituido por matéria escura e energia
escura, até agora as suas propriedades foram apenas inferidas gravitacionalmente, o que impossi-
bilita determinar conclusivamente o nimero de componentes deste sector. Nesta tese explora-se
a possibilidade de usar um unico fluido para explicar a fenomenologia associada as componentes
escuras. Focam-se, em particular, modelos de energia escura unificada (EEU) definidos por fluidos
perfeitos e isentrépicos. Abrangem-se varios modelos pertencentes a esta classe de fluidos perfeitos
sugeridos na literatura como EEU, juntamente com outras alternativas que propomos neste tra-
balho. Estudam-se as suas principais propriedades cosmoldgicas e determinam-se constrangimentos
observacionais de ordem zero e linear. Revé-se a descrigao de fluidos perfeitos em termos de cam-
pos escalares, sendo dada enfase a Lagrangeanos puramente cinéticos para descrever a dinamica
de fluidos perfeitos e isentrépicos. Apresenta-se um mapa genérico entre modelos de energia es-
cura descritos por Lagrangeanos puramente cinéticos e EEU, sendo este mapa determinado por
uma relacao apropriada entre os seus termos cinéticos. Conclui-se que os modelos isentropicos de
EEU tém de se comportar de uma forma idéntica a ACDM se um tratamento tradicional das per-
turbacoes é assumido. Este resultado é amplamente interpretado como demonstrando o fracasso de
cenarios de EEU. Poe-se em causa esta conclusao, e argumenta-se que efeitos de reagao retroativa
nao podem ser ignorados no contexto de EEU. O impacto de aglomerados nao-lineares em pequena
escala é estudado para o gds de Chaplygin generalizado (GCG), assumido como um protétipo de
EEU. Considerando um ansatz para caracterizar o nivel de aglomeramento nao-linear em pequena
escala, mostra-se que regides do espago de parametros do GCG (excluidos na andlise linear) podem
ser consistentes com as observacoes se, desde suficientemente cedo, o GCG for maioritariamente

constituido por regides colapsadas.
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Chapter 1

Introduction

1.1 An expanding Universe

Modern cosmology seeks for the rigorous understanding of the physical nature of the Universe. It is
now a mature scientific discipline, built over more than 100 years by the symbiosis between theory
and observations. Its inception may be traced back to Albert Einstein and Willem de Sitter, when
in 1916 they applied the new theory of gravity (i.e. General Relativity, published by Einstein not
long before [1]) to describe the Universe on large scales [2-5]. However, the cosmological solutions
that they found did not match the established idea that the Universe was spatially static and
eternal; in fact, at that time there was no observational evidence suggesting otherwiseﬂ In order to
get a static solution Einstein introduced a new term A, dubbed cosmological constant, that would
work as a repulsive force. Despite the modification in the field equations, the cosmological constant
has a noticeable effect only on large scales, meaning that the local predictions of General Relativity

(such as Mercury’s perihelion advance, or the deflection of light by the Sun) remained unaltered.

The scenario changed in 1929, when Edwin Hubble published his findings on the relationship be-
tween the recessional velocity of nearby galaxies and their radial distances [6]. Using the recent
Mount Wilson 2.5 meters Hooker telescope, Hubble was able to determine the distance to these
galaxies by observing Cepheid variable stars, whose brightness was known to have a regular pe-
riod (from Henrietta Leavitt’s observations on the Magellanic Clouds [7,8]). In combination with
spectroscopic measurements done by Vesto Slipher in 1917 [9], Hubble found that the galaxies’s
redshift was linearly proportional to their distance. This relation, now known as Hubble’s law,
was consistent with a spatially expanding Universe, instead of a static one. Spatially expanding
cosmologies were first established by Alexander Friedmann [10,/11] and, independently, a few years
later Georges Lemaitre published his analysis on what he called “ Einstein Universe of variable ra-
dius 7 [12]. In the same work, Lemaitre also derived Hubble’s law from theoretical considerations,

and found Einstein’s static solution to be unstable (as recognized and further clarified by Eddington

Tn the early 1920’s there was no consensus in the scientific community on the existence of galaxies besides the
Milky Way. For example, the Great Debate between Harlow Shapley and Heber Curtis in 1920 concerned the nature
of galaxies (then known as spiral nebulae) and the size of the Universe.



CHAPTER 1. INTRODUCTION 2

in 1930 |13]). All the evidence was now suggesting the we live in a spatially expanding Universe,

and the primary motivation for a cosmological constant in Einstein’s equations had vanished.

1.2 Hot Big Bang

An immediate consequence of an expanding Universe is that, in the past, galaxies were closer
together. Lemaitre was the first to suggest that the Universe was once very hot and dense, able
to cool down through expansion [14]. This idea was formalized and developed mainly during the
40’s by George Gamow [15,/16] and his collaborators |17,/18], in what became known as the Hot
Big Bang model. In the seminal work [19], colloquially dubbed as the oS~y paperE', they came with
the remarkable proposal that the nuclei of light elements (e.g. helium, deuterium or lithium) can
be synthesized at very early times, in agreement with their observed abundances in the Universe
(consistently with the rate of expansion determined from Hubble). Big Bang Nucleosynthesis (BBN)
is a significant and successful prediction, based on well known physics and measured cross-sections

for the nuclear reactions.

Yet, another unequivocal consequence of the Universe beginning in a hot and very dense state, is the
presence of a black-body radiation coming from all directions, with a present temperature on the
order of a few Kelvin [20] (corresponding to photons with a wavelength of about ~ 7 cm). At early
times, the Universe was radiation dominated, with the energetic photons preventing the formation
of atoms. Thus, the Universe was filled with a dense and opaque plasma, with photons and charged
particles (mainly free electrons and protons) in thermal equilibrium, and interacting with each other
through Thompson scattering. As the Universe expanded photons became less energetic, and when
the Universe was about 1000 times smaller than today, electrons and protons combined to form
neutral atoms, a process known as recombination. After this point, photons essentially decoupled
(i.e. the scattering rate of photons became smaller than the rate of expansion) and could propagate
freely across the Universe, some of them reaching us at the present time. This cosmic microwave
background (CMB) radiation was accidentally detected by Arno Penzias and Robert Wilson in
1964, while working at Bell Laboratories [21]. Using a horn-reflector radio antenna, they measured
an excess signal which appeared to be isotropic and constant in time, with a temperature of 3.34+1.0
K. It was Robert Dicke and his colleagues at Princeton that interpreted this excess 'noise’ as the

relic microwave radiation, predicted decades before [22].

The ability of the standard model of hot Big Bang cosmology to account for the measured expansion
of the Universe, abundances of light elements, and the CMB (considered the three historical pillars
of modern cosmology) discredited alternative cosmological models that were still being considered
at that time e.g. the Milne model |23] or the Steady-State theory [24}25].

2A play on the greek letters a, 8 and ~, after the authors Alpher, Bethe and Gamow.
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1.3 Inflation

Despite the empirical evidence presented in the previous sections, the Big Bang model relies on
specific and puzzling initial conditions. The so-called Horizon problem, pointed out by Wolfgang
Rindler in 1956 |26, is related to the question of why the Universe is so homogeneous and isotropic
in the first place. The particle horizon i.e. the maximum distance that light could have traveled
since the beginning of timeﬂ, defines a maximal region which could have been in causal contact.
However, according to the hot Big Bang model, photons from the CMB coming from opposite
directions in the sky (relative to an observer on Earth, detecting the photons today) would not
have time to come into thermal equilibrium; simply because these regions were out of causal contact
at the epoch of photon decoupling. Moreover, the Horizon problem is also manifest in the BBN:
if significant anisotropies were present in the early Universe, the predicted abundances of light

elements would be notoriously changed and the agreement with observations could be lost [27].

Another issue concerns the spatial curvature of the Universe. There is a priori no theoretical
prejudice regarding the large scale geometry of the Universe. Still, in the 1970’s observations
suggested [28,129] that the present mean energy density could not differ from the critical density
(i.e. the density we should measure if the Universe is flat) by more than 1 or 2 orders of magnitude.
The fact that our Universe is so close to being flat only at this stage in the history of its evolution
(without any apparent reason) may be regarded as a coincidence problem. In 1979, Dicke and James
Peebles draw the attention to what became known as the Flatness problem [30]: if the Universe
is not exactly flat, and in order to produce the rate of expansion measured today, an extreme
fine-tuning of the value of the energy density and the rate of expansion at early times is required.
Therefore, in order for the Big Bang model to retain its predictive capabilities (that matched very

well the observations at that time) specific initial conditions would have to be imposed.

The Inflation paradigm, consisting in a period of exponential expansion during the very early stages
of the Universe, was proposed by Alan Guth in 1981 |31] as a possible solution to the Horizon and
Flatness problems El Different mechanisms to produce this epoch of early accelerated expansion
were also put forward by Andrei Linde [33], Alexei Starobinsky [34], Andreas Albrecht and Paul
Steinhardt [35] in the following year. The Inflationary epoch increases the horizon size exponen-
tially and is consistent with our observable Universe having originated from a small and causally
connected region. This period also accounts, in a natural way, for the observed spatial flatness of
the Universe, even if the Universe before Inflation was strongly curved. Furthermore, it can also
explain the presence of small primordial inhomogeneities. Quantum fluctuations generated during
Inflation can give rise to a nearly scale invariant and gaussian spectrum of density perturbations,
responsible for seeding the formation of large scale structures in the late Universe [36]. Observa-

tions have so far provided strong hints that a period of Inflation may have occurred in the early

3 Assuming that the model is valid back to the Big Bang (¢t = 0).

4The more exotic Monopole problem can also be addressed by Inflation. Grand Unified Theories attempt to
unify the electromagnetic and nuclear (both weak and strong) forces. Generally, these theories predict that the
Universe underwent a series of phase transitions through spontaneous symmetry breaking, leading to the production
of topological defects. This has important cosmological consequences, in particular the expectation that magnetic
monopoles (i.e. zero dimensional topological defects) should have dominated the energy density of the Universe, is
in contradiction with observations |32].
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Universe (see e.g. [37]).

1.4 The missing mass puzzle

Gravity is the dominant interaction not only on cosmological scales, but also at the level of indi-
vidual galaxies and clusters of galaxies. By observing the dynamical properties of objects in these
gravitationally bound systems, e.g. measuring the velocities of stars in galaxies, or studying the
motion of galaxies within clusters, one may estimate their total mass. One can also infer the con-
tribution of luminous matter to the mass of these systems by measuring its luminosity. In general,
these two methods are not expected to give the same result: many astronomical bodies do not
shine, others may be too faint to be observed. In his series of lectures published in 1904 [3§], Lord
Kelvin presented one of the first estimates of the contribution of dark bodies to the mass of our
galaxy. His calculations showed that some of the galactic mass could be made of invisible matter,
albeit not a significant fraction, as pointed out by Henri Poincaré [39]“Lord Kelvin’s method would
give us (...) the total number of stars including the dark ones; since his number is comparable to
that which the telescope gives, then there is no dark matter, or at least not so much as there is of

shining matter”.

The first indication that dark matter may dominate the dynamics on cluster scales was found by
Fritz Zwicky in 1933 [40], analyzing the redshifts of galaxies within the Coma Cluster [41]. From
the observed number of galaxies, and adopting a reasonable estimation for the physical size of the
cluster, he managed to compute the average velocity of the galaxies. However, the observed velocity
dispersion was 1 order of magnitude larger than what he expected from his calculations. Zwicky
concluded that, in order for the Coma Cluster to be a stable system, its mass should be far greater
than what could be inferred from the optical content. Following the same reasoning, a similar mass
discrepancy was found by Sinclair Smith for the Virgo Cluster [42]. In the years that followed, the
scientific community did not reach a consensus on a satisfactory solution to the problem posed by
Zwicky’s work [|43[445].

Hints for “missing mass” on galactic scales were around already in the 1930’s [4647]. However, it
took a few decades for the emergence of more accurate technology to properly address the question.
The development of an image-tube spectrograph by Kent Ford [48], enabled him and Vera Rubin
to perform precise measurements of Andromeda’s rotational velocity through the Doppler shift of
optical emission lines. The results, published in 1970 [49], showed that the rotation curve (i.e.
the rotational velocity as a function of the radius) flattens as the radial distance increases. The
orbital velocity of stars and hot gas far way from the galactic center were much higher than what
one might predict from Newtonian gravityﬂ given the density profile inferred from its optical size.
This intriguing result was soon found on other galaxies through radio measurements of the 21-cm
hydrogen line [50,/51]. Under the assumption that Newtonian theory accurately accounts for the

gravitational interaction, the observed flat rotation curves implied the existence of a high fraction

SGiven the small orbital velocity of stars, as well as the galaxy’s weak and approximately static gravitational field
(sufficiently far away from any black hole that may reside in the galactic center) the relativistic corrections from
General Relativity are expected to be negligible.
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of non-luminous mass [52,53].

Eventually it became clear that the ”"missing mass” observed on multiple scales could share a
common origin [54,55], and the hypothesis that dark matter can account for most mass in galaxies
and clusters of galaxies began to be broadly accepted by the end of the '70s [56]. So far, if
questioned about what dark matter is made of, astronomers could consider several (and the most
natural) candidates, e.g. planets, brown dwarfs, or even black holesﬁ However, upper bounds
on the cosmological baryonic density derived from the ever more precise measurements of the
abundance of light elements resulting from the BBN [57] strongly suggested that most of dark
matter is non-baryonic. Furthermore, a high density of baryons was also shown to be in conflict
with the absence of CMB anisotropies at the level of ~ 107* [58] (e.g. in [59] it was reported an
upper limit < 4.5 x 107° at the 95% confidence level on the CMB temperature fluctuations).

With growing evidence for the non-baryonic nature of dark matter, some promising candidates were
being considered at this time, including neutrinos |60,61], supersymmetric particles [62], or some yet
undetected weakly interacting particle beyond the Standard Model of Particle Physics [63H66]. The
study of large scale structure formation using numerical simulations provided another important
piece of information to characterize the properties of this hypothetical entity. The improvement
of N-body simulations, pioneered by William Press and Paul Schechter in 1974 [67], allowed to
numerically solve the formation of large structures from the initial density perturbations generated
by inflationary models [68H70]. When compared with the 3D galaxy survey available in the 80s [71],
cold (i.e. non-relativistic) dark matter particles provided the best reconstruction of the observed

cosmic structures [72].

1.5 Late accelerated expansion

By considering a non-baryonic cold dark matter (CDM) component, one could explain the flat
rotation curves of galaxies, the dynamics of galaxy clusters, as well as successfully predict the
statistical distribution of galaxies. Apparently, it could also be accommodated in the current
model of an expanding Universe with an early period of acceleration. However, several internal
inconsistencies were being noted. As mentioned before, the inflationary paradigm predicts that the
Universe should be very close to being flat. This would mean that, if the Universe is currently
dominated by matter, the energy density of matter should be close to the critical density. However,
observations in the beginning of 1990’s were pointing towards a matter content far lower than
that [73H76]. Negatively curved cosmologies were shown to alleviate some of the tensions [77],
but, on the other hand, could not be motivated by standard inflationary scenarios. The prevailing

standard CDM model was in crisis.

In the late 1960s, a number of authors did consider a cosmological constant in order to explain the
excessive number of observed quasars [78-80]. Though the evidence was far from being convincing,

these works motivated Yakov Zeldovich [81] to account for a cosmological constant with the energy

SThese dark matter candidates were later known by the acronym MACHOs (MAssive Compact Halo Objects)
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density of vacuunﬂ However, the interpretation of A as the vacuum energy leads to a theoretical
expectation for its value several orders of magnitude larger than the critical density of the Universe;
a conundrum known as the cosmological constant problem [85]. Given that in General Relativity all
forms of energy contribute to the gravitational field, the presence of a nonzero energy from empty

space can not be promptly dismissed.

Notwithstanding the problem attached to the cosmological constant, in the early 90s the possibility
that A may play a significant role on the dynamics of the Universe on cosmological scales started
to be taken seriously [86,87]. The addition of a cosmological constant to the cosmic budget was
shown to fit well the available data, while also being consistent with the inflationary imperative
of a spatially flat Universe [88,89]. Furthermore, a flat ACDM model would also imply that the
current expansion of the Universe should be accelerating, provided that the contribution of A to the
total energy density is high enough [90]. Observational evidence for an accelerated Universe was
found by two teams in 1998 and 1999 from distance measurements using high redshift supernovae
[91,92]. The possibility of unaccounted systematic errors on the SNIa measurements, as well as the
results being dependent on the assumed geometry, still raised some skepticism among cosmologists
[93-96]. However, the case for a flat ACDM model only got stronger in the intervening years, with
CMB measurements performed by the BOOMERanG experiment [97]. When combined with SNIa
observations, the measured CMB angular power spectrum strongly constrained the curvature of

the Universe to be close to zero.

1.6 The standard cosmological model, its challenges, and alterna-

tives

The turn of the millennium witnessed the emergence of a concordance cosmology: the flat ACDM
model, complemented with an early-time inflationary period, was able to consistently fit all the
empirical data available at that time, probing different epochs of the cosmic history. Moreover,
other unequivocal predictions of the standard model, e.g. the polarization of CMB photons, and
the signature of baryon acoustic oscillations (BAO) in the distribution of galaxies, were soon after
detected [98,99]; again, in perfect agreement with the theory. The Wilkinson Microwave Anisotropy
Probe (WMAP) spacecraft launched in 2001 to measure the all-sky CMB anisotropies (as well as
its polarization), corroborated and improved previous results, being key in establishing the today’s

standard cosmological model [100/103].

Quite remarkably, the standard model is specified by a set of only six free parameters which need
to be inferred from observations. Its underlying assumptions are that: 1) gravity is described
by General Relativity, 2) the Universe is approximately homogeneous and isotropic on sufficiently
large scales, and 3) the Universe contains particles well described by the standard model of particle

physics. According to this picture we can say, with very high confidence, that the present cosmic

TA nonzero vacuum energy is an unavoidable consequence of the quantization of fields. The net force due to a
change in the vacuum energy between two flat conducting plates predicted by Hendrik Casimir [82| was shown to
be consistent with the experiments in 1957 [83]. More recent measurements have verified the Casimir effect at a 5%
level [84].
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energy budget is roughly composed by ~ 5% baryonic matter, ~ 25% CDM, and the remaining
~ 70% are accounted by the cosmological constant (the contribution from relativistic species is
very small). Hence, assuming that the standard model hypotheses hold, we are left with ~ 95% of
the Universe in some dark form that we now very little about. Understanding the physical origin

of this dark sector is one of the major challenges in contemporary cosmology.

1.6.1 Dark matter

Guided by observational evidence, only a few things are known about non-baryonic dark matter. For
one, since its presence is only inferred through gravitational effects, it must interact very weakly with
ordinary matter. Secondly, the particles that made up dark matter must have been non-relativistic
since early in the history of the Universe; structure formation would, otherwise, be suppressed
on small scales in a way that is incompatible with what is observed. In the meantime, there is
no suitable CDM candidate from the standard model of particle physics. The best candidates
from the domain of particle physics to represent dark matter are known under the generic name of
weakly interacting massive particles (WIMPs), which are predicted by several extensions beyond the
standard model [104}/105] (see also |106]); so far they have not yet been directly detected |[107H109].
Primordial black holes (PBHs) have also been considered as an alternative dark matter candidate
since the 70’s [110L/111], though the interest on the topic gained momentum [112] with the recent
detection of gravitational waves emitted from the merging of a binary black hole [113]. Being
formed right after the end of inflation, PBHs can evade in this way the tight BBN constraints on
the abundance of baryonic matter |114}/115].

Instead of some new particle, what is perceived as dark matter could be the result of gravity be-
having differently from what we expect when assuming General Relativity (or Newtonian theory in
the appropriate conditions). The archetypal example is the MOND paradigm [116,/117]: through
a phenomenological modification of Newtonian gravity, MOND is able to reproduce the observed
rotation curves of galaxies without postulating an “unseen” matter source [118]. However, repro-
ducing the dynamics of the Bullet Cluster with modified gravity alone is somewhat contrived and
overly complicated [119], while dark matter is able to provide a more direct explanation [120}/121].
More recently, MOND is challenged to explain dark matter deficient galaxies — mass estimations
of two ultra-diffuse galaxies in the NGC 1052 Group seem to indicate that dark matter is separable
from luminous matter on galactic scales [122,/123] (further examples are reported in [124]). Using
high-resolution hydrodynamical simulations, two different teams [125/126] have shown that galaxies
not dominated by dark matter may be naturally created via tidal interactions, showing no tension
with the standard paradigm of galaxy evolution. On the other hand, theories in which dark matter
phenomenology is replaced by a modification of gravity, a dark matter-like behavior due to the
gravitational field from visible matter should always be present [127]. These two examples provide
strong hints of the presence of dark matter at the scale of galaxies and clusters of galaxies (see
also [128]).
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1.6.2 Dark energy

The cause behind the late accelerated expansion of the Universe is even more enigmatic. The
cosmological constant A, adopted by the standard cosmological model, is the simplest form of dark
energy one can concoct. It is characterized by a negative pressure which does not vary in time, and
is smoothly distributed in space. Despite its simplicity, it is difficult to justify the small value of A on
more fundamental grounds. As far as classical physics is concerned, there is no theoretical constraint
on the what value the cosmological constant should take, so it can be taken as a free parameter.
On the other hand, Quantum Field Theory predicts a non zero vacuum energy which, according
to General Relativity, must source the gravitational field. Ultimately, cosmological observations
measure an effective cosmological constant, i.e., the sum of a bare cosmological constant with all
other possible contributions to the energy of empty space. However, as we have mentioned before,
the expected vacuum energy density is many orders of magnitude larger than the present critical
density of the Universe. Hence, one has to enforce the bare value to cancel almost exactly the large
vacuum contribution, resulting on a tiny effective cosmological constant that is compatible with
cosmological observations. This extreme case of fine-tuning is now known as the new cosmological
constant problem, in opposition to the old cosmological constant problem (formulated before the
evidence for the present accelerated expansion), which requires the effective cosmological constant

to be completely negligible for the cosmic expansion [129] (for further details see e.g. [130L{131]).

In the search for alternative models to explain the observational data one implicitly assumes that
the old problem is solved. One representative class of dark energy models, dubbed quintessence
[132H134], evokes a dynamical canonical scalar field to account for the late time acceleration. Other
alternative dark energy models abound (see e.g. the review [135]), which often involve further
generalizations in the form of non-canonical scalar field models. The possibility that General
Relativity might not hold on large scales is also vastly explored in the literature — in this case,
the dark energy phenomenology is substituted by some version of modified gravity theory [136].
Although these approaches modify Einstein equations in different ways, the same phenomenology
can, to some extent, be equally well reproduced by these alternatives [137]. Some models also take
into account the possibility of interactions (besides gravity) between dark energy and other matter
fields |138], which can be motivated in the context of e.g. scalar-tensor theories or f (R) gravity
(see [139]). These non-minimal coupling scenarios give rise to the propagation of a fifth force, though
suppression mechanisms are envisaged (e.g. chameleon mechanism [140]) in order to avoid local
gravity restrictions. However, with the emergence of multi-messenger gravitational wave astronomy
[141], several modified gravity models predicting an anomalous propagation of gravitational waves
(and consistent with other cosmological data), were ruled out or severely constrained [142(143].
Nevertheless, given our current knowledge of fundamental physics, one cannot really provide a
robust rationale in favor of (or against) any of the alternatives to the ACDM, provided that some

region of the parameter space in these models proves to be consistent with the observations.
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1.6.3 Observational tensions

Although the standard model is extremely successful in explaining a wide number of observations, in
more recent years discrepancies on the preferred value of some of its parameters started to emerge.
The most statistically significant tensions arise between the inferred values from measurements of
the CMB and the results obtained from other low redshift probes, particularly on the value of the
present expansion rate [144] (given by the Hubble constant Hy) and the linear density fluctuation
power spectrum amplitude [145]. Currently there is a 2 40 discrepancy between the derived Hy
value from Planck data [146] and what is found from measurements of the distance-redshift relation
from SNIa observations [147]. Moreover, constraints on the power spectrum amplitude value from

weak-lensing surveys [148-151] also show a persistent = 20 disagreement with Planck results.

While the exquisite quality of Planck data provides the most tight constrains on the cosmological
parameters to date, these results are also model dependent: the early time observables have to be
interpolated to late time quantities assuming a specific cosmological evolution. On the other hand,
local measurements are able to probe late time observables independently of the cosmology. Po-
tential unaccounted systematics or selection bias in the data could eventually explain discrepancies
between the different probes, although this seems unlikely [144]. Actually, the tensions only got
worse as the number and precision of observations continued to improve over the years [152-158].
Hence, these results pose a serious challenge to the concordance model, and might indicate that a

paradigm shift |159] is lurking around the corner.

1.7 This thesis: main hypothesis and outline

Within the standard cosmological model, which assumes General Relativity and the Cosmological
Principle, the dark sector is separated into two components: CDM, and a cosmological constant.
This is however, a quite circumstantial assumption; historically, CDM was required to account for
the observed dynamics of galaxies and clusters of galaxies well before the first evidence for the
late accelerated expansion of the Universe. Unified Dark Energy (UDE) models are built upon the
hypothesis that the entire dark sector can be characterized by a single fluid or field. In this thesis
we shall mainly focus our attention on UDE isentropic perfect fluids, described by an equation of
state, or, under suitable conditions, by a real scalar field whose dynamics is described by a purely
kinetical Lagrangian. We consider various models, derive their properties, and constraint them

with current data. The outline of the thesis is the following.

In chapter [2| we provide an overview of the technical details required for the later chapters. We
present the necessary concepts from General Relativity, and review essential principles to back-

ground cosmology and linear perturbation theory.

In chapter [3| we start by discussing the single dark fluid hypothesis, followed by a review of the
generalized Chaplygin gas (GCG) and discussion of its main properties as a representative example
of UDE. The GCG model parameters are constrained against SNIa luminosity distances obtained
from the Pantheon compilation. We then study the impact of the sound speed on the linear density

perturbations and its effect on large scale structure formation. Using the matter power spectrum
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data from the clustering of the Sloan Digital Sky Survey DR7 Luminous Red Galaxies we present
constraints for GCG cosmologies, including the effect of baryons, updating the analysis of |160].
The logarithmic limit of the GCG is also discussed, following part of Thesis paper 2 [161]. Based
on the analysis of our published paper [162], we use the measurements from spiral galaxies rotation
curves to constrain the sound speed of the effective dark matter component associated to the high
density limit of the modified Chaplygin gas. The final section focus on the logotropic fluid as a UDE
model, and includes several results published in Thesis paper 1 [163]. We study its background
evolution and discuss the implications of the logotropic UDE sound speed on the linear growth of

cosmic structures, as well as on the stability of logotropic dark matter halos.

Chapter [ deals with the scalar field description of perfect fluids. Starting from a Schutz-Sorkin
action, we show that purely kinetic Lagrangians are appropriate to describe the dynamics of isen-
tropic perfect fluids as long as the kinetic term is positive. This first part follows from our discussion
in Thesis paper 3 |164]. The Lagrangian descriptions for three isentropic UDE models discussed in
chapter [3 are presented. We then consider a one-parameter extension to the GCG Lagrangian, first
proposed in our published work Thesis paper 2 |[161]. We first examine the non-relativistic regime
for this extended family of GCG models. The background evolution is studied, and constraints on
the model parameters are also determined using SNIa observations. We then discuss how structure
formation is affected for different values of the parameters by examining their impact on the shape

of the linear matter power spectrum.

The content of chapter [5| is based on part of Thesis paper 3 [164]. Here we establish a mapping
between dark energy models described in terms of pure k-essence Lagrangians and UDE, by defining
an appropriate relation between their kinetic terms. We also describe the correspondence between
their equation of state parameter and sound speed. We make it more concrete by presenting
examples of this mapping, and discuss the implications of constraints on the sound speed in this

context.

In chapter [6] we focus on the problem of backreaction. We argue that nonlinearities may have a
potential impact and cannot be safely ignored in the analysis of UDE scenarios. We exemplify
the role of backreaction effects on the GCG model by considering an ansatz parametrizing the
level of small scale nonlinear clustering. We discuss in detail the impact of GCG clustering on
the background results and evolution of linear density perturbations. We also show how the CMB
and matter power spectra are affected on nonlinear Chaplygin gas cosmologies. We finally provide
constraints from Pantheon, Planck 2018, and Kilo Degree Survey (KiDS)-450. Part of the contents
of this chapter are based on the results from Thesis paper 4 (in preparation) [165].

We conclude in chapter[7] by drawing some perspectives on the viability of isentropic UDE scenarios,
the role of nonlinearities, and outlook future developments. We finalize by presenting a summary

of the main results obtained in this thesis.

The Appendices contain details on the methodology and the data sets used in this work.



Chapter 2

Theoretical framework

This chapter aims to present, on a more technical level, a succinct review of essential principles
behind modern cosmology. For more detail we refer the reader to several reference textbooks and
lecture notes [166-174]. One should bear in mind that several hypotheses are required in the
construction of any well defined cosmological model. While in the following sections the discussion
focus on the standard model of cosmology, our work in subsequent chapters relies on the same
fundamental assumptions regarding the theory of gravity, large scale symmetry, and the standard

matter content in the Universe.

Notation and conventions

Unless otherwise stated, throughout this thesis we work in the natural units A = ¢ = kg = 1, where
h is the reduced Planck constant, ¢ is the speed of light in the vacuum, and kg is the Boltzmann
constant. We follow the Einstein summation convention, with upper and lower repeated indices
being summed over. The Greek indices run over the spacetime coordinates and Latin indices run

over the spatial coordinates e.g.

3

3
_ i _ i
CUMIL'M:E 'z, rta; = g x'x;,
i=1

n=0
for 3 4+ 1 spacetime dimensions. We shall also employ a spacelike signature (—,+,+,+) for the

spacetime metric g, .

2.1 General Relativity

In the theory of General Relativity gravity is interpreted as a physical manifestation of spacetime
geometry, which is ultimately a consequence of Einstein’s insight |[175] that there is a “complete

physical equivalence of a gravitational field and a corresponding acceleration of the reference system”

11
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El This statement became known as the Einstein equivalence principle, and was a keystone in
the formulation of the gravitational field equations first published in 1915 |1]. In the same year,
Einstein also showed that the theory of General Relativity correctly accounts for the precession in
the perihelion of Mercury’s orbit [176], which Newtonian gravitational theory was unable to fully
explain |177] (as first reported by Le Verrier in 1859 [178]). However, it was only in 1919 that the
most celebrated prediction of General Relativity was confirmed by observations, when Eddington
and his collaborators measured the deflection of light from distant stars by the Sun [179]. The
collected data was in agreement with Einstein calculations. More recent and precise measurements
performed in several astrophysical scenarios |[180184] have conferred the results obtained back in

the beginning of the 20th century.

Indirect evidence for the existence of gravitational waves had been already found from observations
of the first binary pulsar ever discovered by Russell Hulse and Joseph Taylor in 1974 [185]. The
measured orbital decay of this binary system provides a striking match with the estimated energy
loss due to gravitational radiation predicted by General Relativity [186]. More recently, the Laser-
Interferometer Gravitational-Wave Observatory (LIGO) team and Virgo collaboration reported
the first direct detection of gravitational waves [113], laying down the foundations of Gravitational-
Wave Astronomy. With the subsequent detection of the gravitational wave signal GW170817 and
the observation of its electromagnetic counterpart GRB 170817A, the difference between the speed
of propagation of gravitational waves and the speed of light was tightly constrained to be between
—3 x 1071 and +7 x 107! times the speed of light [141], in perfect agreement with General
Relativity.

A direct implication of the Einstein equivalence principle is the gravitational redshift of light, which
has also been tested with high precision using photon sources artificially generated e.g. Gravity
Probe A [187], or by measuring the shift in the spectral lines of stars [188]. A more elementary
formulation of the Einstein equivalence principle, known as the weak equivalence principle, states
that all bodies fall with the same acceleration when subjected to the same gravitational field.
The results from the MICROSCOPE mission showed that the relative difference in the free-fall

accelerations between two test masses is smaller than ~ 10714 [189)].

So far, no significant deviations from the predictions of General Relativity have been observed.
Although several alternative theories of gravity do exist, in this thesis we shall assume that Gen-
eral Relativity provides an accurate description of the gravitational interaction on cosmological
scales. As mentioned before, in General Relativity gravity is a manifestation of spacetime curva-
ture. Mathematically, the spacetime geometry is described by a pseudo-Riemannian manifold M
embedded with a metric tensor g. We shall denote the spacetime coordinates by z* and the partial
derivative with respect to a coordinate system as 9, = 0/dz*. The Riemann curvature tensor is

given by

Ry = 0,10, — 0,1, + FZAF;\U I, (2.1)

!The Collected Papers of Albert Einstein. Volume 2: The Swiss Years: Writings, 1900-1909 (English translation
supplement) Page 302
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where the components of the Chistoffel connection, better known as the Christoffel symbols, are

1 ag
F/ﬁu = 59/\ (augua + augau - 30—9W) , (2.2)

with g,, being the components of the metric, and g"” the inverse metric, where gh%g,, = 0} is

Kronecker’s delta. Contracting the first and third index of the Riemann curvature tensor given in
Eq. (2.1) one gets the Ricci tensor

R/u/ = Rauay = .gpaRp,uauy (2'3)

while the Ricci scalar is obtained from the trace of the Ricci tensor R = R¥, = ¢g"'R,,. The
Christoffel connection is metric-compatible, meaning that V,g,, = 0, where the covariant derivative

is defined as

VaTm"'Mpul-..uq = aaTul"'upm...uq + FZ}TTUMMPVlqu t.. - FgéVlemMpU“'V o (2.4)

q

for a general tensor T#i-#r, ., . Another important concept is that of parallel transport of a
tensor T along a path z# () defined by

dz®
Hva’rﬂlm“pul...yq - 07 (25)
with A being an affine parameter. If we parallel transport the vector dz*/d\ (i.e. the tangent

vector to the path) along the curve, one gets the geodesic equation

Koy oy B gn dX2 T BN dA
Notice that Eq. (2.6)) is invariant under the affine reparameterization A — aX + b, where a and b

are some constant real numbers.

o I B 2 ol a JpB
da [aa (dw >+r” (e } _oo T g AT (2.6)

Einstein field equations encode the interplay between the curvature of spacetime and a source of

matter (expressed by the energy-momentum tensor 7,,)

1
G,uu = R;w - §g,uz/R = 87TGT,ul/> (27)

where G, is the Einstein tensor. The differential Bianchi identity gives V,G*" = 0 and, therefore,
ensures that the total energy-momentum tensor is automatically conserved i.e. V,T*” = 0 regard-
less of the metric under consideration. The field equations may also be derived from the following

action functional

) [gum q)i] = Sg.n. +SM, (2.8)

by considering variations with respect to the metric, where ®° (z#) can be any spacetime dependent
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tensor field in M (here the superscript 7 is used to label the fields). The first term in Eq. (2.8) is

known as the Einstein-Hilbert action,

R
SE.H. [g,uu] = /d4~'13\/ —gm ) (2.9)

and depends solely on quantities derived from the metric tensor, viz., R and g, where g = det (g,).

The second term is given by

Sum [gW,QDi] = /d4x\/—g£M (QW,@) , (2.10)

and, being a functional of the metric and the matter fields ®’, it is usually dubbed as the matter
action (in general, Sy is a function of the matter field derivatives as well i.e. Sy [gm,, P, V,ﬂﬂ).

The energy-momentum tensor, appearing on the right side of Eq. , is given by

2 5(«/—g£M) _ 725£M
V=9 g™ dghv

where the variation is taken with respect to the inverse metric (note that 6g,, = —guag,,/gdgaﬁ).

T, =— T Ly, (2.11)

The equation of motion characterizing the dynamics of a given field ®* is simply given by

OSM
ol
We shall rely on Eq. (2.11)) to compute the energy-momentum tensor in Chap. {4} where we explore

possible Lagrangian descriptions of perfect fluids and their connection with scalar field theories.

=0. (2.12)

2.2 Homogeneous cosmology

The Standard Cosmological Model stands upon the assumption that, on very large scales (typically
larger than 100 Mpc), the Universe is essentially homogeneous and isotropic at each instant of
cosmic time. This postulate, being of crucial importance in contemporary cosmology, is known
as the Cosmological Principle. The hypothesis of spatial uniformity can be viewed as a remnant
of the Copernican Principle, according to which the Earth does not have a privileged location in
the Universe. Isotropy, on the other hand, assert that there is no preferred spatial direction. The
two concepts are not completely independent, although in general homogeneity does not imply
isotropy, and vice versa. Isotropy around every point in space however implies homogeneity. The
observed distributions of radio sources [190], galaxies [191], clusters of galaxies |[192], and gamma-
ray bursts |193] have been used to test isotropy, finding no significant evidence against statistical
isotropy on large scales. Of particular relevance are the CMB measurements, where deviations from
isotropy are found to be on the order of 10~° [194]. Hence, given the high level of isotropy inferred
from observations and by assuming that the Copernican Principle holds, the Cosmological Principle
follows. Although the validity of the Copernican Principle is much harder to probe than isotropy,

the assumption of homogeneity on large scales is shown to be compatible with several observations
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and consistency tests [195H199] (see also the review [200]). Hence, even if the Cosmological Principle
leads to a very idealized model, it seems to be consistent (at first approximation) with the Universe

we observe.

2.2.1 Friedmann-Lemaitre-Robertson-Walker metric

The investigation of homogeneous and isotropic solutions to the Einstein’s equations was pioneered
by Friedmann and Lemaitre in the 1920’s [10-12], and later rediscovered by Howard Robertson and
Arthur Walker [201H204].

The most general metric, fulfilling the requirements of the Cosmological Principle, is given by the

spherically symmetric Friedmann-Lemaitre-Robertson-Walker (FLRW) metric

3y
ds® = —dt* + a* (t) gz(j)dxzdx] , (2.13)
(3)
ij

constant curvature . Depending on the sign of K, the spatial geometry can be closed (if L > 0),

where t is the physical cosmic time, a (t) is the scale factor, and ¢;;” is a 3-dimensional metric of

open (if K < 0), or flat (if £ = 0). The spatial line element may be written as

dr?
1—Kr2

with 7, 6 and ¢ being comoving spatial coordinates, which remain constant in time for a comoving

gi(;’)dxidxj = + 72 (d92 + sin? 9dg02) , (2.14)

observer i.e. a free-falling observer for which the Universe is homogeneous and isotropic.

One may now use Eq. (2.2)) to find the non-vanishing connection coefficients for the FLRW metric

I% = aagl; , b =T% = %6;1 , (2.15)
ri = 1_’C7;;r2 I3y =-r(1-Kr?), (2.16)
T3y =—r (1 - /CTQ) sin? 4, I'2; = —sinfcosf, (2.17)
%, =T3 =T3,=T%, = % , I3, =T3, =cotd, (2.18)

where an over-dot represents the derivative in order to the cosmic time (i.e. & = dz/dt). From Eq.

(2.1)) one gets the components of the Ricci tensor

Ry = —3%, (2.19)

Rij = (ai + 24 +2K) g& | (2.20)

while the Ricci scalar is given by
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i [(a\®’ K
—+(=) +5
a a a

Notice that if the Universe is spatially closed, a coordinate singularity arises for r = rx =1/ VK.

(2.21)

This singularity can be removed with a coordinate transformation

dr
dxy = ——, 2.22
X V1—Kr? (2:22)
where x defines a new radial coordinate. Integrating the equation above one finds
ﬁ sin (x) , K>0
ﬁsinh(x) , K<O0,
so the FLRW metric may be recasted as follows
ds? = —dt* + a® fic (x)* [dx2 + df?* + sin? 9dg02] . (2.24)
In several situations it is useful to work with a conformal time coordinate 7
dt
dn = — (2.25)

giving us a complete comoving coordinate system (n, r, 0, ), or (1, x, 0, ¢) (if one uses Eq. (2.24))).

An essential observable in cosmology is the redshift associated with the propagation of light in an
expanding Universe. As we have seen in Chapter [I] the redshift of spectral lines of distant galaxies
was key to Hubble’s insight. Given that the trajectory of a light-ray follows a null geodesic (i.e.
ds? = 0), one gets

@) i
d\  V1-KrZd\’

where the affine parameter A is normalized such that p* = da* /d\ gives the photon 4-momentum.

(2.26)

Notice that, due to spatial isotropy, # and ¢ may be set to zero without generality being lost.
Combining Eq. (2.26) with the component p = 0 from Eq. (2.6) leads to

2t a [dt\?
2(22) — 2.2
d\? + a <d)\> 0, (2.27)
which has the solution

dt wo
- U 2.2
D a)’ (2:28)
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with wg being an integration constant. Let us now consider a comoving observer i.e. an observer
for which w* = (1,0,0,0) — here u* = dz#/dr are the components of the 4-velocity, and 7 is the

proper time. Such observer measures the energy of a photon to be

dLL’O wo
E = —gup'u’ = —goo—u’ = —~. 2.29
GuvP goo X a(t) ( )
Since @ > 0 in an expanding Universe, the energy of a photon decreases with time and the associated
wavelength is stretched in proportion to the scale factor. Hence, the energy of a photon emitted

from a source at a time tey, and observed at a time tops > tem is changed by a factor of

- Z ( (2.30)

and the cosmological redshift is then

E (to) ~a(to)

E (tobs) Ca (tem)

for a comoving observer making the measurement at the present time tg. For the remaining of the

~1, (2.31)

thesis we shall normalize the scale factor to unity at ¢y (so that z = 0 corresponds to the present

epoch).

The physical distance, or proper distance, may be defined as the travel time of a photon emitted

at a time t and observed at g

@@y——ldﬁ—ﬂoér_iﬁ@ﬂ—angq@—aum@7 (2.32)

where d(© is the comoving distance. The associated “recessional velocity” of a comoving object at

a distance dp is simply given by

v(t) =dp = Hdp . (2.33)

Considering small values of the redshift (z < 1), the expansion rate H = a/a can be well approxi-

mated by its present value Hy

v~ Hydp, (2.34)

which is precisely the relation that Hubble derived from observations in the 1920’s, and thus called
the Hubble’s law. The quantity Hp is known as the Hubble parameter, and is often written in

terms of a dimensionless parameter h

Hy=100h km s™! Mpc™?. (2.35)
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2.2.2 Perfect fluids

Physical systems containing a very large number of “free” particlesﬂ may be effectively approxi-
mated by a fluid. The validity of such approximation is usually quantified in terms of the ratio
K, = Ly/Ls < 1 known as the Knudsen number, where L, is the typical inter-particle separation
and Lg is the characteristic size of the system. The building blocks of a fluid are the so called fluid
elements (also dubbed fluid “particles”). A fluid element is defined as a small volume of the fluid
(relatively to the scale Lg) in order to guarantee homogeneity within the element, but large enough
to contain a very large number of particles, such that, in each of these fluid elements, the particles
are in thermodynamical equilibrium. Hence, fluids provide a high-level description of matter: only
a few continuous macroscopic quantities are required in order to effectively characterize the system.
A perfect fluid, defined as one that can be completely specified by a rest-frame energy density p,
and an isotropicﬂ rest-frame pressure p, often provides an adequate framework to model the source

of the gravitational field.

The energy-momentum tensor

Having fixed the background geometry to be described by a FLRW metric, Einstein field equations
can be solved once the matter content of the Universe is specified in terms of its energy-momentum
tensor. Considering a perfect fluid, the energy-momentum tensor may be expressed in a matrix

form as

Tpp = TH =

o O O

: (2.36)

o O O
o o3v o
o8 o o

p

where the “hats” over the indices indicate that the components are computed in the local inertial
rest frame of the fluid (i.e. gzp = npp where 1, = (—1,1,1, 1) are the components of the Minkowski
metric in cartesian coordinates). In any other frame, the energy-momentum tensor of a perfect fluid

is given by

™ = (p+p) uu” + pg"”. (2.37)
For a comoving observer in a FLRW background at rest with the fluid one has
T% = p =T, (2.38)

N B
TY =pg” = 5Py - (2.39)

2Here free is meant to indicate that the particles are not part of a rigid structure, such as e.g. a crystal lattice.

3By relaxing this assumption one may construct a broader class of perfect fluids, which are characterized by
having distinct values for the pressure along different spatial directions and are, therefore, known as anisotropic
perfect fluids [205].
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As mentioned in Sec. [2:I] the conservation of the total energy-momentum tensor follows from
Einstein equations together with the differential Bianchi identity, that demands V,,G*” = 0. Taking
the covariant derivative of Eq. (2.37)), the conservation equations for a perfect fluid are

v, I" = 9,T" 4+ TH T + TV, Th (2.40)

For the component v = 0 one gets

whereas the equations for the spatial components v = ¢

VMTW _ ajTij + FZjTij + FZaTHa = 0ip=0, (2.42)

are trivially satisfied. On the other hand, the v = 0 component in Eq. (2.41)) tell us how the energy
density evolves with time given the expansion rate of the Universe and the pressure of the fluid.

This conservation equation is usually written as

p+3Hp(1+w)=0, (2.43)

where w = p/p is the equation of state parameter. In Sec. we show that Einstein equations
provide a further relation between p and H. Thus, in order to solve Eq. (2.43) additional infor-
mation is needed. One possible way to close the system of equations is by providing a relation

between the pressure and energy density in the form of a barotropic equation of state p = p(p) (or

w=w(p))-

Thermodynamics

In addition to p and p, let us now also consider the proper particle number density n = N/V and the
entropy density s = S/V of a perfect fluid (these quantities being also defined in the local comoving
inertial frame) where N is the number of particles and S is the entropy within a physical volume
V. Assuming that there are no creation or annihilation processes the total number of particles is

conserved. The local form of the first law of thermodynamics may be written as

d (%) +pd (;) —Td <i> , (2.44)

where T' is the temperature of the fluid. The conservation of the total number of particles can be

expressed through the continuity equation for the particle number density

Vaoi® =u*Van+nVaou®* =0, (2.45)

where 7% = nu® is the particle number current. For a comoving observer one gets
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uVon +n [ O4u® + I 0 =n+3Hn=0, 2.46
af

being straightforward to show from Eq. (2.46]) that, in an expanding Universe, the particle number

density decays as n oc a3 (N is fixed while the physical volume grows as V o a?).

Now let us consider the projection of the covariant derivative of the energy-momentum tensor for

a perfect fluid along ug

ugVoT =0 =ugV, {(p + p) u®u” —i—pgo‘ﬁ} = (2.47)
= —u*Vap — (p+p) Vau® = (2.48)
— [uava (3) + putV, (1” , (2.49)
n n
where we have used the identity u“u, = —1. Identifying the expression inside the parenthesis in

Eq. (2.49) with the Lh.s. in Eq. (2.44]) one obtains

S

UV, <;> =0, (2.50)

implying that, for perfect fluids conserving the total number of particles, the entropy per particle
s = §/n is conserved along the fluid lines. Fluids that satisfy Eq. (2.50) are said to be adiabatic.
In fact, for fluids conserving the number of particles and defined by a barotropic equation of state,

the entropy is going to be the same constant throughout the volume of the fluid at all times, i.e.

Va <Z> =0 = &S =const. (2.51)

which defines an isentropic motion (see e.g. [206]). Clearly, if Eq. (2.51]) holds then the adiabaticity
condition is also satisfied. Although we will not need to work directly with Eq. (2.51), it is worth

to make here this distinction between adiabaticity and isentropy.

Notice that the adiabaticity condition simplifies Eq. (2.44) to

1
d (3) + pd <> ~0. (2.52)
n n
It is a simple matter to show that Eq. (2.43) is recovered from Eq. (2.49)) (in combination with Eq.

(2.45))). Hence, instead of a barotropic equation of state, one may also define an isentropic perfect
fluid from an equation of state of the form p = p(n) and solve Eq. (2.52)), giving the pressure in

terms of n

p(n) =pn—p(n), (2.53)
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where = dp/dn is the chemical potential. Alternatively, if p = p (n) is assumed, then Eq. (2.52)
implies that

p(n)=mn+n /n p'r(zgl) dn’ . (2.54)

The integration constant m may be identified as the rest mass of the particles (so as to recover

p =nm for p=0).

2.2.3 Friedmann equations

Now that we have a suitable mathematical formulation of a geometry complying with the sym-
metries imposed by the Cosmological Principle, we are in position to determine the dynamical
evolution of the Universe (with its matter content being described in terms of a perfect fluid

energy-momentum tensor) by solving Einstein equations. Using Eqs. (2.19)), (2.20)), and ([2.21]), one
finds the components (00) and (ij) of the Einstein tensor to be

K
Goo = 3 (H2 - aQ) : (2.55)
and
Gy = — (2da +a® + K) g, (2.56)

with all the other components being identically zero. Combining Eqgs. (2.55)) and ([2.38)) one obtains

877G K
H?>=—""p—-— 2.
5P 2 (2.57)
while Egs. (2.56) and (2.39) give
2% 4 H? + EQ — —87Gp. (2.58)
a a

Eqgs. (2.57) and (2.58) are known as the Friedmann equations. Another important relation can be
obtained by eliminating the curvature term by combining Eqgs. (2.57) and ([2.58))

a 4rG
= 2.
. 5 (p+3p), (2.59)

which is usually known (in a cosmological context) as the Raychaudhuri equation. It is clear from
Eq. (2.59) that the condition w < —1/3 is required to obtain an accelerated rate of expansion (i.e.
a > 0). Dividing Eq. ([2.59) by —H? one gets the deceleration parameter

; 1
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where ¢ is negative (positive) if the cosmic expansion accelerates (decelerates). Also notice that
the continuity equation given in Eq. (2.43) can be obtained by first multiplying Eq. (2.57) by a?,
differentiating with respect to time, and then using Eq. (2.58]).

So far we have presented the equations in terms of the full energy-momentum tensor. The results

can be easily generalized to the case of Ny several perfect fluids by taking

p=D P, P=) i (2.61)

7 %

while the continuity equation holds individually for each fluid

pi+3H (pi+pi) =0, (2.62)

provided that they interact only through gravity. For a perfect fluid with constant equation of state

parameter w; the above equation can be integrated to give

Pi = pioa_?’(Hw") . (263)

A perfect fluid with constant w is sufficient to model the background dynamics of several cosmo-
logical components of interest. It covers, for instance, radiation (w, = 1/3), pressureless matter
(wpy = 0), and a cosmological constant (wy = —1). From Eq. (2.63]) one finds that the energy

3

density of these components evolve as p, oc a™, pm o a3, and pp o const., respectively.

It is often useful to work with the fractional contribution from each component to the total energy

density. For a given component the dimensionless density parameter is usually defined as

Pi
0= 2.64
Pecrit ( )

whereas the reduced density parameter is given by

The critical density pcrit is defined such that I = 0, i.e.

3H?

Feval
As one may check from Eq. , the Universe is closed (i.e. > 0) if the total energy density
is above the peit, and open (i.e. K < 0) if the total energy density is bellow perit. With these

Pecrit = (266)

definitions in place, the first Friedmann equation may be rewritten as

i+ =1, (2.67)

1
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where

_W . (2-68)

2.2.4 The ACDM model

The Standard Cosmological model assumes General Relativity and a FLRW metric, while a few
free parameters have to be constrained from observations. These include the present fractional
densities of the energy and matter content in the Universe );9, the curvature parameter (i, and
the present rate of expansion Hg, which are sufficient to completely determine the background

dynamics.

The joint results of the most recent CMB [146] and BAO data [207H209| are able to tightly constrain

the curvature term

Qo = 0.0007 + 0.0019 (2.69)

thus suggesting that our Universe is virtually flat. Given such strong observational bound on Qxy
the curvature is usually taken to be exactly zero in the ACDM model. We assume hereafter K = 0
and, therefore, we shall work with a flat FLRW metric (so we can set a cartesian metric for the
spatial part of the metric i.e. gg') = 0ij).

Regarding the content described by the Standard Model of Particle Physics, for most cosmological
purposes it is sufficient to consider photons, neutrinos, and baryons. Photons emitted by stars or
hot gas represent only a small fraction of the photons in the Universe; most of the photons are,
by large, part of the CMB. Their energy density can then be characterized by the CMB monopole
temperature, which has been measured with an outstanding precision from a combination of the
COBE/FIRAS data [210,211]. Considering the mean value for the temperature, the reduced photon

density parameter at the present is found to be

wyo = 2.47 x 1075 (2.70)

Neutrinos also behave as relativistic particles provided that their masses are small. Although cosmic
neutrinos have not yet been observed the theoretical arguments in favor of their existence are well
grounded, based on very well-understood physics [212]. By accounting for the contribution from

relativistic neutrinos to the radiation density one gets

wo = 4.17 x 1075 (2.71)

It turns out that the radiation contribution to the total energy density at the present time is
extremely small. Hence, in most late-time analysis one can safely ignore this component on the

background dynamics.



CHAPTER 2. THEORETICAL FRAMEWORK 24

Some of the non-relativistic matter is found in the form of atomic nuclei and electrons. Following
the widespread terminology among the cosmology community, these are referred to as baryonsﬁ
The density of baryons in the Universe may be estimated in several ways, either directly e.g. by
measuring the emission or absortion in the electromagnetic spectrum [213], indirectly e.g. via the
abundance of light elements from BBN [214], or from CMB anisotropies, with the latest Planck
data providing the tightest constraint to date of wpg = 0.00224 4 0.0001 |146]. All these estimates

using different techniques agree to a large extent on a baryonic fractional energy density of about

Qo &~ 0.05, (2.72)

showing that baryonic matter accounts for a small fraction (~ 5%) of the total energy density at

the present time.

In the present paradigm the largest proportion of non-relativistic matter is attributed to CDM.
The reduced fraction of CDM is well constrained by Planck to be [146]

Wedmo = 0.120 = 0.001 (2.73)

while the derived total matter densityl] is

Qo = 0.315 4 0.007 . (2.74)

A Universe containing ~ 30% of matter is consistent with the values determined e.g. from weak-

lensing measurements [150,|151] and the distribution of large scale structures [215].

Within the standard cosmological model, the remaining chunk of the cosmic energy budget (satis-
fying the closure relation given by Eq. (2.67)) is identified with a cosmological constant

Qo = 0.6847 £ 0.0073, (2.75)

being responsible for the present state of cosmic acceleration.

Multiple independent methods have been used to measure the Hubble constant at different cosmic
epochs. With the improvement of the precision obtained by these experiments, a significant tension
in the Hy value started to emerge (see Sec. . For instance, Planck’s inferred value (which
assumes a flat ACDM model)

4Though electrons are technically leptons, protons and neutrons are so much more massive than electrons that
most of the mass accounted by standard particles is indeed found in the form of baryons.

5The total matter density fraction includes baryons, CDM, and also the small contribution from one massive
neutrino with m, = 0.06 eV. The analysis presented in [146] show that the combination of CMB and BAO data
tightly constrains the upper bound on the sum of neutrino masses to be > . m,; < 12eV at 95% C.L. . Since
neutrinos have such a small mass, they behave essentially as relativistic particles for most of the cosmic expansion
history. Hence, for simplicity, throughout this thesis we shall treat neutrinos as massless particles.
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Hoemp) = 674205 km s~ Mpe ™, (2.76)

is in tension at a statistical significance of more than 40 with the value reported in [147]

Hofsnia) = 73.2 £ 1.3 km s™' Mpc™". (2.77)

The latter relies on distance ladder measurements, with the magnitude of supernovae being cali-
brated through variable Cepheid stars. Currently, the reason for the discrepancy on the value of

Hj obtained by different probes still remains unclear.

2.3 Perturbation theory

Although an homogeneous and isotropic Universe described by a FLRW metric might be an ade-
quate description on sufficiently large scales, on smaller scales our universe is fairly inhomogeneous;
cosmic structures in the form of e.g. galaxies, clusters of galaxies, filaments or voids, can have
densities significantly different from the average value. One of the first attempts to describe the
formation of planets and stars in a static Universe governed by Newtonian gravity was published
by James Jeans in 1902, in which he demonstrated that small density perturbations can grow
with time in a homogeneous and isotropic self-gravitating fluid via gravitational instability [216].
The evolution of density perturbations in a FLRW expanding Universe was pioneered by Lifshitz
in 1946 [217], and provided the basis for further developments regarding the formation of cosmic
structures e.g. [218-223] (see the editorial note by Ellis in [224] for a historical perspective). These
works used linear perturbations theory by considering small perturbations around an “unperturbed”
background. According to the prevailing scenario, primordial density perturbations originated from
an inflationary phase in the early Universe seeded the formation of cosmic structures, which were

then amplified due to self gravity.

To get the perturbed relativistic equations we must consider perturbations to the FLRW metric

guw (1,%) = g% () + g, (1,%) (2.78)

where gg,)) (n) stands for the background metric (zero-th order)ﬁ and dg,, (n,x) < 1 (in the linear

regime) are the components of the perturbed metric tensor, so we may write

ds?® = g datdz” = a*(n) [—an + §yjda’da? + Sgudatd”] . (2.79)

The most general linear perturbation around the FLRW metric can be decomposed as follows

dgoo = =2V , dgoi =w; , 0gij =2 (hy; — ®y5) , (2.80)

5In general we shall denote zero-th order quantities by an upper or lower script “(0)”. For ease of notation, we

drop the (0) when it is clear to which value we are referring to (i.e. either to the background or to the total variable).
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where the perturbations ¥ and ® are scalar functions, w; is a 3-vector, and h;; is a symmetric and

traceless ((5ij h;; = 0) second order tensor. Notice that ® encodes the trace of dg;; as ® = —§4§ 3i; /6.

2.3.1 Scalar-vector-tensor decomposition

One may decompose any 3-vector into a longitudinal and transverse parts

W:W||+WJ_, (2.81)

where a longitudinal vector is curl-free (i.e. V x w|| = 0) and a transverse vector is divergence-free
(i.e. V-w 1 = 0). Given that the curl of a gradient is always zero, the longitudinal part can
be written as the gradient of a scalar field w)| = ﬁws, being also known as the irrotational part.
On the other hand we can write the transverse (or rotational) part as w; = V X wy. It is clear
that the longitudinal part has one degree of freedom carried by the wg, and the transverse part
two degrees of freedom (the null divergence implies that one of the three components of the vector
w is constrained by the other two). By definition w) represents a scalar perturbation and w

represents a vector perturbation. Analogously, we can decompose the traceless 2-tensor h;; as

h=hj+h; +hr, (2.82)

where now the divergences V- h and V-h, are longitudinal and transverse, respectively, and hp

is transverse. Thus, the divergence of hr is zero

&k hijr =0, (2.83)

while the divergence of V-h, (sometimes also called the solenoid part) is divergence-free

51§7* 9 0khy; L = 0. (2.84)

One can then derive h;; | from a transverse vector field h,

hijl = aihjv + 8jhiv . (285)

Hence hy and h | carry two degrees each. The longitudinal part V- hy is (similarly to the vector

decomposition case) curl-free, so it can be derived from a scalar function as

1
hyj| = <aiaj — 352-jv2) hy, (2.86)

and it will have just one degree of freedom. Physically tensor modes represent gravitational waves,
while vector modes are associated to rotational velocity perturbations. As for scalar modes, they
are related to the density perturbations. It turns out that at first order, scalar, vector, and tensor

modes evolve independently of each other. Here we shall focus on the growth of cosmic structures
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and, consequently, only scalar perturbations will be taken into account, i.e. we assume that the two
other types of perturbations vanish. Therefore, the perturbed line element that shall be considered

is given by

ds® = a® () {— (1 4+ 2¥) dn* + 2w, jdndz’ + [(1 — 2®) &;; + 2hy; ] da'da’} . (2.87)

2.3.2 Perturbed field equations

In order to derive the first-order Einstein equations we decompose the Einstein tensor G/, and the

energy-momentum tensor 7}, into background and perturbed parts

G =G +0G , Ty =T + 0T, . (2.88)

which results in the Einstein equations for the background

0) _ 0
G =8rGTY (2.89)
and for the perturbations
0G,, = 8nGT), . (2.90)
The perturbed Einstein tensor is
1
0G = 0R,, — 5 (0guw R+ guwdR) = 6G", = 69" Gap + 9" 0G o (2.91)

and going all the way through the perturbed Ricci scalar 6 R, Ricci tensor 6, and Christoffel

symbols 6I'Y', we get everything in terms of the perturbed metric

R = 86" Ry + "0 Ry (2.92)

Ry = 0T%, . — 0%, , + 605, I + 1%, 000 — 0T%,TS, — T950T5,, | (2.93)
" 1 o 1 o

5Fl,)\ = 559 (gau,)\ + Jary — gV/\,a) + 59 (59041/,)\ + 5904)\,1/ - 591/)\,04) . (294)

From the condition g,,g™" = 8., it follows that, at first order (i.e. drooping the quadratic terms of

the perturbed quantities)

g = —8gap gDk g OB (2.95)
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Here we shall assume that the perturbed fluid can also be treated as a perfect fluid, which implies

that 677 = 0 if i # j. Working with mixed components for convenience

™", = (p+ p) u'uy, + poy (2.96)
we have
O0TH, = (6p + 0p) u“(o)u,j(o) + <p(0) —|—p(0)) (u“(o)éuy + uu(o)(Su“) + dpdt , (2.97)
where
p(n,%) = p'% (n) + 3p (1, %) (2.98)
p(n,x) =p© () + 3p (1, %) (2.99)
¥ (%) = 0O () + u (1,%) (2.100)

We now proceed to evaluate the velocity perturbations. The fluid 4-velocity can be written as
w' = u’ (1,v") where v; = v' = da'/dn = adz'/dt is the coordinate 3-velocity, and u® = dn/dr.
Using Eq. (2.87)) one obtains from the normalization condition for the 4-velocity

1 1
u = — : (2.101)

a \/1 — 02 +2 (U — w; v’ 4+ Pv? — hy;vivd)

where v? = (5Z-jvivj . Since the metric perturbations are assumed to be small, we may Taylor expand

Eq. (2.101)) to obtain

ul = !
av'l — v?

Furthermore, if the fluid is non-relativistic the quadratic terms in v can be neglected, which leads

2.102
1—22 ( )

U — WiHUi + ‘197)2 — hinUin]

leads to

- [i (1-), Z] , (2.103)
up = g’ = [—a(1+ %), a(vi+w;)] . (2.104)

The 4-velocity in the background is ut0) = (a‘l, 0,0, 0) so, from the expansion u* = w9 4 gyt

one gets

v )
5ulu‘ — <_a7u > , 6”# = (—a\I/,ui) , (2105)
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which results in the following components of the perturbed energy-momentum tensor

6T = p(o) (1+w) (vz- + WZ'H) , (5Tij = p(o)écgéj- (2.106)

with the density contrast and the sound speed squared being defined as

p(n,x)—p0  dp
§=05(n,x) = = , 2.107
()= L0020 (2.107)
op
2 P —
d=5 (2.108)

and w = p(® /p(0),

To compute the perturbation equations it is often convenient to decompose the perturbation fields

in Fourier modes. For instance, for the density contrast one has

1
(2m)°

with the Fourier transform associated to a given comoving wavevector k (notice that x are comoving

d(n,x) = /eik'xék (n) &k, (2.109)

coordinates) being

ok (n) = /eik'xé (n,x)d>z . (2.110)

Operationally, this translates to the following substitutions of the perturbations and its derivatives

8 (n,x) = %5 () , (2.111)
V6 (1,x) = ike™ >0 (n) , (2.112)
ViV (n,x) = —k2eX %6, (1) . (2.113)

Since the equations are linear the spatial parts cancel out, and each plane wave obeys the same
equations with a different comoving wavenumber. The physical scale A, of the perturbation asso-

ciated to a given comoving wavenumber k evolves as A, = (27/k) a in the linear regime.
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2.3.3 Fixing the gauge

At the background level (described by the metric g,(},),)) comoving coordinates were defined such

that observers expanding with the Universe remain at fixed coordinates. However, in the presence
of perturbations dg,, we no longer have a preferred coordinate system. This amounts to say that
the decomposition of the physical metric between a background plus small perturbations is, in
general, not unique. However we constrain our choice of coordinate systems such that, in the limit
where the perturbations vanish, the coordinates must reduce to the preferred coordinates in the
unperturbed background. Hence, we consider that g,ﬁo) is invariant under a general infinitesimal
coordinate transformation x# — x# — & (generated by the vector field £# such that £ < 1), while
09, is subject to change. This class of transformations are called gauge transformations, and the

metric perturbation is changed by

OGuw — 0guw + V& + Vi, (2.114)

but the Riemann tensor (and, therefore, the “physics”) is unaltered by the transformation. There-
fore, the 4 degrees of freedom carried by the vector field £# do not correspond to any real pertur-
bation. This gauge freedom when dealing with perturbations around a FLRW metric created a
great deal of confusion in the past, as pointed out in [225,[226]. The construction of gauge invariant
quantities from the four scalar functions ¥, ®, wg and hg is one way to deal with the gauge issue (see
e.g. the references [223,226]). Alternatively, one may specify a coordinate system when defining
the metric perturbations (i.e. fix the gauge) by imposing the appropriate conditions on the metric
and energy-momentum tensor components. In the following sections we shall introduce two of the
most common gauges used in cosmological perturbation theory: the conformal Newtonian gauge
(also called longitudinal gauge), and the synchronous gauge. Both of them are implemented in
the publicly available CLASS code (see Appendix7 which we use to numerically solve the back-
ground cosmology and the evolution of anisotropies and inhomogeneities in several of the models

explored in this thesis.

2.3.4 Conformal Newtonian gauge

This is in fact the most intuitive gauge that we can choose because it provides a direct link between
the variables in relativistic perturbations and the Newtonian theory of small perturbations when

we take the Newtonian gravity limit. The perturbed metric is obtained making w;| = h;; = 0 in

Eq. ([257). so

ds* = a®(n) [~ (1 +2V) dn? + (1 — 2®) §;;dx’dz’] . (2.115)

If the expansion of the universe is neglected (i.e. for a = 1) the metric describes a weak gravitational
field. Here the observers are attached to the points in the unperturbed frame and will detect a
velocity field of particles falling into the clumps of matter, measuring a gravitational potential.
The metric perturbations ® and ¥ are known as the Bardeen potentials. The function ® is also

called Newtonian potential since it becomes equal to the Newtonian potential perturbation in
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appropriated limit; W is the Newtonian curvature perturbation and determines the curvature of the

spatial section at ¢ = const which are flat in the unperturbed universe.

From Eq. (2.91) we get the components of the perturbed Einstein tensor in Fourier space

3G = % [3% (H\I/ + q>’) + k%} : (2.116)

2
5G%; = ——ik; (@' +HY) (2.117)

. 2 ’ ’ " ’ . 1 . E
0GTs = 5 (22 )+ mu' + o +2H<I>}5}+; [—k2 (U — ®) 51 + (U — @) k'k,] , (2.118)

where the prime stands for = d/dn and H = a /a is the conformal Hubble function.

The perturbed part of the energy-momentum tensor for this gauge follows from Eqs. (2.106)), so
the components of Eq. (2.90) are given by

3H (MU + @) + K20 = —4nGa®sp, (2.119)

2 (cb’ + ’H\If) = 47Ga® (1 + w) p9, (2.120)

U= 9, (2.121)

"+ 2HP + HY + <’H2 + ’H) g B (U — ®) = 4rGa’c?s (2.122)
3 - S p N

Here we have introduced the velocity divergence 6 = Vjvj = ikjvj . Notice that Eq. (2.121]) follows
from the fact that 6Tij = 0 for i # j, and Eq. (2.122)) is obtained by taking the trace of Eq. (2.118))
and 67" ;- Using the continuity equation for the perturbed energy-momentum tensor one gets a set

of differential equations for the evolution of the density contrast and the velocity divergence

V0T o = 0 = ), + 3H (2 — w) 0 = — (1 + w) <9k - 3<I>’) , (2.123)
V0T =0= 0, + |H(1—3 )+L/ PR (R (2.124)
H Jj= k w 1+ w k= 1+wk ) .

with the subscript k& for the Fourier mode now being explicit. These equations hold individually
for each fluid T (minimally coupled) contributing to the total T}, = >, T/"”. The system of
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equations describing the scalar perturbations is then closed using Eqs. (2.119)) and (2.122). We

workout the result in the next section, and focus for now in the single fluid case.

Combining Eqgs. (2.119)), (2.120]) and using & = ¥ one obtains the relation

0
E2® = 4nGa’p |0y + 3H (1 + w) k—g = 4nGa’pd} (2.125)

where the total-matter density contrast d; is defined as

0
5t 55k+37{(1+w)k—’;. (2.126)

Using Egs. (2.119) and ([2.122)) the evolution of ® is determined by

® 31 (1+2)d + (c§k2 +3H2E + oM + ’H2) ®=0. (2.127)

On the other hand, one may use Eq. (2.125)) and the relation

. 1
H =5 (14 3uw) H? (2.128)
to write Eq. as
" ! 3
5 + M (14 3¢ —6w) 5y — 57{2 (1 —6c2 — 3w* + 8w) — c2k?| 65 =0, (2.129)

describing the evolution of 5 (n).

2.3.5 Synchronous gauge

The synchronous gauge was first introduced by Lifshitz in 1946 [217] and is defined by the conditions

U = w;)| = 0, so the perturbed line element is

ds® = a® () {—dn* + [(1 — 2®) &;; + 2h,; ] dz'da? } . (2.130)

With this gauge choice the conformal time 7 coincide with the proper time and observers follow-
ing geodesics do not change their spacial coordinates (they only move along n-threads), so the
coordinates in synchronous gauge are Lagrangian coordinates and the observers are attached to
the perturbed particles. This implies that large density perturbations will deform the coordinate
lines giving rise to caustic formation (singularities). Since this problem is only noticeable when
perturbations grow large enough, the synchronous gauge can be safely used in the linear regime
(|00/p0] < 1) [227).

We have the components of the perturbed Einstein tensor (from Eq. (2.91)) in the synchronous
gauge
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1 h ,
0o _ 2 S
6G% = — [% <<I> - 3) +6HD ] , (2.131)
2ik;
6G; = —a—; : (2.132)
N 1 1" / ]_ 1" ! .
5Gy = — {2@ + K20+ 4HE + 2 (hS + 2Hh, — k2h5>] 5i (2.133)
kik] 1 1 1" /
-5 [cp ~shit <hs + 2’H,hs>] , (2.134)

while components of the perturbed Einstein equation for n minimally coupled perfect fluids read

h ,
2 S _ .
k <<1> - 3> +3HD = —47rGZ5pZ, (2.135)
;b
2 <<I> - ;) = 47Ga? Zp§0> (1 + w;) 6, (2.136)
" ’ 2 hs
hy +2Hb, — k* (@ — ) =0, (2.137)
and

" / hS

30 4 6HD + k? (@ — 3) = 127Ga? Z(Spi : (2.138)

where the sum on i goes over all n fluid components in the model. The corresponding equations
determining the evolution of 05, (from V,0T"q = 0) and 6, (from V,6T*; = 0) for each fluid ¢ are
given by

5+ 3H (2 — w) & + (1 +w) (ek —3q>;) —0, (2.139)
and
’ 2 Cka
— . =0. 2.14
Ok +H (1 368) 0y, 1+w5k 0 ( O)

Combining Egs. (2.135)) and (2.138)) we determine the evolution of ®

1" ’ ].
O’ +HE — A Z (1+3c2;) Qo =0, (2.141)

2

closing the system of equations describing the scalar perturbations.
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2.3.6 Statistical description of the density field

Linear perturbation theory is not expected to predict the exact value of the density contrast field
at some particular time and location. Hence, we got to rely on a statistical treatment to compare
the predictions of the theory with observations. Usually one assumes that the density contrast is a
random field with its statistical properties being determined from a distribution function. In this

regard, a useful descriptor is the two-point correlation function

E(r)=(0(x)0(x+r)), (2.142)

where r is the vector distance and r = |r|. Note that statistical homogeneity forces the correlation
function to depend only on r i.e. that the statistical properties of the field do not change under a
spatial translation. Moreover, statistical isotropy ensures that £ (r) depends only on the norm of r.
The angle brackets in Eq. indicate that the average is taken over all realizations of the field,
being also known as the ensemble average. In practice, cosmological observations can only measure
one realization of the density field (corresponding to the particular realization in our Universe).
However, one may assume that sufficiently large and independent volumes have similar statistical
properties (i.e. that these regions represent a fair sample of the Universe), so that measurements of
the field on these different volumes can be considered as measurements of independent realizations.
In other words, the sample average coincides with the ensemble average, an assumption known as

the ergodicity hypothesis. Writing the two-point correlation function in Fourier space one has

(0k0p) = < d%a elkex / d*z'5 (x) e—ik“X’> (2.143)
= / Bare™ / dPre~ ™ 40) (5 (%) § (x + 1)) (2.144)
= / B’ / dBre (r)ye T (2.145)
= (2m)*op (k — K') P (k) , (2.146)
where
op (k—K) = (er)g / dPpet(k=k)x (2.147)

is the Fourier transform of the Dirac’s delta and, since the density contrast is a real field, we
have used 0 = 0_k (the star indicates complex conjugation). The quantity P (k) depends only
on k = |k|, and it is usually called the power spectrum of the field, being defined as the Fourier

transform of the correlation function

P (k) = / dre (r)e T (2.148)
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Standard inflation models predict a Gaussian distribution for the primordial density field, as well
as a power law for the primordial power spectrum P; (k) = Agk™, where ng is the spectral index
and Ay is the amplitude. Notice that, for a linear evolution, the density field preserves the initial
statistical distribution, and remains Gaussian at any later time. Thus, the statistics of the linear
density contrast field is completely characterized by its correlation function or, equivalently, by its
power spectrum. The primordial power spectrum is then modified by the evolution of linear density

perturbations as

P (kyn) = [62T2 (k) P, (k) | (2.149)

where T (k) is the transfer function, which enable us to process the primordial power spectrum
from the radiation era to late times using linear theory. In general, we shall use the Boltzmann

code CLASS to compute the power spectrum for the models that are discussed in this thesis.

While the shape of the primordial power spectrum can be fixed by Inflation theory, its initial
amplitude is not specified and has to be fixed by observations at a certain scale. The usual way to
do this normalization is through the variance in the smoothed density field. Let us start by writing

the variance of the field

0 = (5 (x)?) ~ (5(x))” = (Qi)3 / BEP (k) (2.150)

where (6 (x)) = 0 by definition (as the density contrast is a random field). One can then define a

parameter og as a weighted average

1
(2m)°

with W (k, R) being a window function. A typical choice is to consider a spherical top-hat filter

/d3kP (k)yW? (k,R) = 1 /OOP(k) W2 (k, R) k*dk, (2.151)
0

2 _
R = 272

What (z, R) in real space, such that it assigns a constant weight for z < R and a zero weight for

x > R. The Fourier transform of this filter is given by

sin (kR) — kR cos (kR)
(kR)®
One can fix the amplitude of the power spectrum from Eq. (2.151f) once o is known, the usual

choice for the normalization being R = 8 h~! Mpc.

. (2.152)

What (k, R) = /dSJUWhat (z, R) e k¥ =3



Chapter 3

UDE: Perfect fluid models

3.1 Single dark fluid hypothesis

The dark sector can be defined, to a good approximation, as the cosmological content that couples
only through gravity with the fields of the standard model of particle physics — despite the exper-
imental efforts to detect signatures of possible interactions via any of the other three fundamental
forces, so far its presence has been inferred only gravitationally. Within the standard cosmolog-
ical model, which assumes General Relativity and the Cosmological Principle, the dark sector is
separated into two components: CDM, and a cosmological constant. This is however, a quite cir-
cumstantial assumption; historically, CDM was required to account for the observed dynamics of
galaxies and clusters of galaxies well before the first evidence for the late accelerated expansion of
the Universe. As it turns out, such decomposition into two independent components is not even

unique.

To make it more concrete, let us define the energy-momentum tensor associated to the dark sector

as
1 .
(dark) __ _ m(visible)
T#Var — 87TGGMV T/J,ZIISI e 7 (31)
being T,S\,ﬁiSible) the energy-momentum tensor of the content which can be observed directly (i.e.

through the detection of photons). Gravity alone is only sensitive to the total Tﬁgark) and, therefore,

can not discriminate the number of individual components that comprise the dark sector. This
remark was first made in [228], being further explored in [229-231], and it has become known
as the dark degeneracy (see also [232-235]). In general this degeneracy could be broken if, for
instance, dark matter particles [236] or a dark energy field |237] were directly detected in laboratory
experiments. However, as we have mentioned above, up until now no conclusive evidence for a non-

minimal coupling between these dark entities and standard model particles has been found [109,238|.

Our ignorance of the fundamental nature of T, ,Sﬂa“‘) precludes a definitive answer regarding the

number of dark components. Thus, even if dark matter and dark energy manifest differently at

36
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the macroscopic level, there is still the possibility that they may share a common origin. Unified
Dark Energy (UDE) models are built upon the hypothesis that the entire dark sector can be
characterized by a single fluid or field. The first definite prototype of a UDE model, known as
the Chaplygin gas [239], is able to mimic matter and a cosmological constant, depending on the
value that its local density takes. Such unification scenarios can be achieved in several ways
and were extensively explored in the literature: these include generalizations to the Chaplygin gas
equation of state [160-162,240-250], k-essence models [251}252], tachyon fields [253-255], logotropic
fluids [163},256], UDE models with a fast transition |257,258], and even a negative mass fluid [259].

In this thesis we shall mainly focus our attention on UDE isentropic perfect fluids, with an equation
of state of the form p = p(p) or, under suitable conditions (that we shall discuss in more detail in
chapter , by a real scalar field ¢ whose dynamics is described by a purely kinetical Lagrangian
L(X), where X = —VHoV ,,0/2.

3.2 The Chaplygin gas

The Chaplygin gas (CG), pioneered in a cosmological context by Alexander Kamenshchik and

collaborators [239], is defined as a perfect fluid obeying the following barotropic equation of state

A
w = T (3.2)
where A is a positive constant. An interesting generalization of Eq. (3.2]), known as the Generalized

Chaplygin gas (GCG), was proposed in [240]

A
pgcg = - (33)
Pgcg
The additional parameter « is usually assumed to lie in the range 0 < o < 1. As we shall discuss
later, negative values of « lead to instabilities associated with imaginary sound speeds, whereas

a > 1 would imply a maximum sound speed greater than the speed of light.

It is noticeable from Eq. (3.3) that the GCG approximates the behavior of a pressureless fluid
for sufficiently large values of the energy density i.e. pgecg —+ 0 as pgeg — 00. On the other hand,
since the pressure is always negative for any A > 0 and pgcg > 0, the condition for an accelerated

expansion (i.e. ¢ > 0) can be realized if the energy density is low enough.

3.2.1 Background dynamics

From the continuity equation given in Eq. (2.63)), one may determine the evolution of the energy
density of the GCG with the scale factor. The differential equation

dpgc 3
f =~ Pacs (1 + wgeg) (3.4)

admits the analytical solution
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1
Pgeg (@) = Pgego [Z“‘ (1 - Z) a73(1+a)} o (3.5)
where A = A/ pé(',;%. Hence, the equation of state parameter as a function of the scale factor is
given by
A
N R N (P (3.6)
and its value at the present is simply wgego = —A. As the Universe expands, the GCG model

interpolates from a matter state (wgeg ~ 0) at early times

1

1 3(1+a)

L A
Pgcg =~ Pgcgd (1 - A) e g3 for a< (114) ) (3.7)

to a dark energy state at later times, asymptotically approaching a cosmological constant at suffi-

ciently late times (wgeg ~ —1)

1.0 — vee
- S
0.0
—0.51
102 1071 10" 10" 10

a

2
S,8Cg

(green lines) as a function of the scale factor a, with A = 0.7. The different line styles correspond
to the choices a = 1 (solid line), & = 0.5 (dashed line) and o = 0.1 (dotted-dashed line).

Figure 3.1: The equation of state parameter wge, (blue lines) and the sound speed squared c,

1 A _3(1}‘-a)
Pgeg & pgchA e for a> <114> , (38)

as depicted in Fig. (blue lines). Hence, the value

1
A T 3(0+a)
== , 3.9
“ (1—A> (3.9)
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defines the transition scale factor between both regimes (i.e. when wge,e = —0.5). The limiting
vacuum-like state for a — oo means that the GCG energy density has a non-zero minimum value,

set by the model parameters A and «a.

Considering that the background dynamics is dominated by a GCG fluid, the transition between a

decelerating and an accelerating regime occurs when

_ 1

_ 3(1ta
ag—0 = (12AA> e . (3.10)
Therefore, the condition for an accelerated expansion at the present time driven by the GCG fluid
can only be met if A > 1/3 (note that, given any o > 0, the GCG behaves essentially as CDM
for A =0, and as a cosmological constant for A = 1). From Fig. one may also note that the
steepness of the GCG equation of state parameter function wgeg (a) interpolating from wgee ~ 0 to
Wgeg ~ —1 is sensitive to the value of a, the transition being faster for larger values of . Models
that enter an accelerated epoch at earlier times also experience a quicker transition. Eq.
shows that the scale factor at which the background starts to accelerate is mostly influenced by A,

higher values of A corresponding to models with lower a,—o.

Another interesting (and convenient) property of the GCG is that of being completely degenerate
with the ACDM model for « = 0. Indeed, it is clear that from Eq. (3.5) and fixing o = 0 we

recover the same background evolution

Pgcg (@) = pgego [A+ (1 — A) a_?’] , (3.11)

once we make the following identifications: pp = nggOZ and pedmo = Pgego (1 — Z) (in a Universe
dominated by the GCG these would simply be Q4 = A and Qeqmo = 1 — Z). This equivalence
between the GCG in the a@ = 0 limit and the ACDM model holds not only at the background level,
but at any order [260].

3.2.2 SNIa constraints

We use the Pantheon SNIa compilation [261] (see Appendix for further details) to place con-
straints on the GCG parameters A and «, assuming flat priors in the interval [0, 1] for both param-
eters. We consider a Universe containing baryons and a GCG fluid, so the Friedmann equation for

our model is

H? = H? {Qboa_3 + Qgego [Z +(1-4) a_3(1+0‘)] } : (3.12)

where Hy = 67.3km s~ Mpc™!, Q9 = 0.0487 and Qgego = 1 — Qo (the radiation component is
negligible for the background dynamics at z ~ 1 — 2). The absolute magnitude M is taken as a
nuisance parameter in the luminosity distance estimate. Since Hy is degenerate with M, the specific
value of the Hubble constant is irrelevant for the obtained SNIa constraints (the uncertainty on M

is marginalized).
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1

0.7 0.8 0.9
"’—l

Figure 3.2: Pantheon SNIa data constraints for the GCG parameters A and a. Darker and lighter
regions correspond to the 1o and 20 confidence level, respectively. For the analysis we consider a
cosmology with Qe + Q1 = 1 where Q9 = 0.0487 (the radiation component can be safely ignored
in the analysis).

The 1o (darker red) and 20 (lighter red) confidence regions are shown in Fig. After marginal-
izing over a, the parameter A is restricted to 0.713 < A < 0.845 at a 95% level; o, on the other
hand, is not so well constrained by the data. Since the luminosity distance depends on a double
integration of wgcg (2) over some redshift (or scale factor) interval, SNIa measurements are mostly
sensitive to an effective wgeg (Which strongly depends on A, see Eq. ), and not so much to its

time variation [262].

The combination (Z, a, M) for the best-fit has a minimum x? of 1027. Although the original
Chaplygin gas model lies outside the 1o region, a separate run with o = 1 gives a similar goodness
of fit (considering the number of SNIa data points of ~ 10% and the fact that it has one free
parameter less), with x2. = 1029. Regarding the ACDM limit of the GCG model (i.e. a = 0),
one may find the corresponding A using Q4 (or Qcqmo) as mentioned in the previous subsection.
Taking the conservative estimate 2y = 0.7 for the cosmological constant density, the resulting value
A=Qx/(1 - Qo) =~ 0.74 is found the be within the derived 1o limits.

3.2.3 Evolution of linear density perturbations

Due to a smooth transition from a matter state at early times to a present epoch of accelerated
expansion, the GCG model is compatible with SNIa data for a wide range of . In this regard, a
GCG equation of state is able to mimic both dark matter and dark energy at the background level.
However, if it is to be considered as a viable alternative to CDM, one would expect the GCG to

also account for the observed large scale structures in the Universe.

As discussed in Sec. a fundamental quantity in linear perturbation theory is the sound speed
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(introduced in Eq. (2.108])) which relates the pressure and energy density perturbations. In the

case of a barotropic fluid the pressure depends on p alone, so one has

_dp
=
Taking Eqgs. (3.13)) and (3.3]), one finds that the sound speed squared associated to the GCG model

is given by

2
Cs

I
<l

(3.13)

A
2
Csgeg] = O‘pég;ga' = —OWgcg - (314)

If the GCG has a matter like evolution, then cz[ ece] ™ 0 irrespectively of the value of . With the
background transition to a dark energy state, wgce approaches —1, so the sound speed squared
is bounded by a. This behavior can be seen in Fig. where we plot cg[ ecel (green lines) as a
function of the scale factor, considering three values of o (o« = 1, 0.5 and 0.1, corresponding to
the solid, dashed and dotted-dashed lines, respectively). For the original CG, the maximum sound
speed attained as wgee — —1 equals the speed of light i.e. 2

s[geg
the ACDM limit) then cz[gcg] = 0 at all times, while for & < 0 the GCG admits negative values of
the sound speed squared.

| = 1. If @« = 0 (corresponding to

To study the evolution of linear density perturbations with a comoving wavenumber k in a Universe
dominated by a GCG fluid, on scales much smaller than the horizon (i.e. k> aH) we may use Eq.
(12.129))

. . 3 c kN2

e+ (24 3% eg) — Oty ) Higeg — [2 H? (1= 6620 — 31y + i) <[gag}> ] Sgeg = 0.
(3.15)

Here the derivatives of dgc are taken in order to the cosmic time (note that we consider conformal

time in the derivation of Eq. (2.129))). Before analyzing Eq. (3.15)) with all generality, let us first

briefly examine how the sign of the sound speed affects the evolution of the density fluctuations

in the absence of gravity. Neglecting the effect of the cosmic expansion (effectively taking the
Minkowski limit H — 0 and fix a = 1) Eq. (3.15) reduces to

O + 225, = 0. (3.16)

Substituting the ansatz 0 o exp (At) it is a simple matter to show that d; admits an oscillatory
solution for ¢2 > 0, while if ¢2 < 0 the solution is composed by a growing mode J;, x exp (cskt) and
a decaying mode Jj o exp (—cgkt). The decaying solution quickly becomes irrelevant with respect

to the growing one, so it can be safely neglecteﬂ

Considering now the full equation for the evolution of linear perturbations one finds that Eq. (3.15))

!Throughout this thesis we will consistently ignore decaying solutions.



CHAPTER 3. UDE: PERFECT FLUID MODELS 42

admits a growing solution provided that

3 (aH\?
2
lSlect] S 5 <k> - (3.17)

The non-null sound speed sets a characteristic length defining the stability criteria for the pertur-

T
Ay = les) /?p, (3.18)

being known as the Jeans length [216]. Therefore, for physical scales A\, = (27/k) a larger than

Alfgea]s
AJgeg] and Cglgeg] > 0 the density fluctuations oscillate and inhomogeneities do not grow due to

bations

linear density perturbations can grow via the gravitational instability. In contrast, if A, <

pressure support. On the other hand if . < 0 the GCG density perturbations on physical scales
smaller than the Jeans length are exponentially unstable. Note that, since the Jeans length gets
smaller for higher energy densities, smaller scales may become gravitationally unstable at earlier
times (remember that at the background level pgee — 00 as a — 0). Regarding the particular o = 0

case, the linear sound speed and the Jeans length are identically zero at all times.

Hence, as the sound speed starts to deviate from zero with the transition to a dark energy state,
the condition given in Eq. (3.17) can only be met on ever larger scales. Using Eq. (3.17) one may

estimate the upper bound

la] <1072, (3.19)
where we take wgee = —1, Ho = h/3000 Mpc~t and k = 0.1 o Mpc™! (i.e., a comoving scale firmly
in the linear regime).

3.2.4 The GCG power spectrum
To compute the linear GCG power spectrum, here we shall consider the fitting form of Bardeen,

Bond, Keiser and Szalay (BBKS) transfer function [263]

k E\2 E\3 N
L+3.89- + (16.1F> + <5.46F> 1 (6.71F) ] , (3.20)

where k is given in units of A~ Mpc and the coefficient I' = Q0h is the shape parameter. In this

In (14 2.34%)

Tk = 2.34%

way, one takes into account the stagnation period of the GCG perturbations during the radiation era
for scales inside the Hubble radius (due to the Mészéros effedﬂ) to process the primordial power

spectrum. In order to solve numerically Eq. (3.15) we use the independent variable y = In (a)

2Even if CDM (or, in our case, the GCG) does not couple to photons, the rate of expansion during the radiation
era prevents the gravitational collapse. However, this effect is not experienced for perturbations on scales larger than
the Hubble radius at the matter radiation equality (only during the matter era they become smaller than the Hubble
radius).
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instead of ¢. Then, one may rewrite Eq. (3.15)) as

d*Sgeq 2 dogeg |3 2 2 2 A%
02 +(2 + ¢ — 6wgeg + 3cs[gcg]) a — [2 (1 — GCS[gCg} + Swgeg — 3wgcg> — Clgeg] <QH> ] Ogcg = 0,
(3.21)
with ¢ = —3 (1 + wgceg) /2. Since we consider small values of a, we fix A = 1 — Q0 for Qo = 0.315.
Eq. is numerically solved for each k from a = 1072 up to a = 1, starting with a set
of normalized initial conditions. Combining these solutions at a = 1 with Eq. one gets
the linear GCG power spectrum from Eq. , where we take ng = 0.96 and the spectra is

normalized such that og = 0.83

In Fig. 3.3 we plot the predicted linear GCG power spectra for values of a close to the bound
given in Eq. . Indeed, if |a| > 1075 the power spectra on linear scales start to deviate sig-
nificantly relatively to the ACDM result, showing fast oscillations on smaller scales (corresponding
to fluctuations on physical scales bellow Aj). Note that we also show in Fig. models with
a = —10"% and a = —1075 (solid blue and green lines, respectively), for which cg[ gcg] < 0. The
GCG is well behaved for small k, giving rise to a ACDM-like matter power spectrum on linear
scales if |a| > —1075. However, in these cases the density fluctuations are exponentially unstable

on small scales, and the GCG power spectra blows up, unless if « is close enough to zero.

10°
10*4
P()|_ \

107 — o= o ‘\ 1\
- a=10"" || " “\\,
o it Y \A \

100 e — ......"ll. .‘..'.‘..‘.
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k (h Mpc™h)

Figure 3.3: The present linear GCG power spectra for a = 0 (black line), |a| = 107 (green lines)
and |a| = 107* (blue lines). The amplitude of the power spectrum is normalized such that all
models agree on very large scales. Deviations with respect to the ACDM model on linear scales
(i.e. k <0.1 h Mpc™!) are significant if |a| > 107°.

3.2.5 Matter power spectrum constraints: GCG -+ baryons

By comparing the theoretically predicted GCG matter power spectrum against that observed with
the 2dF Galaxy Redshift Survey |264,265], the work [266] strongly constrained the value of « to be
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Figure 3.4: Left: GCG observational constraints in the (a,Z) plane (the other free parameters
being marginalized). The constraints coming from large scale structure data (SDSS DR7) are
shown by the green regions (darker areas correspond to points with an higher likelihood). The
SNIa constraints (Pantheon) presented in Sec. are shown by the red contours. Right: lo
and 20 confidence regions for values of « very close to zero that are allowed by the observations
(corresponding to the ACDM limit).

very close to zero. Taken at face value, such result imply that the GCG model would have to behave
essentially as ACDM. However, the analysis made in relies on the simplifying assumption of a
cosmology in the absence of baryons. By having a very small sound speed, baryons can still keep the
growth of inhomogeneities when the density fluctuations of the GCG start to decay. Therefore, the
influence of baryons on structure formation should not be ignored. If one considers the contribution
of the baryonic density fluctuations to the matter power spectrum, any value of « in the range [0, 1]
is consistent with the 2dF Galaxy Redshift Survey data within 3o, as reported in [160].

Following the same reasoning, we have obtained similar results to [160], though here we use a
different (and slightly more recent) matter power spectrum data set from the SDSS DR7 (see
Appendix , and the matter power spectrum is obtained from our implementation in CLASS
(see Appendix . Flat priors for o and A have been assumed (between [0,1]); h and Ag (the
power spectrum amplitude) are also left free in the analysis, with the priors being [0.6,0.8] and
[10_11,6 X 10_9], respectively. The observational constraints in the (Oz,Z) parameter space are
shown in Fig. with the uncertainties on h and Ag being marginalized. Notice that there are
two disjoint green regions in the left plot, with the largest one showing that a good fit to the data
is possible for wide range of values of «a, in particular & = 1. The very small region around « ~ 0
and A ~ 0.75 correspond to the ACDM limit of the GCG. Due to the lack of resolution of this
tiny area on the global constraints, we ran a separate MCMC analysis focusing on small values of
a (see right plot in Fig. [3.4). The overlap of the green regions with the SNIa contours show that
both the original CG proposal (i.e. a = 1) and the ACDM give an equally good fit to the data.
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However, the large region is only possible for small values of og and As (see Fig. , which can
be ruled out if combined with CMB data. On the other hand, the small region for small values of
a (corresponding to the ACDM limit) is compatible with all SNIa+WL+CMB probes combined.

These conclusions are consistent with the analysis presented in [245].

0.369

& 0221

0.0727

0.01 0.613 1.09 0.0727 0.221 0.369
A, x 10° o3

Figure 3.5: GCG observational constraints in the (o3, As) plane (the other free parameters being
marginalized) obtained from large scale structure data (SDSS DR7) corresponding to the large

region in Fig. B4

Notwithstanding the obvious importance of considering baryons in the matter power spectrum
analysis, CMB constraints are able to impose stringent limits on the GCG model [243,[245/[248[268),
269| (particularly on large angular scales [246,252]), forcing « close to zero. Beware that this result

only applies as long as linear perturbation theory is a valid approximation for large scales. As we

shall discuss in more detail in chapter [}, the usual linear treatment is not enough to characterize all
the relevant physics, neglecting the potential effect that inhomogeneities have on the cosmological
evolution of the GCG and, in general, on other UDE models. Hence, a more careful analysis may

significantly change the results that we have discussed in this section.

3.2.6 Logarithmic limit of the GCG model

So far, when taking the o — 0 limit of the GCG, a finite A > 0 was always implicitly assumed. As
we have mentioned, in this limit the GCG is completely equivalent to the ACDM model. However,
a regularization of the limit (o« — 0, A — o0) leads to a model with a logarithmic equation of state,
as we have shown in Thesis paper 2 . Following the steps of our work, let us start by recalling
the equation for the sound speed of the GCG
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A

geg] — Y1
Pgcg

i (3.22)

Note that, from the definition of the sound speed (i.e. ¢2 = dp/dp), one we may integrate Eq.
(3.22)) to obtain the corresponding pressure for a # 0

A
Pgeg = ——— +C, (3.23)
gcg

where C' is a real constant which is usually assumed to be equal to zero. Rewriting Eq. (3.23) as

Pocy = — — +C, 3.24
8ee pg ngg ( )

and expanding around o = 0 gives

Pacg = A [—1 +aln (picg> +0 (a2)] +C. (3.25)

Considering the following limit

A= lim a4, (3.26)
A—o0
a—0

such that A is finite and C' = A, one obtains a logarithmic equation of state

DPlog = Aln (plog) s (327)
P
with the sound speed squared being equal to

A
Plog '

Calog) (3.28)
This logarithmic limit of the GCG (that we shall refer to as logCG) is one of the simplest extensions
of the standard ACDM model containing a single extra parameter. By tuning the value of A and
the reference density p,, this model allows for the study small deviations from the ACDM model.
On the other hand, the ACDM model can be obtained by considering the A — 0, p, — oo limit,
with finite Alnp,. In Sec. we shall derive a Lagrangian formulation for this model in the

non-relativistic limit.

3.2.7 The modified CG

As previously discussed, the GCG sound speed has a huge impact on the GCG power spectrum at
late times, specially on small scales. Effectively, the sound speed is zero when the GCG behaves
firmly as CDM, and only starts to become large as the fluid transitions to a dark energy state (if
a > 0). Let us now consider the following generalization of the GCG equation of state, known as
the modified Chaplygin gas (MCG) [241},270]
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A

pmcg = Bpmcg - e (329)
Pmcg

Here B is a constant parameter, and for B = 0 Eq. (3.29) reduces to the GCG model. Using Eq.
(2.63]) the background evolution of the energy density in the MCG is

prcs = pso [ A+ (1 - A) a2080500] 52 (3:30)

with A = Ap;lgga)/ (14 B). Similarly to the GCG, the MCG model tends to a vacuum-like state as
a — 00 (i.e. Wmeg — —1) corresponding to an energy density pmeg (@ — 00) = [A/ (1 + B)]Y/(+e),
On the other hand, for small values of the scale factor the energy density scales as a3(1+5),
Therefore, B parametrizes deviations with respect to a pressureless CDM behavior at early times

[one has wyeg (a — 0) = BJ.

The MCG sound speed squared is obtained from Eq. (3.13))

dp A

Slmee] dp Pmcg

Notice that, for B > 0 then ¢ymeg — VB in the Pmcg — 00 limit. Thus, if the MCG is taken as
a UDE model, the extra parameter B # 0 accounts for a non-zero sound speed associated to the
effective DM component i.e. in the high density regime. Furthermore, assuming that the MCG
model plays the role of DM on galactic scales, it is possible to find an upper limit on the value B

from the observed rotational velocity of galaxies [162].

Measurements of the orbital velocity of stars and hot gas in galaxies strongly support the existence
of large amounts of DM (see discussion in Secs. and|[1.6.1]). Considering a spherically symmetric
distribution of matter with radius r (where r = 0 at the center), in the Newtonian limit the radial

orbital velocity profile v (1) is given by

() = TG, 02, (332)

where M (r) is the mass enclosed by a sphere of radius r, and p(r) = 3M (r)/ (47r?) is the

correspondent average density. At sufficiently large distances from the center, the rotational velocity
curves of spiral galaxies are typically flattened [271-273]. Considering these outskirt regions to be

at a distance r¢ from the galactic center, we may write

Gp(rr) = 5, (3.33)

for the flat part of the rotation curves, where v (rf) = v¢ ~ const. The positive value cz[mcg] — B
attained for large enough energy densities implies a Jeans length larger than zero, which determines

the stability criteria of MCG DM halos. Using Egs. (3.18) and ([3.33]) one obtains
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)\J[DM] \/Z Cs[DM]
= S22 .34
T 3 vr (3.34)

Since collapse may only occur on scales smaller than r¢ if Aypyy < r¢, we have

3 vs
In turn, this implies the following inequality
3 /vp\2

The values for v derived from the observations of rotation curves in spiral galaxies are of the order
of v¢ ~ 1073 (typically in the range vf ~ 100 — 300 km s~! [271}273]). Hence, from Eq. (3.36]) we

get a conservative estimate for an upper limit on the value of B allowed by the data

B <1078, (3.37)

This restriction is consistent with those obtained by other authors using a wide variety of data to
constrain the MCG model, including BAO, CMB and matter power spectrum observations [274-281]
(see [250] for a more recent analysis). The constraints on the parameter B presented in these works
are, however, not as stringent as the one given in Eq. (as further explained in [162]).

3.3 The logotropic model

Fluids defined by a logarithmic equation of state (also known as logotropes) were first considered
as a phenomenological approach to the analysis of the gravitational collapse of molecular clouds
[282,[283]. More recently, Chavanis proposed a cosmological model based on a logotropic equation
of state, as a way to achieve a unification of dark matter and dark energy from a single perfect fluid
[256,284]. Remarkably, it was claimed that the logotropic model could predict several observational
results that the ACDM model fails to explain in a satisfactory way, while having the same number
of free parameters. Thenceforth, the logotropic model raised considerable attention, being tested
against observations [285,286] and further extended by other authors in [287-290] using the so-
called Anton-Schmidt’s equation of state [291] (originally introduced to describe the pressure of
crystalline solids which deform under isotropic stress). However, these works fail to critically assess
the viability of the logotropic model as a single dark fluid. Following closely the analysis presented
in Thesis paper 1 |163], in this section we shall present the main features of the logotropic fluid,
and discuss in more detail implications of this UDE model on the cosmological dynamics, structure

formation, as well as on the stability of DM halos.

3.3.1 Logotropic equation of state

The logotropic fluid has an equation of state of the form [256,284]
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n

p(n) = A In <n> : (3.38)

%
where n is the particle number density of the fluid, and Ay and n, > 0 are constant parameters of
the model. Owing to the properties of the logarithmic function, the parameter n, sets the condition
for vanishing pressure of the logotropic fluid i.e. p = 0 if n = n,. Inserting the logotropic equation
of state given by Eq. into Eq. one obtains the energy density p as a function of n (see
top panel in Fig. |3.6)

n /
p(n) =mn+ n/ pr(;)dn’ =n— A In (:) — Algs (3.39)

*

where in the last term we set m = 1. Taking the derivative of Eq. (3.39) one finds that the

minimum energy density

A
P(min) = —Algt In ( ngt> (3.40)

%
is attained for n = Ajg;. Hence, to satisfy the condition p > 0 for any given n > 0, the parameter
Ajgt is bounded to 0 < Ay < n, (which we shall assume henceforth). Considering the particular
case Ajy = 0, and assuming that n, is fixed to a finite value, Eq. is zero independently of
the value of n, and the energy density is simply p (n) = n. Also notice that Eq. has the well
defined limit

lim p(min) =0. (341)

A]gt—)o

Despite being originally defined by an equation of state of the form p = p(n), it is interesting to
note that the logotropic model admits an explicit barotropic formulation p = p(p), as we have
shown in [163]. Combining Eqs. (3.38)) and (3.39)), and after some algebraic manipulation, we get

p+p p+p 3
(— At - 1> exp (— At - 1> = f(p), (3.42)

where

Flp) = —Zl; exp (—Ap - 1) . (3.43)

lgt

Eq. (3.42) may be solved using the so-called Lambert W function [292], provided that f (p) > —e~!
for any value of the energy density. This function has a minimum f (p(min)) = —e~! [with P(min)
being given by Eq. (3.40)] so the condition f (p) > —e~! is always satisfied. Thus, the barotropic

equation of state for the logotropic model is given by
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Figure 3.6: Top panel: Ratio between the energy density of the logotropic fluid and Ajy as a
function of the number density, with n, being fixed to unity and Ajs = 0.2 (solid line), Ay = 0.5
(dashed line) and Ajs = 0.8 (dotted-dashed line). Blue and black lines correspond to dp/dn > 0
and dp/dn < 0, respectively. Bottom panel: Plot of the two real branches of the Lambert W
function Wy (f (p)) > —1 and W_; (f (p)) < —1. The color and line styles match the ones of the

top panel.
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e AT R (3.44)
Igt
< p(p) = —AgWilf (p)] —p — A, (3.45)

where W; is the Lambert W function, and the subscript ¢ = 0, —1 refers to the two real branches
of this multivalued function, with Wy (—e‘l) =W_; (—e_l) = —1. Notice that there is a clear
physical interpretation of these two real branches, as one may see in Fig. (bottom panel): the
branch W_; corresponds to a standard evolution of the energy density (i.e. dp/dn > 0), and W)
to a phantom regime (i.e. dp/dn < 0).

3.3.2 Logotropic cosmologies

We will now explore the logotropic fluid as a UDE model. For that purpose, we shall consider a
Universe filled solely by a dark fluid described by a logotropic equation of state. The background
evolution of the energy density in a FLRW Universe may be found as usual i.e. by plugging Eq.
into the continuity equation (given by Eq. ) and solving the resultant differential
equation. However, observe that, due to the conservation of the number of particles, the number
particle density scales as n o< a=3. From Eq. one immediately gets

-3
p(a) =npa > — Al In <n0§ > — Ay - (3.46)

*

Notice that the first term on the r.h.s. dilutes in the same way as matter as the Universe expands,
so we may identify ng = pmo. At the present time, i.e. for a = 1, Eq. (3.46)) provides the following

relation

1
Ny = QmopPo €Xp <1 + ) , (3.47)
Blgt
where
Ajgt
Byt = g >0. 3.48
B oo (1= Qmo) = (3:45)

Using Eq. (3.47)) one may rewrite Eq. (3.49)) as

p (a> = Po [Qmoa_3 + (1 - QmO) (1 + 3Blgt In a)] ’ (349)

while the pressure of the logotropic fluid is given by

p (CL) = —pPo (1 - QInO) (1 + Blgt + 3Blgt In a) . (350)

From the two free parameters Ajg; and n, that we started with in Eq. (3.38)), the dimensionless

quantity Bjg; remains as the only extra free parameter inherent to the logotropic model. Deviations
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with respect to the ACDM are found for logotropic cosmologies considering values of By larger
than zero. Observe that both models are completely equivalent for By, = 0: the limit Bjgy — 0
implies both Ay — 0 and n, — oo [from Egs. (3.47)) and (3.48)], with the pressure of the logotropic

fluid being, in this case, a negative constant

p(Blgt = 0) = —p0 (1 — QmO) . (351)
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Figure 3.7: The matter density parameter is fixed to 2,9 = 0.3 in both panels. Top panel:
Evolution of the equation of state parameter as a function of the scale factor (black lines) while the
blue vertical lines denote the value of the scale factor when w has a maximum or a minimum. The
solid, dashed, and dotted-dashed lines correspond to Bjg; = 0.1, 0.5 and 1, respectively. Bottom
panel: Evolution of the sound speed squared as a function of the scale factor. For illustration
purposes, we just plot ¢ for the values Bigt = 0.1 and 1 (solid and dotted dashed lines, respectively).

From Egs. (3.49)) and (3.50) one obtains the equation of state parameter as a function of the scale

factor
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_ (1 = Qo) (1 + Bigt + 3Bigt Ina) (3.52)
Qmoa—?) + (1 — ng) (1 + 3Blgt In a) ' '

Similarly to the GCG, the logotropic dark fluid mimics dark matter at sufficiently early times, and
asymptotically approaches a cosmological constant state as a — oo [Eq. has the limiting
cases w (@ — 0) = 0 and w (a — c0) = —1]. However, the intermediary behavior is in general not
as smooth (see left plot in Fig. [3.7). Before the transition to a DE state the equation of state
parameter is a positive and growing function, reaching a maximum before becoming negative for

a > a(,—p), where

14 Bigt
a(p:()) = exp <_3_Blgtg> . (353)
As w decreases, it passes —1 for
Qm
; 0 (3.54)

a(w:—l) - Blgt (1 - QmO) ’

and reaches a minimum before converging asymptotically to —1. The extrema of w occur at

Qmo Big (1 — Qo) 1

3 g

extrema — - Wz — -2 - , .
Gext \/ Blgt (1 - Qmo) |: Qmo xp Blgt (3 55)

with the branches ¢ = 0 and ¢ = —1 giving the value of the scale factor when w is maximum and

minimum, respectively (see blue vertical lines in Fig. [3.7]).

Therefore, the DM-DE interpolation in the logotropic model strongly depends on Bigt, with higher
values resulting on a steeper transition and larger absolute values for the extrema of w. Conse-
quently, the background evolution deviates significantly with respect to the ACDM model, unless

Bigt is sufficiently small. As mentioned in the previous subsection, Ajg; < ns4 is required for consis-
tency with p > 0 at all times. Using Eqs. (3.47)) and (3.48) one gets

Big < |Wo (27 <2, (3.56)

where we take the reference value Q0 = 0.3. If the upper limit is considered, notice that both
extrema for w would occur for the same value of the scale factor (from Eq. (3.55))).
3.3.3 Constraint on B, from the growth of cosmic structures

From the usual definition for the sound speed (i.e. ¢? = dp/dp), and taking into account that for
any branch dW (z) /dz = ='W () /(1 4+ W (z)) (except for # = 0 and 2 = —e~!) one obtains

from Eq. (3.45))

T (3.57)
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The logotropic sound speed is positive in the W_; branch, negative in the Wy branch, and diverges

when f (p(min)) = —e~ L. From Egs. (3.47) and (3.49), and using the identity W; (ze®) = x (valid
for both branches) we may write the sound speed as a function of the scale factor

2 ( g -3 1) B (3.58)
Cs = —_———Q — . .
Bigt (1 — Qo)

Unless Bigy is exactly zero (in which case ¢, = 0 at all times), the sound speed diverges at A(w=—1),
being positive for a < a(,—_1), and negative for a > a(,—_1) (see right plot in Fig. . In models
with Bigy < Qmo/ (1 — Qmo) the sound speed diverges only for a > 1, so the logotropic fluid can be
taken as an effective model up to the present time without facing any discontinuity on the evolution

of the sound speed.

In the following discussion we consider a Universe dominated by a logotropic fluid at sufficiently
early times, such that it still firmly evolves as DM (i.e. w ~ 0). Under this assumption, the sound

speed is well approximated by

2 Bigi (1= Qmo) 3

fon 0o a’, (3.59)

and p ~ n = pyoa~? (so the sound speed is always positive in this regime). Due to a non-zero
sound speed for Bjg; > 0, the growth of linear density perturbations can only occur on scales
larger than the comoving Jeans length (on smaller scales pressure gradients give rise to acoustic
oscillations, as we have discussed in Sec. . Using Eq. , and taking into account that
Pmo = 3HE Qo /(87G), the comoving Jeans length A5 = A;/a (see Eq. (3.18)) is given by

s 8
A \/B 1— Qo). 3.60
T QuoHo (1+2)2 V37" ( 0) (3:60)

One may estimate an upper limit on Byg by requiring that the linear growth of cosmic structures

is not significantly affected with respect to the standard matter era evolution on comoving scales
larger than R = 8h~! Mpc. Thus, the condition AS < R implies

3 (RHo )2 .
B ——(1 . .61

Taking z = 1 and Hy = h/3000 Mpc~! in Eq. (8.61), together with Q0 = 0.3 and R = 8h~! Mpc,
we get [163]

By S6x 1077, (3.62)

This upper limit on Bjg is more than three orders of magnitude smaller than the value By =
3.53 x 1073 considered in [256,284},285|, which was shown to provide a good fit to SNIa, BAO, and
CMB data (see also [286]). We shall now discuss the motivation behind this particular choice for
the value of Big.
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3.3.4 The role of the Planck density

The logotropic model, defined in Eq. , has two fundamental parameters, Ajz; and n.. The
dimensionless parameter Big is obtained combining Ajg, the present value of the energy density
po, and the matter density parameter €, (see Eq. ) The reference particle number density
N4, given in Eq. , depends on pg, Qmo, and Big.

Though it is a priori a free parameter of the model, n, has been identified with the Planck density

ppl in [256},284]. Assuming the values for the cosmological Q9 = 0.3 and h = 0.67, one may fix
the parameter Big using Eq. (3.47)

-1
Big = By = <ln < Pl > - 1) —3.53 x 1073, (3.63)
Qmopo

where pp1/po ~ 2.74 x 1022 =2, In this case, the logotropic model has the same number of free
parameters as the ACDM. However, given the analysis from the previous subsection, it is clear
that such large Bjg; would significantly affect the growth of linear perturbations on scales much
larger than R = 8h~' Mpc. Indeed, for Bigy = 3.53 x 1073, the linear density perturbations in
the logotropic dark fluid at z = 1 would be able to grow only on scales > 6002~ Mpc, in clear

contradiction with observations.

Due to the logarithmic dependence in Eq. (3.63), Big is rather insensitive to the exact values of
Ny, po and Qpo. In contrast, small changes on Bygg may led to very large differences on the value
of ny, specially when Bjgy < 1. Considering the constraint B < 6 x 1077 and using Eq. (3.47) one

has

T 1 1 ) 7x10°
2 ex —— ) >10 : 3.64
Ppl P (Blgt Bpl ( )

resulting on a value of n, which is many orders of magnitude larger than the Planck density [163].
Such a large value of the fundamental density of the logotropic fluid model may be hard to justify

at a more fundamental level.

3.3.5 Logotropic DM halos

Let us now consider that DM halos are described by a logotropic equation of state as given in Eq.
(13.52)). The structure of a spherically symmetric configuration of a perfect fluid in gravitational
equilibrium is completely determined by the Tolman—Oppenheimer—Volkoff equation [2931294]. In
the non-relativistic limiff| (where n ~ p, 2 < 1, and |w| = |p/p| < 1) it reduces to the classical

hydrostatic equilibrium equation

ldp ~ GM(r)

it (3.65)

3Notice that in the non-relativistic regime the logotropic equation of state is degenerate with the logCG defined

in Sec. @
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with M (r) being the mass inside a sphere of radius r, and p (r) = 3M (r) / (47r3) being the average

density. Thus, for a logotropic sphere one has

Ldp _ Asdp _GM (1)

— = = — 3.66
pdr p? dr rz (3.66)
that may be rewritten as
1 d (r*dp e
il Py =2+ 3.67
r2 dr (p2 dr) Ajgy P ( )

1

taking into account that dM/dr = 47r?Gp. One may easily check that Plgt o<~ is a solution of

Eq. (3.67). Therefore, the surface density of the logotropic sphere is a constant

Ajgt Bigtpo (1 — Qo)
Plgt? OC\/ Gf :\/ g o . (3.68)

Observations do seem to suggest that the central surface density of galaxy DM halos is nearly
constant and independent of galaxy luminosity [295] (see [296] for a different perspective). Using
the value By = 3.53 x 1073 (corresponding to the identification n. = pp), it was shown in [256}284]
that the estimated value of the surface density of logotropic DM halos is consistent with the one
inferred from observations. However, if the logotropic fluid is to be considered as a UDE model,
the upper limit B = 6 x 10~7 derived in Sec. would result on a value almost two orders of
magnitude lower. The same also applies to the claim that the logotropic equation of state with
n, = pp1 would also explain the observed Tully-Fisher relation and the mass of dwarf galaxies, since

both of these depend strongly on the surface density of the DM halos.

In order to derive the stability criteria of a logotropic sphere, we shall consider a homologous per-
turbation [297] i.e. we assume that the halo is initially in hydrostatic equilibrium and then expand
or contract the radius r = r(g) + o7, where 7(g) is the radius of the unperturbed configuration, and
or is a small perturbation. We employ the same notation for the pressure and density perturba-
tions, which also change in response to the change in the radius (assuming that [0p/p)| < 1 and

10p/p)] < 1). The equation of motion

. ldp GM(r)
r = ;% r2 (369)

reduces to the classical hydrostatic equilibrium equation for ¥ = 0. Notice that one may further

rewrite Eq. (3.69) as

M
FdM = —GTdM — 4drrdp, (3.70)
T

using the relation dM/dr = 4wr?p. Thus, the equation for the unperturbed configuration can be

written as
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M
GTdM + 4mr, dp() =0, (3.71)
"(0) v

while the perturbed configuration satisfies

GM

AM§ = ———dM — 4mr’dp. (3.72)
T

The substitution of p = p(g) + dp and r = r(g) + o7 in Eq. (3.72) gives

d? GM 2
dM —— (r() + 07) = ——————dM — 47 (12, + ) d (p) + op) (3.73)
Keeping only linear terms, one obtains
antsr = 25M srans - ar (257” + 57)) r0)dp(o) = 0. (3.74)
o) T(0)  P(0)

Now we must find how the pressure responds to a small change in the radius of the sphere. From

the logotropic equation of state one may relate dp and dp as

1 2P = Apetn | —pioy (14 22| & proy + A2, 3.75
P0) ( o tge I | = p(0) o (0) + Algt ” (3.75)

where the last term is found by Taylor expanding the logarithm In (1 +0p/ p(o)) ~ 6p/p(0)- Hence,
we find

(Sp = Algti . (376)
P(0)

In a homologous expansion or contraction, r and p vary, while leaving the shell mass dM unchanged

or\1? § or
dM = 4m |:7“(0) <1 + 1"):| P(0) (1 + p> dT‘(O) (1 + 7“> R (3.77)
(0) P(0) (0)
or  dp
- 2
S0 one has
0P _gor (3.79)
P(0) (0)

Combining Eqs. (3.74]), (3.76) and (3.79) one finally obtains
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. M
§r =G 54l (3.80)

T?O) In <p7§—(l))

Given the solution 6r o< exp (iwt) for this second order differential equation, one finds that the

logotropic halo is stable provided that

o GM| 3
- T(SO) In (p(o))

Tx

—4| >0, (3.81)

which implies that

3
P(0) > T €XD <4> ~ 2Ny . (3.82)

Therefore, if n, = pp the condition given in Eq. (3.82) could only be met for unrealistic large

values of p(g).



Chapter 4

UDE: scalar field models

Scalar fields are ubiquitous in cosmology, being central to the primordial inflation paradigm [31}[33,
34.1298-300], and considered as potential candidates to explain the current accelerated expansion
of the Universe [135],301,1302] or even CDM [303-305]. In the literature one may also find scalar
fields being evoked to describe, in a unified way, both primordial inflation and DE [306], while in
the works [307-309] it is shown that a single scalar field can account for CDM and both (early and
late) periods of acceleration. Indeed, the discovery of a Higgs-like particle in 2012 [310,311] (so far,
the only fundamental scalar field for which we have strong experimental evidence) reinforces the

idea that scalar fields play a fundamental role in physics.

We have so far considered a fluid description of UDE models, in which the dynamics is fully
characterized given an equation of state p = p(p) or, equivalently, by p = p(n). On the other
hand, it is well known that a minimally coupled scalar field in General Relativity admits a perfect
fluid description [312]. Therefore, if one starts by modeling the energy content of the Universe as a
collection of perfect fluids, an equivalent description (although contingent, as we explain later) in
terms of a collection of scalar fields is also possible. In this chapter we shall explore in more detail
this duality, focusing on scalar field theories that are appropriate to describe isentropic perfect
fluids.

4.1 Action functionals for perfect fluids

4.1.1 Schutz-Sorkin action

The derivation of the equations of motion of a perfect fluid from an action functional has been

studied by several authors [313-318|. We shall start by considering the following action

S:/d4$ _g£<ga57ja7¢)7 (41)
where the Lagrangian is given by

99
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£=F(il) +1°Vao, (4.2)

with 7% being the components of a timelike vector field j, ¢ is a scalar field, and F' is a function of

lj|, where

|.]’ =V —J%a = \/ _gaﬁjajﬁ- (43)

Varying the action with respect to the dynamical fields j* and ¢ (see Eq. (2.12))) leads to the

following equations of motion

5 1 dF

— = 0 =———Ja+ Va0, 4.4
5o g Ve -
oS o

From the definition of the energy-momentum tensor given in Eq. (2.11)) one obtain{l
dF j&j8 dF
T = ———= 2 4 (F— =7 g7, (4.6)
dljl il d|j|
where we have also used Eq. (4.4]). Let us retrieve the expression for the energy-momentum tensor

of a perfect fluid

7% = (p+ p) u“u’ + pg*”’ . (4.7)

Eq. (4.7) is obtained from Eq. (4.6 once the following identifications are made:

n = jl, 4.8
p(n) = —-F, (4.9)
dF
= F—n— 4.1
p(n) nil (410)
ja
¢ = = 4.11
w o= 2 (a.11)

Notice that combining Eqs. (4.9) and (4.10) one obtains the relationship presented in Eq. (2.53)
(with the chemical potential being given by u = dp/dn)

p+p=nu, (4.12)

!Notice that in Eq. (2.11) the energy-momentum tensor was defined in terms of the variation with respect to
the inverse metric (so the energy-momentum tensor was given in its covariant form i.e. with lower indices). In the

s(v=gL
present case one has T%° = % (6%2 ) = 2% + Lg* .
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which follows from the 1st law of thermodynamics. Hence, Eqs. (4.4)), (4.8]), and (4.11)) now define
the 4-velocity of the fluid as

Vo
u = — : 4.13
. (4.13)

associated with an irrotational flow, meaning that the spatial components of u® are curl-free in the

local comoving inertial frame (also referred to as potential flow, since in this case the 4-velocity
of the fluid is fully determined by the gradient of a scalar function). The normalization condition

u*u, = —1 implies that

p?=2X, (4.14)

where

1
X = —iv%vm >0, (4.15)
thus requiring the quantity V,¢ to be timelike. The equation of motion (4.5)) guarantees that the

fluid conserves the number of particles.

The Lagrangian we considered in Eq. (4.2) is a particular case of the following model (see e.g. [318])

S [904[3, 7% ¢, 0, s, A%, B, = /d4$\/ —g{—p(n,s) + 5% (Vad + sVal + B,V A%}, (4.16)

being usually known as the Schutz-Sorkin action. This more general Lagrangian, often considered
in the literature to describe a perfect fluid [319-327], considers s, 6, B, and A® as dynamical
variables (in addition to go3, n and ¢). Here p(n,s) is the energy density of the fluid as usual,
though in this case it is a function of both the number density n and entropy per particle s. From
Eq. one has the additional equations of motion

0S ap .
9o _ __YF .0, 4.1
55 0 s + 7Vl (4.17)
oS
— = o jo 5 4-1
2= 0 = Va(s?) (4.13)
08 16 a
SAe = 0 =jV,AY, (4.19)
1)
9 _ 0 =V4(j“Ba), (4.20)
B,
whereas
05 =0= @ua + Vad + sVal + BV, A, (4.21)

5o on
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replaces our Eq. (4.4) (note that Eq. remains unchanged). Here, the scalar field 6 works
as a Lagrange multiplier, ensuring that the entropy exchange constraint in Eq. is satisfied.
In combination with the particle number conservation equation [i.e., Eq. ] it implies that
j*V s = 0, which defines an adiabatic flow [328]. The Lagrange multipliers B, (where a = 1,2, 3)
restrict the fluid 4-velocity to be directed along the flow lines of constant A* [Eq. ({.19)], where

A are the Lagrangian coordinates of the fluid.

Thus, from the Schutz-Sorkin action defined in Eq. , some of the most important dynamical
and thermodynamical relations characterizing a perfect fluid undergoing an adiabatic flow can be
elegantly derived from the equations of motion. Nonetheless, the model defined in Eq. will
be sufficient for our discussion of particle conserving isentropic irrotational perfect fluids and their

connection with pure k-essence scalar field models, as we shall discuss next.

4.1.2 Pure k-essence

It is a simple matter to show that, using the equation of motion (4.4]) and the relations (4.8|- ,
the Lagrangian given in Eq. (4.2) can be written on-shell (i.e. the scalar field satisfies the equation

of motion) as

dp
Lon— =— — =0D. 4.22
on—shell P + ndn b ( )

Let us assume the chemical potential 1 (n) to be a strictly monotonic function of n (such that there
is a one-to-one relation between p and n)EI Then, Eq. (4.12) may be written as

p(p) =pn—p, (4.23)

where p (u) is the Legendre transform of p (n), with the conjugate variables being related through

dp dp
— e 4.24
"= M dn (4.24)

Having the relation given in Eq. (4.14)), the pressure can be written as a function of X, so that the
Lagrangian from Eq. (4.22) reduces to that of a pure k-essence model

L(X)=p(X). (4.25)
Using Eq. (4.14]) we find p = £v/2X, so one can express the number density as
dX

n(X) = @p,x =+V2Xp x. (4.26)

2This guarantees that the Legendre transform is single valued and has continuous first derivatives 1329]. Such
assumption may be relaxed in order to allow for a scalar field description of a more broad class of isentropic perfect
fluids. Note, however, that the expressions given in this section also hold in this more general case.
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where a comma denotes a partial derivative (e.g., p. x = dp/dX). The condition n (X) > 0 implies
that one has p x > 0 or px <0, if u > 0 or p < 0, respectively. The equation of motion of the
scalar field may be found by varying Eq. (4.22) with respect to ¢

Vo (LxV¥) =0. (4.27)

Notice that Eq. (4.27)) provides the equivalent in the scalar field theory of the particle number
conservation, given by Eq. (4.5). From Eq. (2.11) one finds the energy-momentum tensor of a

model given by Eq. (4.25) to be

T = L xVpVP¢ + Lg*P . (4.28)

Therefore, with the identification u, = —V4¢/v2X, in combination with

p=2XLx—L, (4.29)

a pure k-essence Lagrangian may be used to describe an irrotational perfect fluid with conserved

particle number and constant entropy per particle, provided that X > 0 [330-332]. Considering
Eqgs. (4.25)) and (4.29) one finds the sound speed squared to be given by

5 Op L x6X DX

Cg =

op = BX 4.30
op  (Lx+2XLxx)6X px (4:30)

4.1.3 The case Ly, shen = —p

Surface terms may be added to an action without changing the equations of motion. Hence, even
if the resultant action appears to be different, it still describes the same physics. Let us take the
action in Eq. (4.1)) and consider the following transformation

L= L —Va(di®). (4.31)

and, since we are adding a surface term, the equations of motion given in Eqgs. ({4.4]) and (4.5) are

insensitive to this transformation. The resulting Lagrangian is given by

L = F(n)+j*Va¢ — Va(di%)
= F(n) — ¢Vaj®. (4.32)

Varying the matter action with respect to the metric components one obtains
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5S = /d4:1:5(v_g£)(59a5

5ga5
1
= 2/d4x\/—gTO‘559a5, (4.33)

where
5 (V=gL) = V=goL+LoV=g
L
= \/—95£+5\/—gg°‘559a5, (4.34)
with
_LdF P $5(Vui") (4.35)
2dfl [ T |
and

00(9.4") = o8 (2ZI)

1 .
= —590‘5 890V (65")

+ oV (679" 60us) (4.36)

Discarding the last term in Eq. — this term gives rise to a vanishing surface term in Eq.
(4.33) (since dgop = 0 on the boundary) — and using Eqgs. and it is simple to show that
the energy-momentum tensor associated with the transformed Lagrangian defined in is still
given by Eq. . However, in this case the on-shell Lagrangian is equal to

Eonfshell =F= —p- (437)

Using this result, in combination with Eq. (2.54)), it is possible to write the on-shell Lagrangian as

n /
Lon—shell = —MN — n/ P (Z)dn' (4.38)
n

(see also [333] for an alternative derivation of this result).

Other on-shell Lagrangians may be considered to describe the dynamics of a perfect fluid by adding
surface terms to Eq. . However note that, although these different models are degenerate when
considering minimally coupled matter fields, this degeneracy is generally broken in the presence
of nonminimal coupling either to gravity [334-338| or to other fields |138,|339H346]. This issue is

discussed in more detail in Thesis paper 3 [164].
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4.2 Scalar field description of isentropic perfect fluids: specific

models

4.2.1 Generalized Chaplygin gas

The original CG was first given in terms of a quintessence Lagrangian in the seminal paper [239).
However, in this derivation the scalar field was taken to be a function of time alone, meaning
that the result relies on the assumption of perfect spatial homogeneity. Moreover, it is clear that
Lagrangians with a canonical kinetic term cannot do the job: quintessence models have ¢? = 1
irrespectively of the potential [347,[348], while in the CG the sound speed strongly depends on the
value of the energy density. Relaxing the assumption of homogeneity, it was shown in [240,349| that
the CG and its generalization admit a scalar field theory description in terms of a purely kinetical

Lagrangian (see also [232]).

As seen in Sec. {.1.2] in pure k-essence models the Lagrangian is identified with the pressure of
the fluid i.e. £(X) = p(X). From the relation given in Eq. (4.29)) and using the GCG equation of

state pgeg = —Apgeg ONE Obtains

1
_ D “a
Pgeg = —A (2XPgeg, X — Pacg)”* = 2XPgeg, X = Pgeg + (_ ig> ’ (4.39)

Up to an integration constant, the solution for the above equation is given by

Paeg (X) = Lyeg (X) = _Alia\/ (1-ex)=) e (4.40)

such that 0 < 2X < 1, to ensure that pgee is a non-null real value. This restriction immediately
satisfies the condition X > 0, which is needed in order for Eq. (4.40|) to describe the GCG defined
as an isentropic perfect fluid. From Eq. (4.29)) one finds the GCG energy density

—1

peeg = AT (1- (2X) )7, (4.41)

and the equation of state parameter

Weeg = — (1 - (2X)12+Ta> : (4.42)

while the sound speed squared is simply ¢ —QWgcg-

2 _
slgeg] —

4.2.2 Logotropic model

In [284] it was shown that a logotropic equation of state (see Sec. arises from a complex scalar
field with a self-interacting potential. Being the logotropic model defined as an isentropic perfect
fluid, a pure k-essence Lagrangian may also be obtained. The derivation is straightforward, though,
to our knowledge, it has not been presented in the literature. For the sake of completeness we shall

present it here.
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Going back to the results presented in Sec. let us rewrite Eq. (3.42) as

P = Ny exp <Ap> —p— Al - (4.43)
Igt
Using Eq. (4.29)) one gets
_ p
2Xp x = n.exp (> — Algt (4.44)
Algt

with the solution

(4.45)

p(X)=L(X)= Ay n <m> ,

Algt

where C' is an integration constant. Hence, substituting Eq. (4.45) back in Eq. (4.43]) one obtains

the energy density as a function of X

n*+0\/f> VX (4.46)

= At In _—
P lgt ( Algt lgt C\/Y =+ Ny

It is straightforward to check that by substituting

3
CVX =n, ( @ 1) (4.47)
£082mo
into Eqs. (4.46) and (4.45)), one recovers the correct equations for the evolution of p (a) and p(a)

[given in Eqs. (3.49) and (3.50))].

4.2.3 Logarithmic CG

The Lagrangian £ (X) for the logCG model (see Sec. [3.2.6)) could in principle be found in the same

way as shown in Secs. and Considering the logCG equation of state given in Eq. (3.27))
one obtains the following relation between X and pjog

dX d
©og P (4.48)
X Plog + P« eplog/
or, equivalently,
X Plo d /
m(2) = 2/ P (4.49)
X* D= p/ + p*ep /A

where X, is an arbitrary integration constant. Unfortunately, the right hand side of Eq. (4.49) does
not have a simple analytical solution. Nevertheless, in the following we shall obtain an analytical

form of the Lagrangian valid in the non-relativistic regime, following our work [161].



CHAPTER 4. UDE: SCALAR FIELD MODELS 67

Let us start by briefly review some aspects of the canonical theory for perfect fluids (see e.g. [350]).

In classical fluid dynamics, the Hamiltonian of an irrotational perfect fluid is given by

H(p,9,t) = /d:v37-{ = /dx3 <;pq9,ﬂ9ﬂ'+V(p)> , (4.50)

and ‘H (p, 9,z t) is equal to

H(p, 0, 2", t) = p0— L (p,pa pa',t) (4.51)

with the comma denoting the partial derivative with respect to one of the coordinates (e.g. ¥,; =

09/0z"). Here V (p) is some potential, ¥ a scalar field, and p is the density, as usual. Comparing

Eqgs. (4.50) and (4.51)) the Lagrangian reads

L=pd— %pﬁﬂ-ﬂ’i -Vip), (4.52)
with
oL
9 == 4.

and, since p and ¢ are canonically conjugate we have

1 - dV
——9,; 0" = —. 4.54
57, a5 (4.54)

. 0L

[9 = — =
dp

Assuming an irrotational flow (i.e. that the 3-velocity is written as the gradient of a scalar v; = 9 ;)

the gradient of Eq. (4.54) may be identified with Euler’s equation, provided that

d®V  ldp av
=l ep=p—— V. 4.55
07 odp TP, (4.55)

Specifying for the case of the logCG equation of state, Eqgs. (3.27) and (4.55)) imply that

V = —A [1 +n (p;gﬂ + Dpiog (4.56)
= —A4 [1—1—111 (’2"‘5” , (4.57)

where D is an arbitrary integration constant which is taken to be zero. Using Eq. (4.54)) one finds

.1 AL
Plog = A <19 + 21971-1972) . (4.58)

One may now eliminate pj, from Eq. (4.52)) to obtain a Lagrangian describing a perfect fluid with
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a logCG equation of state in the non-relativistic regime
A o1
ENR[log} = A ln ; — ln 19 + 51971'9’ . (459)

Interestingly, Eq. (4.59)) may also be obtained by considering the non-relativistic Lagrangian of the
GCG [351]

e 2c
1 e /. 1 \Tte
LNRlges) = —ATa ( * a) \/<19 + 219,1'19’1) + A, (4.60)
o
which coincides with the Lagrangian proposed in [352] for the CG when o = 1. Compared with
the expression given in [351], Eq. (4.60) has an additional constant term A. Naturally, one may

always add a constant term to the Lagrangian without affecting the dynamics of 4.

Performing a Puiseux series expansion of Eq. (4.60) around o = 0 and keeping up to first order

terms in « one obtains

LNRlgeg) = @A [ln <oz;4> —In (19 + ;19119’)] +0 (a2) : (4.61)

In Sec. we have introduced the logCG equation of state as a regularization of the limit a — 0
and A — oo of the GCG model with finite A = aA. By the same token, one finds that the

Lagrangian given in Eq. (4.61)) is equal to that given in Eq. (4.59).

A similar approach to the one presented in this section was followed in [290], showing that the
Lagrangian (4.59) is also recovered for the logotropic model (the logotropic model being a sub-class
of the more general Anton-Schmidt fluids). This was to be expected, since the logCG and the

logotropic model are degenerate in the non-relativistic limit.

4.3 One-parameter extension to the GCG model

The formalism introduced in the previous section shows how one may describe an isentropic perfect
fluid using a scalar field theory whose dynamics is determined by a pure k-essence Lagrangian —
the scalar field description of the GCG model is a well known example. In [161] we have considered
an extension of Eq. so as to accommodate different Lagrangians proposed in the literature
to describe the GCG. The proposed Lagrangian is given by

Loxt (X) = —pMeﬁM (1-ex)) e (4.62)

where a > 0, 8 > 0 and pp(er) > 0 are model parameters. This model provides a simple extension
to the GCG Lagrangian given in Eq. (4.40), the latter being recovered if 8 = (1 + «a) /(2a) and
PA(eff) = Al%a. Eq. is also general enough to include the Lagrangian proposed in [351,
which corresponds to the choice 5 = 1. Using Eq. , the energy density can be computed
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Pext = PA(eff) [1 +(2X)° <ﬁ12fa - 1)] (1 - (2X)5>_1+1a , (4.63)

being always positive for pyes) > 0, 8 > 0 and a > 0. The corresponding equation of state

parameter reads

1-(2x)°
1+(2X)B( 1%—1) ’
and is bounded between —1 and 0 (—1 < wexy < 0). Using Eq. (4.30) the sound speed squared is
given by

(4.64)

Wext = —

1-(2x)°
1+<1+a—a(2X)5)( 2o )

> 0 at all times if 3 > 1/2. Given that, for 8 > 1/2, ¢2 (X) is a monotonically decreasing

(4.65)

2 —
Cs[ext] =a

: 2
with Colext]

function of X, the maximum sound speed

1
Cg[ext] (X =0) = 281’ (466)

is attained for X = 0. On the other hand, the requirement that cg[exﬂ < 1 at all times is satisfied if
B > 1. Hence, the conditions of classical stability and subluminal sound speed are satisfied by this

class of models if g > 1.

Rewriting Eq. (4.63)) as

1ta 9 _1
1 — (_ DPext > |:B @ - 1:| (_ Dext ) 7 (467)
PA(eff) 1+« PA(eff)

it is clear that only the particular choice 5 = (1 4+ «) /2« leads to the standard GCG equation of
state (see Eq. (3.3) with A = pﬂ&m, Wext = —AplT®, and 3

ext slext]

Pext = PA(eff) {1 +

= —QWext, independently of the

value of pext.

2
slext]

In Fig. We plot the equation of state parameter wext (top plot) and the sound speed squared ¢
(bottom plot) as a function of the proper density pext for different values of 8 [(8 = (1 + «) /2«,
solid line), (8 = 0.5, dotted-dashed line), and (5 = 2, dotted line)], while keeping « fixed to unity.
The value of wey interpolates from wext = 0 (pext > pA(eﬁ‘)) t0 Wext = —1 (Pext = pA(eﬁ‘)) for any
value of 3 (this is also true for any other value of o > 0). For the represented values of 5 the sound
speed Cyexq) I8 always a decreasing positive function of pext, With cgjexy — 0 for pext/pa(es) — €
and Cglex) — (268 — 1)~1/2, for Pext/PA(ery — 1 (note that this is true for any 8 > 0.5, and that if
B = 0.5 then cylexy) — 00 for pext/pa(es) — 1)-
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Figure 4.1: The equation of state parameter weyx (top plot) and the sound speed squared ¢

1w

pext/pA

2
slext]

(bottom plot) as a function of pext for the GCG model (5 = (1+ «) /2a, solid line), § = 0.5
(dotted-dashed line), and 5 = 2 (dotted line). Here, o has been fixed to unity.
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4.3.1 Non-relativistic limit

In the following we will show that the GCG equation of state is always recovered in the non-
relativistic regime, independently of the value of 8. Consider the (high-density) non-relativistic
regime of Eq. with 2X ~ 1 and LnRext] = Pext =~ 0. One can define a small parameter
€ =1—2X = 0 and Taylor expand at first order

(1—¢e)f ~1—e8. (4.68)

Hence, considering the expansion above one obtains from Eq. (4.62])

LNRlext] = —Pacem BT/ (1 — 2X) T5a | (4.69)

which coincides with the Lagrangian considered in [351] to describe the generalized Chaplygin gas

(and, consequently, also coincides with the non-relativistic CG Lagrangian in |352] when o = 1).

The relation between pext and pext given in Eq. (4.67)) may be written as

_1
Pext _ <_ Pext > ( 2a . 1> +8 2 (_ Pext > « ' (470)
PA(eff) PAGett) /) \1+a I+a \ pace)
Notice that the first term on the right hand side of Eq. (4.70) is negligible in the non relativistic
regime (since pext ~ 0), thus leading to the standard GCG equation of state pgeg = —Apyy With

2c @
14+«

Therefore, the GCG equation of state is recovered in the non-relativistic regime for any 8 > 0,
meaning that the construction of a non-relativistic GCG Lagrangian is, in this sense, not unique.
The model we have defined in Eq. encompasses an extended family of models that reduce
to the GCG in the non-relativistic limit.

Coming full circle, the non-relativistic Lagrangian description of the GCG proposed in [351] may
be obtained from Eq. (4.69) considering the identification ¢ = —t 4+ ¥ (where v; = ¥; for an
irrotational flow, as in Sec. |4.2.3))

i 20
921 9

1+a
LxRlext]lg—t—9 = —PA(er) BT [1 -2 (2 U+ 3 o )] ; (4.72)

Keeping only linear terms on 9 and using Eq. ([@.71)) one gets
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+a

o .1 A\ T
LxRfext] lp—t—9 ~ —PA(esr) (28) T+ \/(19 + 219,ﬂ9”> (4.73)

o 2a
1 e [/, 1. \iia
:A¢a<**ﬁ VK0+2%#O , (4.74)
(6%

¢f. Eq. ([E50).

4.3.2 Background cosmology

In this subsection we focus on the background evolution of the extended CG scalar field model
defined by Eq. (4.62), and restrict the discussion to f > 1 in order to avoid superluminal sound
speeds. The evolution of the scalar field is determined by the equation of motion (4.27)) which, at

the background level, is a function of time alone i.e. ¢ = ¢ (t). For a generic Lagrangian £ = £ (X),

Eq. (4.27) may be written as

Vu (ﬁ,XV“) = E,XXVMXV% + [,,)(D(ﬁ7 (4.75)

where [0 = ¢g""V,V,, is the d’Alembert operator

D¢ = g"'V,u (0u0) = 6" [0 (00) — T7,049] (4.76)

and the covariant derivative of X is given by

VX = 500V, (VadVs0) (4.77)
= _gaﬁva¢vu (Vo) (4.78)
= —g°%000 |0 (930) — T)50:] . (4.79)

where we now explicitly write that V,¢ = d,¢. Using the Christoffel symbols computed in Egs.
(2.15)-(2.18) for a flat FLRW metric one gets the following equation of motion determining the
background dynamics of ¢

.. . E X
b+3H)— =X ), 4.80
¢»C,X + ¢?L x x (4.80)

or, alternatively

X +6HXE =0, (4.81)

with the sound speed squared being given by Eq. (4.30). Changing the independent variable from
t to a, Eq. (4.81)) can be integrated exactly for an arbitrary £ (X) [251,[270]
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XE?X xa’". (4.82)

Hence, one can now take Eq. (4.62]) and determine the evolution of X (a) for the extended CG

model

(1 - (2X)5)1i”‘ (1 - (2X0)5>1i“

-6
= a ", 4.83
(2X)" (2X0)" % s
where X is fixed using Eq. (4.63])

1

Pextd B 2 B\ THa
= |14 (2X —1 1—(2X . 4.84
re = |1 (555 1)) (1- 2302) .

Observe that, in general, X and X, cannot be found explicitly from Eqs. (4.83) and (4.84]). A
notable exception is the GCG i.e. for § = (1 4 «) /2a we have

(2X) 2" —1= [(QXO)—IJTQ - 1] a3(1+) (4.85)
and
i (ta)
1 - (2Xg) 20 = (pA(eﬁ)> =4 (4.86)
Pgcg0

For the extended CG model superluminal sound speeds can be avoided at all times if 8 > 1 for
any a > 0 (remember that in the case of the GCG this condition can only be fulfilled if o < 1).
Considering models with a > 1 (formally we take a — c0) we may write Eq. (4.83) as

X ~ Xoa %1, (4.87)
leading to
__68 Qp (et Qpger) | - 88
Pext = PAGefr) + (Pext0 = PAef)) @ 2PT = Pexto [ Qeito) T (1 B Qei(t())) « (488)

Thus, in the limit of large values of a, pext a_% at early times, reaching a minimum energy
density pext — pa(efry @8 @ — 00. For B = 1 the model can be interpreted as the sum of a stiff
fluid (i.e. a fluid with equation of state parameter w = 1) and a cosmological constant. On the
other hand, the ACDM model is found in the limit 5 — oo, with the present CDM density fraction
being Qcamo = (1 — Qper)/ Qexto)- Actually, the extended CG model reduces to ACDM in the limit
£ — oo independently of the value of a: from Eq. , the maximum sound speed attained is

solely regulated by /3, and one has ¢? — 0 as f — 0.
s[ext]
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For arbitrary values of « > 0 and 8 > 1, Egs. (4.83) and (4.84]) have to be solved numerically. We
have implemented a root finding algorithm using Ridder’s method [353] in CLASS (see Appendix
A.1)) to find Xy (given the value of pexio and the model parameters a, 8 and pp(eq)) and X (a),

which is then used to compute the evolution of pext (a).

4.3.3 SNIa constraints

We constrain the parameters of the extended CG (taken as a UDE model) against the SNIa Pan-
theon data [261] (see Appendix considering a cosmology with Qe + 2, = 1. Given the
required lower bounds a > 0, 8 > 1 and pyery > 0 we choose to work with the quantities e,
1/B8 and py(efr)/po to compose our parameter space. In this way, flat priors can be assumed in the
open interval |0, 1 for e=® and 1/, while the remaining cosmological parameters are fixed to the
standard values (namely Hy = 67.3km s~! Mpc™! and Q9 = 0.0487). The 2-dimensional contours

and the marginalized likelihoods for all three parameters are shown in Fig.
The results can be understood in terms of the correspondent values of weyto, which are found from

the relation

pA(eH) — _weXtOF()m , (489)
Pext0

where

(1 4 wexto) (1 + )
20 fwexto
obtained from Eqs. (4.64)) and (4.84). The solutions of Eq. (4.89) as a function of e=® and 1/
are presented in Fig. for PA(et) = 0.67pp (black lines) and py ey = 0.86p9 (red lines) where, for

each case, we show three curves along which wextg has a constant value. Comparing the pairs of

Fp=1-

; (4.90)

neighboring red and black lines (covering similar regions of the parameter space), one notes that
models with higher py (efr)/po have lower wexto (i.e. these models get closer to wexto = —1). Overall,
larger values of [ also correspond to a lower value of wexo if « is sufficiently large (in this region
the value of wexto is mostly insensitive to «). Hence, one may have the same value for wexto by
increasing (decreasing) pj(cfr)/po while decreasing (increasing) 3. The 2-dimensional constraints
from the panel (pA(eﬂ‘) /po, 1/ 6) in Fig. show this degeneracy between both parameters. On the
other hand, for a < 1 small changes on « can lead to very different values of wextg. These variations
can, however, be compensated by changes on 3 and pj (efr), in order to have a wexto consistent with

the observations; notice the enlargement of the likelihood regions as e — 1 (i.e. as @ — 0) in the

panels (pa(efr)/po,e”*) and (1/3,e7%).

The results show that the parameter pj () is constrained to the region between ~ 0.67pp and
~ 0.86pg at 95% C.L., with a mean value of ~ 0.77py. All values & > 0 and § > 1 are consistent
with the SNIa data at the 95% level, with the maximum likelihood for e~® and 1/ being found for
a — 0 and 8 — oo, respectively. The best-fit has the same minimum y? that was obtained in the
GCG SNIa analysis presented in Sec. ie. X?nin = 1027. This point of the parameter space
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Figure 4.2: SNla constraints on the parameters p(cq)/po, € and 8 using the Pantheon data set,
where darker and lighter regions correspond to the 68% and 95% confidence level, respectively.
The top plots in each column show the 1-dimensional likelihood, marginalized over the remaining
parameters. The black line shown in the panel (1/8, e~®) satisfies the relation 8 = (1 + «) /2,
thus corresponding to the GCG model. The dashed-lines represent GCG models with A = 0.7
(blue lines) and A = 0.8 (red lines) as given by Eq. (4.86).
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Figure 4.3: Lines of constant wexo as a function of e~ and 1/5. We choose to plot the lines for the
values pj ) = 0.67pp (black lines) and py (o) = 0.86p9 (red lines), which correspond approximately
to the lower and upper limit of the 95% C.L. interval estimated from the SNIa constraints (see Fig.

13).

has wexto ~ —0.75, corresponding to an effective equation of state parameter of wg = QextoWexto ~
—0.72 (which is consistent with the mean value from the Table 5. in [261] for the ACDM model).

4.3.4 Structure formation

In the extended CG model the maximum sound speed, attained as a — oo, depends only on
B. Since cyexy) (@) is a monotonically increasing function, the Jeans length may be taken to be
arbitrarily small if 5 is large enough. Hence, density perturbations can grow on sufficiently large
scales independently of the value of «, even when wexig ~ —1, as long as S is sufficiently large.
Combining Eqgs. (4.65)), (4.84) and (4.89), one finds the present sound speed to be given by

1

Fo+ (Fo+a) (51+a 1) : (4.91)

=«

2
Cs [ext]0

Deep in the matter era, linear perturbations can grow provided that cs[ext] < (3/2)a’H?/k? [cf. Eq.
(3.17)]. Taking Fy = 1, Hy = h/3000Mpc~— ! and o = 1, one estimates that § > 10° is required for
the growth of linear density perturbations on scales larger than k = 0.1 h Mpc™ 1.

We compute the matter power spectrum using our implementation of the extended CG on the
CLASS code (see, assuming a Universe containing the standard content (i.e. relativistic species
and baryons) and an extended CG component with &« = 1. The usual cosmological parameters
take their standard values, with the exception of the amplitude of the power spectrum, which is
normalized such that all models have the same power on very large scales. The density of the
extended CG fulfills the relation Qext + Qr + Qp = 1 for a flat FLRW metric, and py (o) is fixed
such that wy ~ —0.7. The results plotted in Fig. [£.4] show that an agreement with the ACDM
result on linear scales is attained for an extended CG model with 8 = 5 x 10°. Large oscillations

of the matter spectrum would rule out completely smaller values of 3, as shown in the figure for
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Figure 4.4: The linear matter power spectra at the present epoch for the extended CG + baryons
(blue lines) normalized to the ACDM model (black line) amplitude on large scales, for different
choices of 3 (see legend) and o = 1. The parameter p, () is fixed such that wy ~ —0.7. For
increasingly larger values of 8 the spectra gets closer to the ACDM prediction, with the oscillations
appearing on ever smaller scales.

B =1 (corresponding in this case to the original CG model, i.e. a = 1) and 3 = 102. Notice that,
since in this analysis « has been fixed to unity, all these models have a CG equation of state in the

non-relativistic limit, as we have shown in Sec. [4.3.1}

1/p

0.8 1

0.6 1 . "

0.4 1

0.2 1

Figure 4.5: Contour lines of constant Cz[ext]o = 0.1 (solid lines), 0.2 (dashed lines), and 0.3 (dotted-

dashed lines), as a function of e=® and 1/3. The black and red lines correspond to the fixed values
of Wexto = —0.7 and wexto = —0.8, respectively.

While models with 3 — oo are assured to have cgjey) — 0 at all times, one can also have arbitrarily
small sound speeds at the present time for small 8 (i.e. models with a large maximum cqey)),

provided that « is close enough to zero. This relation between o and § is clear in Fig. where
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we plot lines of constant cg[ ext]0 (from Eq. (4.91)) as a function of e™ and 1/, for the values

wexto = —0.7 (black lines) and wexto = —0.8 (red lines).



Chapter 5

Mapping DE models into Unified
Dark Energy

As we have seen so far, the main feature of UDE models is that of mimicking DE and CDM with
a single underlying perfect fluid or scalar field. In this section we follow Sec. IV of the published
Thesis paper 4. [164], where we show how a DE scalar field model can be mapped into a UDE

model, with both Lagrangians having the same value on-shell.

5.1 Mapping pure k-essence models: trivial case

Before moving to the specificities of this mapping, let us start by considering the following con-

struction of a UDE Lagrangian

Eude = Ede + Ecdm . (51)

Assuming that L4o = Lo (X) is an arbitrary pure kinetic DE Lagrangian and that Lc4n, is a La-
grangian describing CDM, one has that the ratio between L.q, and L4 vanishes on-shell (or is
extremely small), so that the contribution of L.q to the total pressure can be neglected. There-
fore, the UDE Lagrangian Lyg. describes a fluid with proper pressure pude = Lude(on—shell) =
Lge(on—shell) = Pde and energy density

Pude = Pde + Pedm > (5.2)

where pge = 2X Lge x —Lde. Hence, the new Lagrangian may be regarded as a UDE model provided
that, at late times, wqe = pde/pde ~ —1 or, equivalently, pge = Ede(onfshell)/wde ~ _Ede(onfshell)‘
Now one has to define a suitable Lagrangian to describe CDM.

79
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5.1.1 CDM via a Lagrange multiplier

A possible choice for Leqpm, discussed in [303,[354], would be to consider a canonical Quintessence

field constrained by a Lagrange multiplier A

The equation of motion
0Lecdm
%:0—>X—V(¢):o, (5.4)

ensures that the constraint X = V/(¢) is always satisfied on-shell, thus implying that Lcqm(on—shein) =
0 or, equivalently, from Eq. (5.1), that puge = Lude(on—shell) = Lde(on—shell) = Pde- The CDM energy
density is given by Eq. (4.29) as usual

Pcdm = 2X£Cdm,X - Ecdm =A (X +V (¢)) = 2>\Xa (55)

while the 4-velocity can be written as

o_ V% V% (5.6)
V2X 2V (9) '
so that the constraint X =V (¢) gives
 SVVab =V (9) & uVad = VIV (3 (5.7)

Regarding the dynamics of the Lagrange multiplier )\, its evolution is such as to ensure that the

energy-momentum tensor of the UDE fluid

TP = AV*¢VP ¢, (5.8)

cdm

is covariantly conserved. In order to stay in the realm of irrotational perfect fluid models with
conserved particle number and constant entropy per particle, we want the Lagrangian to depend
solely on the kinetic term. Notice that for the particular case with V' (¢) = Vi = const one would get
X = Vp = const, thus implying that pyqge = Lge(on—sheiry Would be a constant [since we are assuming
that Lqe = Lge (X)]. Hence, such UDE model would be totally equivalent to ACDM [2321233},260).
5.1.2 CDM via pure k-essence

An alternative would be to consider a class of purely kinetic Lagrangians given by

L(X)=p(X)=A4X", (5.9)

where A and v are positive real constants, and the energy density is
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p=2XLx—L=(2y—1)AX", (5.10)

For this class of models the equation of state parameter is a constant determined by

w

= . A1

P 1
P

Since we have w — 0 for v — o0, in this limit the scalar field mimicks pressureless dust. Thus,

another possible choice for L.qm would be

Leam (X) = lim A(7)X". (5.12)

y—00

The function A(7) is chosen in such a way that p.qmn vanishes at every space time point in this
limit. On the other hand, the CDM density

Pcdm = lim (2'7 - 1) A(V)XFY (513)
y—00

is essentially unrestricted. Note that by choosing A(+) such that the function C(y) = (27 —1)A(7)
tends to a constant Cy in the v — oo limit, X must be equal to unity in this limit. However, the
density may take any value in this limit since 1°° is indeterminate. The equation of motion of the

scalar field

(ﬁ,xgaﬁ + £7XXVC“¢V5¢) VoV =

= <gaﬁ + 'V)_(lvaqsv%) VaVsp =0 (5.14)

reduces to

VOVPpV oV = —VOV, X =0, (5.15)

for v — oo, thus implying that the equation of motion preserves the condition X = 1 in this limit.
Furthermore, the condition X > 0 is always satisfied, so this model describes the dynamics of a
perfect fluid. Notice that this UDE model would have pude = Lqe(on—shenn) (X = 1) = const and,
therefore, would again be totally equivalent to ACDM.

5.2 Mapping pure k-essence models: general case

5.2.1 Mapping the Lagrangian

Let us consider an isentropic perfect fluid with proper pressure and density p = p(u), p = p(u)

(with g = p(n)), and 4-velocity u at each spacetime point. The transformation
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p = p+mn, (5.16)
no= p+m, (5.17)

at every point with the 4-velocity unchanged leads to a different perfect fluid, but leaves the proper
pressure unaltered, so that p(x) = p(u) (here, m > 0 is a constant) — i.e. the transformations
given in Egs. (5.16) and (5.17)) leave Eq. (#.23)) invariant. Note that, if the original fluid represented

a constant density with p = —p = const (a cosmological constant), then this transformation would

simply add a pressureless dust-like component to the original dark energy fluid.

Starting with a perfect fluid described by a purely kinetic Lagrangian £(X) = p(X) with pu? = 2X,
let us write the Lagrangian of the new fluid as £(X) = £(X) and its 4-velocity as 1® = —V*¢/V/ 2X,
where X = —vagZVagTs/z and 2 = 2X. Hence, Eq. (5.17)) is just V 2X = v2X + m, and we get

the following relation between the kinetic terms X and X:

2

X =X +mV2X + % . (5.18)

Applying the previous transformations, the energy-momentum tensor of the new fluid may be
written as [c¢f. Eq. (4.28])]
7% = (5+p)ud® + pg*”
= 2XL quu’ + L = L {VOoVI6 + Lo
= V2X (\/ 2X + m) L xuu’ + Ly,
T + 128 (5.19)

where TP is the energy-momentum tensor of the original fluid. For the additional dustlike com-
ponent one has (remember that n = v2X L x)

where we have used Eq. (5.18) and the relations

~ o\ -1 V2X
Xz = (%x) = X am’ (5.21)
oo Vi VU o (5.22)

VX Vax

Thus, Eq. (5.22)) is equivalent to
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Vo = \/%%Cmv%. (5.23)

However, given a scalar field ¢ it may not always be possible to find another scalar field 5 which
satisfies this equation. Nevertheless, in a perfectly homogeneous and isotropic FLRW Universe,
¢ and X are functions of cosmic time alone, making it always possible to define a scalar field 5
fulfilling Eq. . Given that the dark energy field is expected to be nearly homogeneous this
will turn out to be the most relevant case, which will be further explored later. Also, having defined
EN()? ) it is possible to explore the full consequences of the model, taking into account cosmological

perturbations.

The energy momentum tensor is covariantly conserved or equivalently, Vafaﬂ = 0. With all

generality, this implies that

VoI = @, (5.24)
VoTy' = -Q7, (5.25)

where Q? is the coupling between the two components. Contracting the equation vafaﬁ = 0 with

ug, one obtains the continuity equation

uVop+ (p+p) Vau® =0, (5.26)

which is equivalent to the equation of conservation of the particle number V, (E FaY% 2X ila> =0
[see Eq. (4.27)]. Given the relations from Eqs. (5.18]) and (5.21]) one may check that

n=V2XLyx = (V2X —m) XL g = VXL g =7, (5.27)

Using Eq. (5.22),the particle number conservation equation may also be written as

Vo (L5 \/Eaa) = Va (£xV2Xu") = 0. (5.28)

Taking this into account, it is simple to show that

u/gQB = uBVaTaﬂ =
= —uO‘Va (2X£7)() — uavaﬁ — 2XL‘7XVau°‘ =

_ _\/;TVQ <L’7X\/ﬁua) =0. (5.29)

The contraction of vafaﬁ = (0 with hg = 55 + u”ug results in
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(8% + WU Vb = — (F+P) @, (5.30)

with @ = @°V3u® = a® being the components of the 4-acceleration (notice that @,a® = 0). From
the contraction of hj with Eq. (5.25) one finds that

pma’ = —h5Q" . (5.31)

In a perfectly homogeneous and isotropic FLRW background u’ = 1 and @ = 0. Hence, Eq.
(5.31)) in combination with the condition Q5u5 = 0, implies that @” = 0. In this case, the energy-

momentum tensors of the matter and dark energy components are separately conserved.

5.2.2 Equation-of-state and the sound speed

Having determined the Lagrangian and energy density of the the transformed fluid in terms of the

original scalar field, we may now write the equation of state of the transformed fluid as

w=L= £X) , (5.32)
P VAXLx (V2X +m)
and the sound speed squared as
P <
2 _Px _ V2X Lx v2X (5.33)

= 2= = = e,
o Px V22X 4 m2XLx+L V2X+4m®

where ¢? is the sound speed of the original fluid [¢f. Eq. (4.30])].

Considering a FLRW metric, we have shown in Sec. that the equation of motion for a scalar

field described by a pure k-essence Lagrangian has the general solution

Xﬁ?x xa %o (14 2)8. (5.34)

Therefore, we may write n = V2XL x = no(1 + 2)3, where ng = n(z = 0). This means that
pm = mn = mng(1 + 2)® as expected for the matter component, irrespective of the original pure
k-essence model. Thus, from Eq. (5.32)), the equation of state parameter of the transformed fluid

is given by

_ D w
w = = s
p+mn  1+mng(l1+2)3/p

(5.35)

where w = p/p is the equation of state parameter of the original fluid. On the other hand, the
sound speed of the transformed fluid given in Eq. (5.33) is equal to

2 C2

= = = 5 . 5.36
p. l+mn./p. 1+3mno(l+2)?/p. (5.36)
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Hence, given m and ng, the evolution of the sound speed squared of the transformed fluid ¢2 with
the redshift is completely determined by the evolution of the sound speed squared ¢2 and of the
density of the original model. It is straightforward to show that, for |p . /n .| < m (or, equivalently,

m > v/2X), one has ¢ < 2.

5.2.3 Scalar field linear perturbations

Given a scalar field model defined by a Lagrangian £ (X), its description in term of an isentropic
perfect fluid is possible (provided that X > 0) also at the linear level. In this subsection we shall
briefly consider the linear evolution of the field perturbations and show that the map \/ﬁ =
V2X + m leads to the expected sound speed of the UDE model.

Let us write ¢ = ¢(g) + ¢, so that ¢ refers to the purely time dependent background value of ¢
and d¢ denotes the fluctuation of ¢ with respect to the background value (we shall use the same
notation in the case of the other variables). At first order in d¢, the energy-momentum tensor
defined in Eq. may be written as

where T([))(o) = —p(0) T;(o) = Do) 6;-, and

0Ty = —0p=— (L x) +2X0)L.xx(0)
m
x (14 5X | 5.38
( 2X(0) (5:38)
6T = a2Lx) (#(0) +m) di0)0ui (5.39)
0Ti = —a~ Ly (¢’(0)+m) S0 (5.40)
0T! = 0P8 =L x()0i0X . (5.41)

Here du; = a®6u?, and it has been taken into account that, up to first order in d¢, the perturbation

to the kinetic term X is given by

IX =2X g <ZZ) - <1>> . (5.42)

Given the energy-momentum tensor defined by Egs. (5.37)-(5.41]), and the perturbed Einstein

equations in the Newtonian gauge i.e. Egs. (2.119)) and (2.122]) one obtains

3 (ch n @’) + k2P = 4nGa® (L x(0) + 2X ()£ xx(0)) ¥ (1 n 2”;((())) 5X (5.43)
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and

"+ 3D + (M2 +H ) @ = 4rGa’L x (00X | (5.44)

resulting in the usual evolution of the gravitational potential

O +3H (1+22) 0 + (e’gk? +3HE 4 2H + ’H2) ®=0, (5.45)

with ¢2 being given by Eq. (5.33).

5.3 Mapping specific input DE models into UDE

In this subsection we shall assume that the original Lagrangian £(X) describes a dark energy fluid
with equation of state parameter at the present being wg = wgeg ~ —1, so that the transformed
Lagrangian Z()A(: ) defines a UDE fluid with equation of state parameter w = wyge (in the following,

we shall use the subscripts “de” and “ude”, respectively, when referring to dark energy and UDE).

Thus, we write Eqs. (5.35) and (5.36|) as

wde(z)

u . ’ 5.46
Wyde(2) 1+ mno(1+ 2)3/pae(2) | |
(142"

9 Pude,z mno i :
Cs(ude) = == |1+3— Cs(de) - i
oy = e ( e > (de) (5.47)

respectively. Notice that, as long as the sound speed squared cg( de) of the input dark energy fluid
is positive, the same is verified in the case of the resulting UDE fluid, thus ensuring that no
pathological instabilities occur (at a nonlinear level it is guaranteed a priori by the fact that the
behavior of UDE is similar to that of CDM in the high density regime). If pge . > —3mng (1 + z)2
then cg( de) > 0 is required in order to guarantee that cg(ude) > 0. On the other hand, if pge . <
—3mng (1+ z)? < 0 the condition cs(ude) > 0 would be satisfied if, and only if, Cz(de) < 0. Here we

shall not explore the latter case.

5.3.1 Input DE model: wgy, = const
It is instructive to start by examining a dark energy model with constant wqe ~ —1 (here, we shall

consider a non-phantom dark energy model with wge > —1) defined by the Lagrangian

1+wgye

L(X)=CX . | (5.48)

where C' < 0 is a constant (notice that a constant wge implies that cg( de) = Wqe). One can use Eq.
(5.18) to obtain the Lagrangian
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1+wgye

Wde

L(X)=C <\/§

describing a UDE model with proper energy density

7 (5.49)

x (\/§ - m> v (5.50)

and proper pressure puge(X) = £(X) = £(X). Notice that pyge — 0o for X — m?/2 (dark matter
limit, with pyge — 0), and that

wyet1

X vae —0 (5.51)

Pude ™~
Wde

in the X — oo limit (dark energy limit, satisfying pyde ~ WdePude ~ —Pude)- Since X e Jm?/2, 4+o0|
the perfect fluid correspondence is always verified. However, the sound speed squared of the UDE
fluid

Pua X m
Cz(ude) =2 = Wude (1 - ~> ) (5.52)

is negative for X e Jm?/2,4+00[. Although, this may appear to constitute a no-go condition for
this model, that may not be the case. Indeed, for wqy. sufficiently close to —1, the negative sound
speed would only become significant in extremely underdense regions (note that ¢ — 0 when

X2 = m? /2). In any case, UDE models with a negative sound speed may be avoided by starting

with a non-phantom dark energy model satisfying the condition cz( de) > 0.

5.3.2 Input DE model: GCG

Let us consider the case of the GCG Lagrangian discussed in Sec.

L(X)=—ATia (1 - (2X)12+Ta)1%‘ : (5.53)

where 0 < @ < 1 and A > 0 are constants (in the following we shall also assume that variables
with dimensions of mass are measured in some arbitrary mass unit mypit). Although throughout
this thesis we have assumed the GCG as a UDE model, here we shall take it as our input dark
energy model. The corresponding equation of state parameter and sound speed squared are given,

respectively, by
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A
Wde = — 74 cg(de) = —QWqe (5.54)
Pde

with —1 < wge < 0 and 0 < ¢2 < 1 (assuming that p > Al%a) [cf. sec. . In this case, using Eq.

(5.18) one gets

L(X) = —ATrg(X)Tha (5.55)
with
1+«

fX)=1— (\/ﬁ - m) e (5.56)

describing a UDE model with proper pressure pyge(X) = EN()Z' ) and proper energy density

pude(X) = 2XL g — L= pm(X) + pac(X), (5.57)
pac(X) = ATag(X) T (5.58)
pm(X) = mnzm( 2)?—m)apde. (5.59)

At late times one has X — m?2 /2, thus implying that both pyge and —pyuge approach the constant
value A1/(+) (notice that py, — 0 and £ — 1 in this limit). On the other hand, at early times
X approaches (m + 1/2)2/2. As a result, the energy density becomes large and py, is roughly
proportional to pge — this behavior is explained by the fact that the Chaplygin gas behaves as
CDM for densities much greater than A1) Notice that for m sufficiently large it is always
possible to ensure that puqe ~ pm at early times. As previously discussed, the positive sound speed
squared of the input generalized Chaplygin model implies that cs(u de) > 0, thus guaranteeing that
the resulting UDE model is free from pathological instabilities associated with an imaginary sound

speed.

5.3.3 Restrictions on isentropic UDE models

Let us now consider the Chevallier-Polarski-Linder (CPL) parametrization of the equation of state
of the original dark fluid [355]

Wae(2) = wo + Aw (5.60)

142’
where wy = wye(z = 0), Woo = Wwye(z = 00) and Aw = ws, — wp. Solving the continuity equation,

the energy density of the original dark energy fluid is given by

dpac/dz = 3pac (1 + wae(2)) / (14 2) = 0 = pae o< (1 + 2)> 1) BAw/142) (5.61)
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so corresponding energy density of the UDE fluid is equal to
Pude = Puded [(1 + Z)3(1+woo) €3Aw/(1+2) + Q(l 4 2)3:| 7 (562)

where Q = mng/pudeo. Using Eq. (5.47) the sound speed squared is

2 (Lhws)wa(®) + (1 - Swa(2)) S (5.63)
ST wge(2) + QI 4 2)Bwee3Aw/(142) 7 '
which simplifies to
Aw + 3wy (1 + U)O)
2
_ 5.64
Cs(ude)o 3(1 4+ wp + Qe—3Aw)’ .

the present time. If one assumes that the original fluid is a dark energy fluid with wy sufficiently

close to —1 one finds

Woo + 1

In order for the transformed fluid to play a UDE role Q ~ Qcqmo/24e0 ~ 3/7, where we assume
Qecamo ~ 0.3 and Qgep ~ 0.7 for the fractional CDM and dark energy densities inferred from the
observations. This in turn implies that cg(u de)o ™~ (Woo + 1)63(w°°+1). Therefore, large sound speeds
at recent times would be unavoidable, unless |wy, + 1| < 1. One can estimate how small this value
has to be in order to not affect significantly the standard growth of perturbation on linear scales by

imposing that csude)o < 1073 (this upper limit being consistent with the values found in chapter

g)

Hence the variation of w is limited to |1 + weo| < 107% meaning that the original fluid has to
follow very closely the behavior of a cosmological constant. More generally, Eq. implies that
large sound speeds at low redshifts can be avoided only if both |ws + 1| and |wo + 1| are extremely
small. Such stringent constraints at the linear level regarding a non-null sound speed are, as we
have seen so far, typical for isentropic UDE models. The key factor behind this result is the fact
that the adiabatic sound speed in isentropic perfect fluids is necessarily tied up to the background
evolution. However, it turns out that a traditional approach to perturbation theory is, in general,
not sufficient to account for all the relevant physics in UDE scenarios. In fact, it has been shown
that the clustering on nonlinear scales can have a potential impact on the large scale evolution
in UDE cosmologies [356,/357]. Moreover, taking into account nonlinear effects may render these
models (ruled out in a linear analysis) consistent with cosmological observations, as we shall discuss

in more detail in the following chapter.



Chapter 6

The role of nonlinearities in UDE

models

So far our approach to the formation of structures in UDE models was based on the standard
approach to cosmological perturbations, as presented in Sec. provided some initial conditions
set by Inflation, the growth of structures on sufficiently large scales is determined by the evolution of
small perturbations around an homogeneous and isotropic background. This perturbative treatment
comes to aid due to our inability to solve Einstein equations completely with all generality. Although

our Universe may be well approximated by a FLRW metric g,(E,LRW)

on large scales, on smaller scales
it is highly inhomogeneous, having hierarchical structures like e.g. stars, galaxies, and clusters of
galaxies, that formed at later times. Hence, a FLRW metric does not account for these nonlinear
small scale structures, and the “lumpiness” of the real Universe is simply averaged. Due to the
highly nonlinear nature of General Relativity, this raises an important question for cosmology: can

the smaller structures influence the dynamics of the Universe on larger scales?

6.1 Backreaction in cosmology

The impact of non-linearities present on smaller scales on the average expansion of the Universe
is known as backreaction. This effect was first recognized by Schirokov and Fisher in 1963 [358],
but remained virtually unnoticed until Ellis brought back the issue with a more detailed discussion
in his 1987 paper [359]. Partially due to the resounding phenomenological success of the standard
cosmological model over the last years to fit the available observational data, the backreaction
problem did not become a main concern for the cosmology community. The basics of the problem
can be understood as follows. Let us assume that a realistic description of the Universe can be given
in terms of a metric g,,, and an energy-momentum tensor 7},,. Then, operationally, the background

cosmology could be obtained by applying a “suitable smoothing procedure” to Einstein’s equations

G(smooth) _ SWGT(SmOOth)

uv uv )

(6.1)

90
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(smooth)

where the Einstein tensor G, and the energy-momentum tensor 7, L(L,S,mOOth)

are a coarse-grained
representation of the real (and lumpy) Universe. In contrast, the standard way to build the back-

ground is to first consider a FLRW metric and then compute the components of the Einstein tensor

G,(}j,LRW). However, note that, since Einstein’s equations are highly nonlinear, in general these
operations do not commute, i.e. fo,in ooth) #* G,(E,LRW). Thus, the equations for the background
dynamics display an extra term

GFEEW) = 8rGTmeet™) + By, | (6.2)

where By, = GLP;LRW) _ G,&Slfnooth)

is an effective matter source, representing the backreaction
from the small scales (which were averaged out by the averaging process) to the evolution of the
homogeneous and isotropic FLRW metric. The issue of finding the best-fit background FLRW
model which does not ignore the lumpy details of the real Universe is referred to as the fitting

problem [359).

However, the averaging procedure in General Relativity is far from trivial, and while several ap-
proaches to the problem may be found on the literature, none is still completely satisfactory (see
e.g. [360,361] and references therein). Regarding the magnitude of the backreaction effect and its
relevance on standard cosmologies it is still subject to controversy [362H364]: the claims go from the
speculation that such corrections could explain the current accelerated expansion of the Universe
(without the need of a dark energy component), to the suggestion that backreaction is completely
negligible — a survey of cosmologist’s opinions working in the field of inhomogeneous cosmology
may be found in [365] (see also [366,367] and references therein). Meanwhile, improved computing
power along with significant progress in the techniques to solve numerically Einstein’s equations in
generic spacetimes [368] is paving the way to more realistic simulations of fully relativistic cosmolo-
gies without the need to assume a background geometry. Efforts in that direction have been made
in several independent papers, both with full relativistic cosmological simulations and relativistic
N-body methods [369-373] (see |374] for a comparison and consistency check between different
codes). The authors, focusing on matter-dominated cosmologies, conclude that backreaction has a

small impact on the background dynamics.

In light of these results, it seems reasonable to doubt that backreaction alone can explain the
mystery behind the dark sector. Nevertheless, even if one adopts a more conservative point of view
regarding the magnitude of this effect, the need to correctly account for the impact of backreaction is
growing relevantly as observations get more and more precise. Moreover, with the standard ACDM
model currently facing significant tensions given the incompatible constraints between different
data sets, some authors have further suggested that backreaction corrections may be sufficient to

explain these discrepancies (see e.g. |375,[376]).

6.2 Impact of nonlinearities in UDE

While the previous subsection refers to the gravitational backreaction (resulting from the left hand

side of Einstein’s equations, broadly speaking), one still needs to address the problem of averaging
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the energy-momentum tensor. The background dynamics depends on the averaged matter source
(T),), with the matter content being defined by a local energy-momentum tensor 7, at every point
of spacetime. For instance, in the case of CDM, its local energy-momentum tensor may be regarded
as the energy-momentum tensor of a collection of discrete particles [358]. The averaging process
of point particles is well defined in kinetic theory, enabling a smooth and continuous description
of CDM, so that <TF(LSDM)> = p(CDM)u“ul, for a perfect fluid modeling dust [361]. Recalling that
barotropic perfect fluids can be fully specified by a local equation of state p = p(p), one often
identifies the background equation of state with the local one, i.e. that (p(p)) = p({p)). Notice
however that this relation does not hold in general, with the exception of p & p models (from now on
the angle brackets () stand for a spatial average, which we shall define forward in this subsection).

Indeed, assuming a perturbative decomposition of the local pressure and energy density [232]

p={(p)+op+.. (6.3)

p={(p)+dp+ .. (6.4)

it is clear that the average quantities differ from the local ones, except if the perturbations are very
small. For concreteness, let us take the GCG equation of state (see Eq. (3.3))

(Pgeg) = —A <P§c§> # Dgeg ((Pgeg)) = —A <Pg6g>7a . (6.5)

Of course, if perturbations are small (dgcg = dpgeg/ (Pgee) K 1) the left and right hand side of Eq.

(6.5) will be similar

(Pges) = —A(Pgca) = —A( (pgea) ™" (14 0geg) ™) (6.6)
~ —A(pgeg) " <(1 + 5gcg)_a> ~ —A (pgeg)” " (1 —ald) = —A(pgeg) " (6.7)

where the term (14 dgeg)” " was Taylor expanded. However, if density perturbations are large
(as one expects in regions where the perturbations become nonlinear) the values of the local and
average quantities may differ significantly. Hence, if the role of CDM and DE is played by a
single fluid with a barotropic equation of state, the background evolution of a UDE fluid might
be susceptible to nonlinear inhomogeneities; accounting for nonlinear effects in the background
may then be crucial when confronting the model predictions with cosmological data, as noted e.g.
in [356]. This subtlety is not unique to UDE paradigms, and indeed similar remarks have been

made in other contexts (see for instance [377H381]).

One may further illustrate this point as follows (see |[382]). The average of a scalar quantity T (¢,x)

over a spatial domain D of volume Vp may be defined as
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1

(X (60) = 1 /D B [g®T (8,%) | (6.8)

where ¢ is the determinant of the spatial 3-metric and Vp = fD d31:\/g(73) . Now let us consider a
spherical domain of radius R filled with a GCG fluid. If the distribution of pgc inside the sphere is
homogeneous, then the average energy density is simply (pgcg) = Pgcg, While the average pressure
is given by (pgeg) = —Apgeg- However, if one deviates from this homogeneous case, the result will
in general be different. For concreteness, let us consider a non homogeneous radial distribution of

the GCG energy density inside the sphere, such that

P1 :N<pgcg>a r< R
P2 = Pmin, K1 <r<R

where N' > 1 (so that the core region has an energy density larger than the average) is some
constant. The outer region has ppyi, i.e. the minimum energy density attained by the GCG, so
that p(R1 <7 < R) = Pmin = —Pmin- Since the energy E = (pgce) Vp in the sphere is the same
regardless the configuration, one can write a relation between N and the radius Ry of the collapsed

core

Puin (6.9)

R\?
E:p1V1+p2(VD—V1):N: <> +
<pgcg>

Ry

On the other hand, the average pressure is given by

1
<pgcg> = 7@ /Ddgx\/ g(s)pgcg (6'10)

ArA [ 4 (B
:_%D ; pl_o‘r2d7'—vz/ pminr2dr (6.11)

= _A (%)3 (N (pgeg)) " — [1 B (‘2)3

In the limit of small Ry /R (or large ') one has (pgcg) = —pPmin, S0 the average pressure of the GCG

Prnin - (6.12)

fluid will be significantly larger (in modulus) than the average pressure that one obtains from the
homogeneous configuration i.e. (pgeg) = —A (pgeg) - Hence, as nonlinear collapse occurs (even if
only on small scales) it can change the background pressure of the GCG in a considerable way, and

therefore it might influence the dynamics of the Universe on large scales.

In the remaining of this chapter we shall quantify the impact of small scale nonlinearities by

considering an ansatz to parametrize the level of small scale clustering.



CHAPTER 6. THE ROLE OF NONLINEARITIES IN UDE MODELS 94

6.3 The nonlinear Chaplygin gas model

As we have just discussed, in UDE scenarios nonlinearities have, in general, a potential impact on
the evolution of the average Universe — the inhomogeneous configuration from the previous section
considering a GCG equation of state illustrates that effect. The study of the nonlinear collapse in
GCG-dominated cosmologies presented in [254}[383-385] shows that initially small perturbations
can give rise to rise to GCG Clumpsﬂ Fully relativistic simulations properly taking into account
the impact of spatial pressure gradients (which, by construction, are absent in top-hat spherical
collapse approximations) would be necessary in order to draw more definite conclusions regarding
the details of the formation and evolution of GCG small scale nonlinear structures; to our knowledge
such analysis is still lacking in the literature. We shall however assume that clustering can occur at
sufficiently high redshifts and on small enough scales, creating stable GCG clumps. In such high

density objects the transition from a DM-like to a DE-like stage never occurs.

By adopting a Press-Schechter approach [67] to estimate the abundance of collapsed objects, it
has been argued in [254}383] that the fraction of GCG found in clumps is far too small to affect
in a significant way the linear results. However, this conclusion relies heavily on the validity of a
standard shape for the primordial power spectrum on all scales. This is a very strong assumption
given the current constraints: Planck [146] finds no evidence for significant deviations from a nearly
invariant power law spectrum for wavenumbers in the range 0.008 Mpc™* <k <0.1 Mpc™!, but for
larger k the shape of the power spectrum predicted by inflationary models have not yet been probed
by observationsﬂ Therefore, a nonstandard form of the primordial power spectrum cannot be ruled
out on smaller scales. This loophole is found frequently in the context of e.g. small-scale clumps of
DM (see [38§] for a review) and PBH’s formation scenarios. The abundance and clustering of PBH’s
is very sensitive to the value of the amplitude of the primordial power spectrum [389,[390] as well as
to the statistical distribution of density fluctuations at early times [391,392]. Modifications to the
primordial power spectrum can then lead to an increase of the number of PBH’s in the Universe.
We expect similar arguments to hold for the GCG model as well, meaning that the enhancement
or suppression of nonlinear clustering can be justified by relaxing the assumption of a standard

spectrum on small scales, while also being consistent with the present observational constraints.

6.3.1 Small scale clustering parametrization

An attempt to quantify the impact of the backreaction of small scale non-linearities on UDE models
has been made in 393, using the GCG as a representative example. Following this work, we assume
that the distribution of the GCG component in a large comoving volume V' is composed of collapsed
and underdense regions. Collapsed regions occupy a very small volume V.o;; < V and have a density
peoll much higher than the average GCG density (pgcg). More precisely, we assume p%; > A such
that the pressure associated to the collapsed regions peon = —A/pS ), is negligible. Underdense

In the literature very small bounded structures of DM are usually referred to as clumps, micro-halos, or mini-
halos. This terminology is handy to establish a distinction between DM clumps as smaller analogs of the larger DM
halos that are expected to exist at the scale of galaxies and clusters of galaxies.

*Future CMB experiments, such as the Primordial Inflation eXplorer (PIXIE) [386], might be able to constrain
the primordial power spectrum for 50 Mpc™" < k < 10% Mpc™" [387].
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regions, on the other hand, comprise most of the volume, i.e. Vg ~ V. The energy of the total

GCG in a large comoving volume V is simply given by

E = (pgeg) V- (6.13)

One useful way to quantify the level of small scale clustering is by considering the average fraction

of E which is incorporated into collapsed objects (with energy Econ = peon Veoll)

(6.14)

where we write explicitly that € (a) is in general an evolving quantity. The contribution of collapsed

regions to the average GCG energy density in the large comoving volume is the average value of

Pcoll

E
P+ = <pc011> = ‘C/OH =€ (chg> ) (6.15)

whereas its pressure contribution is negligible, i.e. p; = (peon) ~ 0. Therefore, this allows us to
consider p as the energy density of an effective CDM component (or ‘+’ component for short).
In the same way, one may also write the contribution from the underdense regions (with energy

Euna = E — Econ) to the average GCG energy density as

Eund E - Ecoll
p— = (pund) = v % = (1 =€) (pgeg) - (6.16)

The contribution to the average GCG pressure comes solely from the underdense regions, i.e.

A
p— = <pund> = <pgcg> = _pioc (6.17)
Therefore, the equation of state parameter of the average GCG reads
(weeg) = (Pece) =S e (1-ew_, (6.18)

(Pecs) (Pecs)
where we have used Eq. in the last equality and that w_ = p_/p_, which represents the
equation of state parameter of an effective dark energy component (or ‘—’ component for short).
For the remaining of this section we drop the angle brackets, so that e.g. the quantity pgc, shall

stand for the average GCG energy density.

The simplest assumption regarding the level of small scale nonlinear clustering of the GCG is to
consider that the total energy E.. incorporated into collapsed objects is a constant. In more
realistic parametrizations, F., could be allowed to vary, and presumably, increase with time.

However, assuming that E..; = const provides a reasonable first approximation.
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6.3.2 Background evolution

With the equation of state parameter for the average GCG being defined in Eq. (6.18)), we can use
the continuity equation [c¢f. Eq. (2.43))] to obtain

p+3Hp(1+w) =0 —> paeg + 3H pgeg (1 + weeg) = 0. (6.19)
Notice that from Eq. (6.18)) one has wgee = (1 —€)w—, while from Egs. (6.16) and (6.17) the
equation of state parameter of the ‘—’ component can be written as w_ = —A/[(1 —¢€) pgcg]Ha.

Hence, Eq. (6.19) gives

. A
ngg + 3Hpgcg |:1 - u_e)m] - O . (620)

Changing the integration variable, and taking into account that V = Vpa® and € = Eeon/ (pgegV)
[from the combination of Eqgs. (6.13]) and (6.14])] results in the following continuity equation

dpgeg _ _gPsce
da a

Ecoll e — (14«

The evolution of pgee with the scale factor is found by solving Eq. (6.21) once E.qy is specified.
One can write Egop in terms of present quantities i.e. Eco = €pgegoVo. Solving Eq. (6.21]) one

obtains
Pgeg = P+t p—, (6.22)
where
pr = proa >, (6.23)
1
p— = p—o |:Zeﬁ‘ + (1 — Zeg) a73(1+a)] o , (6.24)
and
— A A
Aot = P - (1—e) ™ (029

The first term in Eq. , corresponding to the energy density of the ‘+’ component, evolves as
CDM; the second term, corresponding to the ‘—’ component, evolves like the original GCG model as
if the parameters were o and Aeg (which in turn depends on the original parameters as given in Eq.
, where A = A/ pé:rg%). Therefore, with this parametrization of the small scale clustering, the
evolution of pgcg is equivalent to a decomposition into a CDM and a GCG component interacting
only through gravity. In addition, nonlinear clustering affects the background evolution of the ‘—’

component through A.g (if €9 # 0).
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If the condition

. 1
1-A 30 ta)
a< ( — "ﬂ) (6.26)
Aeff
holds, Eq. (6.22)) simplifies to
B o
Pecg ~ P00 ° + p_g (1 — Aegg) e 0™ = pgego [60 + (1 —e0) (1 - Aesr) 1+a} a=?, (6.27)

meaning that the energy density is proportional to =3 for both components and, as a result, the
average GCG fluid mimics pressureless matter. This also shows that Eq. (6.26) defines the scale

factor of transition

_ 1

1—-A 3(1+ta)

atr:< — eﬁ) , (6.28)
Aeff

[cf. Eq. (3.9))]. Considering a value a; satisfying the condition in Eq. (6.26), then F (a;) =
Pgce (@) Vgaf’ is constant. Therefore, the level of small scale clustering fraction tends to a constant

value at sufficiently early times

Econ _ €0Pgcg0 03

ela:) = e — — 6.29
=0 B 0] e ) (0:29)
Using Eq. (6.27)), one finds the following relation
1—c¢ — .\t
€ = <1 +— O (1~ Aer) 1+a> : (6.30)
0

so that ¢; is completely determined given €g, o, and Ag.

Let us consider a flat Universe containing the GCG fluid, baryons, and relativistic particles. The

corresponding Friedmann equation is

8rG 8rG
H2 = 73 pP= 3 (pgcg + pb + pr> . (6'31)
For this discussion we fix a = 1, Hy = 67.5 km s~ Mpc ™!, Qpg ~ 0.05 and 9 ~ 107°, such that
Qgego ~ 0.95. The density parameters for the ‘+’ and ‘~’ components as functions of redshift are
given by
Qbo—FQro(l—i-Z)—l—Q_o\/l—Aff—i-A ﬁ(1+2)_
O () =" =1+ < : (6.32)

P Q40
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Figure 6.1: Evolution of the baryon (black lines), ‘+’ component (blue lines), and ‘—’ component
(green lines), density parameters. We take three values for the initial collapsed GCG fraction
€ = 0.5,0.8,0.99 (solid, dashed and dotted-dashed lines, respectively).

and
—1

Q_(z):p;: 1+ Qo+ Qo + Qo (1 + 2)

b0 oo , (6.33)
p Q_o\/1 — Ao + Aeg (14 2)

respectively. The evolution for the baryonic density parameter is similar to the right hand side of
Eq. (just swap Q49 and Qpg). The present level of small nonlinear clustering fraction is
given by €9 = Q4 0/Qgcg0, With Q40 ~ 0.26, while the present density fraction of the ‘—" component
is fixed by Q_g = Qgcg0 — Q0.

From Eq. (6.30) one finds

— Qiol—e)?
Aeﬂ@:1_<ﬂf2 66) . (6.34)

Fig. shows that, for ¢; = 0.5 (solid line), the ‘=’ and ‘4’ components contribute in the same
proportion to the background expansion (i.e. Q4 = Q_) until the end of the matter era. The
term proportional to (14 z)~% in Eqs. (6.32) and is negligible at high redshifts and from
Eq. one has 1 — Aeg = (Q40/ Q_0)2. For larger values of ¢; (dashed and dotted-dashed lines
for ¢, = 0.8 and 0.99, respectively), Q_ starts to deviate from zero at smaller redshifts (note that

1 — Aeg — 0 as ¢ — 1): the ‘4’ component dominates the dynamics during the matter era, while

the ‘=’ component only becomes relevant to the background evolution at late times.

The evolution for the effective equation of state parameter of the ‘=’ component is given by
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Figure 6.2: Evolution of the equation of state parameter for the ‘=’ component (black lines) and

the small scale clustering fraction of the GCG (blue lines) as a function of redshift. We take three
values for the initial collapsed GCG fraction ¢; = 0.5,0.8,0.99 (solid, dashed and dotted-dashed
lines, respectively), and fix a = 1.

wo == _ A - Aci (6.35)
e pE [Aegr + (1 — Aegr) a=3(140)] Ao + (1 — Aegr) a=3040) .

with its present value being w_g = —Acg. In Fig. (black lines) we plot w_ (z) (black lines) for

three different values of ¢;. The value of w_ interpolates from w_ = 0 at earlier times to w_ ~ —1

at later times. At the transition redshift zy, = 1/ay, — 1 [see Eq. (6.28))], w— = —0.5.

As ¢; increases, the transition to a dark energy state in the ‘—’ component occurs at higher redshifts.

The level of nonlinear small scale clustering as a function of the redshift is given by

6(Z):p+:<1—|—Q_O\/1—AH+AH(1+Z)_6>_1 (6.36)
Pgcg Q40 © ¢

As shown in Fig. at early times the value of € is approximately constant and close to its initial
value. Ignoring the term proportional to (1 + z)_6 in Eq. (6.36]), and using the relation in Eq.

(6.34), one obtains € (z > zi;) = €;.

6.3.3 [Evolution of perturbations

In this subsection we analyze the evolution of linear density perturbations in the GCG model
taking into account the parametrization of small scale nonlinear clustering discussed in the previous
subsections. We have modified the CLASS code (see Appendix in order to solve the full
Boltzmann equations considering a Universe containing radiation and baryons and the GCG fluid.

The full perturbation equations are then used to compute the CMB and matter power spectra
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discussed in Secs. [6.3.4) and [6.3.5] as well as to derive the observational constraints in Sec. [6.4}

Although all the results follow from the numerical solutions given by our implementation in CLASS,

we present here the perturbation equations in the synchronous gauge (the same gauge used to obtain
the numerical solutions) in order to derive a few analytical results of interest, under appropriate

simplifications. Such analysis also provides a consistency check of the numerical results.

Since we shall mainly focus on the evolution of linear perturbations from the epoch of matter
domination up to the present time, the contribution from relativistic particles may be safely ignored.
In this regime one may also take the baryonic content to be a pressureless perfect fluid interacting
with the GCG fluid only through gravity. According to the parametrization presented in the
previous section, the ‘4+’ component behaves as standard CDM (i.e. it has negligible pressure and
negligible sound speed). On the other hand, the sound speed associated to the effective dark energy

component is

cg,_ = —qw-_. (6.37)

One may further simplify the system of equations and include the baryonic density contrast contri-
bution d}, on § and consider the total matter density parameter Q2 = Q.+, where Q4 = eQgeq.
Note that 6, = V;v% = 0 at all times, so one may use the matter component to fix the synchronous
coordinates. Setting wy = cg,m =0y, = 0 in Eq. one obtains 0, = 3®". Using this result,
Eq. gives

1" ! 3
O+ HOpy = 3 [ b + (1 = Baw-) Q6] =0, (6.38)

while the equations for the perturbations 0_ and #_ [from Egs. (2.139) and (2.140))] read

5+ (1+w.) [e, - 5;1] —3w_(14+a)é_ =0, (6.39)
/ aw_k?
0_ +H(1+30w_)0_ + i_=0. (6.40)
14+ w_
For convenience, we shall rewrite this system of equations as
B 4 (24 €) 6 — g (Qundn + (1 — 3aw ) Q6] =0 (6.41)
) 0 .
o+ (1+w-) [7—[ —6m] —3w_(14+a)é_=0 (6.42)
. aw_k?
41 )4+ ———F_ = 4
\0 + (14 3aw-_)40 +7—l(1+w_)5 0 (6.43)

where, exceptionally, we have - = d/dIna and £ = H/H.
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Figure 6.3: Evolution of the density perturbations with the scale factor on the scales k =
0.01 hMpc™? (top plot) and k& = 0.1 A Mpc™! (bottom plot) for the ‘+’ component (green lines)
and ‘=’ component (blue lines). We fix the cosmological parameters as in Fig. with the initial
collapsed fraction being €¢; = 0.5 (solid lines), ¢; = 0.8 (dashed lines) and ¢; = 0.99 (dotted-dashed
lines). The vertical lines denote the value of the scale factor when the fluctuations of the effective
dark energy component stop growing (with the corresponding line style for each ¢;).

In Fig. we plot the evolution of the density perturbations for the ‘4’ and ‘—’ components as
a function of the scale factor. We take ¢; = 0.5,0.8 and 0.99, for the scales k = 0.01 h Mpc~! and
k= 0.1 hMpc~!, where h is the usual reduced Hubble parameter, and o = 1. The present collapsed
fraction is fixed to ¢y = 0.277 and A is found from Eq. . At early times, the perturbations

of the ‘+’ and ‘—’ components evolve in a similar manner for all models, on scales larger than the
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sound horizon (i.e. for k < H/cs ). In the matter era one has H o« a=3/2, so ¢ = —3/2. Thus, we

may write Eq. (6.41)) as

. 1. 3
Om + =0m — =0m =0, (6.44)

2 2
recovering the standard result for the CDM perturbations: a growing mode é,, o a and a decaying

~3/2

mode 0y, ox a~%/*. All components evolve as matter, so w_ ~ 0, and Eqgs. (6.42) and (6.43]) can be

combined to give 6 = bpm.

Ifa>0,w_ <0 fora > at, and the ‘=’ component has a non-null sound speed which prevents the
growth of J_ on scales smaller than the sound horizon (i.e. for k > H/cs — the density perturbations
start to oscillate and decay). The damped oscillatory behavior of §_ happens approximately when
kcs,— /H ~ 1. Taking into account that H ~ Hoya3/2 in the matter dominated era, and using Eq.
, we may estimate that the fluctuations of the effective dark energy component stop growing

at the scale factor

2

BT s
ak_w F [e% 4+3ocatr s (645)
0

where

|
1— €0 €; 1+« 3(1+a)
r= — -1 , 6.46
e [( 1—¢; 60) ( )

being obtained from Egs. and (see vertical lines in Fig. . Comparing the upper
and lower plots in Fig. [6.3] we note that for higher k, 6_ stops growing at earlier times. Higher
values of ¢; (the vertical lines are plotted from right to left for increasing values of ¢;) also have
a similar effect, since ay, decreases as ¢; increases, leading to an earlier increase of the critical

C_ 0

scale in the component, preventing further collapse (notice that for ¢; — 1, corresponding to
a ACDM limit, the density fluctuations of the ‘—’ component become negligible at all scales). If
the transition to a dark energy state in the ‘—’ component happens while the background is still

dominated by the matter components, then Eq. (6.41]) gives

.. 1. 3
taking 0_ ~ 0. During the matter era one can assume )y, ~ const, so Eq. (6.47)) has the growing

solution &, x a* where

A= i (—1 + M) . (6.48)

In this case, the contribution of the ‘—’ component is also subdominant (i.e. Q- =1—-Qy, < 1),

so we may expand the radical to obtain
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3
Avl-2Qo, (6.49)

showing that, on scales smaller than the sound horizon, density perturbations grow at a slower pace

when compared to the standard case (i.e. A =1).

6.3.4 CMB power spectra

The CMB power spectra computed by CLASS is shown in Fig. The blue line shows the ACDM
model with the standard values for the cosmological parameters being considered (see Sec. [A.1)).
The Nonlinear GCG CMB power spectra predictions (with o = 1) are plotted in black lines, for
three values of the initial collapsed fraction: ¢; = 0.5 (solid lines), ¢; = 0.8 (dashed lines) and
€; = 0.99 (dotted-dashed lines). The GCG changes the CMB temperature spectrum with respect
to the ACDM prediction mainly for two reasons: a different the expansion history resulting on a
shift in the location of the peaks, and a different decay of the gravitational potential at late times,
affecting the CMB anisotropies for low-multipoles due to the late integrated Sachs-Wolfe (ISW)
effect [394]. For this discussion we fix €y such that the angular scale of the sound horizon at the

last scattering surface

d(C) .
Oy = wﬁ, (6.50)

Tx

is the same for the different choices of ¢; (we take £4 ~ 300). Here dff) is the comoving angular

diameter distance, defined in a flat Universe as

4O (z) = /0 Hdé,) , (6.51)

and r, is the comoving size of the sound horizon of the coupled baryon-photon system at z,

1 b dz
(=)= / H(2) Vit G0 /oy

where z, is the redshift at the photon decoupling epoch.

(6.52)

Ty =T

With this requirement, we get lower values for the present total matter density parameter for lower
€ (Qmo ~ 0.21 and Qo ~ 0.29 for ¢; = 0.5 and ¢; = 0.8, respectively). The increase of Q_ for
models with lower ¢; is compensated by having a higher ay, [see Eq. (6.46])], so the transition to

‘—’ component happens at later times. The primordial amplitude Ag

a dark energy state in the
at the pivot scale kp = 0.05 Mpc™! is also adjusted to match the ACDM CMB peak amplitude.
Hence, on small angular scales (¢ 2 200) all models follow the ACDM result, thus being consistent
with CMB observations. Note that the model with ¢; = 0.99 perfectly overlaps the blue line (i.e.
the ACDM model) on all scales. On the other hand, models with values of €; not sufficiently close

to 1, produce a strong signal on large angular scales, due to the late ISW effect.
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Figure 6.4: CMB power spectrum for cosmologies with a similar characteristic angle for the location
of peaks on the CMB power spectrum (€5 ~ 300). The result for the ACDM model considering
the standard values (see Sec. is shown by the blue line. The black lines correspond to the
CMB power spectrum predicted by the Nonlinear Chaplygin gas model with « = 1, for three
choices of the initial collapsed fraction: €¢; = 0.5 (solid lines), ¢; = 0.8 (dashed lines) and ¢; = 0.99
(dotted-dashed lines).

6.3.5 Matter power spectra

In our implementation, the matter power spectrum incorporates the contribution from density
fluctuations of the effective CDM component (§;) and baryons (dy). We also consider nonlinear
corrections to the power spectrum using the Halofit model, as these corrections are needed for the
weak lensing constraints presented in the following section (see [395|396] for details). This fitting
formula for the nonlinear matter power spectrum is calibrated from CDM N-body simulations,
which is perfectly consistent with our assumptions regarding the collapse properties of the GCG (the
GCG clusters very early, effectively behaving as CDM particles for most of the cosmic expansion
history). Fig. shows the matter power spectra for the ACDM model (blue line) and the
Nonlinear CG models (black lines) with the same choice of parameters as given in the previous
section, i.e. £4 ~ 300 for all models. Notice that the typical oscillations of the GCG matter power
spectrum due to a large sound speed are absent. The pressure perturbations are carried by the ‘—’
component, and its density perturbations become negligible with the transition to a dark energy
state (see Sec. . On large scales all models agree with the ACDM result, while on smaller

scales the variation of ¢; leads to slight changes in the amplitude of the matter power spectrum.
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Figure 6.5: Matter power spectra for the same choice of parameters as in Sec. [6.3.4] including
nonlinear corrections from the Halofit model. The blue line shows the ACDM result.

6.4 Observational constraints on nonlinear Chaplygin gas cosmolo-
gies

Here we present the observational constraints on the Nonlinear GCG model parameters using
a likelihood analysis. We have performed the parameter estimation with the publicly available
Monte Carlo code Montepython [397,/398|, with the Python implementation PyMultiNest [399)
of the nested sampling algorithm Multinest [400] to sample the parameter space. To guarantee
that the chains are well converged, we verify that the Gelman-Rubin criterium [401] is satisfied
(see Appendix [A]). For the data sets we take the Pantheon SNIa compilation [261], KiDS weak
lensing [148,402], and Planck 2018 CMB measurements [146] (see Appendix [B).

The parameters defining the Nonlinear GCG model {«, €y, €;} are constrained against each data
set and their combination. The cosmological parameters considered in the analysis are given in
Table the the physical baryonic density Qupoh?, In10194, (A4 is the amplitude of the scalar
primordial power spectrum), the spectral index of scalar primordial power spectrum ng, the present

Hubble parameter Hy, and the optical depth 7yeio.

6.4.1 SNIa

We start by studying background constraints, using SNIa Pantheon data (see Appendix . In
order to be readily compared with the results obtained in [393], in this analysis we fix the parameters
Qpo = 0.0487 and Hy = 67.3 kms~! Mpc™! (a relativistic component is also taken into account
by CLASS, but in this discussion we can safely ignore its contribution to the background). We also
consider a fixed baryonic fractional density deep in the matter era of Q,; = 0.155 (corresponding to
the ACDM value Qp; = Qpo/Qmo for Qe = 0.315). With this restriction, cosmologies dominated

by the baryonic component during the matter era are avoided in the analysis. Otherwise, since
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SNIa constraints are only sensitive to H (z), large degeneracies would appear in the results.

Thus, using Eqgs. (6.27) and (6.30) one obtains

Qbo Qbo
Qp; = = , (6.53)
po + Qgego {eo + (1 —€)(1— Aeﬂ‘)l/(l+a)] Qo + Qgego€o/€i
which fixes the present collapsed fraction to
Qpo 1 — Oy
€ = € - 6.54
0 Qgch Qbi ( )

In this case the GCG model has only two independent parameters, that we take to be ¢; and «,

while A and ¢y are derived parameters, given by Eqs. (6.25)), (6.30) and (6.54).

1
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Figure 6.6: Observational constraints on the GCG parameters ¢; and « from the Pantheon SNIa
compilation. Darker and lighter regions correspond to the 1o and 20 confidence level, respectively.
In this analysis we assume Qpg = 0.0487, Qo = 0.315, Hy = 67.3 kms~! Mpc~!, and a fixed
baryonic fractional density deep in the matter era of y,; = 0.155

We perform a nested sampling analysis of a 3-dimensional parameter space. Besides the 2 GCG
independent model parameters, we only include the absolute magnitude M as nuisance parameter.
The result, marginalized over M, is shown in Fig. Comparing the results from [393] with
Fig. we get slightly tighter constraints on the 1o and 20 regions (the Pantheon compilation
being roughly twice the size of the Union 2.1 SNIa data set and with data points at higher
redshifts). All values of « in the interval [0, 1] are consistent with the SNIa observations at 1o,
provided that the value of ¢; is high enough. For models with lower values of ¢; this is no longer
the case, and models with « closer to 1 are disfavored. Notice that, with the value of €,; being
considered in this analysis, Eq. limits the present collapsed fraction to the maximum value
eo = 0.279 (obtained when ¢; — 1). The present value of the GCG equation of state parameter wg

is constrained by this analysis to wg = —0.754_'8:85{'. From Eqs. (6.18)), (6.29)), and (6.54]), one may
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write wg as

1+«
Qo (1 — ) > 1—¢
wo = ( ot A Bl Brenrcrere v ma
14+«
1—¢
= (0279¢ - 1)+ | 4 . (6.55)
0279  ©

Taking ¢, =0

wole—0 = —1 4 0.279' T, (6.56)

we get wole,=0 = —0.721 for o = 0, which lies in the 1o uncertainty interval. The absolute value

of wole,—0 gets larger as a — 1, reaching wole,—0 ~ —0.92 for o = 1, which is already ruled out at
more than 20. The lower 20 bound obtained in the analysis wy > —0.8 constrains a < 0.26 when
¢; = 0. On the other hand, in the ¢; — 1 limit the second term on the r.h.s. of Eq. becomes
negligible. Therefore, one recovers

wole;=1 = —0.721, (6.57)

being consistent at 1o with the data irrespectively of the value of «.

Table 6.1: Parameters and corresponding flat priors used for the SNIa likelihood analysis in Sec.
0.4, 1]

Type Parameters Prior
o 0, 1]
€; [0, 1}
Model €0 Derived
wW—_o Derived
wo Derived
Cosmological Qo 0.0487
h 0.673
Pantheon M [—20, —18]

On the other hand, CMB data is able to impose tight constraints on the baryonic density fraction.
Hence, when SNIa data is combined with Planck data (see Sec. , the baryon/GCG degeneracy
“problem” from background constraints is irrelevant, and we no longer need to impose 2,; = 0.155
to reduce the number of free parameters. Therefore, for the analyses in the following sections, we

consider instead the parameters and correspondent priors given in Table

6.4.2 Weak lensing

For the analysis with weak lensing we use KiDS-450 data (see Appendix|B.4)). We use 3 tomographic
bins (z; € [0.10,0.30], z2 € [0.30,0.60] and z3 € [0.60,0.90]). The uncertainties of the measured

convergence power spectra on these 3 redshift bins (3 auto power spectra and 3 cross-spectra
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Figure 6.7: Diference of the convergence power spectrum for the Nonlinear GCG (red lines) with
respect to the ACDM model considering ¢; = 0.5 (solid line), ¢; = 0.8 (dashed line) and ¢; = 0.99
(dotted-dashed line). All models have a = 1 and £4 ~ 300 (see Sec. [6.3.4)). The auto-correlations
are shown on the diagonal panels and the unique cross-correlations between the redshift bins are
presented in the off-diagonal plots. The dashed vertical lines delimit the band powers, with the
shadow regions in grey being excluded from the KiDS-450 analysis. The blue regions show the 1o
errors for each band derived from the analytical covariance matrix.
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between pairs of bins) are shown in Fig. for multipoles in the range 76 < ¢ < 1310; the first,
second to last, and last band powers are not considered in the analysis (shaded in grey). This choice
for the redshift bins and multipole range correspond to the ones used in the KiDS data . The
auto power spectra are shown on the diagonal panels and the cross-spectra are presented in the
off-diagonal plots. We also plot the difference between the Nonlinear GCG and the ACDM model
in the predicted convergence power spectrum, i.e. ACFF (¢) = C{&,,, (0) — CLE (), for different
values of ¢;. This allows us to have a hint on the potential of KIDS-450 data to discriminate
between our GCG model and ACDM. The behavior of ACF¥ (¢) is similar for all power spectra.
Here o = 1 and ¢ is fixed such that all models have £4 ~ 300 (see Sec. [6.3.4]). The deviation of the
€; = 0.99 model from ACDM starts to manifest on the small scales of the data, but the error bars
are too large to allow to distinguish the models. Models with ¢; < 0.8 start deviating at least by
lo from ACDM. Since the deviations are small (less than 20), degeneracies with other parameters

will most likely prevent these data to strongly constrain ;.
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Figure 6.8: Comparison of the constraints from KiDS (green contours) and Planck (cyan contours)
in the og, a plane. Nonlinear GCG models with values over all the range of o are allowed by CMB
and the joint analysis CMB+WL.

Let us move then to the full WL analysis. We perform a nested sampling analysis of a 14-dimensional
parameter space. The parameters used are: 3 GCG model parameters («, €;, €), 5 standard
cosmological parameters, and 6 WL nuisance parameters (see Appendix. The list of parameters
and the corresponding limits of flat priors used in the analysis are given in Table[6.2] The constraints
for the GCG models parameters, marginalized over all nuisance and standard cosmology parameters

are shown in the Fig. (green contours). The model parameters are only mildly constrained; only
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€o and wy are constrained at 2¢ in the prior interval, with the constraints on ¢y being comparable

with the ones presented in [148] for the present matter density parameter.

Note that like in the galaxy survey data analysis of chapter (using SDSS galaxy clustering data),
we also find that galaxy survey data (in this case WL) basically does not limit «, all values between
0 and 1 being allowed. However, in that analysis (where the clustering of the GCG model is driven
by the baryons), the wide range of a was allowed only for models with low og values. When
combining with CMB data, only a small region close to o« = 0 remained viable (corresponding to
higher og values compatible with CMB constraints) reducing to the ACDM limit. Here on the
contrary, for a model where the clustering is driven by the nonlinear GCG clumps, the wide range
of o found is more robust, not being restricted to low og amplitudes. The corresponding Planck

and KiDS constraints on the (o3, «) plane (when marginalizing over all other parameters) is shown

in Fig.

Table 6.2: Priors used for the likelihood analysis with KiDS-450 (green contours in Fig. , Planck
2018 (blue contours in Fig. and for the combined analysis Pantheon + KiDS-450 + Planck
2018 (results given in Table [6.5).

6.4.3 CMB

Type Parameters Prior
o 0, 1]
€ [0.5, 0.9999]
Model €0 [0, 0.4999]
wo Derived
wo_ Derived
Qpoh? [0.019, 0.026]
In10'0 A, [1.7, 5.0]
Cosmological N [0.7, 1.3]
Hy [60.0, 80.0]
Treio [0.01, 0.15]
os Derived
Pantheon M [—20, —18]
Planck Aplanck [90, 110]
Meorr [—0.03368, 0.00632]
Anoise (21) [—0.1, 0.1}
KiDS Anoise (22) [—0.1, 0.1]
Anoise (2’3) [—0.1, 01}
Apary [0, 10]
Arp [—6, 6]

For the analysis with CMB we use Planck 2018 data (see Appendix. We use the combination
of the high-¢ TT likelihood at multipoles ¢ > 30 (Plik_lite) and the low-¢ (¢ = 2 to ¢ = 29)
temperature (Commander) and polarization (SimAll) likelihoods [404]. We perform a nested sam-
pling analysis of a 9-dimensional parameter space. Besides the 3 GCG model parameters and the

5 standard cosmological parameters, we only include one CMB nuisance parameter Apjanck. The
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Figure 6.9: One and two dimensional posterior distribution showing the 1o (darker regions) and
20 (lighter regions) constraints for the Nonlinear Chaplygin gas model parameters obtained from
KiDS weak lensing (green contours) and Planck 2018 CMB measurements (cyan contours) (check
Table for the assumed priors). The open contours in red refer to the constraints with Pantheon
SNIa data (see Sec. for details on the analysis). The dashed red lines indicate the upper
bounds on the values of €y and wy resulting from the priors assumed in Table [6.1]
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Table 6.3: Results from the likelihood analysis with KiDS-450 data. We show the best-fit and mean
values for the nonlinear GCG model and cosmological parameters, with the correspondent 1 and
20 deviations. Notice that « is unconstrained in the [0, 1] interval by the data. The minimum x?
given by the best-fit values is x2, = 49.

Parameters | Best-Fit | Mean+o —20 | 420
€0 0.44 0.29%000 | 0.12 | 0.45
—wp 0.34 0.637017 | 0.34 | 0.89
—w_ 0.61 0.8970¢5 | 0.60 | 0.99
s 0.55 0.6870% | 0.47 | 0.96
Qmo 0.470 | 0.323700% | 0.159 | 0.477
Ss 0.704 | 0.724700%7 | 0.581 | 0.863

list of parameters and the corresponding limits of flat priors used in the analysis are given in Table
The constraints for the GCG models parameters, marginalized over all nuisance and standard

cosmology parameters are shown in Fig. (cyan contours).

Table 6.4: Results from likelihood analysis with Planck 2018 data. We show the best-fit and mean
values for the nonlinear GCG model and cosmological parameters, with the correspondent 1 and
20 deviations. The parameters ¢; and wo_ are tightly constrained to ¢; = 0.97 and w_g < —0.99
at 20, while « is unconstrained in the [0, 1] interval. The minimum y? given by the best-fit values
is x2;, = 623.

Parameters Best-Fit Mean+o —20 | +20
€0 0.267 | 0.273+£0.015 | 0.244 | 0.303
—wy 0.733 | 0.726 £0.015 | 0.697 | 0.755
Qo 0.302 | 0.308 £0.015 | 0.278 | 0.338
wp x 102 2.223 | 221175058 | 2.156 | 2.264
In1019A, 3.045 | 3.0414+0.018 | 3.005 | 3.077
N 0.968 | 0.963 + 0.007 | 0.949 | 0.977
Hy [km/s/Mpc] 68.3 67.8+1.1 65.7 | 70.0
Treio 0.057 | 0.052 £ 0.008 | 0.036 | 0.069
o8 0.821 | 0.819+0.015 | 0.794 | 0.849
Sg 0.87 0.87+0.03 | 0.81 | 0.93

Fig. shows a very strong constraint on ¢;, being highly restricted to assume values close to 1.
Due to Planck high precision data of the CMB temperature spectrum at multipoles ¢ > 30, GCG
models are tightly constrained to a combination of parameters giving similar 4. As we have shown
in Sec. varying the value of ¢; (while keeping ¢4 fixed) changes the spectrum on large scales,
where the Planck error bars are larger. Yet, models with ¢; < 0.8 start deviating significantly from
ACDM already at ¢ ~ 60 — 70. Hence, we get a lower limit ¢; = 0.968 at 20 from CMB data alone.
Constraints on the parameters ¢y and wy are also improved in comparison to the results from KiDS.
However, o remains unconstrained for values inside the prior interval [0,1]. This is an interesting
result: nonlinear GCG models with values over all the range of o are allowed by CMB and the
joint analysis CMB+WL, overcoming the shortcomings pointed out by [266] on the one side, and

the problem of the low clustering amplitude introduced by the baryon-driven clustering solution on
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the other side.

6.4.4 CMB vs WL Tensions

The projection of cosmological constraints in the og versus 0,90 plane from KiDS and Planck
data is shown in Fig. Notice that the well known disagreement between CMB and cosmic
shear measurements is still present for the nonlinear GCG model at ~ 1.70, with og = 0.68f8:?§ and
os = 0.8240.02 for the marginalized constraints from KiDS and Planck, respectively. Slightly larger
values for the present matter density are favored by KiDS (2,0 = 0.32f8:ég) when compared to
Planck (9,0 = 0.31£0.02) but their values are perfectly consistent at 1o. In the literature the ten-
sion between CMB and weak lensing is often quantified using the combination Sg = og \/m.
Our analysis give Sg = 0.724_'8:85 for KiDS and Sg = 0.87 £ 0.03 for Planck, which are in tension
at the ~ 20 level. This value is slightly lower than the reported ~ 2.30 discrepancy between

KiDS-450 [148] and CMB Planck data for the standard ACDM model.

m— KiDS
= Planck

0.95
g 0.75
0.55
0.14 0.3 0.46 0.55 0.75 0.95
Qo o3

Figure 6.10: Comparison of the constraints from KiDS (green contours) and Planck (cyan contours)
in the og, Qo plane (where Qo = Qpo + Qo).

6.4.5 Joint SNIa+WL-+CMB analysis

We perform a combined likelihood analysis with Pantheon + KiDS-450 4+ Planck 2018. Here, for
the CMB data, we take the temperature only likelihoods i.e. high-¢ TT likelihood at multipoles
¢ > 30 (Plik_1lite) and the low-¢ (£ = 2 to ¢ = 29) Commander likelihood. The full set of parameters
used and their priors are given in Table The results are shown in Table 6.5} The combined

analysis imposes stringent limits to the present and initial collapsed fraction of the GCG, which are
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Table 6.5: Results for the combined likelihood analysis Pantheon + KiDS-450 + Planck 2018. We
show the best-fit and mean values for the nonlinear GCG model and cosmological parameters, with
the correspondent 1 and 20 deviations. The parameters ¢; and wy_ are tightly constrained to
€ 2 0.96 and w_g < —0.99 at 20, while « is unconstrained in the [0, 1] interval. The minimum x?

~

given by the best-fit values is Xfmn = 1310.

Parameters Best-Fit Mean =+ 1o —20 +20
€0 0.253 0.2507501% 0.219 | 0.278
A 0.652 0.65410-058 0.552 | 0.758
wo —0.747 | —0.749 +0.014 | —0.776 | —0.723
Qpoh? x 102 2.25 2.24 £ 0.04 2.17 | 231
In (1019 4;) 3.12 3.127008 3.03 3.22
ns 0.976 | 0.973+£0.010 | 0.956 | 0.990
Hy [km/s/Mpc] | 69.5 69.6713 67.3 72.1
Treio X 102 9.38 9.7715 1% 4.89 | 14.47
o8 0.845 | 0.840+0.026 | 0.792 | 0.889

driven by the Planck constraints. Their mean values and 1o deviations are ey = 0.249970017 and

€ = 0.9855f8j8(1)§8. The value of the dark energy equation of state parameter wg_ is also tightly
constrained to values close to —1, thus following closely the behavior of a cosmological constant
at the present. In contrast, the parameter « is essentially unconstrained by the combined data in
the interval [0, 1]. The best-fit values are shown in Table and are in general close to the mean
values of the posterior distribution. It is a model with ¢; close to 1, ¢g = 0.253, wy = —0.747 and

i

w—_g ~ —1. The mean density parameters of the ‘4’ and ‘—’ components are 2,9 = 0.241 and

Q_o = 0.712, respectively.

The x? of the best-fit model is x2,, = 1310. As a consistency check, we have also verified that the
ACDM model provides a similar goodness of fit to the data.



Chapter 7

Conclusions and Outlook

In this thesis we have explored the possibility of accounting for the phenomenology associated to
the cosmological dark sector (conventionally assumed to be constituted by CDM and a cosmological
constant) using a single fluid. In particular, we focused on a class of UDE models described by
isentropic perfect fluids. We found that, when a traditional approach to perturbation theory is
assumed, observations restrict isentropic UDE models to behave very closely to ACDM. The key
factor behind this result is the fact that the adiabatic sound speed in isentropic perfect fluids is
necessarily tied up to the background evolution. A sound speed significantly different from zero
typically arises in isentropic UDE, when the transition from a dark matter state to a dark energy
state occurs. This introduces a characteristic length determining the stability of linear perturbations
which, if not sufficiently small, affects in a crucial way the standard growth of cosmic structures
on linear scales. Therefore, the sound speed has to be very close to zero in order to be consistent
with large scale structure observations; in these models, the background evolution is necessarily
ACDM-like.

Notice that this result, by itself, does not refute the single dark fluid hypothesis in general, or
invalidate isentropic UDE models in particular. As we have discussed, the ACDM model also
admits a single fluid interpretation in terms of an isentropic perfect fluid with zero sound speed
(remember that the dark sector, so far, has only been inferred gravitationally, and gravity alone
does not discriminate the number of dark components). Furthermore, with an equation of state
being given just by a negative and constant pressure, the ACDM may be regarded as the simplest
UDE model one can concoct. On the other hand, the strong restrictions on isentropic UDE from
linear analysis could discourage the pursue of further models or parametrizations; in the literature,
a common way out to avoid large sound speeds in UDE models is to give up entirely on isentropic
perfect fluids, and consider e.g. non adiabatic contributions to the sound speed [405,/406]. It turns
out that a proper analysis of UDE scenarios is much more complex to deal with than what could
be initially expected, and one does not need to go beyond the isentropic perfect fluid assumption

to find far more richer phenomenology.
We have argued in this thesis that potential backreaction effects cannot, in general, be ignored in
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the context of UDE. As the behavior of both dark matter and dark energy arise from the same
single fluid, the local equation of state has to reproduce both phenomena. Hence, the background
dynamics is prone to be affected by inhomogeneities (even if present only on small scales), as the
values of the local and large scale average quantities can be completely different. A standard
approach to perturbations can be safely used on linear scales in the case that dark matter and
dark energy are independent i.e. when the equations of state of both components do not depend
on one another. As a result, the nonlinear collapse of CDM on small scales (occurring mainly
during the matter era) does not influence the dynamics of the dark energy component, which in
the case of the standard model is given by a constant A everywhere. Note that this insusceptibility
of the background dynamics to small scale inhomogeneities is also consistent with the single fluid
interpretation of ACDM — the equation of state of the total fluid is simply determined by a constant
pressure everywhere, irrespectively of the level of clustering. However, this is not the case if more

general UDE models are considered.

Taking into account the formation of nonlinear structures in these models may become crucial even
for background analyses. To study the impact of small scale nonlinear clustering we have restricted
our attention to the GCG, taken as a representative model of isentropic UDE. As we have noted,
previous studies suggest that level of nonlinear clustering is expected to not be significant if a
standard scale-invariant primordial power spectrum is assumed. However, the amplitude and shape
of the power spectrum on small scales is poorly constrained by observations, and deviations with
respect to the simple power law on these scales cannot be dismissed. Hence, it is relevant to study
the impact of such deviations on the efficiency of nonlinear clustering in the GCG. In turn, the
exact details on the formation and evolution of small scale nonlinearities are expected to be model
dependent. Therefore, even if nonlinear clustering is likely to affect any isentropic UDE model in a
critical way, the degree to which backreaction effects are important need to be assessed for a each
particular case. Of course, this includes all the other isentropic UDE models that we have studied

in this thesis.

Ultimately, the problem of backreaction in isentropic UDE cosmologies should be addressed by
solving the full Einstein equations. Tackling this problem with all generality is, by all means, in-
conceivable in the foreseeable future. However, as we have mentioned, fully relativistic simulations
have been used to compute the evolution of inhomogeneous distributions of matter and measure
departures with respect to the background and linear predictions of FLRW cosmologies. Partic-
ularly, in [369] it was computed for the first time the exact behavior of geometric backreaction
as defined by Buchert’s averaging formalism [407]. It should be underlined that most discussions
in the literature are often centered on the problem of backreaction by geometrical averaging, as
this is the relevant case in the ACDM model scenario. In this context, simulations have also con-
sistently shown that backreaction effects are negligible given the current precision of cosmological
observations. Interestingly, Buchert extended his formalism to the perfect fluid case in [377] (see
also [408]), and mentions the backreaction effect arising from the non-trivial averaging of the per-
fect fluid energy-momentum tensor (that we have discussed in Sec. . We are not aware of

any numerical analyses focusing on this more general case, which may be pertinent to clarify the
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importance of the impact of nonlinearities in the background evolution and clustering properties

of isentropic UDE models.

One should bear in mind that throughout this thesis (and in our discussion above) we have con-
sidered that the cosmological dark sector is well described by an isentropic perfect fluid on all
scales. In general, the working assumption of a perfect fluid is expected to break on sufficiently
small scales |[409] — the specific scale at which this happens might have implications for the back-
reaction problem in UDE. On the other hand, the scalar field theories studied in chapters [] and
to describe isentropic UDE models, also incorporate a regime for which the dynamics of the
scalar field is not the one of an isentropic perfect fluid. Therefore, if one considers that the dark
sector is fundamentally accounted by a scalar field (whose dynamics is characterized by one of the
Lagrangians considered in those chapters), an isentropic perfect fluid can still provide a valid effec-
tive description of the scalar field dynamics, except when nonlinearities start to become important
(more specifically, when the spatial gradients dominate over the time variations of the scalar field).
Further work has yet to be done to determine the susceptibility of these scalar field UDE models

to backreaction effects.

Summary

Let’s now summarize the main results of our work.

In chapter [3] we discussed the problem of dark degeneracy, motivating a phenomenological approach
to model the dark sector by a single fluid. We then presented the GCG in Sec. as an archetypal
example of isentropic UDE, studying the main cosmological properties at the background level and
evolution of linear density perturbations. SNIa observations are shown to constrain 0.713 < A <
0.845 at a 95% level; «, on the other hand, is not well constrained in the [0, 1] prior interval. On
the other hand, the GCG power spectrum shows a significant deviation with respect to the ACDM-
like spectrum on linear scales unless |a| < 1075, Although this tight restriction can be evaded if
baryons are also considered in the analysis of matter power spectrum constraints, a simultaneous fit
to the combination of SNIa, CMB, and matter power spectrum observations can only be obtained
for « close to zero. In this case, the GCG is forced to behave very similarly to ACDM, as both
models are completely equivalent in the limit o — 0 and finite A. We have demonstrated in Sec.
that it is possible to find a logarithmic limit of the GCG, i.e. a perfect fluid with an equation
of state p (p) o< In (p), dubbed logarithmic Chaplygin gas (logCG), by a regularization of the limit
(a —0,A— oo). In Sec. we then briefly discussed the case of the modified Chaplygin
gas, as an extension to the GCG model which incorporates an effective dark matter component
with a non-zero sound speed regulated by a new parameter B. We showed that the rotational
velocity of galaxies can be used to constrain the value of B and derived a conservative upper limit
B < 108, which provides the best constraint to date. In Sec. We studied the recently proposed
logotropic fluid as UDE, originally given in terms of an equation of state p(n) o< In(n). We show
that this model may alternatively be defined by a barotropic equation of state p = p(p) via the
Lambert W function. The two real branches of this function are found to have a clear physical

interpretation: the principal branch Wy corresponds to a phantom regime and the branch W_; to
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a standard evolution of the energy density. Logotropic cosmologies are degenerate with ACDM for
the logotropic parameter By = 0. We determined an upper limit Bjg S 6 X 10~7 by requiring
that the linear growth of cosmic structures is not significantly affected with respect to the standard
matter evolution. This result rules out the identification of the logotropic reference number density
with the Planck density previously suggested in the literature. Moreover, we have also shown that
logotropic dark matter halos are unstable under homologous perturbations unless its present energy
density is unrealistically large. We concluded that these results preclude the logotropic dark fluid

of providing a solution to the small scale problems of the ACDM model.

In chapter [4] we investigated the appropriateness of scalar field theories to describe the dynamics
of perfect fluids. The required formalism was reviewed in Sec. [{.1.I] Focusing on a particular
case of the Schutz-Sorkin action, we showed in Sec. that the equation of motion of a mini-
mally coupled scalar field determined by purely kinetic Lagrangians are adequate to describe the
dynamics of isentropic perfect fluids, provided that X > 0. In Sec. we provided examples of
Lagrangians describing some of the isentropic UDE models discussed in chapter [3} the GCG, the
logotropic fluid, and the logCG. To our knowledge, a pure k-essence Lagrangian representation of
the logotropic model has not been presented before. In Sec. we motivated a one-parameter
extension to the GCG Lagrangian, showing that the GCG model is recovered in the non-relativistic
limit independently of the value of the new parameter 5. We studied the background evolution
of this extended family of GCG models, with an explicit solution for the evolution of the energy
density being obtained in the limit o — oo. Taking the extended GCG as a UDE model, the
parameters a and (8 exhibit a large degeneracy on the SNIa constraints. We then showed that, for
a = 1, large oscillations in the predicted linear matter power spectrum can be avoided on linear
scales if 8 > 10°.

In close connection with the results derived in Sec. we presented in chapter [5] a mapping
between pure kinetic dark energy and UDE models, established by an appropriate relation between
their kinetic terms. This allows for the explicit determination of a UDE Lagrangian when a dark
energy model is given as input. Assuming a CPL parametrization of the equation of state for the
input dark energy model, we showed that large sound speeds at late times are unavoidable unless
11+ woo| < 1079, where weo = wge (2 = 00). As a result, the input dark energy model has to follow

very closely the behavior of a cosmological constant.

We argued in chapter [f] that the traditional approach to perturbation theory is, in general, not
sufficient to account for all the relevant physics in UDE scenarios. In Sec we briefly reviewed
the problem of cosmological backreaction. The averaging problem in isentropic UDE models is then
presented in Sec. In Sec. we studied the impact of nonlinearities in GCG cosmologies.
Given that nonlinear clustering of the GCG fluid is expected to occur at sufficiently high redshifts
and on small enough scales, these high density regions are assumed to virialize and decouple from the
expansion, effectively behaving as a dark matter component. We also considered that the fraction
of GCG in high density regions is constant at high redshifts, which is then taken as a free parameter
in an ansatz parametrizing the level of small scale nonlinear clustering. The GCG not contained

in collapsed regions is assumed to be distributed in underdense regions, associated to an effective
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dark energy component. Thus, we have shown in Sec. [6.3.2] that the background dynamics can
be interpreted as a cosmology having CDM minimally coupled with a GCG component. From the
analysis of the evolution of perturbations in Sec. the density perturbations of the effective
CDM component are shown to be able to grow on all scales even for models with « = 1. We
determined observational constraints using SNIa, CMB, and weak lensing data in Sec. When
the effect of nonlinear small scale clustering is taken into account, the results reveal that all values
of a € [0, 1] are consistent with the observations, provided that initial fraction of GCG in collapsed

regions is sufficiently close to 1.
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Appendix A

Methodology

A.1 Implementation in CLASS
The Cosmic Linear Solving System (CLASS) codeEl is a publicly available cosmological perturbation
code written in C (programming language), that implements the full set of Einstein-Boltzmann

equations [410-413]. The implementation of the physical equations is structured in a few modules,

that compute:
1. background.c - background evolution;
2. thermodynamics.c - thermal history;
3. perturbations.c - perturbation equations for all cosmic components;
4. primordial.c - primordial power spectra;
5. nonlinear.c - linear and non-linear power spectra;
6. transfer.c - transfer functions;
7. spectra.c - linear and non-linear harmonic power spectra;
8. lensing.c - lensed temperature and polarization anisotropy power spectra;
The set of cosmological parameters are given as input in the module input.c and the results are

written by the module output.c. If the value of a cosmological parameter is not explicitly given as

input, the version of CLASS being used assumes, by default, the following values

'n this thesis we work with the version 2.9. released on 21,/01,/2020.
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h = 0.67556, (A1)
wro = 4.18371 x 1077, (A.2)
wpo = 0.022032, (A.3)
Wedmo = 0.12038, (A.4)
Ag=2.215x 1077, (A.5)
ns = 0.9619 (A.6)
Treio = 0.0925 (A7)

among other quantities (these ones are sufficient for our analyses). Regarding the implementation
of the isentropic UDE models studied in this thesis, the necessary physics can be included by a
modification of the modules background.c and perturbations.c. The new fluids are introduced as
new components at the background level. For the GCG model, the evolution of the energy density
with the scale factor is known [cf. Egs. and ] and can be easily implemented. On the
other hand, for the extended GCG the energy density cannot be written explicitly as a function
of the kinetic term [cf. Egs. and } Hence, for each time integration step, a root-
finding algorithm is employed; due to the simplicity of implementation and robustness, we chose
to use the Ridder’s method. In the perturbation module perturbations.c, one has to implement the
differential equations governing the evolution of linear perturbations (as discussed in Sec. ,
with the calculations being performed by default in the synchronous gauge. The procedure ends
up being similar to other perfect fluid models already implemented in CLASS. Moreovoer, as we do
not make any additional assumptions beyond the standard cosmological model besides treating the

dark sector as a single fluid, the remaining modules do not need further modifications.

A.2 Cosmological parameters estimation

A.2.1 Statistical inference

To derive the observational constrains presented in this thesis we have implicitly used the theory
of statistical inference i.e. we were inferring the properties of the underlying distribution of prob-
ability for the cosmological parameters given the observational data. This approach is known as
Bayesian inference. Let us consider a model M (p) that, given a set of k free model parameters
p={p1, p2, ..., Pk}, is able to predict some observable quantity )5y = ¥ (p). The probability of
p delivering the right result when confronted with a set d of n observations of the quantity i.e.
d={Y1, Y2, ..., ¥y} (as measured by a certain experiment) is written as P (p|d). This is known

as the posterior probability of p given d. Now, the rule for the conditional probabilities gives

P(pnd) = P(pld) P(d) = P(dp) P (p) , (A.8)
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where P (p N d) is the joint probability of the model to equal a certain p and the probability of the
data to equal a certain d. Using Eq. (A.8]) one can write the posterior probability as

Pvld) = AP () (A9)

this equation being known as the Bayes’ theorem. The denominator P (d) is known as the evidence,
and plays the role of a constant normalization for the posterior probability. The probability P (p)
is called the prior probability of p. For each parameter p;, the prior is often considered to be
flat in a given interval (assuming a constant value inside that interval and zero outside) in a more
conservative approach; if the value of the parameter has been inferred from another cosmological
experiment one can also assume a Gaussian distribution i.e. we “expect” the parameter to have a

certain mean value and a certain standard deviation.

The term P (d|p) is the probability of getting the data d given the model parameters, and is usually
known as the likelihood. Considering that observations measure a signal plus some noise given by

a Gaussian distribution, one may write the likelihood for a single data point as

2
20;

L 2
P (1i|p) o exp <M> : (A.10)

where 0? is the variance i.e. the observational error on the measurement of ¢;. If the measurements

of all data points are assumed to be independent then

L 2
P (d|p) = Hp(wi\p) o exp (- > M) : (A.11)

2
207

)

However, this is not always the case, and errors from different measurements may be correlated.

In general, the likelihood function is written as

_L(p) = 1 exp (X
PP =)= oo () (212

where C is called the covariance matrix and

X =ld—v @]t d-v @) . (A.13)

Here ¢ denotes the transpose. Of course, if Cj; = 0 for ¢ # j then one recovers Eq. (A.11)).

A.2.2 Markov chain Monte Carlo methods

Now, we want to find the posterior distribution of the k dimensional space of the free model
parameters. Furthermore, cosmological data sets often have several nuisance parameters (specific
for each data set) that further increase the dimensions of the search space. Thus, computing

the likelihood for a grid of parameters with high enough resolution quickly becomes intractable.
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To explore the parameter space and extract the values of the cosmological parameters that are
most likely against the several data sets, we use the Markov chain Monte Carlo (MCMC) code
MontePython [397,398].

Monte Carlo methods rely on random samples of points of the parameter space to represent the
underlying distribution function. A Markov chain is a stochastic model defined by a sequence of
random events, in which the probability of the nth element is only determined by the (n — 1)th
element. Given an initial point in the parameter space, the MCMC jumps to another point and
computes the likelihood correspondent to that combination of parameters. If the likelihood in that
point is higher than in the previous one, the MCMC accepts that new point and proceeds from
there. If the likelihood is lower than in the previous one, an algorithm is used to decide if the chain
accepts the new step or not. MontePython includes several methods to do the sampling which
might be more or less efficient, that might depend on several factors e.g. the models being tested,
the assumed priors, or the data sets. Taking these factors into account, in this thesis we have used

the Metropolis-Hastings and Nested sampling [400] algorithms.

As the sampling progresses, the algorithm produces a chain of points in the parameter space. In
MontePython the burn-in phase of each chain is defined, by default, as all the first points in the
chains until an effective x? value smaller than anin + 6 is reached for the first time. The points
from the burn-in phase are then discarded. When the chain is converged, the density of the points
reflects the underlying probability distribution. To check if the chains are well converged one can
verify e.g. if there is an high acceptance rate of the proposed steps and if different chains starting
from different points converge to the same distribution. Another useful convergence diagnostics is
the Gelman-Rubin criteria [401]. Consider J chains running in parallel with length L and sampling

set

2 = {;rgj) , xgj), s x(L])} \ (A.14)

for each chain j. The chain and grand mean are given by

L
70) = %ngﬁ , (A.15)
t=1

Sl

T =

J .
>z, (A.16)
j=1

respectively. The variance between chains is

J
B 5; <f<j> _ f)Q 7 (A.17)

and for the variance within the chains weighted for all J chains one has
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1 J L 2
3ZL1§X *W)' (A.18)

7j=1 t=1

The Gelman-Rubin statistic

1
R=—I[(L-1)W+B A.19
condenses the uncertainty on the final probability distribution introduced by the MCMC sampling
by checking if the different chains are providing similar results. This ratio approaches 1 for large L

and small B. Typically, one must ensure that R —1 < 0.01.

A.2.3 Contour plots

The parameter space has, in general, a large number of dimensions. To obtain the 1 and 2-
dimensional contour plots presented in this thesis, one has to marginalize the likelihood over the

extra parameters. Analytically one has

L@D=/L@Mmm@m (A.20)

for the 1-dimensional case and

L(p1,p2) = /L(p) dps ... dpy , (A.21)

for the 2-dimensional case. Notice that, if nuisance parameters are also considered in the anal-
ysis, they are marginalized over in a similar fashion. To produce the contour plots we use the
MontePython plotting tools, where the marginalization is automatically made over the other pa-
rameters. Here the number of points in the higher dimensional parameter space are added over
along the dimensions of marginalized parameters and then normalized over the total number of

points in the chain.

The contours on the plots showing the 1o and 20 confidence levels are computed by finding and
enclosing the highest 68% and 95% density values of the sampled parameter space, respectively.

They approximately correspond to iso-contours of Ay?

AxE =% — - (A.22)

Xmlll

The values of Ax? corresponding to 1o, 20 and 3¢ deviations depend on the number of pa-
rameters being fitted. For one parameter one has Ax? = (1,4, 9) and for two parameters
Ax? = (2.30, 6.18, 11.83). For illustration, in the case of the 2-dimensional contours, regions
that satisfy the condition Ax? < 2.30 are within the 68% confidence level, while regions for which
2.30 < Ax? < 6.18 are within the 95% confidence level.
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Data sets

B.1 Pantheon sample (SNIa)

Due to their extreme intrinsic luminosity, supernova explosions can be detected at relatively high
redshifts (z ~ 1). In particular, supernova type Ia (SNIa) are known to have an almost constant
absolute magnitude M at the peak of their brightness. Hence, if the redshift of a given SNIa is
measured, its distance can then be inferred. This makes them interesting events to probe the late
time cosmic expansion history. An important concept is the luminosity distance dj, which, assuming

a flat Universe, is given by

¥4 dz/
o H(z)’

dp(2) = (1+ 2) (B.1)

being determined for a given cosmological model by CLASS. The difference between the apparent
and absolute magnitude u = m — M is known as the distance modulus. For our analyses we use
the Pantheon SNIa data set [414] and the correspondent likelihood code in MontePython. In |414]

they consider the following distance estimator

uw=mp— M+ ary — fc+ Ay + A, (B.2)

where mp corresponds to the log of the overall flux normalization (the observed peak magnitude
of the supernova), z is the light-curve shape parameter (with a coefficient «), ¢ is the supernova
color at maximum brightness (with a coefficient ), and Ay and Ap are distance corrections. Their
analysis determines a global calibration solution to combine 13 different supernova samples to form

the Pantheon SNIa compilation. Hence, for each SNIa, the code computes

Hobs = Mobs — Ma (B3)

where mqyg is the apparent magnitude given by the data set and M is taken as a nuisance parameter.

The additional nuisance parameters from Eq. (B.2)) are used to standardize the supernovae, such
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that a common M parameter can be used to all, since in reality they do not all have the same

absolute magnitude.

To find the distance modulus predicted by the cosmological model, the luminosity distance is first

determined given the observed SNIa redshift i.e. d, (zops). Then, using the relation

dr,
model = D1 , B.4
[imodel 50g10<10pc> (B.4)

one obtains the theoretical value for the distance modulus. This step is repeated for all SNIa, and

the x? of the model fit for each point of the parameter space is computed as given in Eq. (A.13)),

using the data covariance matrix.

B.2 SDSS DR7 (matter power spectrum)

The shape of the power spectrum of density fluctuations is used for the constraints presented in Sec.
3.2.5 Here we follow the work [267], where they present the halo power spectrum reconstructed
from the density field derived from a sample of Luminous Red Galaxies from the seventh data release
of the Sloan Digital Sky Survey (SDSS DR7). Depending on their position, galaxies are attributed
to a DM halo, while neighboring galaxies are consider to occupy the same halo. Having the
reconstructed halo density field traced by the galaxies, the overdensity field is obtained by comparing
the result with unclustered simulations. The power spectrum P}, 1, (k) is then calculated from the

overdensity field.

The likelihood code converts the linear matter power spectrum Pyy,qc (k) computed by CLASS to a
P, fmodey) (k) that can be compared with the inferred halo power spectrum. For this transformation
they take into account three effects: the damping of the BAO, the impact of non-linear structure
formation in the broad shape of the power spectrum, and the galaxy bias. Although in this process
several nuisance parameters calibrated from ACDM simulations are introduced, in our analysis we
kept them fixed to the standard values. The obtained theoretical halo power spectrum is then

processed by a window function, here denoted as P}Y\[’mo del] (k).

To partially correct for the discrepancy between the comoving distance in the fiducial model (as-

sumed to assign positions to the galaxies) and the model to be tested a scale parameter is introduced

dy (z
sl (Z) = df‘i‘; ((Z)) ’ (B5)
where
5 1/3
dy = |(142)%da (2)* 7o (B.6)

with the angular diameter distance being given by
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da(z) = liz/o Hdé,>. (B.7)

In practice, the theoretical halo power spectrum for the central wavenumbers of the observed
bandpowers k; are scaled as P,Y[]m odel] (ki) — P}y\{m odel (ki/aser). This quantity is suitable to compare

with P, gbg) (ki) and the likelihood can then be computed.

B.3 Planck 2018 (CMB)

The CMB is the oldest radiation we can observe (with its photons being originated from the last
scattering surface) and understanding its physics provides an important probe of the early Universe.
While the CMB temperature across the sky is highly isotropic, anisotropies have been accurately
measured by several missions. In this work we focus on the latest one, and adopt the Planck 2018

CMB data [146,,/194] to constrain the cosmological parameters.

CMB observations measure the temperature fluctuations projected in the 2-dimensional spherical
surface sky. To confront the model predictions with the data, the temperature anisotropies along

the direction given by the unit vector # are usually decomposed in a spherical harmonic basis

00 V4
%T OM) =D amYun (0), (B.8)

{=0 m=—¢

where Yy, (1) are the spherical harmonic functions. The multipole ¢ corresponds to a given angular
scale 6 in the sky, which is approximately given by 6 = 7/¢. The case ¢ = 0 represents the average
value of T' over the whole sky (i.e. the monopole term). For ¢ = 1 one has § = 7 (corresponding
to the dipole term) for which our own motion across the galaxy provides the main contribution to

the signal.

When a Gaussian distribution of the coefficients ag,, is assumed, the ensemble average

Cyp =< |agm|?® > (B.9)

completely characterizes the power spectrum of the temperature field (the mean for the anisotropies
is zero by definition). Also notice that the result depends only on ¢ due to statistical isotropy. The

temperature correlation function (CMB TT) is then given by

<OMm)O[H)>=)" CoPy (2, 1) (B.10)

where Py are the Legendre polynomials.

CLASS solves numerically the Einstein and Boltzmann equations for the various components to
obtain the CMB spectrum for a given cosmological model. The likelihood is computed from the C

library click, that contains the codes to compute different approximations for the Planck likeli-
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hood. The input for the compute function is a N = N¢ + Nyuisance vector containing the theoretical
power spectra in the appropriate range of ¢’s (filling the first N entries of the vector) followed
by the nuisance parameters (filling the last Npyisance €ntries). For the analysis we have used two
files to compute the CMB TT likelihood: the low-¢ TT - Commander file (in the range ¢ = 2 — 29),
and the high-¢ TT - P1ik file (in the range £ = 30 — 2508). These files admit the Planck absolute
calibration Apjanck as the only nuisance parameter. A Python wrapper is also provided so that the
functions can be called from the MontePython code, where the sampling of the parameter space is

done.

B.4 KiDS-450 (weak lensing)

Weak gravitational lensing is the phenomenon of differential deflection of the light emitted from
distant galaxies (the sources) as they pass through intervening large scale structures (the lenses).
This deflection produces shear and convergence effects in the observed images of distant galaxies.
The resulting correlations of galaxy shapes can be measured in galaxy surveys, and can be used
to constrain the matter power spectrum of the lenses. In our case, the lenses are the GCG inho-
mogeneous fluid, whose matter power spectrum we compute with CLASS. The convergence power
spectra they induce on galaxy shapes is the result of a line-of-sight integration from source to ob-
server, being function of the redshift of the source galaxies and the evolution of the GCG matter
power spectrum over redshift. The theoretical prediction of the convergence power spectrum per

redshift-bin correlation is given by

o5y [ 800800 ([ L405
o= [ et Pk =Gty (B11)

where y is the comoving radial distance, xp is the comoving distance to the horizon, and fi (x)
is the comoving angular distance [cf. Eq. (2.23)]. Ps(k;x) is the power spectrum computed by
CLASS. The weight functions

(B.12)

0 () = S0 H8 i () /XH (o) L = X)

2¢2 a(X) fr () 7
measure the lensing efficiency in each tomographic bin g. The source redshift distribution is given
by n,, (x) dx = n'(2), dz with [ dxn, (x) =1.

The data power spectra is obtained by applying a quadratic estimator to the galaxy shapes data,
and the data is binned in 3 tomographic redshift bins (we refer to the original paper |148] for fur-
ther details on the KiDS-450 data analysis). The process introduces various nuisance parameters
that we have considered in our analysis (see Table . The nuisance parameters account for the
multiplicative bias correction meory (the observed shear is generally a biased estimator of the true
shear) and model excess-noise power in each redshift auto-correlation power spectrum with the free
amplitude Apgise (2;) (for each redshift bin ¢ = 1,2,3). Furthermore, astrophysical systematics are

also included. Baryon feedback modifies the matter distribution on small scales and is taken into
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account using the fitting formula from [415], with Ap,.y being treated as a general free amplitude.
Another important astrophysical systematic are Intrinsic Alignments, which take into account cor-
relation contributions to the total lensing power spectrum besides the cosmological convergence
power spectrum. These effects are modeled using a nonlinear modification of the tidal alignment
model of intrinsic alignments |[416-418], where A is a free dimensionless amplitude. The theo-
retical convergence power spectrum is then modified according to these systematics, resulting in
the effective convergence power spectrum to be directly compared with the data to evaluate the
likelihood of the GCG parameters. For this, the data covariance matrix is also provided in the
likelihood code
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