A VARIATIONAL PRINCIPLE FOR FREE SEMIGROUP ACTIONS
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ABSTRACT. In this paper we introduce a notion of measure theoretical entropy for a finitely gene-
rated free semigroup action and establish a variational principle when the semigroup is generated
by continuous self maps on a compact metric space and has finite topological entropy. In the case
of semigroups generated by Ruelle-expanding maps we prove the existence of equilibrium states and
describe some of their properties. Of independent interest are the different ways we will present to
compute the metric entropy and a characterization of the stationary measures.

1. INTRODUCTION

The concept of entropy, introduced into the realm of dynamical systems more than fifty years
ago, has become an important ingredient in the characterization of the complexity of dynamical
systems. The topological entropy reflects the complexity of the dynamical system and is an important
invariant. The metric entropy of invariant measures turns out to be a surprisingly universal concept in
ergodic theory since it appears in the study of different subjects, such as information theory, Poincaré
recurrence or the analysis of either local or global dynamics. The classical variational principle for the
topological entropy of continuous maps on compact metric spaces (see e.g. [27]) not only relates both
concepts as allows one to describe the dynamics by means of a much richer combined review of both
topological and ergodic aspects. An extension of the variational principle for more general group and
semigroup actions face some nontrivial challenges. If, on the one hand, it runs into the difficulty to
establish a suitable notion of topological complexity for the action, on the other hand, the existence of
probability measures that are invariant by the (semi)group action is a rare event beyond the setting
of finitely generated abelian groups. While the latter has become a major obstruction for the proof
of variational principles for other group actions, leading contributions were established in the case of
amenable and sofic groups [11, 16, 21].

We will consider random walks associated to finitely generated semigroup actions of continuous maps
on a compact metric space X. More precisely, after fixing a finite set {g1, g2, - - , gp} of endomorphisms
of X and taking the unilateral shift o: E;‘ — E; defined on the space of sequences with values in
{1,2,---,p}, endowed with a Borel o—invariant probability measure P, we associate to each w =
wiwy -+ € E; the sequence of compositions (gu, guw, - Gun )pen- Our aim is to carry on the analysis,
started in [9, 24], of the ergodic and statistical properties of these random compositions, and to set up
a thermodynamic formalism. In this context common invariant measures seldom exist. Moreover, as
we will discuss later on, stationary measures are not enough to describe the thermodynamic formalism
of these semigroup actions.

One way to study a finitely generated free semigroup action is through the corresponding skew
product Fg: X5 x X — ¥ x X defined by Fg(w,z) = (6(w),gw, (¢)). This is an advantageous
approach because F¢ is a true dynamical system and, moreover, if each generator is a Ruelle-expanding
map, then so is F¢ and for it a complete formalism is known [25]. Yet, we are looking for intrinsic
dynamical and ergodic concepts, the less dependent on the skew product the better. In [20], the
authors proposed a notion of measure theoretical entropy for free semigroup actions and probability
measures invariant by all the generators of the semigroup, but only a partial variational principle
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was obtained there (as happened in [5] and [10]). The major obstruction to use this strategy, in
order to extend the ergodic theory known for a single expanding map, is the fact that probability
measures which are invariant by all the generators of a free semigroup action may fail to exist. On the
other hand, although stationary measures describe some of the statistics of the iteration of random
transformations and are suited to the relativised variational principle proved for the skew product
in [18] (using a notion of metric entropy different from ours and without any reference to semigroup
actions), its role is hard to uncover without a major intervention of properties of the skew product
Fa. Moreover, as we will see, the set of stationary measures is scarce to describe in its full extent the
ergodic attributes of a free semigroup action (though adequate in the setting of group actions; see [6],
concerning group actions of bimeasurable transformations and a notion of metric entropy similar to
the one employed in [18]).

Following the idea of complexity presented in [8], a notion of topological entropy for a free semigroup
action of Ruelle-expanding maps was introduced in [24], and its main properties have been described in
[9] and [10] through a suitable transfer operator. In the former reference, the topological information
has also been linked to ergodic measurements, both with respect to the relative metric entropy (cf.
Proposition 8.8 of [9]) and the underlying Bernoulli random walk (cf. Proposition 8.6 of [9]). In this
paper we work with a new notion of measure theoretical entropy of a free semigroup action. Inspired by
the fact that, when the topological entropy of a continuous map on a compact metric space is finite, the
pressure determines both its space of Borel invariant probability measures (cf. Theorem 9.11 of [27])
and the entropy function (cf. Theorem 9.12 of [27]), we define the metric entropy of a Borel probability
measure on X using the semigroup topological pressure, a concept presented in [9] that we will recall on
Section 2. To make up for the absence of invariant measures, we summon the Gibbs plans explored in
[23] in the context of a single dynamical system and a family of continuous observables, and thereby
establish a variational principle for continuous potentials and discuss the existence of equilibrium
states for expansive and mean expansive semigroup actions, as well as the existence and uniqueness
of equilibrium states for Holder potentials whenever the semigroup is generated by Ruelle-expanding
maps. In particular, we show that, as happens with a single Ruelle-expanding transformation, the
measure of maximal entropy of a finitely generated free semigroup action of Ruelle-expanding maps
ties in with other dynamical behavior: it describes the distribution of periodic orbits; it is a fixed point
of a natural transfer operator; and it may be computed as the weak* limit of the sequence of averages
of Dirac measures supported on pre-images of any point by the semigroup action. Moreover, if the
generators are C?—expanding self maps of a compact connected Riemannian manifold X, the measure
of maximal entropy of the semigroup action is the marginal on X of the measure of maximal entropy
of the skew product F¢, whose projection on the shift E;r is the Bernoulli measure determined by the

deg g1 deg g2 L deg gp
by deggi’ YO0, degg;’ P3P deggs

probability vector < ), where deg g; stands for the degree of the

map g;.

This paper is organized as follows. Section 2 contains the main definitions and background infor-
mation. In Section 3 we give precise statements of our results. Section 4 concerns the connection
between the topological pressure of a semigroup action with respect to a continuous potential and the
corresponding annealed pressure of the associated skew product, from which we deduce in Section 5
a generalization of Bufetov formula of [8]. Section 6 is devoted to a characterization of stationary
measures in terms of the quenched pressure, resembling Theorem 9.11 of [27]. In Section 7 we intro-
duce the notion of metric entropy of a finitely generated free semigroup action, justifying our choice
with several relevant properties. The variational principle is proved in Sections 8 and 9. We finish the
paper by reviewing the definition of metric entropy of a single dynamics proposed by Katok in [15]
and extending its meaning to the context of semigroup actions.
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2. SETTING

2.1. Finitely generated free semigroups. Given p € N, a compact metric space (X, D), a finite set
of continuous maps g; : X — X, 7 € {1,2,...,p}, consider the finitely generated semigroup (G, o) with
the finite set of generators G1 = {id, g1, g2, . . ., gp }, where the semigroup operation o is the composition
of maps. Write G = |J,, ¢y, Gn, Where Go = {id} and g € G,, if and only if g = g;,, ... gi, giy, With
gi; € G (for notational simplicity’s sake we will use g; g; instead of the composition g; o g;). We note
that a semigroup may have multiple generating sets, and the dynamical or ergodic properties we will
prove depend on the chosen generator set. In what follows, we will assume that the generator set GGy
is minimal, meaning that no function g;, for j = 1,...,p, can be expressed as a composition of the
remaining generators.

Set G7 = G1\ {id} and, for every n > 1, let G}, denote the space of concatenations of n elements in
G75. To summon each element g of G}, we will write |g| = n instead of g € G};. In G, one consider the
semigroup operation of concatenation defined as usual: if g = g;, ... giy g, and b = h;,, ... hi, hiy,
where n = |g| and m = |h|, then

gﬁ = Gipn, - - Giz Giy him e hiz hi1 € G:rz—‘rn

Each element g of GG, may be seen as a word which originates from the concatenation of n elements
in G;. Yet, different concatenations may generate the same element in G. Nevertheless, in most of
the computations to be done, we shall consider different concatenations instead of the elements in G
they create. One way to interpret this statement is to consider the itinerary map

L F, — G
L=1p...%1 > G, =G ---0i

=

where ), is the free semigroup with p generators, thus regarding concatenations on G' as images by ¢
of paths on IF).

2.2. Free semigroup actions. The finitely generated semigroup G induces an action in X, say

S: GxX —» X
(g,2) = g(z).
We say that S is a semigroup action if, for any g, h € G and every x € X, we have S(gh,z) =
S(g,S(h,z)). The action S is continuous if the map g : X — X is continuous for any g € G.

‘We say that © € X is a fized point of the action S if there exists g € G such that g(z) = z; the
set of these fixed points will be denoted by Fix(g). More generally,ix € X is said to be a periodic
point with period n € N of the action S if there exist n € N and g € G such that g(z) = . Write
Per(Gpn) = Uy=, Fix(g) for the set of all periodic points with period n. Accordingly, Per(G) =
U,, > Per(G,) will stand for the set of periodic points of the whole semigroup action. We observe
that, when G% = {f}, these definitions coincide with the usual ones for the dynamical system f.

2.3. Skew products. The action of semigroups of dynamics has a strong connection with skew
products which has been analyzed in order to obtain properties of semigroup actions by means of
fibred and annealed quantities associated to the skew product dynamics (see for instance [9]). We recall
that, if X is a compact metric space and one considers a finite set of continuous maps ¢; : X — X,
i€ {1,2,...,p}, p>1, we have defined a skew product dynamics

Fo: YpxX — yEx X
(wz) = (0(w),gu(2))
where w = (wy,wy, ... ) is an element of the full unilateral space of sequences X = {1,2,..., p}Y and
o denotes the shift map on E; . For every x € X and n € N, we will write

Falw,x) = (0"(w), 95(x))

(2.1)
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where
golw) =2 and  gl(x) = gu, - Gun Gun (@).
We endow the space ¥} with the distance ds(w,w’) := ™", where n = inf {k > 1: wy # wj,} if this
set in nonempty; otherwise, ds(w,w’) := 0. In particular, ds(w,w’) < ¢ if and only if w = wj, for
every 1 < k < [—loge], and so the dynamical ball

B, (w,m,€) = {w' eXl:dy (o7 (w),07 (W) <e, VO <5< m}
coincides with the cylinder [w],,4(—10ge] = {w' € B : wj, = wp, V1 <k <m + [—logel}.

2.4. Random walks. A random walk on G is determined by a Borel probability measure P on
55 ={1,...,p}" which is invariant by the unilateral shift dynamics o : £ — .. More precisely, we
take w = (w1, w2, ..., wp,...) € Z;{ in the support of P and, along this path, we follow the dynamics of
(95(%)) ey, for every x € X. For reasons that will be clearer later, we will be specially interested in
Bernoulli random walks which are obtained as follows: we take a probability vector a = (a1, a2, - -, ap),
where 0 < a; <1 forallie {1,...,p} and >.? | a; = 1 (which may be understood as a probability
on the o—algebra of all subsets of {1,2,...,p}) and the corresponding Bernoulli probability measure
na = a" in the Borel subsets of Z;;. For instance, if a(i) = % for any i € {1,...,p}, then 5, is the
equally distributed symmetric Bernoulli probability measure on Z‘;; .

2.5. Ruelle-expanding maps. We will focus on free semigroup actions of expanding maps, that is,
finitely generated semigroups whose generators in G are Ruelle-expanding maps, a notion we now
recall.

Definition 2.1. Let (X, D) be a compact metric space and T' : X — X a continuous map. The
dynamical system (X, T) is Ruelle-expanding if T is open and the following conditions are satisfied:

(1) There exists ¢ > 0 such that, for all z,y € X with x # y, we have
Tx)=T(y) = D(z,y)>c

(2) There are 7 > 0 and 0 < p < 1 such that, for each x € X and all @ € T~!({x}) there exists a
map ¢ : By(x) — X, defined on the open ball B, (x) centered at x with radius r, such that

pe) = a
Top(z) = =z
D(p(2), p(w)) < pD(z,w)  Vz, we B(x).

Notice that, in particular, a Ruelle-expanding map is expansive. Thus, the corresponding entropy
map (defined on the compact set of T— invariant Borel probability measures endowed with the weak*
topology and given by p +— h,(T)) is upper semi-continuous, which ensures the existence of an
equilibrium state for every continuous potential (cf. [27, Theorem 9.13]).

In some instances of this work, we will assume that G7 is either a subset of Ruelle-expanding maps
defined on a compact metric space X or is contained in the space of C?—expanding endomorphisms
acting on a compact connected Riemannian manifold X.

2.6. Topological pressure of free semigroup actions. Let (X, D) be a compact metric space and
denote by C°(X) the space of continuous maps ¢: X — R.
Given € > 0 and g := g;, - .- i, 9i; € Gn, the dynamical ball B(z, g,¢) is the set

B(z.g,2) = {y € X : D(g,(y).g,(a) <&, VO <j<nf

where, for every 0 < j < n, the notation g . stands for the concatenation g;; ...gi, gi, € Gj, and
9y = id. Observe that this is a classical ball with respect to the dynamical metric D, defined by

Dy(w,y) = max D(g,(x),g,(y))- (22)
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Notice that both the dynamical ball and the metric depend on the underlying concatenation of ge-
nerators g;, ...¢;, and not on the group element g, since the latter may have distinct representations.
Given g = ¢;, ...gi; € Gn, we say that a set K C X is (g,n,e)—separated if Dy(z,y) > e for
any distinct x,y € K. The maximal cardinality of a (g, e, n)—separated set on X will be denoted by
s(g,n,€).
The topological entropy of the semigroup action S with respect to a fixed set of generators G; and
a random walk P is given by

1
htop (S, P) := lim lim sup — log/ $(Guwy - - - Gy s M, €) dP(w),
D

e=0 pnooco N

where w = wiwa -+ wp -+ and $(gy, .- - guw,, N, €) is the maximum cardinality of (g,n,e)—separated
sets. The topological entropy of a semigroup action estimates the average (with respect to a random
walk P) growth rate in n of the number of orbits of length n, up to some small error e.

The topological entropy of the semigroup action S is defined by

htop(S) = htop(Sv ng)'

More generally, given ¢: X — R € C°(X), the topological pressure of the semigroup action S with
respect to a fixed set of generators G1, a random walk P and the potential ¢ is
1 n—1
Piop(S, ¢, P) := lim lim sup — log/ sup Z e25=0 $(9j--91 (@) G ()
e=0 pnosco N Z;r E 2eE
where the supremum is taken over all sets &/ = E ,, . that are (g, n,c)—separated. More information
may be found in [9, 24].

2.7. Annealed and quenched topological pressures. Let 7 : 35 xX — ¥ andmp : BF xX — X
denote the natural projections on Z; and X, respectively. Following [3], given a continuous potential
P Z; x X — R and a nontrivial probability vector a, the annealed topological pressure of Fg with
respect to v and the Bernoulli probability measure n, is defined by

PoFava) = sw (1) = hiry.fo) + H(m). ) + [

{1 (Fa)«(w)=p} Sp xX
where w = (wi,ws, ...) € BF, (m1)«(p) is the marginal of x4 in ¥} (and is o—invariant) and the entropy
per site h%((m1)« (1)) with respect to 7, is given by

he((m1)« (1)) = —/E+ 10g (R (my). (u) (W) dm1)s(p2)(w) (2.4)

P

bdp} (23)

if d(m1)a(p)(wi,wa,...) < da(wr) d(m)«(p)(we, ws, ... ), where

o d(my)« (1)
Rim)(p) = da d(m)«(p) oo

denotes the Radon-Nykodin derivative of (m1).(u) with respect to a x [(m1)«(p) o o]; otherwise,
he((m1)«(p)) = —o0. Recall from [13] (or [3, page 676]) that

RE((m1) (1) =0 < (m1)«(pt) = Mo

According to [3, Equation (2.28)], the annealed pressure can also be evaluated by

Pt(gg(fg, P,a) = sup {h#(]:c) + / log (gw1 ew(w’x)) du(w, :J:)} (2.5)
{n: (Fo)e(w)=n} Ty xX
The quenched topological pressure of Fg with respect to v and a is defined by

PO (Fo.v0.a) = sup {hulFa) = b, (o) + [
s (Fa)w(w)=p, (1)« (1)=na SpxX

¢du}. (2.6)
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Notice that Pt(gg (Fg,v,a) > Pt(gr))(fg, 1, a) for every continuous potential ¢ and every a.

An Fg—invariant probability measure is said to be an annealed equilibrium state for Fg with respect
to v and a if it attains the supremum in equation (2.3). Similar definition of quenched equilibrium
state for Fq with respect to 1 and a, concerning the maximum at (2.6). It was shown in [3] applying
functional analytic methods that, if each generator in G% is a C?—expanding map on a Riemannian
manifold X, then there are unique annealed and quenched equilibrium states for every Holder potential
Y E; x X — R; the same results hold if each generator is a Ruelle-expanding map on a compact
metric space (cf. [12]). Moreover, it was proved in [9, Section 8] that

htop(Sa 77&) = P(a)

top

(Fa,0,a)

and, more generally, that, for any continuous potential ¢ : X — R, we have

PtOP(Sa 907 77@) = Pt;((?g (fG7 wgm Q) (27)

where ¢, (w, z) = @(x) for every (w,z) € ¥ x X. In Section 4 we will prove that (2.7) holds for a
wider class of continuous finitely generated semigroup actions.

3. MAIN RESULTS

We start characterizing the stationary measures of a free finitely generated semigroup action, ge-
neralizing a similar description of invariant measures by a single dynamics given by Theorem 9.11 of
[27].

Theorem A. Assume that any element of G5 is a continuous map acting freely on a compact metric
space X, fix a random walk ng in E;‘, and assume hiop(S, 1) < 00. Then a Borel probability measure
v on X is ng—stationary if and only if

Pt(ggz<.7:Ga¢g07Q) > /tidu Yo € CO(X).

Observe that, from (2.7), this result implies that for every n,—stationary Borel probability measure
v we have

‘PtOP(S7 90777g) > / QOdV VQO (S CO(X)
X

This motivates the following definition. For a Borel probability measure v in X and a random walk
na associated to some nontrivial probability vector a, the metric entropy of the semigroup action S
with respect to v and n, is given by

hy (S, = inf Piop(S, @, — / dv ;. 3.1
( ng) 0 e CO(X) { top( ¥ 77@) X‘P } ( )

Let II(v,0) be the set of Borel Fg—invariant probability measures p on E;; x X such that the
marginal (1)« () of u on X} is a o—invariant probability measure and the marginal (m2).(u) of p on
X is v. Notice that the existence of 1, —stationary measures (cf. Subsection 6.2) guarantees that the
set of measures v such that II(v,0) # () is nonempty.

We say that the semigroup action S is expansive with respect to the random walk 7, if there exists a
finite measurable partition 5 on X such that, for 7,—almost every w, the diameter of the dynamical

partition Bén) (w) tends to zero as n — oo (see (7.1) for the definition of ﬁé") (w)). Examples of
expansive semigroup actions include, for instance, the ones whose generators in G satisfy: (i) each
such generator is Ruelle-expanding; (ii) ¢1 is Ruelle-expanding and, for every 2 < i < p, the map g;
does not contract distances; (iii) all generators are everywhere expanding except for a finite number
of indifferent fixed points.
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Theorem B. Assume that any element of G is a continuous map acting on a compact metric space
X, and fir a random walk n, and a potential ¢ € CO(X). If htop(S,na) < 00 then

Piop(S, p,ma) = sup {hl,(S,n@) + /cpdu}. (3.2)
{ve M(X): TI(v,0)#£0}
In particular,
hiop(S,me) = sup hy (S, ma)-
{ve M(X) : I(v,0)#0}
If, in addition, any element of G is Ruelle-expanding and a = p, then the previous supremum is only
attained at the marginal on X of the measure of maximal entropy of the skew product Fg.

Regarding the existence of equilibrium states, that is, measures where the supremum in (3.2) is
attained, one could expect that, as in the classical setting, expansive and continuous semigroup actions
admit equilibrium states. And, indeed, this is the case, as will be proved in Section 7. In particular, we
find equilibrium states for the following class of smooth semigroup actions. We say that a semigroup
action acting on a compact manifold X is C! if its generators are C'! maps. Given a random walk 7,,
a C!—semigroup action is said to be expanding on average if

/ log || Dy oo dna(w) < 0. (3.3)

The latter is a mean non-uniform expanding assumption for the semigroup action which, since Gy is
finite, defines an open condition with respect to the C'—topology on the space of generators. Besides,
it is not hard to check that (3.3) implies that the semigroup is expansive. Hence we conclude that
every smooth, expanding on average action admits equilibrium states.

The variational principle just established may be formulated in terms of the annealed pressure of
the skew-product F¢, making explicit the intervention, in the concept of topological entropy of the
semigroup action, of the complexity of both the skew-product and the shift, as well as the entropy
per site with respect to the fixed random walk. Besides, the next result extends to the context of
semigroup actions the notion of measure theoretical entropy for invariant measures with respect to a
single dynamical system introduced by A. Katok in [15].

Theorem C. Assume that any element of G is a continuous map acting freely on a compact metric
space X. Then:

(1) hwp(Sa"?g) = SUP{y e M(X) : T(o,v)#£0} SUPuel(ow) {h,lt(fG) - h(ﬂl)*(u) (U) + hg((“)*(ﬂ))}
(2) If, in addition, the semigroup action S is expansive and F¢g has finite entropy,

hiop(S.ma) = sup swp { e [PRFave - [
{ve M(X): H(ow)#£0} pell(ow) 9 eCOEHxX) ShxX

o).
(3) hiop(S;ma) = sup, e pq(x) limso lime—o limsup,,_, Llog fz; Su (G + - - Guy s M5 €,0) dng.

4. A CHARACTERIZATION OF THE TOPOLOGICAL PRESSURE OF SEMIGROUP ACTIONS

In this section we prove that the equality (2.7) holds for every continuous finitely generated semi-
group action on a compact metric space, where Piop(Fg, 1, a) denotes the usual topological pressure
defined by Bowen with respect to the metric dyt, ¢ (w,x), (W, 2")) = max {dy(w,w’), D(z,2’)} on
¥ x X and the continuous potential ¢: X} x X — R.

Proposition 4.1. Assume that any element of G} is a continuous map on a compact metric space
X. Then Pyop(S, ¢, 14) = Pt(gg (Fas Yy, a) for every ¢ € CY(X).



8 M. CARVALHO, F. RODRIGUES, AND P.VARANDAS

Proof. Firstly, we recall that [3, equation (2.28)] ensures that Pt(gg (Fa: Vg, a) = Piop(Fa, ¢p,a), Where
Pp,a: Z; x X — R is given by

Pg,a(w, ) = log (Quu e%(w,m))

and Piop(Fa, ¢y, o) stands for the topological pressure of Fg with respect to the potential ¢, 4. We
claim that Piop(Fa, ¢p,a) = Prop(S, ¢, Ma)-
We start observing that

1 n -
Piop(FG, ¢p,a) = lim limsup —log sup Z eXi=0 boa(Fo(wa))
° n

€0 meo (w,z) € F

i lim sup T (G 10 &)
= hmhmsupﬁlogsgp Z ngj_H eP\9wj - Juy (&

e—0
nree (w,z)€F j=0

1 n—1
— 1 li | " n Z i—0 So(gw----gw1 ($)) 4.1
1m lim sup - 0g sup E 77,([“] ) e~J 7 ( )

€0 meo (w,z) € F

where the supremum is taken over all maximal (n,e)—separated sets F' on E; x X. Consequently,
if B4 C Z; is a maximal (n,e)—separated set and one considers, for every w € Fj, a maximal
(g, n,€)—separated set Ep(w) C X where the supremum

Sup Z eZ}Zol P(gu; -9y (%))
B
reB

is attained, then the set F' = |J,c p, {w} X F2(w) is (n,e)—separated by Fg (recall the definition of
the metric dzj,rx +)- Noticing that any w € E; determines a unique cylinder of length n +[—loge] and

+

»» we conclude

that, as Fj is an (n,e)—maximal separated set, the union of these cylinders covers X
that

D D D DI (B A A

(w,z) € F weFE z€FEy(w)
= > na([wln) sup Y X520 #0000 (2))
we€E; B r€EB
= pl~ &l Z Na([w]n) sup Z =0 #(0;-0un (2)
[w]n z€B

_ pl-loge] sup Z Xm0 #9059 (7)) dng(w).

+
¥, B reB

Consequently, taking into account (4.1), we obtain Piop(Fa, ¢p,a) = Piop(S, ©,74)-

Reciprocally, let FF C X} x X a maximal (n,e)—separated set where the supremum in (4.1) is
attained, and set E := 71 (F). It is immediate that E C E; is an (n, 2¢)—generating set. Moreover,
for every (w,z) € F, the set mi(B((w,z),n,¢)) is contained in an (n + [—loge])—cylinder in .
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Therefore,
Z Na([w]n) 62;-":_01 e CO) Z Z Mo ([w]n) 62?:_01 P(g; --guoy (%))
(w,z) e F [W]n {(w,2) e F: wew]n}
=3 nu(w) e
w'ln {w,z)eF: wew]n}
< Na([w']n) Pl 198 sup Z 62?;01 #9904 (@)
'] B seB
— pl—loge] sup Z CZ}Z} (gu; -Gy (%)) dng(w),
% B .eB
which proves the claim and finishes the proof of the proposition. O

5. A MORE GENERAL BUFETOV FORMULA

Assume that any element of G7 is a continuous map acting freely on a compact metric space X,
and fix a random walk 7. Given a continuous map ¢: X — R, the equalities

Ptop(Sa 807772) = sup {h,u(}—G) +/ log (le 61/1<p(w,x)> dM(CU,.T)} = Ptop(]:Ga ¢go,g)
{u: (Fa)«(m)=n} Sy xX 651)
5.1

due to (2.5) and Proposition 4.1, may be seen as a more general version of Bufetov formula [8]. Indeed,
when a = p and ¢ = 0, it becomes
htop(S) = htop(Fi) — log p. (5.2)

The formula (5.1) also generalizes the statement of Theorem 1.1 of [20]: when a = p, it simplifies to

Piop(S, 0, mp) = Prop(Fa, ) — logp.

Suppose, in addition, that any element of G7 is a Ruelle-expanding map. Then the skew product
F¢ is also Ruelle-expanding (cf. [9]), and so it is expansive (cf. Section 2.5) and has an equilibrium
state p, o With respect to the potential

bpat (wyz) +—  log (le 6%(%%))_

Thus,
P (S 0010) = by () + [ tog (u, 4)) dp o), (53)
ShxX
In particular, if ¢ = 0, we get
Prop(8,1a) = huy (F) + [ 10w () diafes, ) (5.4)
S x X

where p, is the (unique) equilibrium state of Fg with respect to the Holder potential
((’U?x) = log(gwl)‘
In the case a = p, the formula (5.3) may be rewritten as
PanS. 011p) = by, (Fe) ~logp+ [ b, d,
- XX

which, taking into account that

[ vedion= [ o dm)tuy)
XX X
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becomes
Pan(®: 1) = s, (Fe) —logp+ [ d(ma). (1) (55)
Finally, if ¢ = 0 in (5.5), then it simplifies to
hiop (S, 1p) = Py, (Fa) —logp (5.6)

and we restore the original Bufetov formula (5.2) since p,, the equilibrium state of F¢ with respect

to the potential (w,z) — —logp, is in fact the measure u(ﬂ) of maximal entropy of Fg.

6. A CHARACTERIZATION OF STATIONARY MEASURES

This section is devoted to prove the necessary and sufficient condition stated in Theorem A for a
Borel probability measure on X to be P—stationary with respect to a fixed random walk P.

6.1. Fg—invariant measures. In what follows assume that S is a finitely generated semigroup action
by continuous maps on a compact metric space X and that hiop(S,74) < co. We will adapt the proof
of Theorem 9.11 of [27], valid for invariant probability measures by a single dynamics, to the context
of semigroup actions and the quenched and annealed topological pressures.

Lemma 6.1. Assume that hiop(S,n,) < 00 and consider a Borel measure p on ¥ x X.

(1) If u is an Fg—invariant probability measure, then
Pl (Fa,v,a) > / ddp VY e CUE) x X).
ShxX

(2) If
P (Fa,v,a) > /E+ i e OS] )

then p is an Fg—invariant probability measure.

Proof. Consider an Fg—invariant probability measure p. As

hulFa) = him).u)(9) = hrg (| (m1)«(p)) = 0
(cf. [18] or [3]), it follows from (2.6) that

P (Fath,a) > /E+ v Ve CO(S} x X).
X

Conversely, take a Borel measure p on E+ x X and assume that Pt(op(fg, V,a) > f2+><X ¥ dy for
P

every i € C’O(E;; x X). Firstly, recall that Péfg (Fc,0,a) = hiop(S,m,) < 0o and let us show that p is

a probability. Given ¢ > 0 in C°(E} x X) and n € N, we have
[ onvdn = = [—nvduz -P5Fa -nio
S xX

> [P (F6,0,0) + max (~n )]

_ (a)
= n I_I'_lln 711 Ptop
Yp XX

(]:Ga 0,@)

which is positive for large n. Consequently, u is a positive functional on CO(E;)F x X). On the other
hand, for every n € N,

n,u(E;' x X) = /+ ndu < Pt( )(fg,n a) = Pt(gg(]:g,O,g)Jrn
Y xX
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and
nu(E x X) = - / —ndp > —P)(Fg,—n.a) = n — P2 (Fg,0,a).
DINEND. ¢

This proves that M(Z; x X) = 1. The Fg—invariance condition follows from (2.5) if we take into
account that, for every ¢ in C%(S x X) and n > 0,

Péogufc,nwofa—zm,a)s/z+ =0 Fg)din < PE)(Fn(w — b0 F).)

and the fact that Pt(op(fg, n(y —oFg),a) = t(og (Fa,0,a) < oo is independent of n. O

6.2. Stationary measures. Given a random walk P, a Borel probability measure v in X is said to
be P—stationary if, for every measurable set A, we have

o) = [ vlaz' () dpGe).

This is equivalent to say that, for every continuous map ¢ : X — R,

| etwav) = [ ; ([ vlatan i) are).

As X is a compact metric space, the set of P—stationary probability measures is nonempty for every
P (see [17, Lemma 1.2.2]). Indeed, a P—stationary probability measure may be obtained as an accu-
mulation point in the space M(X) of Borel probabilities in X, endowed with the weak* topology, of
the sequence of probabilities defined by

i
L

(P*) &

Vp =

S|
.
Il
o

where z is any point in X, P : C%(X) — CY(X) is the operator

P)@) = [ olau(e) dP)

P

and, for every probability measure v € M(X) and every measurable set A with corresponding indicator

map x4, we have
/PXA dy(x // Xa(gw(2)) dP(w) dy().

The set of P—stationary probability measures is a compact convex set with respect to the weak*
topology. Its extreme points are called ergodic. When convenient, we will use the following criterium
(cf. [17, Lemma 1.2.3] and [19, Proposition 1.4.2]):

(1) v is P—stationary is and only if the product probability measure y = P x v is Fg—invariant.
(2) v is P—stationary and ergodic is and only if the product probability measure y = P x v is
Fg—invariant and ergodic.

6.3. Proof of Theorem A. Assume that v is n,—stationary, or, equivalently, that u =1 X V1S

Fo—invariant. From Lemma 6.1, we know that, for every ¢ € CO(E;,|r x X), we have Ptop(]:g, Y,a) >
fzng ¥ dp. Therefore, given ¢ € C°(X), if we take the map

Yo:TExX — R
(w,z) = (o).
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which belongs to C’O(El‘)|r x X) and, as p1 = 1, X v, satisfies
[ vedn= [ o
XX X

Pt(gg(fevﬁb@’&)Z/v Xwgod,u:/xgpdy'
4 x

In particular, recalling that Py, (S, ¢, 14) = p (FG, Yy, a) (cf. Proposition 4.1) and Pt(op (Fa, ¥y, a) >

@ top
q
Ptop

then we conclude that

(Fa, ¥y, a), we deduce that, if v is n,—stationary, then
Prop(S; ¢, 1a) 2/ pdv Ve CVX).
X

Conversely, suppose that, for every ¢ € C?(X), we have Pt(op(fg,d)@, > [y ¢dv. Consider the

probability p = n, x v and associate to a map 9 € C’O(Z};r x X) the functlon
Py - X — R

v | p(,n) dna(w).
P

Then ¢y, € CY(X) and, as p =1, X v,

Q@MWWZLWJW””M””@:A<2¢W@WWO”W:APW“

Therefore, using that [ di = [ ¢y dfi for every Fg—invariant probability measure i, we show that

Pt(op(FG7¢7 ) t(ol))(‘FGﬂwipw? )_\/wad]/:/Eerde,u
P

which confirms, by Lemma 6.1, that p is Fg—invariant. So v is n,—stationary.

7. MEASURE THEORETICAL ENTROPY OF A SEMIGROUP ACTION

In this section we will introduce the concept of metric entropy of a semigroup action and discuss
some equivalent variants of this notion.

7.1. Relative metric entropy of a semigroup action. In this section we will recall the notion of
relative metric entropy proposed by Abramov and Rokhlin in [1], which was later adopted in [18] and
[17] and whose connection with the topological entropy of the semigroup action was explored in [10].

Let P be a o—invariant probability measure and v a probability measure invariant by any generator
in G]. Given a measurable finite partition 8 of X, n € N and w = wjwy--- € E;, define

Brw) = 9,8\ 95098\ - \/ 95,950 9o, B (7.1)
Biw) = B\ Biw) and BX(w \/ At (w

Then the conditional entropy of f relative to 8°(w), denoted by H,(B|f°(w)), is a measurable
function of w and P—integrable. Set h,(S,P,3) = f2+ v(B)57°(w)) dP(w). Then

hy(S,P,3) = lim / H, (85 (w)) dP(w). (7.2)

n—4+oco n

where H, (B (w)) is the entropy of the partition S (w). According to [1], we may define the metric
entropy of v as follows.
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Definition 7.1. The relative metric entropy of the semigroup action S with respect to P and v is given
by
hiD(S,P) = Sup (8, P, ).

For instance, if P is a Dirac measure ¢; supported on a fixed point j = jj---, where j €
{1,---,p}, then h,(,l)(S, d;) = hu(g;). If, instead, PP is the symmetric random walk, that is, the Bernoulli
(%, e %)—product probability measure 7,, then

1 1
(1) — : L n
n(Smp) =sup i | 5D HL(5 ()
|w|=n
Denote by M the set of Borel probability measures on X invariant by g;, for all i € {1,--- ,p}.
In [10], it was shown that

sup  h{V(S,P) < hiop(S) + (logp — hp(0)) .
vE Mg

Therefore, when P = 7, we obtain hy,(c) = logp and

sup  h{V(S,P,) < hiop(S).
vE Mg -

This inequality may, however, be strict, as exemplified in [10, Example 5.3]. In the next section we
will introduce a more appropriate notion of metric entropy of a semigroup action.

7.2. Main definition. The characterization of stationary measures obtained in Subsection 6.2 moti-
vates the following definition of measure theoretical entropy of a semigroup action.

Definition 7.2. Given a Borel probability measure v in X and a random walk 7, associated to some
nontrivial probability vector a, the metric entropy of the semigroup action S with respect to v and n,
is

ho(S,ma) = inf S Prop(S,0,7ma) — | vt 7.3
(S, 7a) welgo(x){tp( ©:Na) /Xso v} (7.3)

Remark 7.3. Observe that, if a = p, then, for all p € C(X),

Poop(S, 0,710) = PEN(Fe, oy ma)

= sup {hu(fg) +/ log [, eVe(@a)] du(w,:z)}
{1 (Fa)« ()=} SpxX

~logpe e {mfG) + [ ota) dm)*(u)(a:)}

> —logp+ / pdv
X
for every probability measure v € M(X) which is a marginal on X of some Fg—invariant probability
measure p. Therefore, under these assumptions,
hy(S,mp) > —logp.
Remark 7.4. From Subsection 6.3, we conclude that
v is ng—stationary = h,(S,n,) > 0.
Thus, as the set of n,—stationary probability measures is nonempty (see Subsection 6.2), we obtain

sup  h,(S,n.) > 0.
veM(X) B
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7.3. Intervention of the annealed pressure. For a Borel probability measure v on X, let II(v, o)
the space of the Borel Fg—invariant probability measures p on ¥ x X such that the marginal (7). (1)
of p on ¥} is a o—invariant probability measure and the marginal (m2).(p) of p on X is the fixed
probability v.

Definition 7.5. Given a random walk 7, associated to some nontrivial probability vector a and a Borel
probability measure v on X,

BO(S, ) = { SPrenen) {hu(Fa) = gy (@) + h&((m1)« (1)} if (o, v) # 0;
v e 0 otherwise.

Notice that, if v is n,—stationary, then pu = n, x v is Fg—invariant, so p belongs to II(o,v).
Therefore, in this case we obtain

W (S:ma) = huyx(FG) =l (0)-
If, additionally, v is invariant by all the generators of G, then
oo (FG) = Iy, (0) = W1 (S,ma)
(cf. [1]), and so
hz(/2) (S ma) = hz(/l)(Sv Na)-

7.3.1. Proof of Theorem C(1). By Proposition 4.1, we have hiop(S, 1) = Pt(ég
is immediate that

htOp(S7 772) = Pt(oapz (‘FGv 07 77@)

('FG7O7772)7 hence it

= sup hu(Fa) = My, (@) + BE((m1) (1))
{0+ (Fo)e(w=n} { : ()-8 }

- sup sup  {1u(FG) = hmsy. o (@) + W< (1) }
{ve M(X) : II(o,v)£0} pell(ow)

= sup A2 (S, ma)-

{ve M(X) : Ti(ow)#0}

Remark 7.6. Assume, in addition, that any element of G7 is Ruelle-expanding and take the (unique)
annealed equilibrium state p(®), whose existence has been referred in Section 5 (and whose properties
were studied in [3] for actions of C%?—expanding endomorphisms and in [12] for actions of Ruelle-
expanding maps). It satisfies the equalities

top(S,1a) = Pion(F6,0,110) = hya (FG) = himyy. ey (0) + hE((m1) (1)),

Define (@ = (7)., (1@). Tt may happen that v is not 5, —stationary, but obviously its set IT(c, v(®))
is nonempty. Moreover,

sup WP (S,m0) > 3 (S,m4)
{v e M(X) : I(ow)#0}

> hy@(F6) = him). uan (o) + h((m0)« (1))
= P(CL) (]:G, 0’ T]g)

top
= Top(S,7a)-
Therefore,
sup WP (S,m0) = h() (S,10) = htop(S, 7a)-

{ve M(X) : T(0.0)#0}
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7.3.2. Example. Suppose that any element of G7 is a C?—expanding endomorphism acting freely
on a compact connected Riemannian manifold X, and fix a random walk 7,. Recall from [9] that,

if @ = p, then the measure of maximal entropy of F¢ is the (unique) equilibrium state ,LL(B) of the
annealed topological pressure with respect to the map ¥ = 0 and the random walk 7,. Apart from the

equalities hiop(Fa) = hu@ (Fa) =log (3°7_, deggi), where deg g; stands for the degree of the map g;
(well defined since g; belongs to End?(X)), the measure ) also satisfies

(1)« (12) = 1y

where
o ( deg g1 deggo  deggp >
- P deggi’ Y deggi” TP | degys

Besides,
Pt(f?g(}—@()’ 778) = htop(S, 773) = hiop(Fi) —logp = h#@) (Fa) — h(m)*(M@))(U) + h@«”l)*(ﬂ@)))-

Moreover, the marginal v® = (m3), (1)) on X is precisely the measure constructed in [7] as a weak*
limit of the sequence of measures obtained by averaging the pre-images of any point x € X according
to the random walk 7,, namely

1
I / Z by dnp(wi, ..., wn) (7.4)
G +-Gu (y) =2

where A = deg(g1) + ... + deg(gp). See [26] for more details. Equally relevant is the fact that
v®) describes the distribution of the periodic orbits of the semigroup action, as shown in [9, Section
9]. These properties generalize to the context of free semigroup actions of C%2—expanding maps the
analogous information concerning the measure of maximal entropy of a single Ruelle-expanding map

(ct. [25)).

7.4. The role of the entropy per site. Given a Borel probability measure v € M(X), the space of
Borel probability measures p on ¥ x X such that the marginal (71)«(p) of pon ¥} is a o—invariant
probability measure and the marginal (7). () of u on X is the fixed probability v is nonempty since
it contains the product measure 7, x v. However, this measure may not be Fg—invariant.

Definition 7.7. Given a random walk 7, and a probability measure v € M(X), define

sy {infyc copss ) [P (Fas,0) = fpx 0dp| } i (o) 0
0 otherwise.

It follows from Lemma 6.1(2) that, if u has a o—invariant marginal (7). () and (72)« (@) = v but is
not Fg—invariant, then there exists ¢ € C°(}F x X) such that Pt(gg (Fa,¥,a) < [+, x ®dp. On the
P

other hand, Lemma 6.1(1) implies that if such a u is Fg—invariant, then Pt(glg (Fa, v, Q)—fZ;rXX vdu >

0 for every ¢ € C’O(EI‘D|r x X). Consequently, if the set II(o,r) is nonempty (which happens if v is
g —Stationary, but this is not a necessary condition), then the supremum in the previous definition is

well defined and h$ (S, n,) > 0.

For an Fg—invariant probability measure p € II(o, v), define

H(p) == hp(Fa) = Py (@) + (1) (1)

Lemma 7.1. IfS is an expansive semigroup action, then H is upper semi-continuous.
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Proof. According to (2.5), one may write
() = hu(Fe) + [ o (a,) dlm) (1)),
P
Notice now that the first term varies upper semi-continuously with p, due to the fact that F¢g is an
expansive map ([27, Theorem 9.13]), and the second term is a continuous function in . O

The next result generalizes Theorem 9.12 of [27]. Denote by Mz, the set of Borel Fg—invariant
probability measures on X5 x X.

Lemma 7.2. Assume that Fg has finite topological entropy and let j be in Mx,. Then the following
assertions are equivalent:

(1) H is upper semi-continuous at fi.
(2) H(p) = infy ¢ cogsit ) | Plon(Fan,0) = foz o xc ]

Proof. We will pursue an argument similar to the one in [27, pages 222-223]; it is included for the
reader’s convenience.
Let 1 be in Mz, and assume that it satisfies the equality

H(y) =  inf P(g”f,,a—/
) we(ﬂKE;xX)[ top (FGr,0) S x X

by,
Given ¢ > 0, choose ¢ € CO(E} x X) such that

a €
ohxX

and consider the neighborhood
€ €
Vi, (1/1, 5) = {5 €E Mgz, /E;xx P dé — - Ydu| < 2}.
Take £ € V,,(¢; §); then, by (2.3) and the fact that H({) > 0 for every £ € Mz,

H() < PY(Fartba) - / e < PO(Fa,iba) - / bdut & < H(u) +e.
S X S X 2

Therefore H is upper semi-continuous at p.

From the definition (2.3), it is immediate that

P € CO(SF x X)

H(p) < inf {Pt((fg(fc,w,a) —/E+ . wdu}

We observe that this inequality implies, with no assumption neither on the upper semi-continuity of H
nor on the finiteness of the topological entropy of F¢, that for every probability measure v € M(X),
we have
WP (S,1a) < B (S,ma). (7.5)
Assume now that H is upper semi-continuous at p and let us prove the opposite inequality. As Fg
has finite topological entropy, we may take ¢ > H(u) and consider the set

C={(1t) e Mr, xR: 0< t < H()}.

From Theorem 8.1 of [27], the linear properties of the map (71 ), and the behavior with y of the entropy
per site h%((mq)«(p)) (cf. (2.5)), we deduce that C is a convex set. Moreover, using the weak* topology
in the dual space (C’O(E;{ x X))*, we may consider C as a subset of the product (CO(E; x X)) xR
with the induced topology. Then, by the upper semi-continuity of H at pu, the point (u,c) does not
belong the closure of C, say C. As the two convex closed sets C and {(u,c)} are disjoint, by the
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Hahn-Banach separation theorem there is a continuous linear functional F : (C°(5} x X))* x R = R
such that

F&,t) < Fu,t) V() el (7.6)
As we are considering the weak™ topology in the dual space (C’O(E;‘ x X))*, there exist some 1y €
CO(E; x X ) and some 6 € R such that the functional F' is given by

Fet)= [ vodvto
ShxX
Therefore, (7.6) implies that
/ ¢0d§+t0</ Yodu+c V(& t) eC.
ShxX S

3y xX

In particular,

/ o dé + H(£) 0 < / Yodp+c0 V() e (7.7)
ShxX S

3p xX
Taking & = pu, we get H(u) 0 < ¢, so we must have § > 0. Hence, we may rewrite (7.7) as
/ %d£+H(§)</ @d/ﬂrc VE e Mx,.
S x X 0 S x X 0

Consequently, as

PP, )= sup {H(f) + ‘Z;Odg}
£e Mz, XXX
we conclude that
@z, Y0 < !/ Yo
Ptop(fGa ] ,Q)_C—i— S X 0 dp.

Rearranging, we obtain

¢ > PQFe - [ P
>

top 9 = ;XX 9

> inf P (Fa,,a —/ wdu .
$eCO(SHxX) { top 9) S x X :

As ¢ is arbitrary in |H (u), +00[, we finally deduce that
Hu> it APQFewa) - [ wduf.
Y € CO(TF x X) ShxX

g

7.4.1. Proof of Theorem C(2). Assume that S is an expansive semigroup action and that Fg
has finite topological entropy. Take a random walk 7, and a probability measure v on X such that
II(o,v) # 0. Applying Lemmas 7.1 and 7.2 we deduce that

hl(jg) (Sv 77@) = hl(/2) (S, 77&)' (7'8>
Hence, it is straightforward from Theorem C(1) that

htop(Sﬂh) = sup hz(/g) (Sﬂh)-
{re M(X) : I(ov)#0}
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8. VARIATIONAL PRINCIPLE FOR THE TOPOLOGICAL ENTROPY

In this section we will start proving Theorem B. Assume that any element of G7 is a continuous
map acting freely on a compact metric space X, that the semigroup action S is expansive and that Fg
has finite entropy (which happens, for instance, if any element of G7 is Ruelle-expanding). Associate
to each ¢ € CY(X) the map ¢, € CO(S} x X) given by ¢, (w,z) = ¢(z). Then

vodp= [ dm). (o)
Therefore, given v € M(X) such that II(o,v) # () and p € (o, V), we get

v < int [Pup(Soem) = [ oa].

Pt(gg(fGW ng&a@) = Ptop(Sv ®, 77@) and /

inf P

Io} F WV, Q4 _/
b e CO(S) xX) top (FG ¥,0)

S xX pe

So, from the proof of Theorem C(2) and the existence of 7,—stationary measures, we conclude that

M) = s swp it [RGeva)- [ vdd]
veM(X) pell(op) ¥eECOSHxX) ThxX
< sup inf Pion (S, 0, ng —/ dv
{ve M(X) : H(ow)£0} v€COX) [ top (5, 2 1a) X 4 ]
= sup hy (S, 1)

{ve M(X) : I(o,w)#£0}
We now prove the opposite inequality. Set

o = sup sup  [1(Fa) = my).( (0) + BE(()u ()] (8.1)
{veM(X): U(ow)£0} pell(ow)

ay = sup inf Piop(S, 0, n, —/ pdv|. 8.2
? {ve M(X): II(ow)#£0} p€eC(X) [ ! p( 7) X ] ( )

Recall from Theorem C(1) that a; = hiop(S,7,). Assume that a; < ap and consider b in Jag, ag[. As
b < ag, there is v, € M(X) such that II(o,v,) # () and

b< inf |Pun(S, 0 m.) — ).
Lot [ top (S ©,7a) /X P Vb}
Hence,

b< RonlSpima) = [ wdn Yo COX) (33)

X
In particular, when ¢ = 0, we get
b < Ptop(S707772)' (84)
As ay < b, for every v € M(X) such that II(o,v) # ) one has
sup  [1ulFe) = e.0(0) + R (m)+ ()] < b < PG, 0.1,
pe ll(o,v

which contradicts the definition of annealed topological pressure. This contradiction shows that a; =
a2, which implies that
htop(S;1a) = sup (S, 1a)- (8.5)
{ve M(X) : (ow)#0}

In view of [9], we have the following consequence:
Corollary 8.1. Assume that all elements of G} are Ruelle-expanding. The probability measure v(@) =

(m9)« (1@, where 1@ is the annealed equilibrium state for Fg with respect to 1 = 0 and 14, is the
unique measure of maximal entropy of the free semigroup action when the fixed random walk is 1.
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Proof. By the proof of Theorem C(1), v(@) is a measure of maximal entropy for S. On the other hand,
taking into account (8.1), for a measure v to maximize the operator

sup SUp | u(FG) = hgry). iy () + B((m) (1)
{ve M(X) : U(o,w)£0} pell(ow)

it must be the marginal on X of the unique annealed equilibrium state u(@) of F¢ (which is Ruelle-
expanding and topologically mixing as well; cf. [9, Lemma 7.1]) with respect to ¢y = 0 and a. So,
v = 1@ = (1), (u@). O

9. A MORE GENERAL VARIATIONAL PRINCIPLE

Assume that any element of G is a continuous map acting on a compact metric space X, and fix
a random walk 7,. Recall from Definition 7.2 that, for every Borel probability v in X we have

(S = inf  {Poy(S,0m) — [ @ dvh.
(S,7) Welgo(x){tp( ©.7a) /Xso v}

Therefore, for every continuous potential ¢: X — R,

Poop(S, 6,11a) > hu(S, 1) + / o dv
X
and so

Ptop(S7 @, Ug) Z sup {hu(S777g) +/ @ dl/}
veM(X) X

Conversely, if each element of G7 is a continuous map, then

Poop(S. 0. 7a) = P (FG s T1a)

o h(Fa) — By 0 (@) + H2((m1)a (1)) + / o du
{h: (Fa)- ()=} { : ()= () Sfxx }

_ up sup  {1u(F6) = bimy. () + h(m). () + [ v}
{v e M(X) : (o) £0} pell(ow) X

_ sup sup A u(Fa) = hmryu (@) + B2 () ] + / pdu
{ve M(X) : l(o,v)£0} {[MEH(U,I/) { g (m)+(1) ' }} X }

= sup {h(f)(Smg) + / sodV}
{ve M(X) : Ii(o,w)#£0} X

< sup {2 (8,m0) + / p v}
{ve M(X) : II(o,v)#£0} X

where the last inequality is a consequence of (7.5).
Claim 1. For every v € M(X) such that II(o,v) # (), we have % (S;ma) < hu(S,nq)-
Proof. Given u € II(o,v), by Proposition 4.1 we deduce that

inf {Pt(gg(fG,¢ang) /sz du} < inf {Pt(gg(vampvng) - /XW dM}

P €CO(ZH xX) pEeCOX)

= inf {Puu(S ona) — [ odvb.
cpelCI'lO(X){ top( a%??) /X(P ’/}

Therefore,
. (a) / . /
su inf P (Fa,¥,Me) — dpy < inf Piop(S,0,1m,) — dvp.
ueH(Ic)r,z/) P ECO(S xX) { ‘ p( 6% e) Xw M} peCIX) { top (8, 92 7a) XSD }
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From Claim 1 we conclude that

Piop(S, 0,n4) = sup {h,(jg)(S,na)—i-/ godv} < sup {hV(S,na)—i-/ godl/}.
{ve M(X): U(ow)#£0} X {ve M(X): II(o,wv)#£0} X

This ends the proof of Theorem B.
Remark 9.1. The previous result ensures that

Piop(S, ¢, ma) = sup +/ pdv
{ve M(X): U(ow)#£0} X

+ [ @dv
X

= sup
{v € M(X): TI(o)#0}

= sup {hu(Sang)+ / stV}-
{ve M(X): II(o,v)#£0} X

Therefore, assuming, in addition, that the action S is expansive, an argument similar to the one

j
j

{n2(8.n)
{1 (8. m0)

presented in Remark 7.6 shows that the supremum is attained at the marginal V(%) = (772)*(#1%)) on

X of the annealed equilibrium state pl(i) of Fg with respect to the potential 1.

10. INVARIANT MEASURES FOR THE SEMIGROUP ACTION

In [17], stationary measures stand for the invariant measures by the action. This is reasonable, in
the setting of group actions, every marginal on X of a Borel probability measure invariant by the skew
product is n—stationary for some shift-invariant probability measure 7 (see [2, Theorems 1.7.2 and
2.1.8] or [22]). However, the previous results attest that the relevant measures for semigroup actions
are indeed the marginals on X of invariant measures by the corresponding skew product, although
they may be non-stationary (cf. [7]).

The variational principle (cf. Theorem B) gives an intrinsic necessary condition for this property to
be valid in the context of continuous, free, finitely generated semigroup actions of continuous maps.
More precisely, a Borel probability measure v in X is the marginal of a Borel probability measure
invariant by the skew product Fg only if

PtOP(SﬂOaT}g) Z / SOdl/ v 2 S CO(X, R)
X

In fact, consider ¢ € CY(X), the corresponding map ¢, € C°(X} x X) given by ¢y, (w, z) = ¢(z), and
let v be a Borel probability measure in X such that II(o, ) # (). Take a Borel probability measure g
invariant by the skew product Fg and such that (m2).(x) = v. Then, by Lemma 6.1(1),

Poop(S. 0. 71) = P (Fa ) > / b dpt = / o d(m2)(1).
hxx X

P

This assertion suggests to consider a Borel probability measure v on X to be invariant by the free
semigroup action S if and only if

Piop(S, ¢, ma) > / pdv Ve C’O(X). (10.1)
X

As Pop (S, ¢, 1) = ng (Fa, ¢, a), we abbreviate the content of Theorem A and the previous definition
saying that, within free semigroup actions of continuous maps:

(1) A Borel probability measure v on X is n,—stationary if and only if

Pt(g;)><~7'—Ga<P7a)2/Xg0du Ve CVX).
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(2) A Borel probability measure v on X is S—invariant if and only if
Pt(gg(]:Ga%%,a)Z/Xgodu V@GCO(X).

10.1. Ergodic optimization. Let Mg(X) denote the space of Borel probability measures invariant
by S. A question that arises naturally is related with ergodic optimization (we refer the reader to [4]
for a survey on this subject and to a vast list of references therein). This concerns the description of
S—mazimizing measures for a given potential ¢ € C°(X), that is, the set of measures v, € Mg(X)

such that
/gpdl/so: sup {/ gody}. (10.2)
X v e Mg(X) X

We note that maximizing measures always exist by the continuity of the map v — [¢@dv and the
compactness of the space Mg(X). Moreover, it is natural to maximize the right-hand side of (10.2)
instead of sup, ¢ pqx){[ @ dv} or supy, . ,(x)=131/ wdr}, as the first could generate measures that
are not natural (e.g. with negative entropy) and the second is attained at all measures supported
in p~!({maxy}). Finally, we observe that the set of maximizing measures can be large, as happens
whenever ¢ is constant.

Given a potential p € C°(X), if any element of G% is Ruelle-expanding then there exists an equi-
librium state vz with respect to the potential S¢ (cf. Corollary 8.1 and Remark 9.1), where 5 > 0
represents the inverse of the temperature in the thermodynamic formalism. Using this information,
we will construct special S—maximizing measures for .

Proposition 10.1. Assume that any element of G is a Ruelle-expanding map acting on a compact
metric space X, and fix a random walk ng. If hiop(S,n4) < 00, then, given p € CY(X), any accumu-
lation point vy in the weak® topology of (vg)g>o as f — +oo is an S—maximizing measure for ¢ and
satisfies

huo (S, ma) = ho (S, na) V'S — mazimizing measure v.
Proof. 1t is clear from the definition (10.1) that
1
= Piop(S, Bp,ma) = sup / pdv.
B veMs(X)Jx

Conversely, by the variational principle (cf. Theorem B) and the existence of equilibrium states (cf.
Remark 9.1), which are in Mg(X), we also know that, for every g > 0,

Piop(S, B, na) = sup {hu(S777a)+/ /BsodV}
{vre M(X) : I(v,0)#0} X

— supX) {h,,(S,na)—i-/X&pdu}

ve Ms(

< hiop(S,1me) + B sup / pdv.
veMs(X) /X

Consequently,

1
limsup — Piop(S, Bp,n4) < sup / pdv
B—s+oo B ST LeMs(x) Jx

since, as hiop(S,n,) < 00, we have

1
lim —

hiop(S,ne) = 0.
5ot B tp( 77,)
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Therefore, if vg is the equilibrium state for S with respect to B¢ and 14 is an accumulation point of
(v3)s, then vy is an S—maximizing measure: indeed, as

1 1
—= Piop(S, B, na) = = huy (S, 14a) +/ pdvg (10.3)
B p X
and
1 1
0 < E h’l/ﬁ (Sang) < B htop(Sang)
taking 8 — +o0 in (10.3) we obtain
1
lim = Piop(S, Bp,na) = sup / pdv and sup / pdv = / pduy.
B—+oo 3 T veMy(x)Jx veMs(X)Jx X

Additionally, as each vg is, by definition, S—invariant, we deduce that
han)+ [ Bodn < sup {n(En)+ [ pear)
X v e Ms(X) X

— Ptop(87690777g)
= hVﬁ(Sana)_F/Xﬁ‘pdVﬁ

A

S huﬁ(SvnQ)+B sup /SOdV
re Msg(X)JX

== huﬁ(Sana)—i_/deVO
X

and so
huo (S, ma) < hug (S, M) VB > 0.
Therefore, if the metric entropy is upper semi-continuous, then

P (S, ma) = ggfo hvs (S,14a)-

Lemma 10.1. The metric entropy of S with respect to n, is upper semi-continuous.

Proof. Fix v be in M(X) and recall that, by definition,

h(Sma) = inf  {Poy(S,0m) — [ wdv}.
(S,70) goelé'lo(X){ top (S, 1 7a) /Xso v}

Given ¢ > 0, choose ¢ € C°(X) such that

S
Ptop(S7SO>ng) - A @dy < hu(Sang) + 5

and consider the neighborhood

Vy(tp;;)—{ﬁeM(X): ‘/X wdf—/x pdv

Take § € V,,(; §); then

<&
5[

9
Pe(S.1e) < Pop(S.0010) = [ 96 < Pag(S.0m0) = [ o+ 5 < ho(8im) +=.

Therefore H is upper semi-continuous at v. O
The previous computations also show that, if v € M(X) is another S—maximizing measure, then

hy(S,ma) < infg 0 huy(S,ma). Thus, hy(S,14) < oy (S, 7a)-
O
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11. PrROOF OF THEOREM C(3)

In this section we extend Theorem 1.1 of [15] to the context of semigroup actions generated by
continuous maps acting freely on a compact metric space, thus presenting another intrinsic way to
estimate the metric entropy of a semigroup action.

Definition 11.1. Given a random walk 7, associated to some nontrivial probability vector a and a
Borel probability measure v on X, the entropy of the semigroup action S with respect to v and 7, is
defined by

1
(S, n,) = lim lim limsup — log/ Su(Gun -+ - Guoy s M, €, 0) dng(w) (11.1)
n >t -

- 6—0 =0 n—o00 n

where w = wjwg - Wy -+,

SV(gwn . 'gw17n7€?6) = {EgX:ilfl(fE)>l—6} S(gwn "'gw17n757E)

and s(gw, - - - Jwys M, €, F) denotes the maximal cardinality of the (g, - .. guw,, 7, €)—separated subsets
of E.

Observe that the previous limit is well defined due to the monotonicity of the function
1
(€,0) — — log/ Su(Guy, -+ - Guoy s M, €, 0) dng(w)
n 22—

on the unknowns ¢ and §. Moreover, if the set of generators is G1 = {Id, f}, we recover the notion
proposed by Katok for a single dynamics f.

Remark 11.2. We observe that Definition 11.1 could be made in terms of spanning sets. More pre-
cisely, given € > 0, a positive integer n and g = g, - - . gu,, We say that a subset A of E C X is a
(Gwr, - - - Guy s M, €, F')—spanning set if for any z € E there exists y € A so that Dgy(z,y) < e. By the
compactness of X, given ¢, n and g as before, there exists a finite (g, n, ¢, E)—spanning set.

We denote by b(ga,, - - - gu, s, €, E) the minimum cardinality of a (g, . . . gu, , 7, €, ) —spanning. For
0 > 0 we set

Do (Guop + -+ Gun s T, €,0) = inf b(uon - - - G 1, &, E).
(G -+ Gorsm&,0) = oAby P G B)

It is not difficult to see that

1
(S, 1,) = lim lim limsup log/+ by (G, - - Guyy My €,0) dng(w).
a n . o

d—0 =0 n—oo 5

Concerning the proof of Theorem C(3), firstly notice that, for any v € M(X) and 6 > 0, one has
v(X) >1— 6 and so, for every ¢ > 0, n € N and g,,, ... g,

S(gwn . 'gwun?E) Z SV(gwn <o Gups T E 5)
Therefore, for every v € M(X),

. . 1
htop(S,me) = lim limsup —log /E+ $(Gum - - - G s M, €) dng(w)

e—=0 noco n ;

v

1
lim lim limsup log/ Su(Gum « - - Gy s M, €,0) dng(w)
Sp

0—0 e=0 npnosco n
= hz(/4) (S’ng)'
Thus,

htOP(S7 Ua) > sup h(y4) (Sa 77(1) .
N veM(X) B
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Regarding the other inequality, fix arbitrary § > 0 and ¢ > 0. As hiop(S,74) = Piop(Fa,loga),
there exists an Fg—invariant and ergodic probability p on E; x X such that

hu(Fe) + [ loga di > huop(8.1) — . (11.2)

Set v = (mx )« € Mx. By [15] (Theorem 1.1 of this reference is stated for homeomorphisms but the
proof is valid for continuous maps)

hu(Fg) = lim limsup — log mf su(Fa,n, &, E) (11.3)

e—0 n— 0o n

where £ = {E C ¥ x X: u(E) > 1 —§}. Since (m1).p is o—invariant and ergodic, by Birkhoff’s
ergodic theorem we know that for (7).pu—almost every w

J1ogadu= [10ga) dtm).uto) = tim = 3 logafe). (11.4)

Using the fact that
v(A)>1-6 = pEfxA)>1-9,

by Lemma 2 of [8] one can obtain that, for any J,e > 0 and positive integer n,
bu(n,e, 8, Fa) < K(e,0) Z bu(g,n,€,6). (11.5)
lg|=n

The relations (11.2), (11.3), (11.4) and (11.5) now yield

1
hu(Fa) + /loga dp = lim limsup — log b, (Fg,n, e, E) + lim Z log a(w;)

e=20 nsco N n—o0o n

L 1
< lim limsup o log [ Z bu(gwn .- .gwl,n,s) ng([w]n)}

€20 nooo o]
gl=n

= lim limsup — log/ by (G, - - - Guys My €, 0) dng(w)
n »t -

e—=0 nooco ;
= hz(/)(S’ng)'

Since ¢ > 0 may be chosen arbitrarily small, we conclude that

htop(S,ma) < sup AV (S, 7).
N veM(X) n

This ends the proof of Theorem C(3).

Remark 11.3. If each generator of G is Ruelle-expanding, then the measure theoretical entropy of a
semigroup action can also be computed using periodic orbits of the sequential dynamics observed in
the semigroup. Indeed,

htOP(Svng) - t(og(fG’O a) Ptop(JTa ¢0,g)
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where ¢, 4(w,z) = log (g w1 em(w,x))_ As Fg is also Ruelle expanding, and topologically mixing in

each piece of the Ruelle-decomposition (in particular admits a finite Markov partition), then

1 n—1 J
_ — 1 - E 20 90, a(F&(w,z))
htop(Sang) = Ptop(]:, ¢0,g) = nh_{%o n log e~i=0 G

]'—g(w,x) = (w,z)

. 1 n—1
= nh_>moo - log Z Z H Ay,

(W) =W Gup Gy (@) =2 J=0

= lm g Y > el

(W) =W Gy (@) =

.1 .
= lim — log / BFIX(Guoy, - - - Gy ) dMa-
n Z;r

n— o0
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