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Abstract

Built on the Keldysh formalism, this work is the link between developing a perturbation expansion
for the nonlinear optical response of a quantum system and obtaining expressions amenable to

numerical calculation using the Kernel Polynomial Method (KPM).
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1 Introduction

Since the advent of the laser in 1960, the field of non-linear optics has received considerable
interest. Previously, only weak electric fields were available. Nonlinear effects, which typically only
happen due to very strong fields, went largely unnoticed. However, 1961 marked the beginning of a
systematic study of this field, as P. Franken was able to demonstrate second harmonic generation
(SHG) [1] experimentally. This opened the gateway to a whole new plethora of phenomena.
But how strong a field is needed? For the effects to be noticeable, this external field should be
comparable to the electric field inside the crystal, which is typically of the order of 108 V/m. All
around the literature, we find many approaches to obtain the nonlinear response of a crystalline
system to an external field. Some rely on generalizing Kubo’s formula for higher orders [2], others
on developing a perturbation expansion for the density matrix of the system and expressing the
quantities of interest in terms of it [3]. Although undoubtedly useful from a theoretical point
of view, the expressions aren’t that useful when we want a general procedure to do numerical

calculations. That is the ultimate goal of this work.

1.1 Structure of the thesis

The second chapter is a set of notes about the various tools that will be used throughout the whole
work. It starts by explaining how an external field may be introduced to a quantum system, dis-
cussing the minimal coupling procedure (henceforth also called the A formalism) and the dipolar
procedure (E formalism). Then, we introduce the primary object of study of this work, the elec-
tron current, as the conserved Noether current from the point of view of classical field theory. The
remaining sections of this chapter include second quantization, the Schrédinger, Heisenberg and
Interaction pictures of quantum mechanics and some basics about quantum statistical mechanics,
including the generalization of Wick’s theorem to systems at finite temperature.

Chapter three is devoted to the linear response. Starting from Kubo’s formula, we obtain the
current in both the A and E formalisms, showing that the two seemingly different expressions
are in fact one and the same using the notation of Gongalo [3]. Furthermore, the continuum limit
is obtained, alongside with the DC limit w — 0. The last sections provide a glimpse into what is
going to be developed in the rest of the thesis, as they strive to cast the previous expressions in
a basis-independent way. The Kubo-Bastin formula is re-obtained in this context.

The fourth chapter begins with a generalization of Kubo’s formula, but quickly moves on to
to the crux of this thesis, the Keldysh formalism. This is a very general perturbation expansion

procedure which may be used for systems both interacting and time-dependent. Particularizing
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1.1. STRUCTURE OF THE THESIS

to the non-interacting case, we are able to develop an expansion of the Green’s functions, which
are the fundamental piece of machinery used to obtain the conductivity.

The next chapter contains the explicit calculation of the Green’s functions up to third order
using the Tight Binding Hamiltonian and shows how to obtain the current and conductivity up
to second order.

Chapter number six is all about the numerical method used in our calculations, the Kernel
Polynomial Method (KPM). Here we show how the aforementioned Green’s functions may be
expressed in terms of numerical objects and how they may be used to implement the conductivity
in a very efficient way [4].

At last, the seventh chapter consists of showcasing some results obtained numerically from
the formulas derived in the previous chapters. We calculate the density of states and first-order

conductivity of graphene and the second-order conductivity of hexagonal Boron Nitride.
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2 Theoretical background

This chapter consists of a series of notes that aim to provide the basic tools which are going to
be used in the subsequent chapters. We begin by explaining how to describe a quantum system
in an electromagnetic field. This will allow us to identify the electron current. Then, we do a
brief introduction to second quantization in order to express the current in terms of creation and
annihilation operators. After that, we’ll introduce the Schrédinger, Interaction and Heisenberg
Pictures that will later allow us to develop perturbation expansions. Finally, we conclude with
some remarks about quantum statistics, proving Wick’s theorem for finite temperatures. All these

are essential tools that will prove themselves useful when developing the Keldysh formalism.

2.1 Introducing an external field to a quantum system

We are interested in studying the optical conductivity of a quantum system when excited by an
external electric field E(t). The case of interest will be a crystalline system, but for now we’ll
keep the discussion more general. Here we will discuss two distinct ways to endow a system with

an electromagnetic field, starting with a classical description of the problem.

2.1.1 Classical motivation

In a classical Lagrangian description[5, 6], we know how to compute the equations of motion
in a very compact and elegant way. Assuming the forces that the particle experiences are due
to a potential V(r), we find the Lagrangian from the kinetic and potential terms: L =T — V.
Applying the Euler-Lagrange equation to L then yields the equations of motion. If the particle
is also subject to a more general force Fj, which may depend on both the generalized coordinates
and velocities, it may not be suitable for a potential description. In that case, we can still obtain

the equations of motion from Lagrange’s equation

doL 9L _,

@6715_87%_ i (2'1)

For the case at hand, it suffices to consider a system without constraints® in Cartesian coor-
dinates, so the Lagrangian is L = T — V = im#? — V(r). We know that a particle of charge ¢

experiences a Lorentz force F' = ¢ (E + v x B) when exposed to an electromagnetic field. This

'From a quantum point of view, all the interactions in which we’re interested are electromagnetic, so there are
no constraints in the classical sense.

13



2.1. INTRODUCING AN EXTERNAL FIELD TO A QUANTUM SYSTEM

force then enters the equations of motion through the generalized force in the Euler-Lagrange
equation. It can, however, be inserted in the Lagrangian itself if we express it in terms of the
correct potential. Expressing the electric and magnetic fields in terms of the scalar and vector
potentials ¢ and A,

0A
E = ——- -V (2.2)
B = VxA (2.3)

we may rewrite the Lorentz force in terms of these potentials:

A
F:q(E+v><B):q<—aat—qu)—{—vx(VxA)). (2.4)
Using the identity v x (V x A) =V (v-A) — % + %, this becomes:
dA d
Fq(Vw A-0-0)=a|Ve A0 - GV, 0 a-0]. @9

Furthermore, eq. 2.1 may be rewritten as

d 0L 0L

el _ = 2.6
404~ 9, 20
for a new Lagrangian L
- 1 5 .
L= oM = V(r)+qr-A—qo. (2.7)
From this we can obtain the canonical momentum p; = g—g = mr; + qA; and find the Hamilto-
nian by Legendre-transforming the Lagrangian:
. 1
H(r.p)=p-i—L=—(p—qA) +V(r)+qo. (2.8)

. . . . 9

Note that these potentials are not uniquely determined, since A’ = A+ Vx and ¢/ = ¢ — 3¢
yield exactly the same electric and magnetic fields and therefore the same equation of motion
for the charged particle. We may use this so-called Gauge freedom to our advantage. We'll be
interested in spatially homogeneous? time-dependent electric fields E(t), which may be obtained

by two different choices of the potentials. The first choice is ¢ = 0 and A(¢) spatially uniform,

so E(t) = —8‘3t(t), which means that it is enough to do the replacement p — p — ¢A in the
original Hamiltonian. This procedure is called the A formalism. The second choice is A = 0 and
¢(r) = —r - E(t), which amounts to adding a dipolar term in the original Hamiltonian and is .

These two procedures are completely equivalent and are merely a reflection of the Gauge freedom.

In the quantum scale, the wavelength of the electric fields may be disregarded when compared to inter-atomic
spacing.

14



CHAPTER 2. THEORETICAL BACKGROUND

2.1.2 Quantum case and Gauge invariance

Now that we know how to endow a classical system with an electromagnetic field, we can take
this one step further by taking the classical Hamiltonian and quantizing it using canonical quan-
tization. Upon replacing the variables by operators we obtain what we wanted, the Hamiltonian

of a quantum system in the presence of an electric field

HO(map) —)Ho(w,pqu)Jrqu. (29)

If the reader is not satisfied with this justification, there is another more fundamental reason
as to why the Hamiltonian should have that form. Take the Schrédinger equation in the position

representation:

L 0U(t,x) n? _,
h———— = ——V"U(¢ U(t,x). 2.1
P = L2t 2) + V() (t, ) (2.10)
Performing a local Gauge transformation on the wave function, ¥ (¢, ) — ¥'(t,x) = G2 (¢, x),

the Schrédinger equation becomes:
. 3 ,8(1 h2 3 2

This means the original equation is not Gauge invariant. To fix this, we introduce two fields
A(t,x) and ¢(t, ) to the equation that follow some transformation law upon being Gauge trans-

formed. If the original Schrédinger equation is replaced by

L (0  .q G q 42

we see that the transformation

U(t,x) — V(tz) =Pt x)
Alz) — A’(t,w):A(t,w)—i—ZVoz(t,:c) (2.13)
ote) + d(te)=olta) - alte)

leaves it invariant! This is equivalent to replacing the momentum operator p — p — gA and
adding a scalar field term g¢ to the Hamiltonian, just as before. This means that the Gauge
invariance of the Schrédinger equation naturally demands that the Gauge fields be added, leaving

the Hamiltonian with the familiar form.

15



2.2. CURRENT

2.2 Current

We have just seen that a quantum system described by a wave function ¢ satisfies Schrodinger’s
equation if the Hamiltonian is modified to include the Gauge fields. We may proceed further and
ask if there is a Lagrangian such that the equation of motion is precisely Schrédinger’s equation.
If we are able to find it, we may use the tools of classical field theory to obtain the conserved
currents from Noether’s Theorem. This will provide a deeper insight into what we're actually

calculating.

2.2.1 Lagrangian density

The assertion is that the aforementioned system, which is described by Schrédinger’s equation,
may be just as well described by a Lagrangian, and that the two descriptions are equivalent [7,

Chapter 3]. Consider the following Lagrangian density for a field (&, t):

* [ - 0 hQ * *
L=1 <m8t> b= 5V VY = V(@ )y (2.14)

At first glance, one may wonder where this comes from, but upon closer inspection, we may
recognize the last two terms as coming from the Hamiltonian density after an integration by parts
and the first term from the Legendre transform of H. This interpretation suggests that ihy™* is
the conjugate momentum of the field . As we’ll see, this is indeed the case. Since the field is
complex, it has independent real and imaginary parts, say ¥ (x,t) = u(x,t) + iv(x,t), which are

to be considered the independent fields indexed by r, ¢, in Euler-Lagrange’s equation for fields:

oo oL (2.15)
opr Ozt g (%)

where the index g runs over both spatial and time coordinates. Instead of expressing the La-
grangian in terms of v and v, we use the E-L equation for one of them and use the chain rule to

have derivatives with respect to the 2.

oL 9 AL Loy D oL o2

= - — = o — - (2.16)
ou 81:”8(88?) oY Ou Oz 8(%) 8%
0%
Since g—:f =1 and gza'ﬁ; =1, this yields E-L equations for 1. This can similarly be done for ¢*
and results in an equivalent equation of motion. Applying E-L’s equation to ¥*, we get
oL oL o 0L 0 h?
— -V - = = (ih= ) —V(Z,t — V%) =0 2.17

16



CHAPTER 2. THEORETICAL BACKGROUND

or, simplifying,

7,—L2
¢ = f—v% + V(Z,t)y. (2.18)

This is just Schrodinger’s equation for the field ¢! The Euler-Lagrange’s equations for the
specified Lagrangian density reduce to Schrédinger’s equation, so the field has the same dynamics
and the descriptions are equivalent. The other Euler-Lagrange equation gives the complex con-
jugate of eq. 2.18. We have thus achieved our goal of obtaining Schrédinger’s equation from a
Lagrangian for the field ¢). This means Noether’s theorem can be used to obtain the conserved

current!

2.2.2 Gauge invariant Lagrangian

As discussed before, demanding that Schrodinger’s equation be Gauge invariant led to the in-
troduction of Gauge fields through a few extra terms in the Hamiltonian. Doing this for the

Lagrangian density consists of precisely the same substitutions and leads to

L = ifip* <— ¢>¢—52(V—¢;A)¢ (V+z— )w V(Z, ). (2.19)

Applying Euler-Lagrange’s equation as before results in

This is precisely the Gauge invariant Schrédinger equation (eq. 2.12), so we may use this

Lagrangian density for our calculations.

2.2.3 Conserved Noether current

As we’ve seen before, the transformation that leaves the Lagrangian invariant is

b(t.@) = Pt a) =Tyt @)
At,xz) — A/(t,m):A(t,m)—FZVoz(t,a:)

ota) = §ta)=o(te) - | Lalt.a)

The respective infinitesimal transformation for the field is

S = ida (2.21)
Syt = —ip*éan. (2.22)

17



2.3. SECOND QUANTIZATION

We can now explicitly calculate the Noether current

Jr=>" PR oL 04" (2.23)

where « is the infinitesimal transformation parameter and ¢% stands for the various fields. The

spatial component of J is

_ 0L & oL Sy*  —ih? ie o e
T (Vi) ea (V) da | 2m {1” (V - hA) V- (V + hA) w] (2.24)

and the temporal component is

o 0L &y oL st
7 (Oy) box " () 6o ™. (2.25)

These are, up to multiplicative factors, the electromagnetic current and the charge density,
respectively. Noether’s theorem tells us that J* follows a conservation law 0,J# = 0, which in
this case is no more than the continuity equation for the charge density p = ¥*y. This current
therefore represents the electrical current that passes through the material, so it is the object that
we’re interested in calculating. Note that if we take the derivative of the Lagrangian density with

respect to the Gauge field, we get the current again

oL

ozay

This may be used as a shortcut to obtaining the current. Now, we want to express the Gauge-

invariant Hamiltonian in second quantization, so we can more easily perform the calculations.

2.3 Second quantization

Second quantization is a way to describe a quantum system with various particles. Instead of
working with a multi-variate wave function, we exploit the statistics of the particles to introduce
a set of operators that represent a particle in a certain quantum state. As we’ll see, this simplifies
notation greatly, while simultaneously providing a natural interpretation of the phenomena at
hand. The results here presented also stand for bosons, although the derivation is slightly more
complicated. As we're going to be dealing exclusively with non-interacting fermions, it seems
appropriate to focus on that case. Although the calculations for the interacting case aren’t done

with detail, the final result which is also valid in the interacting case is still presented.

2.3.1 General many-body expansion

Consider a quantum system of one particle [8]. This particle can be in any linear combination of

eigenstates of the single particle Hamiltonian H. So, if {|1,)} is a complete set of eigenstates of

18



CHAPTER 2. THEORETICAL BACKGROUND

H, then in general [¢)) = > ay, [1,). This means that any function ¢ (z1) can be expanded in
terms of a complete basis of functions ¢, (x1). The quantity x; is the coordinate of particle 1,
which may include its spin or any other quantity needed to uniquely characterize the state of the
particle.

Now consider a system of N particles, described by the wave function v (z1,-- -, zy). Since the
eigenfunctions of the single particle Hamiltonian form a complete basis of functions, this function

may be expanded in all its variables in terms of this basis of functions

Y(@n,an) =y C(EL - Ex)g (1) g (on). (2.26)
BBy
The E! label the eigenstates of the Hamiltonian. This is a very important result that forms the

basis of second quantization.

2.3.2 Constructing the fermion wave function

Now let’s introduce the fermion statistics ¢ (- -, x4, -+, xj,--+) = = (- -+, @, -+, 23, ---). Swap-
ping v (z;) and 1/JE;_ () and relabeling the summation variables, we get a similar relation for

the coeflicients:

C(--- Ei,-- Ej,- )= =C(--, Ej, -+, Ei, -+, t). (2.27)

We are thus summing over many configurations which have the same coefficients. If the number
of particles in each state is the same, those states will have the same coefficient up to an overall
sign. This interchangeability means we need only care about the number of particles in each
state, not which particle is in which state. So, fix an ordering of the states and swap the entries
of C until they respect that ordering. This allows us to define the coefficient C'(ning - - - neo, t) =
C(---E; < Ej < Ej--+,t) up to a minus sign. Let’s make this explicit by summing first over all
the configurations which have the same C coefficients, leaving the minus sign as a permutation

coeflicient oy ... g in the remaining sum:
157

U(@n,an) = Y Clmng-neo,t) Y opmbe (@) g (). (2.28)
oo AN -
1 » 2

(nl .. 'noo)

The first sum is restricted by the number of particles N = . n;. The second sum is to be
understood as a sum over all the states {E!} compatible with the occupation numbers. This
turns out to be merely permutations of the positions of the E! in the equation. Op...E 18 the
sign of this permutation. As an illustrative example, take the case N = 3 with one particle in
state 1, another in state 3 and another in state 4. The previous argument allows us to write the

most general wave function compatible with the fermion statistics as the anti-symmetrized sum
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of single-particle wavefunctions

C (10110 --0,t) [th1 (z1)h3(x2)ba(xs) — 1 (z1)a(w2) s (w3)+ (2.29)
—t3(w1)1(w2)Pa(23) + 3 (1) a(z2)1(w3) +
—tha(w1)h3(2) 1 (23) + Pa(21) Y1 (22)Y3(3)] -

This term is completely antisymmetric, as required by the statistics. The same can be done
for any N if we fix the ordering of the states and define the minus sign to be the sign of the

permutation. This can be neatly expressed in terms of a Slater determinant:

Ve (1) - YE(TN)
> om; - myE (T1) gy (aN) = : : : . (2.30)
By, By Vey(T1) - YEy(TN)

(nl .. .noo)

This will be used as the basis with which to expand fermionic wave functions, so it has to be

normalized. Define

Vg, (1) - YR (TN)

Py oo (T15 7 TN) = \/ﬁ : : : (2.31)
Vey(r1) - Yey(TN)
This introduces an extra factor in the coeflicients, so define a new coeflicient
f(ning - oo, t) = VNIC(ning - Noo, t). (2.32)

We thus obtain an elegant expansion that only depends on the occupation number in each

state. All the anti-symmetry is captured by the @, .., (21, -+, 2ZN):

U(zy,-,an) = > Fmng - Too, )Py e (X1, -+, 2N). (2.33)

N1 Neo

Note that the all the time dependency falls on the f coefficient.

2.3.3 Schrodinger equation

In most cases of interest (including the one in this work), the many-body Hamiltonian is described
by

N 1 N
H=) T(x,) + 3 D V(wn, om). (2.34)

n#m

Here T' denotes the single-particle component of the Hamiltonian (which includes the kinetic
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energy) and V takes into account the interaction between the particles. Note that the interaction
between particles is symmetric, so the double sum over all the particles introduces repeated terms.
These are taken into account by the % term and by the restriction n # m, since n = m is already
considered in 7. Since the coefficients C' completely determine the quantum state, we want to
obtain an equation of motion for them. For that matter, apply Schréodinger’s equation to the
general wave function 2.26, multiply on the left by MLEl (z1)-- '¢TEN (zn) and integrate over all
the coordinates. Since the basis functions are normalized, this yields the following for the kinetic

term:

N
/dxl T d$N¢TEl (-731) e ¢TEN (xN) ZT(‘rn) Z C(Eiv e 7E§V)¢Ei (xl) T wEg\, (xN)

i,‘..7Eé
N
= Z Z C(Ey,---, W_ -, En) /dxnz/zgn ()T ()W (). (2.35)
n=1 W n-th position

Plugging this back into Schrodinger’s equation and omitting the interaction term, we get

N
d
ihoC(Ey,--+ Ex,t) =Y Y C(E1, By 1, W, Epy1,- -+, En) (En|T[W) + -, (2.36)

ot e
We want to apply this to fermions. In order to do that, we first need to reorder the coefficients
in each side of the equation so that they obey the fixed ordering of states. Start by treating W
as if it were F,, and reorder both sides of the equation simultaneously until they’re in the correct
sequence. We may then assume without loss of generality that the F; --- E v are already ordered
according to By < Fs < --- < En. Now, W is out of place and has to be moved into the correct
position. If W = E,,, the problem is solved. The remaining cases introduce a phase factor. We

pick up a factor of —1 each time W is swapped.

(_1)nw+1+nw+2+”'+nEn71 ifW < En (237)
(_1)nEn+1+nEn+2+"'+nW71 fW > E, (2.38)
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Remember that these states have a fixed ordering, so E' + 1 should be understood as the next
state in the ordering. With this factor in mind, all the coefficients become ordered and may be

expressed solely in terms of the state occupation number.

ihaatC(nmg Moo, t)
N
_ Z Z nEn+nEn+1+-~.+nW—1C'(n1n2 coong, — 1o+ 1 ne, t) <En‘ T ’W>
n=1W>E
N
+ Z 1)nw+nw+1+"'+nEn71C’(nan coeng, — 1w+ 1 neo, t) <En| T |W>
n=1W<E,
N
+ Z C(ning - -ng, - Neo, t) (Ey| T |E,) + interaction term. (2.39)

3
Il
—

There is still a summation over the index of the particles. This may be replaced by a sum over
states ) if we specify the number of times ng that the variable E, has the value E, since they

all contribute equally to the sum:

DO (myrEtrEat WA C(nyng g — Loonw + 1 i, t) (B| T |W)ng.  (2.40)
E W>FE

Multiplying both sides of the equation by 1/% allows us to bring in the f(ning - neo,t)
coefficients

SN (mpyrEtneatw ety cong = 1-nw 4 L oo, E)Vw + Ly/mg (B|T (W)
E W>FE
(2.41)

The other kinetic terms are analogous and the interaction terms follow a similar treatment.
Since this work focuses on non-interacting systems, the emphasis falls into the non-interacting
terms. All the explicit dependency on the specific particles has disappeared and only the number

of particles in each state remains.

2.3.4 Occupation-number base

In the previous section, we were able to describe the system with regard only to the occupation
number. This has very important repercussions. Because we are no longer able to tell which
particle is which if both are in the same state, the number of particles in each state becomes enough
to completely characterize the system. Furthermore, the Hamiltonian preserves the number of
particles, so the occupation number basis is a perfectly valid one in which to describe the states.
Notice that in the fermion case, if there are two states which are the same, C' is automatically
zero. This means there can be no more than one particle in each state and that Pauli’s exclusion

principle comes naturally from the anti-commutation relations! In fact, the indistinguishability
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of the particles is enough to allow for the wave function to be expanded in a basis of completely

symmetric (or anti-symmetric, in the case of fermions) wave functions. For bosons, the basis wave

(I)nly"'vnoo (xl, ce ,a:N) = \/WZ 1/JE1 (:L‘l) cee 1/}EN($N) (2.42)

where the sum is over all the E1,---, Ex compatible with the number of particles in each state

functions are

N1, ++,MNeo. Lhis is just the permutations of the F;. For fermions, we need to fix an ordering for
the states to fix the overall sign. Therefore, assuming we have already chosen an ordering, the

anti-symmetric basis wave functions are built from a Slater determinant, as we’ve seen before.

. Ve (v1) - YR (TN)
Dy o ino (T1, 7+, TN) = o : : : : (2.43)
' Yey (1) - YEy(ZN)

These explicit constructions serve to illustrate the fact that there is a way to build the basis
wave functions from the original single-particle states. But the important message here is that
the occupation numbers are enough to completely characterize a system of bosons or fermions.
Let us now define the occupation basis {|n]---ns)}. This is to be understood as a state with
ny particles in state 1, ng particles in state 2 and so on. Due to the orthogonality of the single-
particle states, these too are orthogonal, and will be chosen to be normalized to 1. This basis is
complete because the occupation number alone is enough to determine the system, so this basis,

like any good basis, satisfies the orthogonality relation

(nhny - nl|ning - nee) = Oty Onyny " Ol noe (2.44)

and the closure relation

Z [ning -« noo) (Ning -+ Noo| = 1. (2.45)
NN Noo
As an example, we've already explicitly calculated a completely anti-symmetric wave function
for the case N = 3 with particles in states 1, 3 and 4 (see eq. 2.29). In this new basis, it is simply
expressed as [10110---0). In fact, in the position representation,
Ve (x1) - YE(aN)
m!-ne! : : .
in,"‘7noo(x17"‘7-rN): T : : . = <$1$2"'$N nlnoo>
Yy (1) - By (TN)
(2.46)
Now we need a way to decrease or increase the number of particles in each state, and this will

be different for bosons and fermions. Since the systems in this work consist of fermions, we’ll
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focus on the latter case. Define the fermion destruction and creation operators (also called ladder

operators) a; and a;r, respectively, which satisfy the following anti-commutation relations:

{a;r, aj} = 0 (2.47)
{ai,a;} = 0 (2.48)
{a;r, a}} = 0. (2.49)

There relations alone don’t do anything. By further requiring that their product yields the
number operator n; = a;-rai we are able to define their action on the states. The number operator
is defined by returning the number of particles in the state ¢ when applied to a general state
[Ny - neo) as such: A [ng -+ noo) = ni|n1 -+ neo). It is perfectly well defined since we already
know that the Hamiltonian preserves the number of particles. In fact, the association of the

creation and destruction operators with the number operator seems fortuitous because

2
ﬁ? = (a}ai> = aTai = n,;. (2.50)

i
This shows that n; can only have eigenvalues 1 or 0, as is expected for fermions, and that is
now a direct consequence of the properties of the ladder operators. Furthermore, these properties

alone are enough to completely determine their action on a general state. For example, take the

action of a creation operator in a state which is already filled:

af |1,) = aln; |1;) = afafa; 1) = 0. (2.51)

)

This means we cannot add a particle in state ¢ to the system if one already exists! Similar

considerations yield the action of both these operators in single particle states

alll) = 0 (2.52)
all0;) = |1) (2.53)
a; L) = 03) (2.54)
ai\Oi) = 0. (2.55)

This allows us to define any state only in terms of the creation and annihilation operators. Recall
that a fixed order for the a} is induced from the ordering chosen for the Slater determinant. The

general state is written as

[ning -« Meo) = (ai)m <a£>n2 e (alo)noo |0) (2.56)

where |0) is the vacuum, a state without any particles. How do these operators act on a general

state? Let’s apply a; to |ning---ne). This operator will anti-commute with all the a; and a}
T

that appear before a; so we pick up a phase factor (=1)% where S; =ny + -+ +n;_1.
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ai|ning - ni - neg) = (—1)% (a]i)m (a%)n2 ceay (ai)m e (a&)nm |0) . (2.57)

If n; = 0, then a; can be anti-commuted all the way to the vacuum where it gives zero,
T t

80 a;ning---0;- - ns) = 0. Otherwise, we get aja; = 1 — a;a; and we may apply the same

reasoning to yield zero in the second term. The first term remains, so

ailning 1y noo) = (—1)5 (ai)m (@)"2 . (QDO . (aio)n‘” 10) = (—1)5 [n1ng - 0;- - nog) -
(2.58)
:

Similar reasoning works for a;, so in summary

ailning -1 ne) = (=1)% /g ning---0; - neo) (2.59)
ajlning -0 ns) = 0 (2.60)
a;-r|n1n2~-0i~-noo> = (=1)%Vni +1|ning - 1i- - nog) (2.61)
al ning -1+ -ns) = 0. (2.62)

The square root terms here are actually irrelevant, but were only placed to appeal to the
similarity between the fermion and the boson cases. These relations further imply the known

properties of the number operator acting on an empty state

and on a filled state
N [ning - L neg) = (—1)SiazT |ning -+ 0; -+ Noo)
= (—1)2& |n1n2 te 11' te noo> = |’I’L1’I’L2 te LL' te noo) . (264)

This gives the expected result for the number operator for a general state

i [nang - M-+ Noo) =N [NAN2 -+ Ny -+ Noo ) - (2.65)
All this effort will now pay off because the second-quantized Hamiltonian will have a very simple
form.
2.3.5 Back to Schrodinger’s equation

Now we want to express Schrédinger’s equation in terms of these vectors. As we’ve seen, any

boson or fermion wave function can be expanded in terms of them:

[W(E) = D f(nie neo,t) [nang - no) . (2.66)

N1 Noo

The time dependency falls into the coefficients because the single particle wave functions do
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not change. Applying the Schrédinger equation to this, we get for the kinetic term

o) = 3 3 Y (LT g g Ly Lo,

ni-Neo E E<W
XOn g 10nw 0Vnw + Iy/np (E|T W) [ning -+ neg) + - - - (2.67)

The Kronecker deltas have been introduced to assert the fact that the occupation number can
only be 0 or 1. Allow for the change of notation £ =1¢, W = j :

zhi lWh(t)) = Z Z(_l)ni+1+"'+nj*1f(nln2 g —1eoonj 1 oo, t)

n1Noo 1<]
X0n; 100,00/ 1y + 1y/ni (i T'[7) [ning - - - noo) + -+ - (2.68)

and relabeling n; = n; — 1, nj; = n; + 1, nj, = ny:

0 / /
e [0(0) = 3 S0 (1) (2.69)

7 ! ; y
nf -l i<j

In light of the calculations done in the previous section, let’s express the state vector in terms

of the creation and annihilation operators, assuming j > 4:

aa]‘nlfnq n OO>_ \/>a1—‘n1n2 n;_lnloo>

:(_1)53\/@(_ \/T}nmz---nﬁl nf—1- M) - (2.70)

The phase factors actually simplify, because (—1)2" = 1, so repeated factors in S = S; + S; do
not contribute. This means
(—1)5i+5i = (_1)(n’1+---+n;,1)+(n’1+---+n;-,1)

(= 1)ty (2.71)

Furthermore if n} = 1, we get no contribution from a;raj MMy - Mg ngo> =0, so we

might as well use n} = 0, simplifying the phase factor to (—1)”§+1"'+”9*2+”;'*1. Eq. 2.70 takes the
form:

aa]‘nan n OO>
e 5?7,;,05’”,;,1(_1) l+1 +nj—2+n.,1'—1 WW/nj _|_ 1 }nllné e n; _|_ 1 .. .n/A — . OO> 2 72

This fits like a glove in Schrodinger’s equation.
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Rewriting 2.69 in terms of the creation and annihilation operators, we are able to factorize

|1(t)) and obtain a very compact expression:

M) = 30 S fhmh ol ) GIT 1) afa [ ol o)

, ,
nynh, 1<J

1<j ny -l
= > G T]5) ala; lp(t) + . (2.73)
1<j

A similar argument holds for the remaining cases and for the interaction V' so the full expression

of the Hamiltonian in second quantization is

H = Z il T 7) aa]—&— Z (ij| V' |kl) aaalak (2.74)

z]kl
The Hamiltonian has a very simple form and suggests a simple interpretation. The term
(| T\7) a;raj may be understood as a particle in state j being destroyed while a particle in state

1 is created, while the coefficient is the transition probability.

2.3.6 Fermion Fields

There is another way to express the Hamiltonian in second quantization if we know the ladder

operators in a particular basis. Define the field operators

7) =Y vi(@)c (2.75)
k

F) =Y (@) (2.76)
k

where the 1 are the single particle wave functions of the states k and the ¢ and CL are their
respective annihilation and creation operators. Their algebra follows from that of ¢, and c,t. This

is valid for both bosons and fermions.

@@ = @) [encl| = Y w@i) = @ - )
|

+ k! %

@@ = S @) el =0,
kk'

The lower sign refers to the anti-commutator of fermion operators and the upper sign to the
commutator of boson operators. The last equality follows from the completeness of the wave

functions . These operators allow us to write the second-quantized Hamiltonian in a more
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suggestive way:

1= [ @bl @T@0@) + 5 [ [ dadadl @il @V 2@, (2.77)

Let us verify that this is the same expression as 2.74. Unwinding the definitions,

[ #it@r@ie = [ v@dre DIECEEDS ([ avi@r@e @) de
]
(2.78)
Letting (i| T |j) = [ d3xy}(Z)T(¥)y;(Z) we obtain precisely the same kinetic term and the
interaction term can also be shown to yield the expected result. We have merely re-written the
Hamiltonian in the context of a field theory.

2.3.7 Current in second quantization

The primary object of study in this work is the conductivity o(t), which is the response coefficient

of the current with respect to the electric field:

o oo oo
J(t) = / dt1o? (t — 1) EP (1) + / dty / dtaoy?V(t — t1,t — t2) E°(41) B (t2) + O(E®).
—00 —00 —o0
(2.79)
So, in order to find the conductivity we must first define the current. Consider the Hamiltonian

with an electromagnetic field in second quantization in terms of fermion fields:

2m

2 2
H = /dgamﬁ [ f <Y + %A(:c, t)> + V(x) — ep(x, t)] (). (2.80)
Expand this to unravel the powers of A(x,1t):
2 02 ) .
o= [Eeile) |- v ve)| e [Pt

o [ @2 [i@) (A1) Vi) +51@)V - (A.09@) | - ¢ [ deo@. b @)d(@)

Now perform an integration by parts to remove the divergence operator from A and disregard
the term which is a total divergence since we may consider the fields to fall off sufficiently rapidly

at infinity. The Hamiltonian splits into two parts: the Hamiltonian in zero field Hy

Ho= [ @wil(@) [—Zv? T v<m>] e (251)
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and the interaction H 4
A= d%{—i V@) Vi) - (Vif(2)) d()| - - A, t>+h Az, 1)) (2 w?(:c)}
(2.82)

We may define this to be a coupling to the zero-field Hamiltonian by introducing the current

operator as a functional derivative of H4. Let

T () = —% (2.83)
p(,t) = —(ﬁf’t). (2.84)

Applying this to H 4, we get the familiar expression for the current operator

2

Talwt) = 5 [§@) V(@) - (V@) d@)] - A )i @) (285)

Now that we have defined the operator of interest, let’s consider the case of a homogeneous
electric field E(t). This can be obtained from the minimal coupling if we choose a homogeneous
gauge field A(t) such that E(t) = 6A( ) A may therefore be removed from the integral in x:

- h? - e? . -
H = [ $adi(@)|-——a? T Alw.1)? / B!
[ @aii@)]| 50t + Vi) | da) + 5 Alwn? [ it @ia)
o [ @2 [§(@) Vi) + (@) Vi) - A0,
2im
The functional derivative becomes a simple derivative of H with respect to A

2

Taw,t) =0 [i@)Vite) - (V@) d@)] - S A0i@i@.  @80)

Replace ¥ by the creation and annihilation operators and integrate over x

Tal) =3 [Eada@) = —;VanLcm [ i) (3 rvn@) - (2 X 0i@) )]
_7,4 Zc e / B (@) (@)

Using the normalization of the wave functions and defining the velocity operator

vun = [ @2 [610) (5L vn@)) — vmie) (22 vi@) | 287
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we arrive at

62

e

Jalt) = -1 > vpmchem — —AMN (2.88)
nm

This is the expression of the current using the minimal coupling procedure. The current may

also be obtained in the FE formalism through a Gauge transformation on the current in minimal

coupling [3, Chapter 2]

Je(t) =~ D vumchen (2.89)

It is important to note that the current operators are different, but their expected values are the

same. That’s to be expected because the final result cannot depend on the Gauge.

2.4 Schrodinger, Heisenberg and Interaction pictures

Here we explore the three main pictures of Quantum Mechanics, which will play a fundamental

role in developing a perturbation expansion for the systems that we’re studying.

2.4.1 Schrodinger Picture

In the usual description of Quantum Mechanics, we define wave functions whose time evolution

is given by Schrodinger’s equation:

.0
i () = H [0(0) (2.90)

We define the time evolution operator to be the relation between the wave function at a time tg

and at a later time ¢:

[(t)) = U(t, to) [¢b(to)) - (2.91)

Furthermore, when we want to calculate expected values and transition probabilities, we make
use of operators which act on the wave functions. These may be explicitly time-dependent,
but their time evolution is not regulated by the quantum system itself, so they do not have an
equation of motion. Time is just an external parameter. Usually, these are the observables of the
system, such as the position or momentum. This is the so-called Schrodinger picture of Quantum
Mechanics. The evolution of the system relies on the time dependency of the wave functions,

while the operators are usually constant in time.
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2.4.2 Interaction picture

Here we consider a different stance. We're going to assume we already know how to solve some
part of the problem and try to use that to simplify the full problem. We want to achieve a
separation of the solvable Hamiltonian Hy and the perturbation V(¢) in the time evolution of the
system. Consider a general Hamiltonian H which may depend explicitly on time and that can
be written as the sum of an exactly solvable time-independent Hamiltonian Hy and a (possibly)

time-dependent perturbation V(¢):

H(t) = Ho + V(1). (2.92)

Its time evolution is given by Schrédinger’s equation:

i ss(0) = H) [Ws(0) = (Ho + V(1) s (D) (2.93)

where the subscript in ¥g denotes the Schrodinger Picture. We're going to incorporate the fact
that we already know how to solve Hy by considering a set of transformations on both the wave
functions and the operators. This simultaneous transformation guarantees that the expected

values are unchanged:

lYr(t)) = e lws(t)) wave functions
(2.94)
Hot Hot
Ar(t) = e'"n Age ' n operators.

The subscript I in 1 denotes the Interaction Picture. This gives us an equation of motion for

the new operators:

—mgtAI(t) = eiflo(t=to)/h [, Ag] e~ Holt=t0)/h — [, A, ()] . (2.95)

and for the new wave functions

i (1) = V(D) [ (1) (2.96)

2.4.2.1 Time evolution operator

This last expression lends itself to a formal solution by integrating both sides of the equation in

time from tg to t:

t

i [ o) de= [ Vito for(o)ae. (2.97)
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Unwinding this, we get a self-consistent equation for |W¥,(t)):

n(0) = st} + o [Vt eyt 299

to

Note how |U;(t)) appears in the right side of the equation again. It remains valid to insert this

same expression back again in the integral:

) = fotto) + o [ Vo) flonto) + - [ Viten) (e dia ] (2.9

to to

t 2t t1
= Jorteo) + 5 [ anvicen et + () [ an [ davinvi) o).

to

If we keep doing this, we’ll obtain a series in powers of V; at different times. Assuming that
this series converges if we keep doing this to infinity, we obtain an expression that only depends

on the initial wave function |¢;(to)) and Vi:

t 2t t1
or®) = W) + 5 [ anvie o) + (5 ) [ o [ avie)vice o)

3t t1 to
+ <Zlh> /to dt1 /to dtsy /to dtg‘/](h)V](tg)V](tg) WJI(tO)) 4 (2.100)

Let’s focus our attention on the second term. We can cast it into a more symmetric form by

changing the order of integration and relabeling the integration variables:

t t1 t t t t
/ dty / dtQVI(tl)V](tg) = / dty / dt1V[(t1)V[(t2) = / dtq / dtQV](tQ)V](tl). (2.101)
to to to t1 to t1

Notice that in the left expression t9 < t; and in the right one to > t; and also that the order of
the operators was swapped. This can be neatly taken into account by defining the time-ordering

operator, which acts on a set of operators by ordering them according to their time label:

A(tl)A(tz) if t1 > 1o
T{A(t1)A = .
{ <t1) (tQ)} :]:A(tQ)A(tl) if t1 < to. (2.102)

The upper sign refers to boson operators and the lower one to fermion operators. Now, for

bosons, the equation reads

/ttdtl /ttl At TLVi(11)Vi (1)} = ttdtl /ttdth{VI(tl)Vj(tg)}. (2.103)

This yields no loss of generality because these interaction operators consist of an even number
of creation/annihilation operators, which acts as a boson operator under time ordering. These are

just integrations over different halves of the #1t5 plane, and they’re exactly the same! Therefore,
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if we sum them and divide by two, we get exactly the same result, but now the integrals run all

the way from ¢ to ¢:

/t ity /t Y ATV ()Vi(t)) = ;[ /t ity /t T Vi () Vi () + /t ity /t " ATV (1) Vi ()}
_ % /t:dtl /t:dth{Vl(tl)Vl(tg)}. (2.104)

This argument may be generalized for all the following orders of the expansion and we get the

Dyson series of Vi(t):

Yi(t) =

1+ % /t dtaT{Vi(t1)} + % <hl>2 /t: dty /: dtoT {Vi(t1)Vi(t2)}

to

o (;)n/tdtl---/tdtnT{VI(tl)---Vf(tm}+---} rlto)).  (2.105)

to to

The time ordering operator may be factored out, which means that this series may be repre-

sented by

ey =1 e (3 [ i) } wrteon. (2.106)

to
This is to be understood as no more than the series expansion derived previously. However, it

does have one very important property. Note that for fermions or bosons

T {lei(tr), e2(to)] £} = T {er(ti)ea(tz) F ca(ta)er(tr)} = T {er(ti)ea(to)} F T {ca(t2)er(t1)} = 0.
(2.107)
This means that while considered inside the time ordering operator, we need not care about
commutators/anticommutators for bosons and fermions respectively. Therefore, the product of

exponentials reduces to the exponential of the sum. Using this formal solution, we can define the

S(t,to) =T {exp C; /t: dm(t)> } . (2.108)

This expression was derived under the assumption ¢ > ty. In order to accommodate for results

time evolution operator as

that will be obtained later on, we also need the case t < tg. In that case, this deduction follows
the exact same lines if we define the anti-time ordering operator, which does exactly what its

name suggests. Therefore,

S(t < to,to) = T {exp (;LZ /to dTv,ewt(T)> } | (2.109)

t

It has the same formal expression as the regular time evolution operator, except for the limits

of integration and the anti-time ordering operator instead of the time-ordering one.
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2.4.2.2 Density matrix

In general, we do not know the form of the density matrix after the time-dependent interaction is
turned on at ¢t = to, because the system is no longer in equilibrium so it will no longer be e #H .
However, we may find its time evolution and relate it with its expression at a time prior to the

interaction since we know how the states evolve.

pr(t) = > pulnr(®)) (n(t)] =Y paS(t to) Ins(to)) (n1(to)| ST (t, o)
= S(t,to)pr(to)ST(t to) (2.110)

This is the density matrix in the Interaction Picture.

2.4.3 Heisenberg Picture

The Heisenberg picture takes the polar opposite stance of the Schrédinger picture. The wave
functions are constant in time, while all the time dependency is left to the operators. This is
used implicitly in second quantization, since each state is actually built by the creation operators
acting on the vacuum, which is time independent. Take the evolution operator in the Schrédinger

picture:

[Ys(t)) = Ul(t, to) [¥s(to)) - (2.111)

Since |¢g(t)) satisfies the Schrodinger equation, U(t,ty) satisfies

ihgtU(t,to) = Ht)U (L, to). (2.112)

This equation can be integrated to yield

Ult tg) = 1— % /t Aty H (1)U (1, o). (2.113)

to

Just like in the Interaction picture, this procedure can be iterated to give a series expansion of

Ult 1) = T {exp (; /t: dtH(t)> } . (2.114)

the evolution operator.
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CHAPTER 2. THEORETICAL BACKGROUND

We can use this to define the Heisenberg picture, by demanding that the expectation values be

the same

W (t) = |vs(to)) wave functions
(2.115)
Ap(t) = Ul(t,to)AsU(t,to). operators
The time evolution of operators is given by
., 0
ZhaAH(t) = [HH, AH(t)] . (2.116)
And the density matrix by
o) = 3 palnsr(®) (O] = 3 pa In(to)) (nar(to)] = plto). (2.117)

The density matrix is actually independent of time since it is built from the states themselves.

2.4.4 Relating the descriptions

We can relate all these descriptions by remembering that they all coincide at ¢ = tg. Following
this guideline, we can find a relation between S(¢,t") and U(t,t'):

S(t,t0) [s(t)) = S(t,t0) [r(to)) = [r(t)) = MU P g (t)) = MURY (8, 8) [ihs (o)) -

(2.118)
Since this is valid for an arbitrary state,
S(t, tg) = eHot=t)/hrr (¢ 1), (2.119)
And for operators
Ag(t) = U(t, to) A (1)U (¢, tg) = e~ Ho(t=t0)/h 4 (1) etHolt=t0) /R (2.120)

Which yields a relation between the Heisenberg and the Interaction pictures in terms of the

evolution operator of the Interaction picture:

A (t) = Ut (¢, tg)eHolt=t)/h A (1) iHot=t0)/h (1 1) = ST(t, ) A7 (£)S(t, o). (2.121)

These results can be summarized in a table for later reference
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2.5. EXPECTED VALUE OF AN OPERATOR

Schrodinger Heisenberg Tnteraction
) | Ut to) [vs(to)) Ym (o)) S(t,to) [¥1(to))
A Ag Ut (t, to)AsU(t, to) | eHolt=to)/h g ge=iHo(t=to)/h
p | Ut to)p(to)UT(t, to) p(to) S(t,to)p(to)ST(t, to)

Table 2.1: Summary of the comparison between Schrédinger, Heisenberg and Interaction pictures.

2.5 Expected value of an operator

Consider a statistical ensemble of quantum systems, each in an eigenstate of the Hamiltonian H
at time t;. Given that ensemble, the probability to find a system with energy F, is given by
the Boltzmann weight e #F7 so the whole ensemble can be represented by the density matrix
p =3, e PEr|n) (n|, where the sum is over all eigenvectors |n) of the Hamiltonian at time .
From this, we can obtain the thermodynamic properties of the system. In fact, the expected
value of an operator A is simply the sum of its expected value in each state multiplied by the

corresponding probability to find the system in that state:

(A) — e PP (nAln) 3, (0|3, e PP im) (m[Aln) 30, (n[pAln) _ Tr(pA)

e fE Y (Y, e B m) (mln) X, (nlpln)  Tr(p)
(2.122)

Here we can see the role of p when studying the thermodynamic properties of a system. It
contains all the information about the ensemble. Also, Tr (p) can be identified with the partition
function Z. Note that in this case, p = . e #Fn |n) (n| =3, e PH|n) (n| = e PHY |n) (n| =
e PH_ However, if the Hamiltonian depends on time, this expression is no longer true because
|n(t)) may no longer be a state with energy E,. This is a subtle but crucial point about thermal
averages of a quantum system. If one wants to calculate (A4), eq. 2.122 seems to suggest that
the way to do it is by tracing over all the eigenstates of the system with the Boltzmann weight.
That is, every time we wanted to calculate the average value at a fixed time ¢, we would take
the Hamiltonian at that time H; with eigenstates |n) of energy E,, each of which appearing

with a probability e=#F». This would indeed make the previous expression take the form (A) =
Tr(e=PH A)
Tr(e-8H)
a given ensemble of systems and allowing them to evolve in time with the Hamiltonian H. Each

. However, that is the wrong interpretation. What we’re actually doing is starting with
system evolves independently of the others. The Boltzmann weight is simply the probability to

find that particular system, so it remains unchanged. In particular, the partition function used

to evaluate this average also remains unchanged.
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CHAPTER 2. THEORETICAL BACKGROUND

2.6 Wick’s Theorem at finite temperature

Consider a typical term in a perturbation expansion, where the o may be creation or destruction
operators in second quantization. Begin commuting (or anti-commuting if it’s a fermion operator)

a1 through:

Tr [paiag - - ap] = Tr [p [a, ag]jF i an] + Tr [pagay - - ay] =
=Tr [p [041,042}:,: . --an] + Tr [,oag [al,ag]jF .- -an} + - Tr[pag - - apaq]
=Tr [,0 [ozl,ozg}; . --ozn] + Tr [pag [al,ag]jF . 'an} + -2 Tr[agpas - - ap) . (2.123)

It would be very convenient if we were able to commute a3 and p. To do that, we employ a

trick similar to determining an operator in the interaction picture:

d
a8 (eﬁHOale_ﬁHo) = PHo[Hy, ay] e PHO, (2.124)
Since Hy = Y, enci,t o (the plus sign denotes a creation operator and the minus an annihilation
operator), the commutator can be explicitly calculated, and yields [Hy,al] = +enaik, from
which:
d
a8 (eﬁHoafe_ﬁHo) = teePHoqfe P, (2.125)

This is a differential equation that is readily solved with the initial condition (eﬁHO a{ce*fBHO)BZO =

+.
oy

eﬂHoalie—BHo — 6:‘:56104%‘ (2126)

Multiplying both sides on the left by e #H0_ we get the desired commutation:

afp, = e paf. (2.127)

Let Ay = 1 if oy is a creation operator and —1 if it’s a destruction operator. Then,

Tr [poicvg -+ - ] = Tr [po [aq, ag]jF . -an} +Tr [poag [aq, Ckg]i e an] +- - eMBaTy [poiag - ) .
(2.128)
The last term is identical to the left-hand side of the equation so they may be joined and their
coefficient divided through:

[, o)

a1, ao] -

Tr [pOOqOéQ s Oén] =Tr pow@g .

Dividing through by Tr (po), this can be expressed in terms of an average over non-interacting
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2.6. WICK’S THEOREM AT FINITE TEMPERATURE

states:

[a1, s a1, a3
<a1a2an>02<1:':ewa3an OZl: WO{QO{” 0+ (2130)

These commutators (or anti-commutators) are merely c-numbers, but are kept inside the aver-
age symbol for reasons that will soon become clear. If there were only two operators, the previous

result would allow us to find their average directly.

o, 042]$
<061042>0 = W (2.131)
Use this to define the Wick contraction between two operators:
— [, o]
a1y = <041a2>0 = 1:'267)\1/52:1 (2.132)
This notation turns the previous expression into
(| (|
(arag - an)y = <a1aga3 e an>0 + <a1a3a2 . ozn>0 + .- (2.133)

Wick’s contraction only makes sense when two operators are adjacent, for then it can be simply
interpreted as a c-number that may be taken outside of the average. Now we’re going to give
the Wick contraction a new property that simplifies the notation. When you contract any two
operators, wherever they may be, you commute (or anti-commute for fermions) the contracted
operators with the operators in the middle (even if these are already contracted with something

else themselves), until you can join them. For example:

1003 = :|:Oé'1_0é|3a2 (2134)
and
10300000, = :tall_alga'g_ozl4. (2.135)

This allows for the averages to be cast in a very elegant way because it takes care of the awkward

minus signs

— — —
(g -~ am)y = <a1a2a3a4 . an>0 + <a1a2a3a4 _ an>0 + <a1a2a3a4 . an>0 +---. (2.136)

We can thus see that the first iteration of our result corresponds to contracting the first operator

with all other operators, one at a time, resulting in n — 1 terms.
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CHAPTER 2. THEORETICAL BACKGROUND

Iterating this process means that the average is the sum over all possible contractions of all the

operators:

—/ o/ ——= 1
(g - an)y = <a1a2a3a4 . --oen>0 + <a1a2a3a4 . --oen+> 4+ (2.137)
0

This is Wick’s Theorem for finite temperatures. As an explicit example, for four operators, this

18

— — —
(apopazoy), = (o1oeazoy O—I- 1 rp3004 O—I- o300 .

o — 1 ———
<0410620é3044>0 + { aragaszay ) + ( apaeasay
0 0

= <a'1_a|2a'3_al4>0 + <a'1_a|3a'2_al4>0 + <a'1_a|4a'2_a|3>0 . (2.138)

Since the contractions are averages themselves, this is also:

<O¢10¢2043C¥4>0 = <Oz1042>0 <0430z4>0 + <041043>0 <a2a4>0 + <041044>O <O¢20(3>0 . (2.139)

This is a remarkable result. An average over non-interacting states of any number of operators

may be simply calculated using averages of two operators!

2.6.1 Wick's theorem and time-ordering

Suppose that instead we wanted to calculate an average over time-ordered operators (T'apa - - - o ).
Taking as an example eq. 2.139, under time-ordering, we may simultaneously reorder the terms
on both sides of the equation without any additional minus signs. After reordering, we are still
summing over all the possible contractions, which are precisely the same contractions as before
reordering, although the order of each contraction may be inverted. That is, we may find all_a|2
instead of alg_all. Bearing this in mind and knowing that after time-ordering, all the contractions
are necessarily time-ordered, we might as well do the contractions before time-ordering and then
order each contraction. The final result is the same. Let us then redefine the Wick contraction

to take this into account:

aray = (Toras), . (2.140)

Wick’s theorem now also holds with time ordering

(Tajog -+ -o)y = <a,1_a|2a'3_al4 . -'-_aln>0 + <a1a2a3a4 . -'-_aln—i—> cee (2.141)
0

This result will very considerably simplify our perturbative calculations.

39



2.6. WICK’S THEOREM AT FINITE TEMPERATURE

2.6.2 Examples - Fermions

This short section is to be used as a reference point, because these expressions will be used

copiously in the next chapter.

Averages of two operators

The first result is very straightforward and has already been considered while deriving Wick’s

theorem:

}
<a§a2>0 - M — Siaf(er). (2.142)

The second one is eagy if we consider the anti-commutation relations:

<a1a£>0 = <{a1,a2} — a}a2>0 =d12[1 — f(e1)] (2.143)

Averages of four operators

This too has already been calculated using Wick’s theorem:

a1a5a30 = a1a (03X} +(aqa aoa .
<12340 130 240 140 230

= f(e1)f(e2) [014623 — 24013] (2.144)

This concludes the theoretical background needed to understand the following chapters.
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3 Linear order response

In most of Physics, it becomes hopeless to expect an exact solution for a given problem. In
the quantum case, for example, this requires diagonalizing the Hamiltonian matrix, which is a
strenuous task and indeed hopeless if it doesn’t have some obvious symmetries. It’s this difficulty
that led to Perturbation Theory. We may not get an exact result, but we may obtain an arbitrarily
good approximation by considering a series expansion (assuming it converges) in the coupling
between the exact (solvable) Hamiltonian and the perturbation. Even so, the expressions obtained
in this way become very cumbersome very quickly. That’s why most of the times, we stick to the
first order. One of the fundamental tools to study the linear response of a quantum system to a
coupling is Kubo’s formula, which we prove in the first section. The next sections are dedicated to
the study of the current in first order. We'll do it with both the A and the E formalisms, obtain
basis-independent descriptions and finally obtain some interesting limiting cases that allow us to

recover some results in the literature.

3.1 Linear Response Theory - Kubo’s formula

Consider an ensemble of systems just like the one in the previous sections. Allow for the ensemble
to evolve in time according to the Hamiltonian H. While the perturbation isn’t turned on (¢ < to),
p remains unchanged because H = Hj is time independent. For t > tg, the Hamiltonian may
depend on time due to the perturbation V'(¢). The original eigenstates at time to will evolve and
may no longer be eigenstates at later times. The evolution of the ensemble is again captured by
p, since p(t) = > e PEn |n(t)) (n(t)]. We do not know how to calculate the time evolution of
these states exactly, but we do know how to do it order by order. To do this, it’s more useful to
work in the interaction picture. Tracing over the Schrédinger picture or the Interaction Picture
is the same since

Tr(pA) = Tr (eii% ei%p(t)efiTeiTA(t))

Hgt . Hot

Ty (a’%p(t)eﬂTe@ G A(t)e*i%) = Tr (pr () As (1)) (3.1)

where we have made explicit use of the cyclic property of the trace.
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3.1. LINEAR RESPONSE THEORY - KUBO’S FORMULA

We may now expand this in powers of V. To do so, let |n) = |nr(to)) be the eigenstate of

Hj before the perturbation and consider the expansion of the density matrix in the interaction

picture:
pu(®) = D2 (o) or(0)

— Zlo Zn: e~ PEn <1 + % /tt V](t’)dt’> In) (n| <1 - % /t Vl(t/)dt/) +0(V?). (32)

to

Retaining terms only up to linear order,

o) = o e ) ol o [ (wt')Ze‘ﬁEn ) Gl = 3 e ) <nV1(t'))

Z
On to n n

1 t
= po+— [ dt' (Vi(t')po = poVi(t))) (3.3)
to

We want to calculate the expected value of a given operator A for each time ¢ only retaining

terms up to first order. Using eq. 2.122, plug the expansion of pr(t)

(A) ) = Tr (POAI(t) + Zlh/t dat" (Vi(t")po — poVr(t')) Al(t>>

to

— Tr (poAs(t)) + ;L/t ATx (VI )po — poVi()) Ar(t))

to

The first term is just the average of Aj(t) calculated with respect to the unperturbed Hamil-
tonian, (Ar(t)),. By the same argument as before, since the trace is the same in the Schrédinger
picture and the interaction picture, this is just (A4),. The second term is just the ensemble average

of the commutator

Tr (Vi(t)poAr(t) — poVi(t')Ar(t)) = Tr (po [A1(t), Vi(t)]) = ([Ar(t), Vi(t)]), (3.4)

Putting this back together, we obtain the famous Kubo’s Formula:

) 6= (Ao + g [t ([ar) Vi), (33

This will be our primary tool in the first section of this work.
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CHAPTER 3. LINEAR ORDER RESPONSE

3.2 Calculation of (J¢) to first order - A formalism

We are now in conditions to apply Kubo’s formula to our case in study. As discussed in the
Introduction, one of the ways to endow our quantum system with an electric field is through the

minimal coupling p — p + eA(t). Start with the unperturbed (solvable) Hamiltonian:

Hy= 2”; LV (r). (3.6)

After minimal coupling, we get some extra terms:

H= o (p+eA() +V(r) = f; PV 4o (PAGP 2ep- AW). (37)

And so our Hamiltonian splits into Hp and a time-dependent contribution V (¢):

2

e e
V()= —p-A(t)+ —A(t)* 3.8
()= Sp- A() + o A1) (33)
In second quantization, these operators are:
Hy=)enchen (3.9)
n
t €’ 42
V(t)=eA- Z'vnmcncm + %A . (3.10)
nm
The operator we want to calculate is the current
2
e e
Talt) =— %:’quc;cq -~ NA(). (3.11)

First, we're going to need to express the creation and destruction operators in the interac-
tion picture. The interaction picture label of these operators will be dropped because the time

dependency alone is enough to tell them apart. We have to solve

Hyt Hyt

cn(t) =€"n cpe” . (3.12)

This can be done by finding an equation of motion for ¢,(¢). For this purpose, differentiate

both sides with respect to time:

Loty = (et = (L) oot it (it
—c = — (et )= —e cne eh e, | —e Tt
dt " dt " dt " "\ dt
tHo ;Hot  _ Hot JHot  —iHy _ Hot
:Telﬁcnelﬁ—kezhcnhelh

Since any operator commutes with any function of itself, this is expressed in terms of a com-
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mutator, which is already known:

d ] . " L Hgt €
%Cﬂ(t) %el% [Ho, cn] e —%engtc P —%cn(t). (3.13)

Upon solving this differential equation for ¢, (t) using the initial condition ¢,(0) = ¢,, we find:

i€n, t

en(t) =cpe” . (3.14)

The process is entirely analogous for the creation operator:

[ (t) = cle'™t. (3.15)

n

This allows us to express the previous operators in the Interaction Picture.

2

Iep—em)t €
‘/}(t/) =eA- ; UnmCLcmeh( n—€m)t + %AQ (316)
- _ L(ep €q)t _ 7]\7' A. 3.17
Z'quc cqeh — (3.17)

Note that each of these operators contains different orders of A. The first term in Kubo’s

formula already includes one linear factor.

e? e e’
(Ja)y = < vac Cq— mNeA(t)> =¥ %q:qu <c;gcq>0 - WNEA(t)

o2 2
Z"’ppf €p) NA() *%NeA(t)

Here we have used <cpcq> = Spqf(€p) and the fact that the zeroth order term is zero!. The

second term requires the calculation of ([J{(t), VI(t')]),:

(@), vit)]) <

2
i t_ ¢ B B Fen—em 2
Z pq P en EP €q) mVNeAa,eA Zvnmc;rlcmeh(e € ) +%A ]> .
0

(3.18)
Commuting the c-numbers and ignoring the higher order terms in A:
24P i
<[J?(t),V](t/)] >0 _ _ev quvgm <[CLanCLCm} >Oeﬁ(€p €q)t6ﬁ(€n Em)t . (319)
pgnm

'In fact, the zeroth order term is zero because v = = [r, H]. The trace of v with f(e,) may be written as
2o vppf ep) = [7_ def(e)Tr [vd(e — H)]. Therefore, the cyclic property of the trace coupled with the fact that

operators commute with any function of themselves, Tr [vd(e — H)] = Tr [}[r, H]0(c — H)] = 0.
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This average of the commutator is calculated in the appendix 8.13 and evaluates to

<[cjgcq, chm] >0 = {cq, CL} <chm>0 — {cm, CL} <chq>O = dqndpm (f(€p) — feg)) - (3.20)

Plugging this back into eq. 3.19 and integrating in time from ¢y to t gives us the second term

in Kubo’s formula:

1 (6%
& [t roven,
1 ¢ I(ep—e I (ep—€m )t
-V Z Upq nm‘sqndpm (f(ep) — fleq)) M/ dtler(rmealleplenment Aﬂ(t,)
pqnm to
t ,
Zv;;vgp - fley)) [ atektm 040, (3.21)
0

We have thus found the full expression of the current in first order:

t . 2
— a8 ( et (e t=t) 4By 4 S N A1), 22
(J* E VpgV — fleg)) | dt'entr™ (t) + v (t) (3.22)

pq qp
to m

In principle, we are done because this expression gives us everything we need, but we can obtain
a friendlier expression if we go to Fourier space. Introducing the Fourier transform of A%(t) and

the shorthand notation wy, = (¢p — €4) /h, the Fourier transform of (J) (¢) is:

[e's) ) t
(Joy = ngqvgp — f(e) /_ dte™t / dt’

—0o0

d pali—t) | =€
% (/ 2(’; AIB —iw't ) elwpq(t_t ) —+ mii/’NAg (323)

Reordering the terms, we obtain a double time integral of imaginary exponentials. This integral

is calculated in the appendix (eq. 8.9) and yields the following result:

/ " / et 2T ) (3.24)
—oo 0 W+ wpq + 10T

This puts the current into a much nicer form:

02 0o / ; ’_ 2
(J2) = 2= S [flep) — fleg) viyvl, / i yp 2miOW —w) | Z€ o (3.25)

0o 2T Wt wpg +ie  mV

Integrating over w’, we arrive at

g 2
eq)] qu”qp —e

= AP+ N A% 3.26
To) Vv Z hw—i—ep—eq—l—ze mV- Y (326)
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This shall be taken as the fundamental result from which to obtain the consequences, since it’s

relatively simple to obtain and it’s easier to manipulate than its basis-independent counterpart.

3.3 Calculation of (J2) to first order - scalar potential

We have obtained a formula for the current in Fourier space using A as the source of electro-
magnetic interaction. Now, for completeness, we shall do the same but with a scalar potential

coupling. The non-perturbed Hamiltonian in its eigenbasis is:

Hy = Zenchn. (3.27)

n

Recall that the external perturbation is now due to the dipolar interaction eFE - r, which in

second quantization is

HM(t) = eE(t) - ) Tumchem. (3.28)

The current in the E formalism is

—€
= 25 vanclen. (3.29)
nm

These form all the ingredients necessary to compute the expected value of J. Since we have
an expression for the eigen energies, the description of these operators in the interaction picture

becomes ¢}, — CiL(t) = elent/he] Thus, for the first order term, Kubo’s formula yields:
i K / 1)
<ﬁﬂﬂ==—hlﬁ<wﬁmﬂ?@ﬂ%
0
2 ek )ent) e (0) 3 riel(t)e t]>
0

i t
= —— [ dt
: [0 (

- S [ wp) u>m@maﬂ%. 330

abcd

This commutator has already been evaluated (eq. 8.13) and turns the current into

«@@—Zw%fwﬁw@%mw&mwm (3.31

abed to 0
= - (;drcdvab / : at' B (¢) [{at), cl() } {h®eat)) = {ea®) b0} (d)®)) ] -
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CHAPTER 3. LINEAR ORDER RESPONSE

Introducing the Fourier transform of the electric field E(t) = [*° 4 E e~™! and adopting the

oo 21
simpler notation wg, = (€, — €)/h, we get:

a _ ﬁ 7"/6 v e — fle ! ! |: duw’ B —zw t:| iwap (t—t')
W51 ) = g Srita i) = f(a) IR L)

Now we assume the perturbation is turned on at {5 — —oo. Taking the Fourier Transform of

the whole expression:

U2 = ST () — Fle)] /°° dteit / ar / A 28 o] gsantet)
@ RV s Tbateb e o . 21

—0o0

— — Zrﬁ o MEB (3.33)

% — batab 4+ w e @

We are left with the simple expression for the current:

2
o —€ B af(ea)_f(eb) 3
= — E ———=FE". 34
() hV &~ "ba"ab Wap +w +ie ¥ (3:34)

3.4 Periodic limit

So far, what we’ve calculated is valid for a general quantum system. The goal of this section
is to take eq. 3.34 and see what it looks like when it’s periodic, so as to be able to compare it
with the expressions in [3]. For a detailed discussion of the origin of all the terms, the reader is
directed to that text. Here we merely apply the definitions to our formula and see if it coincides
with those results. First of all, let’s assume that the system has translational symmetry, which
allows us to use Bloch’s theorem. Now we know that the eigenstates may be specified in terms
of a momentum p and an index s which contains the remaining degrees of freedom unrelated to

the translational symmetry, such as the band. Therefore, split each state n into p, s

w — V Z T s psps f(ﬁps)_f(ﬁp/s/). Eg (3.35>

psp’s’ €ps — €prst + I + 1€

If the system is taken to be infinite, we may take the continuum limit >° — V S (3371)73, but
we need to be careful when using the position and velocity operators. The definition of r in this
basis is [3, 3rd chapter|

Tpsp's’ = _i(2ﬂ>3585’vp5(p - p/) + (27‘(’)3(5(1) - p/)spss" (336)

Where &,/ is the Berry connection defined by £, = i (ugs| Viugs) and ugs is the component
of the Bloch waves with the periodicity of the lattice. The derivative of the Dirac delta is
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3.4. PERIODIC LIMIT

understood as being inside an integral and by acting through an integration by parts, as follows

/ (d ’)’3f<eps)(2w)3vﬁé(p p) = / d*pd(p — )V f(eps) = Vi fleprs). (3.37)

Replacing in 3.35, we obtain

(Jo) = —V2Z/

« f(eps) B f(ep Ed ) Eﬁ

X, /ol .
PP eps — €prsy + hw + 1€ ¥

d3p
— 2
= e VZ/ (2n)
d’p feps) — f(eps')
2 B a ps ps B
—eV / / E’. 3.38
c %;/(277)351’35 Upsps €ps — €ps + hw + i€ “ (3:38)

The first term in this expression has to be treated carefully because many terms will cancel

Moving the derivative from the Dirac delta to the rest of the expression through an integration

dp'
/ L [Fiem 8. Vi - p) + @00~ )

dp/ f(eps) = Fleprs)
21)36,55 V0 L ps) gB
/ 271')3( ) (p p) PSP s/ Eps _ 6p’s’ + hw + ’iﬁ w

by parts we get two terms:
ieQVZ/ ;iPB 3p 2 (27)2 8,0 VIS (P — P pf(er':;yi(ggfieEf (3.39)
- _162‘/2/ (27) ds50(p — p') (Vp Upsp’ s’) pr(eps) — o) EP
Fleps) = Heps) ] oo

— €p/s 4+ hw +ie ¥
+ —zeQVZ/ d3 dS ( m)26550(p — P )0 Vi
ss psp S €ps — €p/s’ + hw + i€ w*

In virtue of the Dirac delta and the Kronecker delta, the first term with the difference of Fermi

functions disappears and all that remains is the derivative of the quotient. The same argument

can be repeated while acting with the derivative through the quotient, leading to

/ . Vﬁf(e )
2 36 /5 - / o /o p pS Eﬁ 3.40
)3( 77) ss (p p )UPSP s €ps — Epls’ + hw + ¢ ¢ ( )

v [ oh | o

which, after simplifying the deltas is

V! (eps)
52 e ps B
ie VE / 2m)? Upsps T 1 e Ef. (3.41)

Putting it all back together,

1055 Vponst ¥V pf (€ps) T & VUnenss €ps) — f(€ps
(J2) = — 2VEBZ/dp psp Pf(P) fps psp (f(P) f(P))_ (3.42)
€ps — €ps’ + hw + i€

Here, we’ll be able to extract two components of the current: one which only considers transi-
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CHAPTER 3. LINEAR ORDER RESPONSE

tions between states in the same band s — s and one which only considers transitions between

different bands s — s'.

3.4.1 Intra-band term

Being diagonal in the band space, this first term is:

o —e?V d3 q 1
T Eﬁz / etV (o)
dq . 3 1
= B )3'UqSSZqu(€qs)m. (343)

Now note that the velocity matrix elements may be written as vg‘ss, = % 5SS/Vgeq5 + iﬁg‘ss, (eqs — qul):|

(see eq. 3.2.7 in [3]) and that ng(eqs) Vg €qs 8];,(:‘75) S0 we get:

—162V ES d*q 9f (egs)
(J&)intra = w L ic Z/ Vg €gs deq Vg gs- (3.44)
Allowing for a change of notation for the derivatives and allowing for the notation V' [ éjr‘)]?,

2oq’

o Degs Degs [ Of(eqs)| —iEL
(Jo)intra = Z B4e D45 [ Deqs | wtic’ (3.45)

This is the intra-band component of the first-order current. By analyzing the expression, we
see two interesting features. First of all, this term has the frequency in the denominator with
only an infinitesimal factor to balance it out, so it diverges as w — 0. Secondly, this intra-
band contribution is multiplied by the derivative of the Fermi function, which approaches a Dirac
delta centered at the chemical potential as the temperature goes to zero. The majority of the
contribution to this term therefore comes from energies close to the chemical potential. For this
term to contribute, there need to be states with that energy. This means that if the density of
states has a gap and the chemical potential falls inside that gap, this term will be zero and the

divergence will be gone.

3.4.2 Inter-band term

The second term is off-diagonal in band space. Letting V' [ gT()]g, — Zq

e = 5 DY i LS

qss’ W+ Wqs's + 1€

- 2 Z Z qu 85588 eqs /) — f(Gqs) EE

hw + €qsr — €qs + i€
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This is the inter-band component. So, to first order, the current is

—e? Oeqs O€ Of(eqs)| —iE. (eqs) — f(€qs)
Jo) = gs 9€qs | YJ Cqs w e2 i as' ) _ph (346
< w> h2 % aqa aqﬁ [ aqu :| W+ “ qus squs hw + €qsr — €qs + e v ( )

This is the result obtained in [3] but with an added convergence factor ie.

3.5 Equivalence of the two descriptions

So far we’ve obtained two seemingly different expressions for the current that should express the
same thing. As we’ll see, this is indeed the case. Start with the first formula we obtained, eq.
3.26:

— —Aﬂ €n) — f(€m) NA® 3.47
(J2 Zvnm mnhw+en_em+%+mv (3.47)

Tmn (en _em)

Using the definition of v = %[r, H] in the energy basis, we find v,,, = 7", which may

be applied in the above formula to remove the second velocity operator:

—c? > rmn(en = em) _f(en) = f(em)
ay I a Tmn\€n m n m @
o) Vv Ao 2 Vnm i hw + €, — €m, + i€ o mV NA (348)

hw + (€, — €m) + i€ — hw — i€ e2
= A E ry - —“ Nae
hV U hw + €n, — €m, + i€ (Flen) = flem)) + mV- Y

2
N ; : n d - i (e}
ihv A"" ; Crnm (f(En) f(em)) + mVNAw

4+ ¢ i (hw + i€) AB ZU flen) = flem)

2hv" nm m" hw + €, — €y + i€

Now, the first term can be re-expressed in terms of [va,rﬁ], which is simply related to the

canonical commutation relation [vo‘, rﬁ]ab = % [po‘, T'B]ab = —%ihéabéaﬁ.

—6 —62 62
5 Z Unm mn ) - f(em)) = WAE) Zf(en Z ( mnrgm> = WNALO:
n m
(3.49)
This is valid when the Hamiltonian Hy is of the form p?/2m+V (). This term precisely cancels

the previous %N A term, so we are left with

e’ €n) — f(em)
J = —i(h ) AP m 3.50
() 7'“LVZ w+ ie) Zvnm m”hw—i—en—em—i-ze ( )
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CHAPTER 3. LINEAR ORDER RESPONSE

Finally, we may replace i (hw + ie) AP = EP.

= W) = fem) .
<w hV anmnhw+€n_6m+ze (35)

We thus re-obtain eq. 3.34 calculated with the dipolar interaction, showing that the two descrip-

tions indeed reproduce the same results.

3.6 Basis-independent description - vector potential

This current has been calculated in an explicit basis of the non-interacting Hamiltonian. We
seek a result that can be calculated in any basis because this will allow us to choose the most
convenient one when doing calculations. The goal then is to express this in terms of a trace of

operators. Start with equation 3.26:

—e? P AE —e?
<Jw> = 7 [f(en) - f(em)] UnmYmn hiw + € — €m + i€ + mVNAw (352)

nm

Start by swapping the summation labels in order to factor out the Fermi functions:

—62 8 Aﬁ
7 o [f(en) - f(em)] Unmvmn hw +ey — €m + ie (353)
—e? ve v e v
_ 7145 . nmUmn . mnUnm
1% “;f(e) hw+ €, —€n +i€  hw+ e, — €, + i€
—e? v ol ol
— _ B nm“mn nmUmn
VAw;f(en) hw+en—em+ie+—hw+en—em—ie '
Define the Green operator? G*(e) = ﬁ and note that
f(n) = (m|GH(hw + ) Im) f(en) = /OO def()5(e — en) (m] G (Few + €) |m)
hw + €, — €, + 0" —oo
= / def(€) (n|6(e — H) |n) (m| GT (hw + €) |m) . (3.54)

Since v%,, = (n| 0% |m), the first term of the previous expression reads

> flen hw+”im_em+le—z [ deten) ala(e= 1) ) (m] 6 () ) ] ° ) o] 67 )
(3.55)

2@+ corresponds to the retarded Green’s function and G~ to the advanced Green’s function.

51



3.7. BASIS-INDEPENDENT DESCRIPTION - SCALAR POTENTIAL

Now compare this with the following trace:

[5( ﬁz)wcﬁ(eww) (3.56)
Z (n|d(e @) (al 5% [b) (b] G (€ + hw) [m) (m| 9 |n)
Z (n| 6(c — H) n) (n] 6 |m) (m| G* (¢ + hw) |m) (m| 9 n) .

These are precisely the matrix elements in eq. 3.55. Therefore

—e% < [f(en) = flem)] v 0n

n ML Tnm TR 48 3.57
% = hw + €, — € + i€ ot ( )
—62 00

w

= [ deforr [(e— H)o* G (e + hw)d® + (e — )@ﬁc—(e—nw)ﬁa]Aﬁ

L, we obtain
ZOJ

and finally, replacing A, =

(JS) = ;?2 [/00 def(e)Tr [5(6 — H)0“G* (e + hw)t® + 6(e — H)9PG~ (e — hw)@a} + ]T\n[] EP

Viw | J_s
(3.58)
This expression makes no reference to any basis and so we have reached our first goal.
3.7 Basis-independent description - scalar potential
The same may be achieved with the E formalism. Starting with eq. 3.34,
—e2 —
<J3> _ —-c T’/B e f(Ea) f(eb) EB (359)

1% — batab 4+ w i @

the procedure is very similar and gives the following result:

—62 00
(I3 = = Zb: /_ e (OTr [ (e hua)r?8(e — ) + v 3(e — H)rG (e — )| EL
(3.60)

Compared with the one obtained through the A formalism, this expression is almost identical.

The difference resides in replacing one of the ¢ operators by 7, which eliminates the last term.
Here is a good place to discuss the applicability of both expressions. While eq. 3.60 seems simpler
it suffers from a very serious problem. Usually, we want to use periodic boundary conditions in
our calculations. This is a simple way to reproduce translation invariance of an infinite system
in a finite one. The Hamiltonian operator isn’t problematic because it only makes reference to
hoppings between two sites, which is translation invariant. The position itself is not translation
invariant so it cannot be implemented with periodic boundary conditions. What about the velocity

operator? In all the applications considered in this text, we will be working in the position basis,
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CHAPTER 3. LINEAR ORDER RESPONSE

so we may calculate the matrix elements of v from [r, H]. In fact, ihv;; = Hyj (r; — ;). It
depends on the difference of positions, so it is translation invariant if H is too. As long as we

only use H and v, there is no problem. That’s why the preferred expression is actually 3.58.

3.8 DC limit w — 0

The presence of the frequency in the denominator of eq. 3.58 may suggest that w = 0 makes the
whole expression diverge. This section is devoted to exploring this limit. In order to obtain the

zero frequency limit, start with eq. 3.53

_ AB _e2
- _ a B d «
o 3 o)~ et o+ T NAL (@00

and expand the denominator in a harmonic series:

1 1 1 1
— = : ( ) - : (1 - +O(w2)>. (3.62)
W+ wpm + 1€ Wy +i€ \ 1+ Wi + 1€ Wran, + 1€

Wnm —He

From the definition of Green’s function, we may identify this as its Taylor expansion, which
will be useful later.
1 +

= (m| G* (hio-ex) m) = (m] G*(en) m) 40 (m] T

P —— (en) m)+O(w?). (3.63)

The current becomes:

—e? 1 w e?
Joy = —— AP n) — flem)] 0500 - 0] —° NAe.
2) = AL ) — Hen i | e~ e 0w 4
(3.64)
There is no w in the first term, so the imaginary infinitesimal becomes irrelevant and we may
drop it. This term turns out to cancel the — N A term exactly!
—62 3 8 1 —e€ B nm 3
7Aw Z [f(en) f(em)] UnmYmn - 7Aw [f(ﬁﬂ) f(ﬁm)] TUmn
o €n — €m \%4 -
O g8 [aa_aﬁ]_iﬁ [aﬁ]
Vih w Z f(en) %: "nmVmn TmnVYnm Vih w Z f(en) r,v nn
—e? 1
o B _ __C p« _ «
= A anfwmaaﬂ( = A Zf (€n) = —A N. (3.65)
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So we are left with:

—he? —iwA?
J3) = — €n) — flen)] 02 v ———2 3.66
V) = ) — flen) s — s (3.66)
—he? [ 8 -1 5 -1 ]
= . €n vgmvmn - ’Unmv’rorém— Eg
% nzn; f(en) (€n — €m + z’e)Q (€m — €n + i6)2
—he? [ -1 -1 ]
_ a ,p B L B
ZV ;ﬂ; f( ) (671 — €m + ie)Q (6n — €m — ’iE)Q
This calculation is identical to the one performed in Section 3.6, with the replacement G* —
dG*
de
~ o dGT ~3dGT
) =~ / def(e)Tr [ (e = Hyo—~ (e)0® — 6(e — H)o = o (09 ] Ep. (3.67)

This is the Kubo-Bastin formula.

3.9 Real part of the conductivity

Most of the times, what is calculated numerically is just the real part of the conductivity. This

section aims to study this case and to reproduce the result of [9]. Start again with eq. 3.26.

—e2 5 A/B 2
i ) = flem N A2, .
<Jw> V I:f‘(E ) f(E )] Unmvmn hw + En _ Em + ,”7 + mv (3 68)

nm

This can be separated into its real and imaginary parts by using the Sokhotski-Plemelj theorem?

(U2) = S5 3 en) = Fle)] i | P 1 76 (e + €0 — ) Eﬁf NEB
= — €n) — J(€ Uy U — | =7 W+ €, — €
@ Ve " L T Eman hw + €, — € T i mV
(3.71)
3 A simple proof of the result used here is as follows. Given an integral defined between a < 0 < b,
b b b 2
. f@) ¢ . 2 ()
€lﬁn(r)l+ s iedx = ¥zw€£r§+ AT D f(z)dz + el~l>r(I)I+ Pie o dx (3.69)

The first term m approaches a Dirac delta function when ¢ — 0%. The second term % approaches

1 for |z|> €, 0 for |z|]< € and is symmetric about 0, so it turns the integral into a Cauchy principal value
integral. We thus obtain the famous Sokhotski-Plemelj theorem for the real line:

[ ) / J(@)
1 dz = P .

Jim | ede = T (0) + (3.70)
Since this is valid for any (well behaved) test function and integral, we may think of this as an identity on

: 1
im0+ og7-
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Isolating the electric field, we obtain the conductivity

0 = “C N e) — Flen)] ol ol [P <1 ) inS (h e — )| LN L
Vv o hw + €, — €m w mV  dw
(3.72)
Its real part is
R (027 = T2 3 [Flen) — Flem)) tnfand (0 + €0 — em). .73
Vw o

Now we want to obtain a basis-independent description of the longitudinal conductivity aa at

zero temperature and finite frequency, so we employ the same procedure as before. The result is

e

R (o2 = Vj/oo def(e)Tr[0(e — H)v"0 (hw + € — H) v* — §(e — H)v*0 (hw — e + H) v?].
(3.74)

For the second term in this expression, apply the change of variables € = € + hiw and use the

—00

cyclic property of the trace to swap the order of the two Dirac deltas:

/ def(e)Tr[0(e — H)v"6 (hw — e + H)v*] = / de' f('+Tw)Tr [6 (¢ — H) v*0(hw + € — H)v"] .
- - (3.75)
Dropping the primes and putting it all together, we arrive at
me? [
R(c5Y) = Vw/ de[f(e) — fle+ hw)] Tr[d0(e — H)v6 (hw + € — H) v]. (3.76)

Finally, note that at zero temperature, f(e) — f(e + hw) is zero unless u — hw < € < p. Then,

2

Te ® o o
R (000 — Vw/u_hwdeTr [6(c — H)v™0 (heo + ¢ — H) 0" . (3.77)

This is precisely the result used in [9].

3.10 Finishing remarks

By now we see that the result obtained from Kubo’s formula yields results consistent with the ones
found in the literature. Furthermore, it allows us to compute both the real and the imaginary
parts of the conductivity. However, the most important part of this chapter was obtaining a
basis-independent formula for the current resorting only to the Hamiltonian and the velocity
operator, which allows us to use periodic boundary conditions. This is crucial for numerical

implementations.
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4 Higher order perturbation expansions

So far, we’ve obtained the first term of the expansion using Kubo’s formula, which is a fairly
simple formula. However, if we proceed to higher orders, the formula becomes very cumbersome
and it becomes hard to put it to good use. In the first section we will nevertheless provide a
derivation just to see what it looks like. The following sections will then be used to develop a
different approach of obtaining a perturbation expansion of the current - the Keldysh formalism.

4.1 Second order Kubo’'s formula

Start from the formal solution of the interacting Hamiltonian, | (t))

i) =1 {exw (3 [ avic0)) b st @)

Up to second order, this reads

V(1)) = [Wr(to)). (4.2)

v+ 3 [ anvi + ;<ﬂ>/d@/ﬁﬂﬂﬂmwwﬂ

Or, unfolding the time ordering

o t1
1+ Z/ dt1Vi(ty) + < ) / dt1/ dtaVi(t1)Vi(t2)
h to to to

We may now use this to calculate pr(t) up to second order. To do so, let |n) = |ns(tp)) be an

W1 (t)) = W1 (to)) - (4.3)

eigenstate of Hy before the perturbation.

pilt) = 5 S0 (e G 0)
.t i 2 st t1
— Zlo Zn:e_BEn <1 + %Z /to dt1V[(t1) + <h> /to dt1 /to dtQV](tl)V](t2)> \n) <n\

« (1 + ;L/tt At Vi(t) + (;)2/j it /t: dtQVI(tg)VI(t1)> Lo, (4.4)

The factor ), e PFn can pass through the operators (since all the n dependency is now on

|n) (n|) and retrieve the original density matrix po.
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Collecting the second order terms,

¢ ¢ t ¢
pi(t) = hlz {— /to dt /to1 dt [Vr(t1)Vi(t2)po + poVi(t2) Vi(t1)] + /to diy /to dtzVI(tl)pon(t2)} :
(4.5)
To join terms, we need to take the last integral and separate it into two integrals, one from ¢g
to t; and another from ¢; to ¢t. Then, change the order of integration and swap the time labels to

get

pr(t) = f;{_/ttdtl/ttl dt2(Vf(t1)V1(7fz)Po—l—PoVI(tz)VI(tl))}

1 t t t t
+ {/ dtl/ dt2VI(t1)POVI(t2)+/ dtl/ dtQVI(tl)POVI(tQ)} (4.6)
h to to to t1

= hlz /tt dty /tt1 dty [=Vi(t1)Vi(t2)po — poVi(t2)Vi(tr) + Vi(t1)poVi(t2) + Vi(ta)poVi(t1)] .

The averages are calculated with respect to the system in equilibrium, so the partition function
Zy is unaltered. These tools allow us to finally calculate the expected value of an operator in

second order. Using (A) (t) = Tr (pA), we arrive at

1 t t1
WO = 5 [ dn [ deTrVie)Vite)mAr - poViea) Vi) Ar+
to to

+Vi(t1)poVi(t2)Ar + Vi(t2)poVi(t1)Ag]

- /t i /t " T (oo V(). (AL Vi) (4.7)

Combining this with Kubo’s formula (eq. 3.5) we obtain the desired generalization.

. t i 2t t1
o=+ (3) [ar i+ () [ dn [ e ite. e, A,
’ T (4.8)

This expansion is starting to reveal a nested commutator structure, so one might expect this

pattern to continue. Although this may be proven, it will not be used. As we arrive at higher
and higher orders, we’ll have to compute more and more commutators, which may become rather
cumbersome. Even if we decide to go through that, the resulting expressions will be written in the
energy basis of the solvable Hamiltonian, and if we want to express them in a basis-independent
way, we'll have to go through case by case. This is the reason that leads us to abandon Kubo’s
formalism in virtue of a more elegant one, the Keldysh formalism[10]. This will allow us to use
the familiar Feynman diagram techniques, which simplify the calculations immensely, with the

added bonus of being expressed precisely in terms of the numerical objects that we need.
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CHAPTER 4. HIGHER ORDER PERTURBATION EXPANSIONS

4.2 Green’s functions out of equilibrium - Keldysh Formalism

Suppose we have a system that is described by a time-dependent Hamiltonian

H(t) = Hy+V + Hew(t) = Ho + Veat (t) (4.9)

where Hj is the Hamiltonian that we can solve exactly, V' is the interaction term and He,(t) is the
time-dependent non-interacting external perturbation. In terms of the creation and destruction

operators of second quantization, we may write

Hy=>enclcn. (4.10)

n

We want to develop a perturbation theory that neatly takes into account the fact that the
system has a finite temperature. For reasons that will soon become clear, the object that we need

to calculate is the finite-temperature Green’s function [10].

4.2.1 Green’s functions

We want to calculate the following Green’s function:

G1,1) = —i <T [cH(1)c}{(1/)}>. (4.11)

The subscript H denotes the Heisenberg picture and the labels 1 and 1’ are a shorthand for
the time, space, energy or any coordinates needed to completely describe the particle’s state. For

example for a particle with spin in the position representation, ¢(1) = ¢4 »(t). The average (---)
Trip(to)--]
Trip(to)]

picture, recalling that the time-ordering operator can be written out explicitly using a Heaviside

stands for in the grand canonical ensemble. We now express this in the interaction
function O(t). We also make use of the evolution operator in the Interaction Picture S(t,t’)
to transform the creation operators in the Heisenberg Picture to their correspondence in the

Interaction Picture (eq. 2.121):

T leu(MWen(1)] = O —t)eu()u(1') £ OF — t)eh (1) en (1)
= Ot —t")S(to, t)er(1)S(t, ')t (1) S(H, to)
+ Ot —1)S(to, t' )b (1)S(H, t)er(1)S(t, to) (4.12)

which can be written in a neat compact form by defining t,,, = max(¢,t'):

T [en(D)en(1')] = S(to, tm)T [S(tm, to)er(1)eh(1)] . (4.13)
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Write explicitly the formal expressions for the evolution operators.

iG(1,1) = <S(t0,tm)T [S(tm,to)clu)c}(r)b (4.14)

_ <Texp <_nz /tm drVes(r )> T [exp <‘hZ /t:md Vet (r )) 01(1)0}(1’)}>.

Note that the time integration runs from tg to ¢, and then back from ¢,, to tgp. We may imagine
that as a contour followed by the the time integration (fig. 4.1). With that in mind, define the

contour ordering operator T in analogy to the regular time-ordering operator:

A(t)B(ts)  t >t
A = . .
Tc [A(t1) B(t2)] L BEAl) & S (4.15)

We say t; S to if ¢y is further along the contour than 5. Ordering along 8 corresponds to the

%
regular time ordering and ordering along C' to anti-time ordering.

¢

> ton

to: P : 4 _} ==

<

Figure 4.1: The time contour.

Now the Green’s function takes the form:

iG(1,1") = <TC exp < h‘/ drVEs(r )) Te {exp( /8 drVEe(r )c](l) }(1’)]>. (4.16)

Since the left-most term is entirely further along the contour than the right-most term, they

may be joined inside the same contour ordering operator.

iG(1,1') = <To [exp < n'/ drVert(r )) 01(1)03(1/)}> (4.17)

We have assumed t and ¢’ lie along the forward part of the contour, but this need not be the
case. In fact, there are four possible ways to place t and t'. Define the contour-ordered Green’s

function as:

iGo(rat,r'o't') = <TC [cH(l)c}{(l’)} > . (4.18)

Depending on how we place t and t' along the contour, we will obtain several other known

Green’s functions as particular cases of this more general one.

60



CHAPTER 4. HIGHER ORDER PERTURBATION EXPANSIONS

4.2.2 Particular Green'’s functions

Here we’ll see how the contour-ordered Green’s function encapsulates the other known Green’s

functions.

1. t,t' € 8:

This is the case we have just seen and corresponds to the regular time-ordered Green’s

function:

iGo(1,1) = <T [CH(l)c}I(r)D —iGT(1,1). (4.19)

2. te C andt' € C
This case yields the lesser Green’s function. Remember that swapping ¢7(1) and c}( 1") inside
the ordering operator produces a minus sign if they’re fermions. Swapping the evolution
operator with any of them will not produce a minus sign because V; always consists of an

even number of fermion or boson operators.

iGe(1,1) = <TC [exp ( /C drvlm(f)> cz(l)cﬁ(l’)b
- i<S(t’,to)c}(l’)S(at/)cl(l)S(to,t)>

= & (cf,(1en (1))
= iG<(1,1)). (4.20)

The other two ways are analogous and are summarized as follows:

iGT(1,1') = <T {CH(l)cL(l’)D tted
iG<(1,1) = £ <CL(1’)CH(1)> teCandt e C
iGo(1,1) = o - (4.21)
iG> (1,1) = (en(1)el, (1) e CandteC
iGT(1,1) = (T [en()el,(10] ) ¢ e C
Unfolding the definitions, we can check that
GT+GT =G<+G~. (4.22)
Furthermore, the retarded Green’s function can be obtained from these
iGR =0t —1) <[CH(1), cH(l/)]:F> =0t —t) [6>(1,1") — G<(1,1)]. (4.23)
Similarly, for the advanced Green’s function
iGY = —0O(t' —t) <[cH(1),cH(1’)]3F> =iO(t' —t) [-G~(1,1") + G=(1,1")] . (4.24)
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Some more useful relations can be obtained for the retarded and advanced Green’s functions,

which can be checked directly

Gt = G -¢g< (4.25)
Ge = —GT+G< (4.26)

These are the relations that will be used extensively while doing the calculations. Their ex-

pressions are calculated in the Appendix (eq. 8.43) to be used as a reference.

4.2.3 Perturbation expansion

So far we’ve only restated our initial problem in terms of a fancy language. Now we need to re-
express all these operators in terms of something we can calculate: averages over non-interacting
time-independent states. Under time ordering, boson operators commute, so we can replace the
exponential of V;(t) = H{*'(t) + Vi by the exponential of the product

iG(1,1) = <TC [e%i Jo dTVIMt(T)cl(l)c}(ll)D - <TC [e%i JodrVi(m) 3 Jo dTH?Zt(T)c;(l)cJ}(l/)D.
(4.27)
Taking into account this separation, define the operators

SV, = ew JedVilr) (4.28)
Sgrt = e JedrHiT (), (4.29)

Allowing us to rewrite the Green’s function

Tr (pHTC [Sgsgﬂcf(l)c}(r)b

iG(1,1) = (T [SY St er(1)el (1] ) = 4.30
2 ( ) < c |: crC CI( )CI( )}> Tr (PHTC [Sgngt]) ( )
It still remains to expand the density matrix. Recall that

. , Tr (pHTC [CH(I)CJ}{(l’)D

iG(1,1") = . (4.31)

Tr (pr)

The density matrix remains the same even after the interaction has been switched on, so
pr(t) = p(to). This means we can still treat it as an exponential. Now we employ a trick that
allows us to write p in terms of SV. In the grand canonical ensemble, since the Hamiltonian

preserves the number of particles, N commutes with H as well as Hy:

p(to) = e PUHIN) — o=BH BuN _ o=B(Ho—pN) SHo=BH — o BHoo=BH (4.32)

Before the interaction is turned on (¢ < tp), the Hamiltonian has no time dependency so
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the time evolution operator takes the simple form U(t,ty) = e~ “(t—t0)/h  Likewise, in the In-
teraction picture, the relation between U(t,t') and S(t,t) (eq. 2.119) reduces to S(t,to) =
eiHQ(tfto)/hefiH(tftQ) —BH

/I This has precisely the same form as the factor e?Hoe in the previous

expression. Making the identification ¢t = ¢’ — i3h and ty = ¢/, the density matrix becomes
plto) = poS" (t' —iBh,t"). (4.33)

So far, the real part is arbitrary, but we want to incorporate it in the time contour, so we take

t' = to. Insert this back into the Green’s function

Tr [posv(tg — iﬁh,to)TC [SgsgxtC[(l)C}(ll)H
Tr [poSY (to — iBh, to)Tc [SLSE ]

iG(1,1") = (4.34)

Now note that SV occurs to the left of To. Therefore, if we want to include it inside the time
ordering, it must correspond to a time later than all the others. Define a new contour C’ as in
Figure 4.2.

to e

l

to—15h

A

Figure 4.2: Kadanoff-Baym three-branch contour.

We may finally express this Green’s function in terms of non-interacting averages:

a2 X7 [S&S&“chl)c}(lvﬂ (1o [SK/Séw::zmc}(l')} b s
Tr [poTer [S¢SE]] (Ter 556" )

ext

Expanding S’g, and S order by order, we obtain a perturbation series for G(1,1’) valid for
all times ¢ and t'. Since the ensemble average is over the non-interacting system, Wick’s theorem

applies.

4.2.4 Keldysh contour

Usually, we're interested in studying the system long after the interactions have been turned
on, that is t,#/ > to. In this regime, assuming a steady state develops, we should expect no

dependency on ty. Alternatively, we may assume that the interactions are turned on adiabatically,
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4.2. GREEN’S FUNCTIONS OUT OF EQUILIBRIUM - KELDYSH FORMALISM

so pu(ty = —o0) = po. Consequently, the contour from ¢y to tg — iSh may be disregarded
altogether. The contour is now the original C' contour and extends from —oo to t,,. The time
integration might as well be taken all the way to 400 because integrating from t¢,, to +o0o0 and
back will yield exactly zero because in that interval the integrand remains unchanged under the
time ordering operator. We thus finally arrive at the Keldysh contour, which is depicted in Fig.
4.3 and a simpler expression for the expansion of the Green’s function, which is the one that will

be used thoroughly through the next chapter.

(Tor [SESE (1)} (1)] >0

. N _
iG(1,1') = BB (4.36)
—0C - —— 0O

T #

Figure 4.3: Keldysh contour.

We have obtained the expression of Green’s function in terms of averages in the non-interacting
system, so in principle our goal has been achieved. There are still some simplifications to be had
and the next sections of this chapter are devoted to developing some techniques to simplify the use
of this expansion. The first simplification arises from the type of problem we’re analyzing. In our
case, the perturbation does not involve interaction between the particles, so Sg = 1 and we need
only care about the time-dependent part. Unless stated otherwise, this will be used implicitly in

the following sections.

4.2.5 Feynman Diagrams

Consider the numerator in eq. 4.36. Upon expanding the exponentials, a typical term of the

expansion is

;<TC {‘hz /O dr H (1) / dTQ;LiHemt(Tg)cn(t)C%(t,)]> . (4.37)

C 0

These operators are in the Interaction Picture, but for simplicity of notation, that label has been
dropped. Henceforth, we shall use that notation. Defining V (t) = ZH®(t) =Y, Vab(n)cz(ﬁ)cb(ﬁ)

and using Einstein’s summation convention,

% /C i /C AraVaa(r)Vea(r2) (Te [l (m)en(rel (m)catm)en(tich(?)] ). (4.38)

This is a rather unwieldy expression that can be tamed using Wick’s theorem (eq. 2.141). To
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CHAPTER 4. HIGHER ORDER PERTURBATION EXPANSIONS

simplify our notation for now, let’s drop the time-dependency of the operators. Wick’s theorem

then provides all the six possible (non-zero) contractions:

1 l_| m
<TC [clcbcicdcncjn} >0 = <clcbclcdcmm> + clcbcicdcgm + clcbclcdcncm
0 0 0

,_l
+ <clcbcicdcncm> + <c£cbcicdcncm> + <clcbc,l_cldcncm> (4.39)
0 0

0

Now denoting the non-interacting green’s function by a lowercase g%(tl, to) =i <TC {ca(h)cZ(tg)} >0’

the previous result is

clepeleqence }>0 (4.40)

Zgna t 1 ) Zgbc 1,72 ngm(7_27 13 ) (_195%(717 Tl)) (_iggc(t’ 7—2)) iggm(T27 t/) +
nga 2?7—1)) (_Zgnc(t 7—2)) 7;gbm(’ﬁ?t/) - (_igga(tﬂ—l)) (_igc?;(72772)) Z.gbcm(’rl?t/)'

The minus signs inside the parenthesis are due to the definition of the Green’s function: the
annihilation operator must appear first inside the time-ordering, which may require an anti-
commutation. The other minus signs appear due to anti-commutations of Wick contractions. In
order to deal with this kind of expressions, we adopt a diagrammatic notation. We may think
about the Green’s function ggb(tl,tg) as a particle being created at time to with energy ¢, and
destroyed at time t; with energy ¢,. We thus represent the Green’s function by a directed line

from the second time argument to the first:

b a

T2 1

\{

=igS (11, m2). (4.41)

A product of Green’s functions that share a time argument integrated over is depicted by con-
necting two diagrams like the previous one. In fact, each time label is a vertex on the diagram, to
which multiple objects may be connected. Vertices with more than one edge are to be understood

as being integrated over time:

\{
\

b a d c
= [ dmigS 95, :
3 T - fc T20Geq(T15 T2)ig gy (T2, T3) (4.42)
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The interaction is represented by a dotted line with a cross in the end:

(4.43)

t/ Ll t + t/ Ll t +
Vi

mo dic -~ bia _oon mo dic _oon
Ve

¥ 0% X

S

m b c n m a n
+ > > ' > + > >

t T1 2 t t T1 t

These are all the possible ways to arrange three fermion lines and two interactions and they
represent all the non-zero Wick contractions in eq. 4.39. Next, we state without proof some

properties of these diagrams that will simplify the calculations considerably [10].

4.2.5.1 Cancellation of disconnected diagrams, overall minus sign and symmetry factors

1. We haven’t taken into account the minus signs that come from the definition of the Green’s
functions and the anti-commutation due to Wick’s contractions. The overall sign of the

diagram is (—1)™ where ny is the number of closed fermion loops.

2. The effect of the denominator in eq. 4.36 is to cancel out all the diagrams which are not

fully connected. The only surviving diagrams are the third and the fifth.

3. Topologically identical diagrams have the exact same contribution to the expansion. The
3rd and 5th diagrams are actually identical because they only differ by dummy variables.

So we only need to draw one diagram and multiply by its multiplicity, that is, the number
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CHAPTER 4. HIGHER ORDER PERTURBATION EXPANSIONS

of ways to swap labels and obtain the same result. That number is n! where n is the order
of the expansion. This cancels precisely the factorial coming from the expansion of the

exponential.

This means we only need to consider the third diagram in the previous expression. The expansion

of G(1,1') is therefore very simple since there is only one diagram in each order:

' " ab + m bra n m bra dre n
iG(1, 1/) = + " 1 t + t T2 1 t
Up to second order,
GSu(t) = igfutt) + [ drighaltrIVnlrig(r.)
+ /dTl/ dTgigga(t,Tl)Vab(Tl)igbC;(Tl,TQ)VCd(TQ)iggm(Tg,t/).

C C

Or, more compactly in matrix notation:
GOt t) = gttt + / drigC (t, 7)V (1)igC (1, 1)
C
. C . C . C /
—i—/dTl/dTg’Lg (t,Tl)V(Tl)Zg (Tl,TQ)V(TQ)Zg (Tg,t). (4.44)
C C

4.2.6 Langreth Rules

Despite the previous sections allowing us to obtain a perturbation expansion of the full Green’s
function in terms of contour integrals, these are not the quantities we want. Our goal is to express
everything in terms of real Green’s functions like the ones in section 4.2.2. Langreth’s rules are a

prescription to do just that. A typical term in the expansion is of the form

C’(T,T'):/CA(T,Tl)B(Tl,T')dT. (4.45)

where both A and B are contour-ordered functions. Just like Green’s functions, they have a

real-time counterpart

AT(t) 7,7eC
A<(t,t) reCandr e C
A(r,7') = - - (4.46)
A= (t, 1) 7eCandreC
(t,t)

—
7,7eC

67
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And the retarded and advanced functions are defined just like before

AR ) =0(t —t') [A7 (¢, 1) — AS(t,t)] (4.47)

Attt =0t —t) [A<(t, ') — A7 (t,1)] . (4.48)

%
We'll focus on the case where 7 € 8 and 7 € C since that’s the one we’ll use the most. Now

it’s just a matter of dividing the contour into its two parts:

. -
/AtTl (m, ¢ dT_/ AT, B (1,t)dt1+/ AT, B, ¥ .

o0

The arrows over the time labels refer to the branch in the contour to which they belong. The
forward (backward) arrow refers to the forward (backward) part of the contour. Swap the limits of
the second integral to yield a minus sign and note that the functions now reduce to their real-time

counterparts:

00 —
C(tt) = / AT, 5B, 1) dtl—/ AT, )BOE, )t
— / (AT(t,tl)B<(t1 Nty — A<(t,t;) BT (ty,t )dt1

Time-ordered quantities are not the most useful to calculate, but we can relate them to other
more useful quantities using eqs. 4.25 and 4.26. In terms of these, the previous expression takes

on its final form:

C<(t,t') = /oo [AR(t,t1) B~ (t1,t') + A~ (t,t1) B“(t1,t')] dt1. (4.49)

—0o0
The other cases follow an identical derivation and can be checked by the diligent reader. The
results are summarized using a simplified matrix notation [11] where C = AB means C(1,7') =

fC 7,71)B(71,7')dT.

C< = AFB< 4+ A<B®
c> = AfB>+A”B°
CR — ARBR
Ca — AaBa
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This notation reveals something very interesting. The Langreth rules actually form a closed
space of >, <, R and a operators, the so-called Keldysh space. If we use T and T instead of R
and a, the rules are slightly different but still follow a pattern:

> = A>BT —ATp>
< = ATB<_ A<BT
CT — ATBT _ A<B>

¢’ = A*B< - ATBT.

We may further increase the level of abstraction by putting these in a matrix

cT c<
C = o> ot (4.50)
And the the rules are simply C' = AB in this matrix form, that is
ct  c©< AT A< BT  B<
| = ) ] (4.51)
—_C> —CT —A> —AT —B> —BT
The other set of rules may be obtained from defining a different matrix
ck c<
C = (4.52)
0o cC*
which can be confirmed from C' = A'B’:
cE o< AR A< Bt B<
_ (4.53)
0o cC* 0 A° 0 B¢
Higher order expansions such as
D(r,7) = / dTl/ drA(T,11)B(71,72)C (72, 7) (4.54)
C C
can be seen as
D(r,7) = / dr A(T, 7'1)/ drB(11,72)C(12,7') = / dri A(T,7)BC(11,7) (4.55)
C C C

and thus follow the exact same procedure considering BC' as the new object. In matrix notation,
D = ABC, which allows us to calculate D=<:

D< = AR (BC)< + A< (BC)* = ARBREC< + ARB<C“ 4+ A<B°C“. (4.56)

69
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The other relations follow the same derivation and all this may be summarized as follows:

D< = ARBEC< 4+ ARB<C® + A<BC*
D> = ARBEC> 4 ARB>C® + A> BYC®
D = ARBRCE
D* = A°BYCe,

This concludes the discussion about the Keldysh formalism and we are now ready to begin the

calculations.
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5 Higher order expansions - explicit

calculation

The previous chapter was devoted to developing the tools needed to do perturbation theory. Now
all our effort will pay off because obtaining the expressions in each order will be easier. This next
section is devoted to obtaining the explicit expression of the primary object of study, the Green’s

function, up to third order.

5.1 Green’s functions

5.1.1 Zeroth order

This order is trivial but nonetheless very important. The system we will be studying, the Tight
Binding Hamiltonian, has a perturbation H®**(¢) with terms of all orders, so there will be couplings

with the zeroth order term. Its Feynman diagram is

—>—
t t
This is, by definition,
iGE(t,t") = ig® (t,1). (5.1)

In most of its applications, this zeroth order term will be evaluated at t’ = ¢, so we should pay
special attention to that case. In the Appendix (eq. 8.32) we may find the expression for the

lesser Green’s function in the energy basis:

igrom (t, 1) = —Opm f (en)e™m D). (5.2)

Taking the case t’ = t, the time dependency is gone

950 (t.0) = O fen) == [ def(@be — H). (5.

—00

In frequency space, it has a very simple expression

[e.9]

i< (w) = —2r / de f(e)5(c — H)O(w). (5.4)

—00
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This is the term that will be responsible for the Fermi functions.

5.1.2 First order

The diagram that represents the first order contribution to the perturbation expansion is

>:<
A
Using Feynman’s rules, this translates to
iGO(t,t) = /CdTigC(t,T)V(T)igC(T, t'. (5.5)

Using Langreth’s rules, this integral is promptly converted into a real-time integral in terms of

known Green’s functions. Let ¢/ = ¢:

iG=(t,t) = /00 dty (ig"(t,01)V (t1)ig= (t1,) +ig= (t, 1)V (t1)ig"(t1,1)) - (5.6)

—0o0
The Green’s function only depends on ¢, so we may express it in frequency space. In order to

keep track of the minus signs inside the Dirac deltas, we’ll use the negative frequency —w instead

d d d
iG<(— / " / = /W?)QW(S w1 + wy — w3)2mo(w + wy — wi)

x (g™ (w1)V (w2)ig=(ws) + ig= (w1)V (wa)ig®(ws)) (5.7)

of w.

In the first term, we replace wy = w + w3 and in the second w3 = w; — w, eliminating the
second delta. The first delta becomes §(w+ w2) and may be used to eliminate wy. Now we relabel
the remaining variables, that is w’ = w3 in the first term and ' = w; in the second. These

replacements yield a much simpler expression for the first order Green’s function:

iGS(w) = / Cé:_ (zg (W — w)V(w)igS (W) +igS (W )V (w)igh(w' + w)) ) (5.8)

The final step is to replace ig=<(w’) by its definition (eq. 8.43) in terms of the Fermi function

iGS(w) = — /OO def(e) (ig"(—€/h — w)V(w)d(e — H)+ (5.9)
+d(e — H)V(w)ig*(—¢/h +w)).

This is the expression of Green’s function in first order.
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5.1.3 Second order

The diagram that represents this order is

X X
— 1y 1 o
t T1 2 t

which in algebraic terms is

iGCA) (1) = / dn / droig® (t, 7))V (11)ig® (11, 72)V (12)ig® (12, t) (5.10)
C C

Using Langreth’s rules we get three contributions

G (1) = /dtl/dtQ{igR(tatl)v(tl)igR(tlat2)V(t2)ig<(t2vt) (5.11)
+ igR(t,tl)V(tl)ig<(t1,tQ)V(tQ)iga(tQ,t)—|—ig<(t,Tl)V(Tl)iga(Tl,TQ)V(TQ)iga(TQ,t)}

In frequency space

iG<®?) /dwl/dWQ/dW3/dOJ4/dW5 d(ws + w — w1)d(w1 + wo — w3)d(ws + wyg — ws)

x {ig"(w1)V (w2)ig" (ws)V (wa)ig= (ws) + ig" (wi)V (wa)ig= (ws)V (wa)ig® (ws) (5.12)
+ig= (w1)V (w2)ig®(ws)V (wa)ig® (ws) }

There are many options as to which variables to eliminate using the Dirac deltas, so we’ll choose
the most convenient one. The lesser Green’s functions will give us the Fermi function, so we’ll
want to keep the variable inside ¢g< in each term. This means we’ll keep ws in the first term, wg
in the second and wy in the third. The frequencies in which the perturbation V' depends (ws and
wy) will also be kept because we’ll use them to define the higher order conductivity. All other
frequencies may be eliminated. The remaining Dirac delta shall be §(w + wo + wy), which will
fit nicely with the definition of the conductivity. After some relabeling, these considerations turn

the previous expression into

d d dw’
iG<®(w / 1 /w227r5 w1 +wy — w) % (5.13)

X {zg W —wy — wg)V(wl)igR(w’ — wo)V (w)ig<(wW)+
+igTt (W — w1V (w1)ig=(W)V (we)igh (W' + wa) +
+ ig= (W)V (w1)ig (W + wi)V (w2)ig*(w' + w1 +w2)} .
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Again, replacing ig<(w) we get

GO (W) = /dwl /d‘”zzms w01+ ws — w )/OO def(e)

—00

X {zg (—€/h — w — wo)V (w1)igT(—€/h — wa)V (wo)d(e — H)+
+igTt(—e/h — w1V (w1)6(e — H)V (w2)ig®(—e/h + wy) + (5.14)
+ d(e — H)V(w1)ig*(—€/h + w1)V (wa)ig*(—€/h + w1 + wa)}.

This is the expression of Green’s function in second order.

5.1.4 Third order

The diagram that represents this order is

which in algebraic terms is

iGC (1, 1) = / i /C dry /C dryigC (6, )V (1)igC (m1, 72)V (72)igC (70, 75)V (75)igC (75, 4). (5.15)

After using Langreth’s rules, expressing everything in frequency space and eliminating the Dirac

deltas, we get

d d dw’
iG<®) / W1/ w2/ (w1 + w2 + w3 —w) % (5.16)

X {zg W — w3 — wy — wp)V(w1)ight (W — ws — wo)V (wa)igh (W' — w3)V (w3)ig=(w)+
+ig® (W — wy — w1V (w1)igft (W' — wo)V (wa)ig<(w)V (w3)ig® (W + ws) +
+igh(w' — wn)V(wn)ig= (W)V (w2)ig(w' + wa)V (ws)ig® (W' + w3 + wa) +

+ig= (W)V (w1)ig" (W' + w1)V (wa)ig®(w' + w1 + w2)V (w3)ig™(w + w1 +wy +ws) | .

Replacing ig<(w),

<® /dwl /dwg / 45 o) (0 + wa + w5 — w) / " def (o) (5.17)
X {zg (—e/h — w3 —wy — wl)V(wl)zg (—€/h —ws — wg)V(wg)igR(—e/h —ws3)V(w3)d(e — H)+
+ig"(—e/h — wo — w1)V (w1)ig"(—€/h — w2)V (w2)d(e — H)V (w3)ig”(—e/h + w3) +
+iglt(—e/h — w)V (w1)d(e — H)V (wp)ig®(—e/h + w2)V (w3)ig(—e/h + w3 + wy) +

+d(e — H)V(w1)ig*(—€/h + w1)V(w2)ig*(—€/h + w1 + w2)V (w3)ig®(—€/h + w1 + w2 + w3)} .

This is Green’s function in third order.
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5.1.5 New notation

By now we see that the expansions are starting to become too unwieldy. At the same time, a
certain regularity starts to appear. The interaction terms V' always appear sandwiched between
two Green’s functions, whose type also follows a pattern. There’s always one lesser Green’s
function; to its left there can only be retarded Green’s functions and to its right advanced Green’s
functions. This regularity suggests a new simplifying notation: we need only record the number
of retarded Green’s functions, since all else is fixed from that. Therefore, define the W*1%2=%n
function, where the upper indices are to be replaced by R or a to reflect the position of each g%
and ¢“, respectively. The ¢g< is understood to be to the left of all the ¢g* and to the right of all

the ¢®. Some examples of this are

Wee,wa;ws) = (e — H)V(wa)ig*(ws) (5.18)
WER (g, wy, e wr,w3) = igft(wi)V (wa)igh(ws)V (ws)d(e — H) (5.19)
W (g € wy, we; wi,wz,ws) = gt (w)V (we)d(e — H)V (wy)ig®(ws)V (we)ig® (wr).(5.20)

The semicolon separates the arguments that belong to the retarded and advanced Green’s func-
tions from the ones that belong to the external interactions and the Dirac delta. The arguments
always appear by order. There’s still another regularity, this time in the deltas. Looking at the
various w; as part of a cycle, that is w — w1 = wy — -+ — wopy1 — w, the deltas consist of all
the combinations 0(w; + w1 — wit2) of odd i. Let A™ be the product of all those combinations

multiplied by (27r)n+1, where n is the order of the perturbation. Some examples:

Al = (21)?8(ws +w — w1)d(w1 + wo — w3) (5.21)
AT = (21) §(ws +w — w1)d(wW1 + wa — w3)d (w3 + wy — ws) (5.22)
A% = (2m)*(wr +w —w)d(w1 + was — w3)d(w3 + wy — ws)d(ws +ws —wr).  (5.23)

These considerations allow for a very compact way to write the expansion. Omitting the

frequency arguments, the formulas obtained in the previous section are

iG< / deon / o / Ws (R 4 ey Al (5.24)
d d
’iG<(2)(—w) _ [ w1 dws (WRR—I—WRa + Waa) A2 (5.25)
o 2m
d d
iG<(3)(—w) _ 2(‘;1 . % (WRRR + W BRa + WRaa + Waaa) A3. (526)
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5.2. EXPANSION OF THE TIGHT BINDING HAMILTONIAN

We’ll be using these expressions later on, so we should make their arguments explicit. Looking

at egs. 5.9, 5.14 and 5.17, we need only match the arguments.

iG<W(w) = — /OO def(e) (WR(w, & —€/h—w) + W(e,w; —€/h + w)) (5.27)

—00

iG<® / dun / B2 5 (wr + wn — w) /  def(o) (5.28)

—00

{WRR (w1, w2, € —€/h — w1 — we, —€/h — wa)+
—|—WRa(w1,e,w2;—e/h—wl,—e/h+w2) +
+W (€, w1, wa; —€/h + w1, —€/h + w1 +wa)}

z’G<(3)(w) _ / dwn / dwo / dw?, S(wy + wy + w3 — w) /00 def () (5.29)

—00

X {WRRR(wl,WQ,wg, —€/h — w3 —wy —wi, —€/h — w3 —wa, —€/h —w3)+
+WEB () wo, €, ws; —€ /B — wy — wi, —€/h — wa, —€/h + w3) +

+ W (w1 €, wa, w3 —€/h — wi, —€/h + wa, —€/h + w3 + wy) +

+W (e, w1, wo, ws; —€/h + w1, —€/h + wo + w1, —€/h + w3 + w2 +wi)}.

5.1.6 Even higher orders

Although a rigorous proof is not provided, this notation reveals that the next orders should follow
the exact same pattern: the sum of all the W functions integrated over all the frequencies with

the appropriate A function:

d duwan
ZG<(n)(_ )_ 2(’:[-1 . %(WR R+"'+Wa a) A™. (530)

Easy to write, the notation hides the true monstrosity that is an n-th order expansion.

5.2 Expansion of the Tight Binding Hamiltonian

So far, this is valid for any time-dependent non-interacting operator V(¢). The case we want
to study, the tight binding Hamiltonian, is a particular case of this, but one in which the time-
dependent interaction is itself a series of the external field A. This makes matters slightly more
difficult, because there will be numerous contributions in each order in A from all the terms in
the Green’s function.

Consider the tight binding Hamiltonian written in the Wannier basis:

H=3"Y toe (R~ R))ch, (Ri)eo, (R,). (5.31)

Rz‘,Rj 01,02
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The R; represent the lattice sites and the o; the other degrees of freedom unrelated to the
translational symmetry, such as the orbitals and spin. This may be expressed in momentum

space by defining

1 .
loyos (Rl - Rj) = V Z €109 (k)elk.(RiiRj) (5.32)
k
1 .
co (i) = 17 > o (k) e (5.33)
k
and
1 .
ch (Ri) = ;> ch(k)e (5.34)
k

turning the Hamiltonian into

H=0 S S o (B)el, () o (K). (5.3)

01,02 k

The electromagnetic field is introduced through Peierls’ substitution [12], so the Hamiltonian

acquires the form

—ie Ri / !
A(r' t)-dr
2 ij

HA:Z Zeﬁ

Ri7Rj 01,02

tors (Ri — Rj) b (Ri)coy (R) . (5.36)

If we want to introduce both a magnetic and an electric field, we may use the following vector

potential:

A(r,t) = Ay(r) + As(t). (5.37)

The electric and magnetic fields are obtained from E(t) = —61%@(” and B(r) = V x Ai(r).
The introduction of the magnetic field only changes the ¢,,/, but the exponent no longer depends
on the difference of positions. It is possible to overcome this obstacle by carefully choosing the
vector potential, but that would require a whole discussion of its own. For that reason, we’ll
forget the magnetic field for now and focus on the electric field. The position-dependent part of

the vector potential may thus be disregarded:

Hp = Z Z en A RR)y (R, — Rj)cl (Ri)co, (R)) (5.38)
R;,R; 01,02
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5.2. EXPANSION OF THE TIGHT BINDING HAMILTONIAN

In momentum space this becomes

_ % S oo (Kt S AW by (K) oy (k) (5.39)

01,02 k

which closely resembles the minimal coupling procedure. Expanding the exponential in real space,

we get

. 2
= 3y ¥ ( +—A (t) - (Ri—Rj)+bwA(t)-(Ri—Rj)} +>

R;,R; 01,02
toror (R — R; ) (Ri)cq, (R;)
= Z Z ta102 Rz - R]) C:g'l (Ri)CU2 (Rj) +

R;,R; 01,02
;ZeAa Z Z Ra Ra 0102 (Rn R) 01( )CU2 (R])+
R;,R; 01,02
1 [ —ie)’
= (h) A@a e 3 3 (re - r) (R - R))

Ri,Rj 01,02
toyor (Ri — R; ) (Rﬂ')caz (Rj) +---
= Hy+eA%(t)v* + EezAa(t)Aﬁ(t)va'B + - (5.40)

where we have defined

_ 12 )
v 1 n — einaAal PR 78Aan HA|A:0
—i\" «a a « «
— (F) X S R (B B s (R~ Ryl (Ri)er (R).

R;,R; 01,02

_ <_hi>n[Ral’...[Ra",HAH

In first order, this is just the velocity operator. We can identify the external perturbation from
this:

1
H (1) = e AY(t)v™ + 562A"‘(t)Aﬁ ()P + ... (5.41)
In a similar faghion, the current J* = —% gfé also follows a series expansion:

e

2 3
IO = (w +ev P AD () + %uaﬁ'mg(tmg(t) + S B AB () A () AS(E) + - > . (5.42)

3!

If the Hamiltonian is written in momentum space, the v*1"%» operators are recognized as the

derivatives of €54, (k).
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Their matrix elements are

o 1D )
0102 ( ) - (_h)n 8ka1 ak}a" €o102 (k) .

v

(5.43)

This is all the information we need to compute the expected value of J*. Some care has to be
taken, though, as now each term in the perturbative expansion of the previous chapter is itself
a whole series. In the next section, we’ll take the Green’s functions calculated in the previous

section and expand the interaction terms in this series.

5.2.1 Green’s function series

We’re going to take the Green’s functions, order by order, and replace each of the V by their

series expansion

—i —i
= H' = [ er®A~ + aﬁAaAﬁ aﬁmmﬁm 44
V=3 h <e” 2 3 * (544)

The Green’s functions are expressed in frequency space, so we’ll need to calculate the Fourier

transform of the product of external fields. In second and third orders, these are, respectively

/ dtett A% (¢ / dw / B2 o) 8wt + ws — w) A% (w1) AP () (5.45)
and
/ b dte™! A% (t) AP (t) A" (t) (5.46)
- /_ dwy / dwy / dw3 d(wr + wo + w3 — w)A“(wl)Aﬁ(wg)AV(wg)

These will fit nicely with the definition of higher-order conductivities.

5.2.1.1 Green’s functions - Zeroth order

In this order, we get exactly the same thing as before because there is no interaction

iGSOV () = ig=(t,t). (5.47)
Taking ¢’ = t and moving on to frequency space,

o0

iGO(w) = —27 / def(€)d(e — H)b(w). (5.48)

—0o0
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5.2. EXPANSION OF THE TIGHT BINDING HAMILTONIAN

5.2.1.2 Green’s functions - First order in V

Starting from eq. 5.9, we need to replace each V (t) by its series in A(t). To simplify bookkeeping,
we shall adopt a notation to distinguish each contribution. Let iG<(V"*4™) represent the n-th
order expansion in V of the Green’s function, which, in its turn has been expanded in m-th order

in A. In this notation, we may say, for example, that

iG<VD = 3" gvAm) (5.49)
where iG<(V) is just eq. 5.9 from before:

Z'G<(V1)(w) = - /00 def(e) (WR(w, & —¢/h—w)+ W(e,w; —€/li+w)) .

—00
With this notation in mind, it becomes clear that we need a new notation for the W functions
as they now may include different types of v*1 " operators. Each operator will be represented

by its indices, using commas to separate the various operators. Their order is preserved. Some

examples are

WP (ews) = 0(e — Hw*ig®(ws)
W}O{}gv(e; wi,ws) = igR(wl)vaigR(w;z,)v’BV(s(e — H)
Wg&%v(e; wi,w3,ws) = ig™(w)v*d(e — H)vﬁiga(w5)v"’ig“(w7)

Note that the frequencies belonging to the interactions have been removed because they are

now outside the W functions. Up to third order in A we obtain:

ie

GV A () = =/ def()[ Qe —e/h — w) + W (e; —e/h + w)] A%(w)
GV A () = 2!71/ dm/ 22 (o) 5(eor + wn — w) A% (1) AP ()

x/oodef(e) [W;ﬁ(e; —e/h — w) + W (e —e/h—i-w)}

3 [ d d d
iGNy = o [ / gz / B8 0) (wn + wa + ws — w) A% (w1) AP () A7 (w3)

X /OO def(e) [ng(e; —€/h —w) + WP (g —e/h—i—w)} .

—0o0
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5.2.1.3 Green’s functions - Second order in V

Using eq. 5.12, there are no terms of order lower than second order, since we have two factors of

V:

27
X {zg W' —wy — w2)V(w1)igh(w — wo)V (ws)ig<(w')+
+ig™ (W' — W)V (w1)ig=(&)V (wa)ig" (W' + wa) +
+ig= (W) V(w1)ig"(w' + w1)V (wa)ig"(w' + w1 +w2)} .

/
iG=( V2 / duy /dw227r6 (w1 + w2 —w) o

The term in second-order in A is rather straightforward because there can only be one contri-

bution from each V:

iGN () = <_) [ o2 [ S2amsten +un - w) A AP o) [ def(@
{ng( —€/h —wy — wy, —€/h — ws)+

—I—WR’ (6, —€/h — w1, —€/h + wa2) +
+ W (e; —€/h + wi, e/h+w1+w2)+}

but the third-order term is slightly trickier since we need to replace one of the V' by the second-
order expression and the other one by the first-order one, and there are two ways of doing that.
The result is

iGE@V3A) / dw; / dws / duws (27) 0 (w1 + wa + w3 — w) A% (w1 ) AP (wa) AV (ws)

o (5) (55) [0

X {Wg}g’(e' —€/h — w1 —wa,—€/h —wy — w3)+

AW (& —€/h — wy — wy — w3, —¢/h — w3) +
+WR76’Y(76’ —€/h — w1, —€/h +wa +w3) +
AW (€ —e/h — w1 — wa, —€/h + ws) +
—i—Wgﬁ;ﬁ“f(e, —e/h+wi, —€/h+w +wy +ws) +
FWEBY (6; —€/h + w1 + w2, —€/h + wi + ws +w3)} ,

These are all the expansions up to third order in A coming from the second-order Green’s

functions.
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5.2.1.4 Green’s functions - Third order in V

This one is the easiest because there is only one term. Using eq. 5.17, all we need to to is replace
V by %Ao‘vo‘. The result is

IG<EVA () = ‘<> / dm/ dwz/ L3 (2m) ur + 2 + g — ) A° (00) 47 () 47 ()

X / def( ){ngﬂﬁ%( G/h wg—wQ—wl,—e/h wg—wg,—e/h w3)+

+Wan(es —€/li = wy — w1, —¢/h — wa, —¢/h +ws) +
+W§f§(€; —€/h — w1, —€/h 4+ wa, —€/h + w3 +wa) +
Wfa@(ﬂ —€/h + w1, —€/h + wy + w1, —€/h + w3 + wo +w1)}

Up to third order, we have thus calculated all the terms that will contribute to the current.
This will make our next step easier, since we’ve already isolated all the terms in each order in A.

Now we’re finally going to use this to calculate the expected value of the current.

5.2.2 Grouping up the terms in A

For referencing purposes, here are all the terms we’ve calculated so far, grouped by order in A.

5.2.2.1 Green’s functions - Zeroth order in A

iG<A) (W) = —21 / " de f(€)d(e — H)d(w) (5.50)
5.2.2.2 Green'’s functions - First order in A
iG<M(w) = % " el () V(6 e/ — w) + W (e; —¢/h +w)] A (w)

5.2.2.3 Green’s functions - Second order in A
G () = / dwr / D92 (o) 5(en + wn — w) A% (wr1) AP () / de f(e)
x e [Waﬁ(e —e/h —w) + W (e —e/h—i-w)} +
2h
= [Wg}f( —e/h— w1 — wa, —e/h — wn)+

Wh (6 —e/h —wi,—€/h+wsy) + Wi (e;—e/h+w1,—e/h+w1+w2)}}

a
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5.2.2.4 Green’s functions - Third order in A

d d d
iG<(A%)( / dun / dwz / W95 ) S wn + w + wy — w) A (wr) AP (ws) AT (ws)

X/_oodef<€){3‘h [Waﬁv(e —€/h—w) + W (e, —e/h+w)| +

63
21 h?
+W§’8’7(6; —€/h —w) — we — w3, —€/h —w3) +

P16 —e/h — wi, —€/h+ wa + w3) +
D& —€/h—wi —wy, —€/h+ws) +
—i—Wff”(e, —€/h + w1, —€/h + w1 + wa + ws3) +

+Wc?aﬁ"y(5§ —€/h + w1 + w2, —€/h + w1 + w2 + wg)}

+ [Wg£7(65 —€/h —w) — wa, —€/h —wy — w3)+

—Z63
n
W€ —€/h = wy — w1, —¢/h — wp, —¢/h +ws) +
+ Wikt (€ —€/h — wi, —€/h + wa, —e/h + w3 + wy) +

+ Wi (6 —e/h+ w1, —e/h+wy + wi, —e/h+ wz + w2 + Wl)} }

ng};{ —€/h — w3 — wy — w1, —€/h — w3 —wa, —€/h — w3)+

5.3 Calculation of the current from the Green’s functions

First, we need to evaluate the expected value of the v*1""®» gperators. Expressing them in their
second-quantized form, we see that the average falls into the creation and annihilation operators,

which yields the lesser Green’s function. Written in an arbitrary basis,

o <Z “oncli <t>>=2v3; G = T [ iG] (51

ij

Taking the expected value of the current in eq. 5.42 we get, up to third order

«a € a 62 ap B 1 63 afy B y
IH0) = = 0 0) = T (000) A7) — 5 (v (1)) AT AN (1) + (5.52)
; ; (0973 (1) ) AP(1) A7 (1) A1)+
- —VTr [viG=(t,t)] — iTr [U“BiG<(t,t)} AP(t) +
1e3 1 et

. [ O‘BViG<(t,t)} AfB(t)AV(t) _ %1y [va575iG<(t,t) Aﬁ(t)AV(t)A‘S(t) +

2V 3V
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or, in frequency space,

(J%(w)) (5.53)

S [0%iG< (w)] — — / @@T O‘BiG<(w1)} AP (wo)2m8 (w1 + wy — w)
Vv 2 2w

dw1 dwsy dws By < 3 -
2|V/ o 2m e D [0 )] AP () A )20 + iz s )

—§V %%%%Tr {vaﬁwsiG< (wl)} AP (W) AY (w3) A (w4) 270 (w1 + wa + w3 + wy — w)

“+ ..

As if it weren’t enough that the Green’s function mixes terms from all orders in A, so does the
current. What we have to do now is plug in the expansion of the Green’s function and collect the

terms order by order. But first, let’s see how to define the conductivity in higher orders

5.4 Conductivity

The conductivity in momentum space is simply the factor that multiplies the electric field when

calculating the expected value of the current. To generalize it, we use the following formula:

(J9w) = oP(w)EP(w)+ / dm/ 02 509 (1) B (w1 B (w2) 01 + w2 — )

< dw > dw dw
+/ Tl 2 3 aﬂ’ws(whw2>w3)

(wl)EV(wz)E‘s(wg)&(wl twrtws—w)+---. (5.54)

We are now ready to finally obtain the conductivity.

5.4.1 Zeroth order

As we should expect, there is no zeroth order contribution to the current. There needs to be an
applied external field for the current to exist. Using the definition of the velocity operator, the

zeroth order current is

(JU(t)) = —%Tr [v] = ﬁTr[ rH — Hr =0 (5.55)

where r is the position operator. The cyclic property of the trace guarantees that this term is

Z€ro.
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5.4.2 First order

Collecting the first order terms in 5.53 we obtain

dw1 dwg . 0
« - _ - <(A = ] a2 aﬁ <(AY) B _
(J%(w)) VTr [u iG / o T [ (wl)} AP (w2)278 (w1 + wa — w).
(5.56)
Plugging in the required order of the Green’s function, we get
(Jow)) = et [ def(e)Tr [va (Wﬁ(e —e/h —w) + W5 (e; —¢/h + w))} B (w)
m J_ o RAD et iw
e? [ Ef(w)
. aBsie _ - \*
+5 /_ _def(O)Ty [U 5(e H)} —= (5.57)
E* ()

We have already done the replacement A%(w) = because now we can immediately recog-

nize the factor multiplying E®(w) as the conductivity.

o (w) = # /:: deffj)Tr { [van(e; —€/h —w) + v Wh (e; —e/h + w)} (5.58)

iR Tr [vaﬁa(e . H)} }

Here we have defined the universal conductivity of graphene o = e?/4h

5.4.3 Second order

Like before, collect the second order contributions

(I (@) = —o T [oiG < / @@T 8GN ()] A8 ()26 (w1 + wn — w)
v 2 2w
/ duy dwg Qs [ aBjG<(A” >(w1)} AP (w3) A7 (w3) 278 (w1 + wa + w3 — w) (5.59)
2' V) 2r 2n 2x
The first term is
3 oo
S [pie ) = -C / o / D92 (o) 5wt + ws — w) AP (wr) A7 (ws) / def(e)
i a By(.. _ _ BY (e
X {QETr [v (WR (6;—€/h —w)+ W7 (e 6/h+w))] +
1
+ﬁTr [va (W}’gg(e, —€/h —wy —wy, —€/h —wq) +
+Wg&7(e; —€/h — w1, —€/h +ws) +
+WE (e; —€/h + wi, —€/h + wy —I—(,uz))]}. (5.60)
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The second term:

_/dwldw2T aﬁiG<(A1)(wl)} AB(WZ)27T5(W1+W2—W)

27 2
x Tr [vaﬂ (Wh(e —€/h —wa) + W] (e; —¢/h+ wz))] (5.61)

Third term:

%@% afy; <(A0) 8 - -
2'V/ or 21 2 [ i@ <W1)}A (w2) AV (w3) 278 (w1 + wa + ws — w)

L& [dodos g0 0 aq > b
2! V o7 9 AP (w1) A7 (w2)2md (w1 + wa — w) . def(e)Tr [v o(e — H)} (5.62)
Summing it all up, and replacing A%(w) = E%(Jw) we obtain
> dw dw EB(w:) EY (w o0
(J*w)) = awy / 2 9m) §(wr + wa _w)(l)(Q)/ def(e)
w1 w9 — o0

{2hTr[ o‘I/ng((-: —€/h—w) + W (¢ —e/h—l—w)}

+thr {vawg}g(e; —€/h —w) — wa, —€/h — wa)+
FOOW R (6 —€/h — w1, —€/h + wa) +
—I—vo‘Wgafy(e; —€/h —wi,—€/h + wz))}

—I—%Tr [vo‘ﬁ Wh(e; —€/h — wa) +v*P W7 (e; —¢/h + wg)]
1
_Z aBys(e —
2Tr [U (e H)] } . (5.63)

Comparing with eq. 5.54, we may identify the second order conductivity as

P (wy, wo)

= _ij/_oo def (e ){2h [ (W‘”( —e/h—w) + W (g —e/h—l—w))] +
+h12Tr [va (ng(e, —€/h — wy — wae, —€/h — wy)+ (5.64)

F Wi (€ —e/h = wr,—e/h + wa) + Wi (6 —¢/h+ w1, —¢/h+ w1 +ws) |

+%Tr [UQ’B (Wh(e; —€e/h—wa) + W] (e —€/h+ wz))} - %Tr [0“575(6 — H)} } .
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5.4.4 Third order

Collecting the third order contributions, the current is, formally,

(Jw)) = ——Tr [v%iG< (w)] — /d‘”ld“’?T aﬁ¢G<(w1)] AP (w2)278 (w1 + wa — w)
2w 21
_ / @@@T [1074G=(w1)] A7 (w2) 47 (3)2m(en + 02 + 05 — ) (5.65)
2'V 2w 2w 27
- / oy dwp dws dwy p [ aﬁv%cﬁ(wl)} AP (w2) AV (w3) A% (w) 278 (w1 + wa + w3 + wi — w).
3'V 27 2w 27 27

This one is done in exactly the same way as the other ones and is left as an exercise to the
reader. This will not be calculated because it is too computationally expensive to use. See Section

6.8 for a more thorough justification.
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6 Kernel Polynomial Method - KPM

Up until now, we have obtained expressions for the current using the Keldysh formalism and
insisted in expressing them as traces of quantum mechanical operators. This allows us to have a
basis-independent description, which is very useful because we can choose the most convenient one
when doing the numerical calculations. In this chapter, we’ll see how to express these formulas
in terms of something we can calculate numerically. To achieve that, we first need to delve
into the Kernel Polynomial Method (KPM), which uses Chebyshev polynomials to establish a
recursion relation between the numerical objects we need to calculate. This eliminates a whole

lot of redundancy and makes KPM an efficient method of calculating traces of operators.

6.1 Chebyshev Polynomials

The point of this section is to introduce the Chebyshev polynomials and to show how a function
may be expanded in a series of Chebyshev polynomials. We could have used another set of
polynomials, but these satisfy a simple recursion relation and have good convergence properties

[4], which make them ideal for numerical calculations.

6.1.1 Definition

The Chebyshev polynomials are defined in the range |-1,1] and the n-th polynomial may be

generated using the following definition and the properties of trigonometric functions:

T, (x) = cos(n arccos(x)). (6.1)

Using this formula, we may find the first few polynomials:

To(z) = 1 (6.2)
Ti(z) = =x (6.3)
To(z) = 22% -1 (6.4)
T3(z) = 42° -3z (6.5)
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6.1.2 Recursion relation

The Chebyshev polynomials satisfy the recursion relation

Tont1(z) = 22T (2) — Trp—1(x) (6.6)
which may be proven directly from definition by replacing x = cos(6):
Tht1(cos(0)) + T—1(cos(f)) = cos((n + 1)0) + cos((n — 1))

= cos(nf) cos(#) — sin(nf) sin(f) + cos(nb) cos(f) + sin(nh) sin(f)
= 2cos(nf) cos(0) = 2cos(8)T,(cos(0)). (6.7)

This means that from just the first two polynomials, all the others may be reconstructed.

6.1.3 Orthogonality

They also satisfy an orthogonality relation,

1+5n0

To(x)Th(x) = 5

which is a direct consequence of the orthogonality of Fourier components upon the change of

variables z = cos(0):

g i _ ! Trcosn cos(m _ L+ 9no
/7r m cos(nf) cos(mb) [—sin(6)] do = /0 (nf) cos(mB)dl = 5 Onm (6.9)

™

It’s this close relationship between the Chebyshev and Fourier series that gives them many of
their properties. The fact that they’'re orthogonal to one another means that a function may be

easily expanded in terms of Chebyshev polynomials.

6.2 Expansion of functions in terms of Chebyshev polynomials

Any integrable function f :] — 1,1[— R may be expressed in terms of a sum of Chebyshev
polynomials
[e.e]
= Z anTn(q;), (610)
n=0
These a,, coeflicients may be found using the orthogonality relations
1 o)
dx 1+ 5710 14 6o
a a =a
177\/1—;102 ;:O" 17T\/1—ac2 ;)n w2

90



CHAPTER 6. KERNEL POLYNOMIAL METHOD - KPM

Therefore the coefficients are

Tn(x) f(z). (6.12)

Ay —

1
1+ dno /_1 1 — 22
In principle, this is enough to obtain the expansion. However, for some practical calculations,

it may be easier to use a different set of coefﬁcients

1
f(x)_meHan (). (6.13)

That way, we do not have to deal with square roots inside the integral. These new coefficients
are
1
by = / T () f (). (6.14)
-1
Let’s now apply this to the functions of our interest. Looking at the results obtained in the
previous chapter, we see the Dirac deltas and Green’s functions are the only objects that depend
on the Hamiltonian operator. In general, they cannot be calculated directly, so we’ll first expand

them in Chebyshev polynomials and then sum the series.

6.2.1 Dirac delta

We're looking to expand d(x — €), which depends on two variables. Later on, one of them will be

an operator so let’s try and isolate it out by searching for an expansion of the form

§(z—e€) = 7;) ﬁjl(;;o T, (). (6.15)

Assuming both x and € are in the | — 1, 1] range, the orthogonality relations give us the A, (¢)

x x An(e) Am(€)
——=T(x)é(z = / ——Tn ()T, (x = 6.16
| =@ S [ e eh @ = (6.16)
and the left-hand side of the equation may be calculated easily:
! 2T;, (€)
2 T (2)d(x — €) = —2=L = Ay (e). 6.17
| =@ =0 = = — A0 (6.17)
This means the expansion of the Dirac delta is
5(x —€) 1 ; 1+QZT T () (6.18)
r—e€)= x .
1—¢ n=1
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Using the b, coeflicients, we would have obtained

o0
5z —€) = 71”/11_7332 1+ 2; T (€) T (2) (6.19)
The only difference is the argument of the square root.
6.2.2 Green's functions
Consider the Green’s function with a finite A > 0 that accounts for dispersion [13]:
o, _ _71 — > oi(e+h+ioA)t
g (e’h)_e—fH—ia)\_m/O dte . (6.20)

This is also a two-variable function in which we want to achieve a separation between € and h

in the polynomial expansion, so let us look for an expression of the form

_SE O (6.21)
N 1+ d,0 e ’

n=0

ga,/\ ( €, h)
The function gg”\(e) may be calculated applying the orthogonality relations.

1
O =2 [ T e h) (622

The calculation will be done using g°* in its integral form since it’s simpler to integrate.

o ! dh [ oi(e—h+io
gn7)\(€) :2/_1 an(h>O’Z/O dte (e=h+ioA)t (623)

Separating the exponential we are able to isolate the term that depends on h and integrate it

explicitly.

o) 1
o, _ . oi(e+ioA)t —oiht
€) = 201 dte T.(h)e 6.24
gn"(€) /0 /_mﬁ_h2 (h) (6.24)

Now we may identify the second integral as Bessel function.

/1 LT (h)e=ht = (—gi)" Jn (1) (6.25)
e " |

So what remains is just its Laplace transform. To see this, let z = A — ogie:

T (2) = —2(—oi)" ! - e * I (t). )
452 (2) = —2(—oi) /Odt Tu(t) (6.26)
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This is a tricky calculation which can be checked in the Appendix but the result is

e~ arccos(iz)

92N (2) = 201 (6.27)

22+1

This is the result that should be used if we want to include phenomenological scattering. If
that’s not the case, take the limit A — 0T, such that iz = oe + i0". Because we're using
—1 < € < 1, the imaginary factor does nothing in these functions, since we never hit the branch
cuts. We may therefore ignore it and consider the functions as if they were functions of real
variables. This leaves us with

oo arccos(€)

V1 —e?

which means Green’s function without scattering in terms of Chebyshev polynomials is

gr(€) = 201 (6.28)

1 294 ¢ —nio arccos(e)

o h: - — Tnh 2
= = e S 620

6.3 Truncated series and the use of kernels

Naturally, we cannot expect to be able to sum the whole series, so we have to truncate it at some
order N. Near points where the derivative of the function isn’t continuous, this gives rise to an
undesired oscillatory behavior known as Gibbs oscillations!. A simple fix to this is to modify the
coeflicients of the expansion b, — wyby,, choosing the w, to take into account the finite order of
the series. That is an additional approximation to the function we’re calculating, but just like the
one we're doing by truncating the series, its difference to the exact result should approach zero in
the limit N — oo. To see where these coefficients come from and how they’re chosen, we’ll have
to introduce the concept of an integral kernel and see how the truncated series expansion may be
obtained from the original function by convolving it with the kernel.

Let frpa(x) denote this truncated series with the modified coefficients.

1 1 N-1

2
frpum(z) = P 7;) 15 o0

If we define the kernel Ky(x,y) as

N-1

Kyn(z,y) = Z

n=0

2 o Ta(@)  Taly)
1+ mv/1—a2my/1— 42

(6.31)

!This is the same phenomenon that happens in Fourier expansions, which isn’t surprising given the close rela-
tionship between the Chebyshev and Fourier expansions.
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it may be checked directly that

frxpu(x / ™1 —y*Kn(z,y) f(y)dy. (6.32)

This kernel gives us a mapping between the function we’re seeking to approximate, f(x), and
its approximation with the modified coefficients, fxpas(x). It can also be used to obtain the m-th

order term of the Chebyshev series if we use the weight wy, = dpm:

falg) = — 2 T(w)/lT()f()d (6.33)
n *ﬂml_i_énon 71ny y)ay. .

With this in mind, we show here some common ways to choose these coefficients. Their deriva-
tion may be seen in [4].
6.3.1 Dirichlet kernel

The Dirichlet kernel K }3 is simply 6.31 with 1the coefficients
w =1 (6.34)

and is equivalent to the bare truncation of the series. If the function does not contain discontinu-
ities, this one should be enough to obtain a good result. But how can we evaluate the convergence

of frpam(x)? We can use the notion of an integral scalar product

1
(fg) = / V=2 (@) (6.35)

to define the norm || f|| = v/ (f| f) . With this norm, we may say that

1
1F = frepull® = / V=22 () = frepa(@)de 2 0 (6.36)

since we know that fxpas approaches f. Using the fact that power series converge absolutely?
inside their radius of convergence, we can learn that for any given point z,

2ay,

™1 x221+5n0

As this is a point-wise condition, for different values of x, the series may converge at different

(2) 22 f(2) (6.37)

rates. If we want to avoid oscillations, we need to impose a global condition. Fig. 6.3 shows how
the truncated approximation by Chebyshev polynomials using the Dirichlet kernel to two different
functions affects the convergence. Just as advertised, near the discontinuity there appears strong

oscillations even at high orders.

2 Absolute convergence is a stronger condition of convergence and it simply means that Yoo olanz™| also converges.
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6.3.2 Fejér kernel

It was shown by Fejér [14] that using the kernel

KE(x,y) ZKD z,7) (6.38)

on continuous functions guarantees uniform convergence? of fipys in any interval [—1 +¢,1 — €]
(for any € > 0 in which this makes sense). In other words, this condition means that the whole

function converges to f at uniform speed. In terms of the weight functions, this translates to

wl' =1-n/N. (6.39)

The higher order terms, which would give rise to the oscillations, have a smaller weight in
frpa, which is an important factor in removing the oscillations. Comparing in Fig. 6.3 we can
immediately see that the oscillations are gone but the convergence is slower for the continuous

function.

6.3.3 Jackson kernel

Building on the previous kernel, these coefficients are further adjusted to minimize the spreading

of sharp features of the function.

wT{:(N—n—kl)cosNH—i—smNHcot]\,Jrl (6.40)
N+1

In our case, we’ll be expanding Dirac deltas, so it seems relevant to see just how the features of

this kernel affect its convergence [13]|. Using the Jackson kernel, the Dirac delta has the following

expression:

(e~ €) = - \/11_7 Z 1+ T ()T, (9 (6.41)

Not much can be inferred from just looking at this, so let’s examine its average and variance.
Hopefully this will give us some information about dxpys as a distribution. Choosing € = 0, all

the odd moments vanish due to the parity of the function.

3This is an even stronger condition for convergence. Let {F,} be a sequence of functions. The sequence is said
to converge uniformly to F' within a set S of values of z if for all € > 0, we can find an integer N such that
|Frn(z) — F(z)] < e for all n > N and all x € S. A series converges uniformly if the sequence of partial sums
> o fr = Fn converges uniformly.
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2

To evaluate these averages, it is useful to express z* in terms of Chebyshev polynomials, for

then we may use the orthogonality relations to our advantage.

T 1
22— 2(7) +

42
5 (6.42)
With this, the calculations result in
1 N sin?(+2+)
2 2 N+1
= = . .4
(27) /_1 dxdgppr(x)x Nl (6.43)

Since (x) = 0, we may immediately say that its standard deviation is o = /(x?). For large N,

we may just as well use

o (O par) ~ ‘sin (%)) ~ % (6.44)

A finite-order expansion necessarily exhibits a broadening of the Dirac delta, which gets sharper
with higher N. Fig 6.1 shows that near the peak, dxpas is very well approximated by a Gaussian

curve with standard deviation o.

1 2
SxpM ~ 5 exp (— < > (6.45)

7]’0'2 20'2

The differences start to show near the tails, but is that difference relevant?

—— & (Jackson kernel)
---- Gaussian (o= mn/32)

6(x)

Figure 6.1: dxpyr with the Jackson kernel and respective Gaussian approximation for N = 32.
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To answer that question, we should check what happens with the fourth moment of dxpas.

Using
T 4T: T
8
we can find <x4>:
1 8+ 3N + (2+4N)cos(2A) + (N — 2) cos (4A)
4 4
= = . 4
<J:‘ > /_1 d$5Kp]u(x)$ 8(N+ 1) (6 7)
In the limit of large IV, this simplifies to
Ao A (TN o1 o (T2
(%) meos' () ~1-2(%) - (6.48)

Right here we can see that the similarities between the Gaussian and dxpps start to break
down. In this case, we approach a constant, while the Gaussian’s fourth moment should go to

zero when N — oo:
(%) g = 304 ~ 3 (%)4 0. (6.49)
The repercussions of this become noticeable when we try to evaluate something such as x%6(z),
which is the integrand of the <:B4>. It could originate from something we’d want to calculate,
such as the fourth moment of the distribution of energies. Fig. 6.2 shows that 22§(x) has some
oscillations but still converges, while the oscillations for 2*§(x) completely destroy the shape of
the function. Maybe we need more polynomials to ensure it converges? The right side of Fig. 6.2
clearly says no. Increasing the number of polynomials only makes matters worse as the oscillations

take over the graph.
If S pas(x) actually converged to a Gaussian, we’d have no issues with oscillations at any (z")
because it’d decay very quickly. Near the peak, the resemblance is uncanny, but caution should
be taken before using this as a Gaussian. If we had used z = 0 and studied dxpps as a function

of €, we would have obtained a similar result.

6.3.4 Lorentz kernel

Sometimes, the functions we're expanding have some important features that must be present in
the expansion. In the previous case, we said that using the Jackson kernel produces Gaussian
peaks in sharp features. While useful for Dirac deltas, when dealing with Green’s functions this
is undesirable because its imaginary part should approach a Lorentzian curve, not a Gaussian.

This is the main reason that leads to the definition of the Lorentz kernel coeflicients.

L_ sinh [A(1 —n/N)]
" sinh(\)

w (6.50)
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Figure 6.2: Representation of the integrands in the second and fourth moments of dxpyr(x).

Scpym(z)z? (top) and Sxpar(z)zt (bottom); 32 Chebyshev polynomials (left), 128
Chebyshev polynomials (right)

We end up with a free parameter that is a compromise between good resolution and damping
of oscillations. Fig. 6.3 shows the Lorentz kernel for A = 3. A higher A results in more weight to
the lower terms and a slower convergence, while the limit A — 0 recovers the Fejér kernel. Usually

we're going to be trying to approximate the imaginary part of the Green’s function, which is a
Lorentzian:

Se%(z) =S -7 _q 6.51
39" (2) \Se—i-ia 22 + o2 o(7) (6.51)

In our expressions, we always use ¢ — 0. In this limit, the function becomes singular, so KPM
will never converge. A higher number of polynomials will indeed return a better approximation
with sharper peaks, but it can never converge to a real singularity. One way to overcome this
is to use a finite 0. Now the function is no longer singular and KPM will converge, so a higher
number of polynomials will not sharpen the peaks. In that case, we may even forget about the

usage of kernels if we have enough polynomials. However, if we insist on using the limit ¢ — 0
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Figure 6.3: Comparison of the truncated series of the imaginary part of Green’s function (left)
and the step function (right) for varying numbers of polynomials and various kernels.
The parameter used for the Lorentz kernel is A = 4.
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but still want some broadening®, we may use the Lorentz kernel to our advantage. A suitable
choice of A can emulate a finite o. Unlike the previous discussion about the Jackson kernel, we
cannot evaluate the moments of a Lorentzian, so instead we’ll compare the two curves by their
width. A natural choice is the width at half maximum, which is 20. This parameter may be
found by evaluating the Chebyshev expansion of the Green’s function at zero since that’s where
we expect its maximum to lie. Then, we have to match the maximum values, which also fixes the
width. Start with the expansion of the (advanced) Green’s function with real arguments coupled

to the Lorentz kernel:

M—-1 M— » ‘ ‘
L sinh [A(1 — n/M)] 2 (—1)me—m0 arccos(€)
" = To(h
e n;) i Z:: Smh () - 1+0m (h)
(6.52)

Setting h = 0 produces a function of € centered at zero. To find its maximum, evaluate g%, (0, 0).

The height of the Lorentzian is the imaginary part of g%,(0,0).

(6.53)

It’s a simple matter of using the definitions and some identities on hyperbolic functions to

obtain

tanh((i)) M even
L . tanh( =
) [gM(an)] - cosh(A ]\)[CO (M) 1 M odd . (654)
smh(%) sinh(A 0
In either case, for large M and small A, we obtain
M A
S [657(0,0)] = ~ tanh <2> . (6.55)

Equating eq. 6.54 to the height of the Lorentzian for even M, we get the desired relation

between A\ and o:

_tanh (3)

= () (6.56)

This is an important result because it tells us that if we want to keep the same finite resolution

while increasing the number of polynomials, we have to change A. For small \ this function

*It’s actually useful to have some breadth in the singularities. For a sufficiently high number of polynomials, we
are able to use KPM to distinguish between individual energy levels, which take the form of Dirac deltas. From
a theoretical stand, we use infinite systems, which results in a continuum of states, so we never see individual
peaks. Even experimentally, we cannot distinguish between individual peaks because of the resolution. It makes
sense to want a similar thing with KPM, and that may be done by broadening the peaks.
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approaches 2/M and for large X it approaches A\/M. If instead we keep A fixed, o becomes
smaller and smaller as M increases, indicating a sharpening of the peaks. In Fig. 6.4 we may see
just how the Lorentz kernel coupled to the real-energy Green’s function approaches a Lorentzian
curve. For small \, g” does converge, but not to a Lorentzian. The percent error is very large even
for a high number of polynomials. An increase in A is compatible with a better approximation

for higher-order expansions.

Comparison to Lorentzian Percent error
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Figure 6.4: Approximation of a Lorentzian curve using the KPM expansion of the imaginary part
of Green’s function. The graphs are scaled by o, so all the Lorentzian curves are
1/(1 4 22) in this scale. On the left, the curves are superimposed, while on the left
we see the percent error.

101



6.4. FROM FUNCTIONS TO OPERATORS

6.4 From functions to operators

What we’ve done in these previous sections is targeted towards functions in the | — 1, 1] range,
but this is not quite what we want. We’re working with functions of operators, not functions
of complex variables. The Green’s functions obtained from the Keldysh formalism are actually
functions of the Hamiltonian, and as such, are operators themselves. We should take a short
moment to remember how these are defined. Functions of operators are defined in terms of their
Taylor series, which is assumed to converge to the function inside a certain radius. This is why

we may say that if |n) is an eigenvector of H with eigenvalue €, then for any function f:

fH) n) = f(en) [n) (6.57)

is well-defined. Summing the series of operators first and then acting with |n) or acting with |n)
through the whole series produces the same result. Since inside that radius the series converges
absolutely, we may simply reorder the terms into Chebyshev polynomials.

What about the fact that Chebyshev polynomials are only defined in the range |—1, 1[? Since the
functions used are only defined in that range, that means that the eigenvalues of the Hamiltonian
must also lie between that same range®. This can be imposed by a suitable rescaling of the

Hamiltonian and all the energy scales [4].

H = (H-b)/X (6.58)
E = (E-b)/X (6.59)

With these formulas, we may use the extremal eigenvalues Ep,;, and Eo,q. to define the scales.

Using

A= (Ema:c - Emm) /(2 - 6)
b = (Emaac + Emm> /2

we can be sure that the new eigenvalues will all lie in the desired | — 1, 1] range. The € > 0 factor
is important to guarantee that the new eigenvalues do not include the boundaries of the | — 1,1]
interval, which could cause numerical problems. If the eigenvalues of the original Hamiltonian
already fit in that interval, this rescaling may still be performed to improve energy resolution,

although it is not necessary.

SThese eigenvalues are necessarily bounded because we’re dealing with finite matrices when doing the numerical
calculations.
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To see this in action consider a typical term of the expansion, such as

FL_Veju /OO def(e)Tr {vaigR (—% - w) vPo(e — H)}

—00

—1

v U/B(s(e—H)]

*62 Emaz 1
- AV w \/;min de 1+ 65(6—/1) Tr

_€ _ H _ 0+
Fowt 3 10

The limits of integration may be taken to be E,;, and F,.. because outside that range, the
Dirac delta will always yield zero. Using the transformations 6.58 and 6.59, the above formula

becomes

2 pl .

h‘fw / 1 AdEmTr [va —— +2Aff — VPS(AE — /\H)] : (6.60)
B R

Now remember that all the quantities that depend on the energy scales must be rescaled. That

includes the velocity operator, temperature, chemical potential and external frequencies. The

rescaled quantities are v = \0%, § = B//\7 =i+ band w= Av. With these new quantities,

we get the desired result

2 1 1
"V @ /_1 R

The expression is formally identical to the original one except for the limits of integration. This

o ———75(E — H)] : (6.61)

pattern will repeat itself at higher orders. For every v operator, there’s also a Green’s function
or a Dirac delta that accompanies it, which cancels the energy scales. The scale coming from
the integral was canceled in this case due to the presence of a frequency in the denominator.
According to the definition of higher-order conductivities, there will be more frequencies in the
denominator, which cannot cancel anything, so there will be surplus scale factors. In second

order, for example, this means (dropping the tildes)

ao‘m(wl, w2)

3 o ;
= —7)\‘/;”(#2 /OO def(e) {;hTr {UO‘ (ng(e; —e/h —w) + W (e; —¢/h + w))} +

1
+?Tr [U“ (Wg’g(e; —€/h — wy —wy, —€/h —wa)+ (6.62)
—i—ng(e; —€/h —wi, —€/h +wa) + WE (6, —€/h + w1, —€/h + wi + wz)}

] 1
+%Tr [UO‘B (Wh(e;—€/h —wa) + W] (e; —¢/h+ WQ))i| — §Tr [vamé(e - H)} }

after rescaling. Note the extra A factor. For a concrete example, consider a tight-binding Hamil-
tonian with hopping 79 = 2.33eV. The Hamiltonian will depend on this factor, which is bigger

than one, so we cannot expect the eigenvalues to lie in the range | — 1, 1[. Let’s work with a new
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hopping 49 = 0.1. This means that the scale factor is A = 23.3 eV.

6.5 Evaluation of traces

The previous sections have showed that the objects we need to calculate are traces of products of

operators such as

Tr {vaigR (—% — w) vP5(e — H)} . (6.63)

At first glance, it may seem that we need to calculate this trace of operators for all different
values of energies and frequencies. This is not the case, thanks to the expansion of those functions

in terms of Chebyshev polynomials.

6.5.1 lIsolation of the operators

In fact, plugging in the expansions for the Green’s function (6.21) and the Dirac delta (6.15) we

obtain

Tn(h) 5 Tulh)
1+ 6m0 1+ 6710 '

> Aulgi(— )T [v°

n,m=0

(6.64)

Here we see the usefulness of separating the variables used in the expansions of the Dirac delta
and the Green’s function, as we only need to calculate the trace once. It is assumed that these
factors A,, and g, have already been multiplied by the w coefficients coming from the choice of

kernel.

6.5.2 Use of the recursion relations

Now it is obvious that the fundamental objects we need to calculate are traces of Chebyshev
polynomials with some other operator A, Tr [T, (H)A]. For now, let’s consider traces with only
one Chebyshev polynomial. It will be easy to generalize to a higher number of polynomials. Let’s
see how these special polynomials can help us calculate this trace. For arbitrary states [¢) and
|p) , define

ph? = (Y| AT, (H) |9) . (6.65)

Letting (4| = (Y| A and |¢,,) = T,,(H) |¢), this coefficient is simply p, = (Ya| ¢n). This is
useful because, by definition, these |¢,) satisfy the same recurrence relation as the Chebyshev
polynomials themselves. We may therefore use |¢n11) = 2H |¢p) — |dn—1) to iteratively obtain
all the |¢,). Then, all we need to do is take the dot product with (4] to find u¥?. The great

advantage here is that all we need to do to obtain the next p, is a simple matrix product. If these
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polynomials didn’t satisfy a recurrence relation, we’d have to calculate the whole polynomial to
evaluate each p,, which would be hopelessly time-consuming. If we have two polynomials, such

as in 6.64, we’ll have to calculate

pit = (| AT, (H) BT (H) |9) . (6.66)

In this case start by fixing a value of m, store |¢,,) = T (H) |¢) and then multiply it by B,
defining ‘¢ﬁ>. We are left with

pbe = (Y| AT, (H) |92 ) . (6.67)

This is precisely the previous case with just one Chebyshev polynomial, and may be treated in
precisely the same way. Then the process is repeated for m + 1, where the stored vectors |¢,)
and |¢y,—1) may be used to obtain |¢p,+1). If we have more than two polynomials, the procedure
is entirely analogous.

6.5.3 Stochastic evaluation of traces

Now suppose that the vectors used are actually random vectors. Given a basis {|¢;)}, let |r) =
Ziﬁl &ri |¢i) be a random vector, where the &; are complex random variables assumed to be
independent and identically distributed. D is the number of states. Furthermore, we’ll require
that

<fm”> =0
<£ir€jr’> = 0
<§;<r§jr’> = 5ij6rr’ .

Applying this to an arbitrary matrix B gives

(r|B|r) = anfm i (6.68)

Thanks to the conditions imposed to the random variables, taking the average of this yields

precisely the trace of B!

(1B 1) = 22 565 By = 5 B (6.69)

6.5.3.1 Variance

So far, all we know is that by doing this, we’ll get the correct value on average, but how good of an

estimate is it? Let’s see what happens when we average over multiple realizations of the random
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vector |r). Let © = %Zf:_ol (r| B|r) be the estimate with R vectors. What is the variation
around the average value? Evaluating (60)% = (%) — (©)? we get[4]

i

(69)2 = % Tr (B2) + (<|5m-|4> - 2) B%|. (6.70)

<
Il
o

This formula depends explicitly on <|£M|4>, which means that the choice of distribution for
the &.; will in general influence the fluctuations around the average. An interesting choice of
distribution is one in which <|£m-|4> = 2, which would cancel the second term and make the result
completely basis-independent. But naturally, we’d want the smallest possible fluctuations, so it
seems logical to choose a distribution that minimizes <\£,«i|4>. Due to the constraints imposed on

the &4, its minimum possible value’ is 1, so the smallest possible variance is

5]

-1

1
(5@)fmnzﬁ Tr (B%) - Y B%|. (6.71)
J

Il
o

If we perform the calculations in the eigen basis of B, the variance would be zero! But if we
knew the eigen basis of B, we wouldn’t need perturbation theory in the first place. In order to
fulfill all the constraints imposed on the distribution, we choose the &,; to lie in the unit complex
circle, with the angle uniformly distributed. This has the additional advantage to guarantee

<]§”»\4> = 1, yielding the smallest possible variance’.

6.5.3.2 Relative error

The next step is to see how the relative error changes with the size of the Hamiltonian matrix and
the number of random vectors. Because the systems we’re studying have translational symmetry,
the trace of the matrices will be of order N, where N is the number of states. Therefore, the

relative error is of order

o (A[ME-EB]
o Tr (B) ~ VRN’ (6.72)

For a two-dimensional system where N ~ L? the relative error decreases as 1/L. This comes

to show that for very large systems, we may use a small R and the method will still converge.

5To see why, let « = |&.;| and consider the variance of z?, o*(z?) = <(m2 - <x2>)2> = (z*) — (%)%, The
requirement <m2> = 1 coupled with the fact that the variance is necessarily positive means that <x4> —1>0.
"The conditions are indeed satisfied. In fact, for all integer n, (&) = o [Z7e™d) = 0 and (|&|") =

% fozﬁ !ew’nde = 1. The remaining conditions are satisfied because the &,; are independent and identically
distributed.
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6.6 Calculation of the conductivity

This section has a simple goal: starting from the expressions for the conductivity obtained in
the previous chapter, we’ll rewrite them in terms of the new language developed in this chapter.
There’s just one last small ingredient missing: the v defined in the previous chapter are
slightly different from the ones we use in KPM. Some of the Hamiltonians used make no mention
to imaginary numbers (for example, when there’s no magnetic field) so it makes sense to use
only real numbers to cut on unnecessary computational time that would be spent calculating

complex functions instead of real ones. That’s the reason that leads to the definition of vy " =

Q1--Qip n

R [re, .- [r*, H]]. Comparing to the v operators, we find vi/py" = i

Qat-an

v It’s very

aren oy is not hermitian. That becomes relevant when

important to note that, unlike v
we want to evaluate something such as (Y| vgpys. Lastly, many authors express the lengths in
units of the distance between unit cells, instead of the distance between neighbouring atoms.
To facilitate conversions between the two cases, we express everything in terms of the distance
between atoms, introducing a scale factor 7 in every quantity that depends on the scale. We’ll
get one for each index in the v operators as this is the number of r operators inside the nested
commutators. The other contribution to this factor comes from the volume V in the denominator,
which for our case of two-dimensional systems is actually an area and contributes with n?. We’ll

end up with conductivities expressed solely in terms of dimensionless quantities and scales.

6.6.1 First order

Let V = VN, where V, is the volume of a unit cell and N is the number of unit cells. Using eq.
5.58

—40¢ ' fle) Tr L Tr
o — 0 JAE) e Bio. _ _ Ble _ B S(e —
o (w) = v /_lde N [v (VVR(e7 e/h —w)+ W] (€ e/h+w)) +th [v (e H)H
(6.73)
start by unwinding the definition of the W functions
—40 1 f(e) Tr .
af — 0 JANE) T e Ry _ B —
o (w) 7 /—1d6 N [U ig"'(—€/h —w)v”d(e — H)+
+023(e — H)vPig*(—e/h + w) + ihv*P5(e — H)| . (6.74)
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Then, replacing v by vk pas, extracting the length scale and plugging in the expansion of the

Dirac deltas and the Green’s functions, we get

o 4dogt Tr | T.(H To(H
o = 5 [ o {Z% S Ry g e

a Tr| o T.(H) 3 Tn(H)
+ng( €/h+w)An(€)N [UKPMH_(SHOUKPMl_'_(;mO

F 3 anony [ ]| o7

Although the scales are not present, all these quantities are now completely dimensionless except

for the physical constants. These traces suggest a new notation. Define the Gamma matrices in

a similar fashion to the W operators, with commas separating the various indices:

afag, oot all Tr [ af—apn, Ty, (H) SOT o, Tnm<H>] (6.76)

T [ — .. Znm\77 )
ni-Nm N KPM 1+6n10 KPM 1+5nm,0

Omitting the sum, this yields the final result for the conductivity in first order

dogi [
;‘;Z /_ldef(e)An(e) {gﬁ(—e/h—w)Faﬂ + g% (— e/h+w)rgg+hrgﬂ}. (6.77)

Interestingly, this conductivity is independent of the scales chosen. This is because it is ex-

0% (w) =

pressed in terms of oy, which already has units of conductivity.

6.6.2 Second order

Starting from eq. 5.64 still with length dimensions,

Pnn) = oo [ @ o o (W6 —eh )+ W et )] +
g W1, w2 = )\VciwliWQ ) c€fle 0" N € w € w
1T
+ﬁﬁr {Ua (Wg}g(ﬂ —€/h — w1 —wy, —€/h — wa)+ (6.78)
—H/V]gg(e; —€/h —wi, —€/h +ws) + Wde(e; —€/h+ w1, —€/h +w + w2>]
T 17T
+%Nr [Uo‘ﬁ (Wh(e —€e/h—wa) + W] (e —€/h+ w2))} - iﬁr {vamd(e - H)} }
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the process is entirely analogous, and the result is

-3

—1€

o wn,wn) = )\VWlZ? 1
- _

1
1
[ aer@n@ { otk (-efn -y
1 a af 1 af
+ﬁgm (—6/77, + WQ) anj’y + irn 7
I g
— _ — W — 87
+2hgm ( €/h w1 w2) mn
1
—i—ﬁgfn (—e/h 4+ w1 + wa) rg;ﬁv
1
+ﬁg£ (—€e/h — w1 — wo) gf (—€/h — wo9) Ff‘rgg;] +

]' a (67
308 (—e/hi— wi) g (—e/h+ ) T +

1
oo e/ -+ o) g (—e/n+ ) T30 .

(6.79)

Unlike the first-order conductivity, the second-order one depends on both the energy and the

length scales. To overcome this, we may define something similar to the universal conductivity

of graphene, oo = e3a/4ht. Extracting the scales from a and ¢ inside o, the previous equation

becomes

P (wy, wo) —4it ! 1
Rat VA def(e)A . el
= o | def(©8n (0 T
g8 (—€/h+w2) T8 + g (—e/h — we) TOET +
1 1
+59m (—e/h+wi +ws) ro + 5953 (—€/h— w1 —wy) Tl +
1
gl (/B — ) gff (/B — ) T +
1 R a a,B,y
+o G (—€/h —w1) gy (—e/T 4 wa) Tl +
1
—l—ﬁgfn (—€/h + w1 + ws) 9y (—e/h+wq) Fgﬁ,ﬂ} .

Now it is duly dimensionless.

6.6.3 Third order

This one is done in the same fashion as the other two, and it is left as an exercise for the (really)

interested reader.
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6.7 Density of states

Although we’re using it to calculate conductivities, KPM is also very useful in calculating the

density of states (DOS). Indeed, the density of states does not need to be expanded in series.

) = oz S le = ) = 1z T~ )] = 5o S A0y |25 (650

n

Remember that the density of states also depends on both the energy and the length scales,

due to its normalization.

6.8 Remark

The I matrices introduced in the previous section require a lot of storage space. Assuming that
we're using double-precision numbers, each one of them will take up 8 bytes. But we need complex
numbers, so that’s 16 bytes per number. If we want a decent resolution, we’ll using something like
1024 Chebyshev polynomials. Therefore, for a single n-th order I' matrix with 1024 polynomials,
the required storage is 1024™ x 16. Plugging in n = 1 for the density of states, that’s 16 KB, so
calculating it is very easy. n = 2 for I',,;;, is 16 MB, so calculating the first order current is still
easy. Plugging in n = 3 for a matrix such as 'y, already requires 16 GB, so the second-order
conductivity is starting to show some large numbers. If we want to obtain a third-order response,
we’re out of luck, because we’ll need 16 TB of storage for one single matrix, not to mention the
time that it’ll take. This is why we stick to obtaining the first and second-order conductivities.

The third-order one isn’t feasible.
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The conductivities obtained so far apply to a very general array of systems. They are valid
both with and without periodic boundary conditions because those may be introduced through
the Hamiltonian. As a matter of fact, we make no mention of translation invariance anywhere
because we're using the full Hamiltonian in our formulas, so it is also valid for systems where we
may introduce disorder by changing some of the Hamiltonian’s matrix elements. Through Peierls’
substitution, we may also introduce magnetic field by changing the hoppings. The only thing
we're assuming is that the electrons do not interact with one another. If we were to consider that
case, we'd have to take into account the SV in the Keldysh formalism, which would introduce
more Feynman diagrams through an additional perturbation expansion on the coupling between
the interaction and the solvable Hamiltonian. With this being said, the time has come to apply

this to concrete systems: Graphene and Hexagonal Boron-Nitride (h-BN).

7.1 Graphene

Graphene is a two-dimensional crystal composed solely of carbon, with the atoms arranged in a
honeycomb lattice [15] (see Fig. 7.1). It may be seen as the superposition of two sub-lattices A
and B. The unit cell is composed of two neighbouring atoms, one from each sub-lattice.

Let a be the distance between consecutive atoms. Then, the primitive vectors between unit

cells are

a, = a
o = 56

and the distance vectors between neighbours are

01 = g(—l,ﬁ)
by = %(—1,—\/3) (7.1)
65 = a(1,0).

We need to calculate the area A, occupied by a single unit cell to plug into the conductivity.
Since we know the primitive vectors, the area of the unit cell is simply the area of the parallelogram

formed by the vectors, that is: A, = |a1 X ag| = 3—\2/§a2.
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7.1. GRAPHENE

Figure 7.1: Graphene honeycomb lattice. The carbon atoms are labeled by the sub-lattice to
which they belong. a; and ag represent the primitive vectors of the crystal and the
deltas represent the distance vectors between nearest neighbours.

7.1.1 Graphene Hamiltonian

Consider a general tight-binding Hamiltonian in a system with translation invariance. The hop-

ping parameter only depends on the difference of positions and on the orbitals p and v.

H= >t (Rm— Ry)cl (Rn) e (Ry) (7.2)

R, Ry, 1w

The simplest description of graphene consists of two orbitals’ and a nearest-neighbour hopping.
Looking at Fig. 7.1, that means that an electron that’s in atom A (B) may only hop to any of
the neighbouring B (A) atoms. Furthermore, we assume that all the (non-zero) hoppings are the

same and are real. Therefore, the inter-orbital hoppings are

tap (01) =tap (02) =tap (d3) = —t. (7.3)

The remaining hoppings are found by using the fact that H is hermitian: t4p = tp4. The

!Usually, when we speak of orbitals, we’re thinking of the various atomic orbitals that may be occupied by an
electron. Take an electron in the Hydrogen atom, for example. It may be in any of the 1s, 2s, 2p,, etc. orbitals.
It may hop between orbitals or to other orbitals in a different atom. In this description of graphene, each carbon
atom has only one orbital. But since there are two carbon atoms per unit cell, we might as well consider them
as two orbitals of one single atom.
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on-site energies t44(0) and tpp(0) are taken to be the same but we might as well say they’re zero
because they only introduce a shift in the eigen energies.

We have not said anything about the electron’s spin, but it’s still there nevertheless. Since
we're tracing over all the states in the system and half of them are the same because of spin
degeneracy, we have to add a factor of 2 to the conductivity. Thus, the formula for the first-order

conductivity (eq. 6.77) in graphene becomes?:

.l
7w) = 222 [ dep()an(0) {all(—e/h — T3 + g (—e/n+ T AT (1)

And the density of states is

w0 =573 | 11 et |15 (75)

These are the precise expressions used in our program.

7.1.2 Dispersion relation

From the information in the previous section, we may calculate the dispersion relation of graphene.

Start by writing the Hamiltonian’s matrix elements in the momentum basis (eq. 5.35).

H=0 3 S bl (k) ey (K) (76)

01,02 k

The € matrix may be calculated from its definition:

€oi02(K) = Ztmoz (R) eF R, (7.7)
R

These position vectors refer to the distance between interacting atoms, so they correspond to

the distance vectors (eq. 7.1)

EAB(k) — thnog (R) eik-R S <€ik-61 + 61']4:-52 + e’ik-53> (78)
R

*

Note that eap(—k) = €% z(k). The Hamiltonian in k space therefore is

B 0 eap(k)
H (k) = [ oo ] . (7.9)

2 Although this is dependent on the numerical implementation and not on the formula itself, it is very important
to make sure we know what is the N used in the denominator of the I' matrices. Care should be taken because
we defined it as the number of unit cells, but sometimes it is used as the number of states. As there are two
orbitals per unit cell, this distinction introduces a factor of 2 in the case of graphene.
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Diagonalizing in this subspace we arrive at graphene’s dispersion relation

e+ (k) = t|eap(k)| = £t |3+ 2cos (kya\/§> + 4 cos (kx23a> cos <ky\2/§a>. (7.10)

This consists of two bands, one at negative energies and one at positive energies, but the crucial

piece of information here is that this function has zeroes (for example at k = (%—g, 33’%(1)), S0

these two bands meet and there is no gap.

7.1.3 Density of states and first-order conductivity

Using the Hamiltonian 7.2, we are able to compute the density of states p(e) (Fig. 7.1.3) and the
first-order longitudinal conductivity o** (Fig. 7.1.3) of graphene.

T T T 1 T T | T | T
B — Density of states
0.5 —
04— —
w03 —
[=%
02— —
0,1+ -]
0 1 L | 1 L
-4 2 3 4

Figure 7.2: KPM simulation of the density of states p(€) of graphene for a hopping parameter
t = 2.33 eV. The axes are in units of ¢. System size: 2048 x 2048 unit cells, number of
Chebyshev polynomials used: 1024. We used the Jackson kernel for the Dirac deltas.

7.1.4 Second-order conductivity

There’s nothing to see here, as the second-order conductivity in graphene is zero. To see why,

we’'ll have to analyze the I' matrices that give rise to the second-order conductivity. Consider for
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Figure 7.3: KPM simulation of the first-order conductivity in graphene. The curves are plotted
against a reference (dashed lines). The graph is in units of the graphene universal
conductivity op and the chemical potential. System size: 2048 x 2048 unit cells,
number of Chebyshev polynomials used: 1024, chemical potential p = 0.466 €V,
t = 2.33 eV, temperature T' = 200K, infinitesimal scattering parameter I': 0.0388 eV.
We use the Jackson kernel for the Dirac deltas but no kernel for the Green’s functions.
Instead, we introduce a broadening by replacing w — w + I

example F%;ﬁp:

rgp = T [ Tol) o T, 1y (D)

7.11

nmp N 14+6,0 1+ 6m01} 1+ dp0 ( )
This matrix is composed of sums of matrices of the form

X5y =Ty [UO‘H%BH’”WHP} (7.12)
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In momentum space, this trace may be evaluated

Xﬁf;,fp = Z Tr [va (k) H™ (k) v® (k) H™ (k) vY (k) HP (k) (7.13)
k

where we denoted the trace over the remaining degrees of freedom in the k subspace by a tilde.

It is important to know what is the explicit form of these matrices. Noting® that H? (k) = |e(k)|?,

the n-th power of the Hamiltonian may be written as

H" (k) _ |€AB(k)|n_1 n even (714)
lean(k)" " H (k) nodd

And the product v* " (k) H" (k) becomes

v (k) H™ (k)

,

a n 0 Vil " eap(k)
(=5)" lean(k)] o * = £ (k) n even
— Vi eap(k) 0
a * kval"'aa k 0
(1) leaptigt | AnRIVEean® =0k noeaa
0 eap(k) Vi e p(k)

In the new E and O matrices, the specific indices of the v (k) matrices have been omitted
because they are not relevant for this discussion. These are the building blocks of the I matrices,
S0 now we may see what happens when we trace over products of these objects. Each time we
multiply two of these objects together, we’ll get matrix entries with a number of derivatives equal

to the sum of the number of derivatives of the matrices that gave origin to it.

Odd number of £

Any product with an odd number of E produces a traceless matrix, independently of k. This
shows that for any X matrix, if the sum of the degrees of the polynomials is odd, that entry will

be zero.

Even number of E

Any product which has an even number of F matrices becomes diagonal. It is easy to see that the

diagonals are complex conjugates of each other* so the trace will be real and the transformation

3For simplicity of notation, this is to be understood as multiplied by the identity matrix [ 0 (1) } .
b

a
0 0 b
of any two matrices of the same type produces a matrix of type B, while the product of any two matrices of

4 Any product of matrices of the type A = { aO* } or B= results in one or the other. The product
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k — —k will simply introduce a minus sign for every derivative. The number of derivatives is
equal to the degree of the I' matrix. Therefore, for I' matrices of odd degree, there will be an odd
number of derivatives, which means the whole trace is anti-symmetrical in the exchange k — —k.
When summed over all the k, this yields zero.

This exhausts all the possibilities and proves that any I' of odd degree is zero in the tight-
binding graphene. This was only possible because the Hamiltonian had a very simple form and
we were able to easily find its n-th power. For more complicated Hamiltonians, this analysis is in

general not possible.

7.2 Hexagonal Boron Nitride (h-BN)

Just like graphene, h-BN consists of an hexagonal array of atoms, but this time there are Boron
atoms in sublattice A and Nitrogen atoms in sublattice B. The hoppings between nearest neigh-
bours are identical, but each site now has a different self-energy. Everything else is identical to
graphene. Same lattice vectors, same distance vectors and same unit cell area. Therefore, the
conductivity and density of states will have the exact same expressions, keeping in mind that the

Hamiltonian is different.

C el
7 ) = 2 [ def(O8(€) {ali(—e/h— )T + g (—e/n + )T + T} (115)

Tn (Hh—BN):| (716)

4 1 Tr
_ — = | deA, (e) =
Ph-BN (€) 3\/3)\/_1 ‘ (E)N{ 1+ ono

The on-site energies t44(0) and tpp(0) are no longer zero. For this model, we’ll use t44(0) =
A/2 and tgp(0) = —A/2. Due to the new terms in the Hamiltonian, we have no reason to expect
that the second-order conductivity remain zero. Replacing the area and taking into account the

spin degeneracy, eq. 6.79 becomes

aBy ; 1

w1, w -1

Uh—BN( L 2) — bit / dEf(f)An (6) {hrzﬁ’Y_F
09 3v3wiwea J-1 2

+g8 (—€/h+wa) TO0T + gl (—e/h — wy) TO07 +

1 1
+§gfi (—e/h — w1 —w2) Tl + 59% (—€/h +wy +w2) TH 4

1
—i—ﬁgﬁ (—€/h — w1 — wa) gf (—€/h — wo9) F%gﬂ +

1
+ﬁgﬁ (—€/h —w1) g (—e/h + wo) T +

1 a a (07
—l—ﬁgm(—e/h—kwl +w2) g (—e/h—i—wl)f‘n},ﬁnﬂ} (7.17)

different types produces a matrix of type A.
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Symmetry considerations [16] demand that there be only two independent components of ¢®%7
and that one of them be zero, so we only need to care about o®*. As we’ll see, this will simplify
eq. 7.17 considerably.

7.2.1 Dispersion relation and evaluation of traces

The Hamiltonian in k space may be described by

A/2 k
Hk)=| | /2 can(k) (7.18)
cap(k) —A/2
Diagonalizing, we get the dispersion relation
2 A2
ex (k) = £\/leap (k)" + - (7.19)

Note how the bands no longer meet, so there is a gap of size A. Now we’ll do an analysis of the
I" matrices similar to the one we used in graphene to see why the matrices with an odd number
of indices were zero. This time, we do not expect the second-order conductivity to be zero, but
there will be some simplifications to be had. Although this Hamiltonian is more complicated, it
too becomes diagonal after multiplying by itself. As for the case of graphene, we may use this to

find the explicit form for the n-th power of the Hamiltonian

€"(k) n even
H" (k) = (7.20)
Y (k)H (k) n odd
This simple formula allows us to calculate the product of v “¢ H™ the building blocks of the

I" matrices

v (k) H™ (k)

;

0 ar-Qa(fe
lean (k)" vap " (k) = E"(k) n even
_ W) 0
1o (e (k) —p% e () A /2
|€AB(k)|n_1 v (k) (k) vy e (k)A/ —0"(k) 1 odd
Vi T (R)A/2 vl (K)eap (k)

In order to analyze these expressions, we shall adopt a simpler notation
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0 Ak
=EI(k) neven
AV (k) 0
v Y% (B)H™ (k) =< (7.21)
Bi(k) —Cg* (k)
=O0%k) n odd
| Crk) By (k)
where we defined
Aq (k) = leap(k)[" vy (k) (7.22)
By (k) = leap(k)[" vl (k)eqp(k) (7.23)
Co(k) = lean(R)"™ o " (k)A/2 (7.24)

The upper indices of the v*1" "% operators have been neglected because they are not relevant for
now. The only thing needed is the number of indices, which is equal to the number of derivatives.

When swapping k — —k, these transform as

Ap (k) = (1) A" (k) (7.25)
By (=k) = (=1)"By" (k) (7.26)
Co(=k) = (=1)"C." (k) (7.27)

Now let’s evaluate the traces of products of F and O matrices. Omitting their arguments and

the indices pertaining to H", the traces up to three indices are

T[EY] = 0 (7.28)
Tr[0"] = 2R(B,) (7.29)
Tr[ETOM] = 23 (A.Ch) (7.30)
Tr[0"07] = 2R (B,By — C:Ch) (7.31)
Tr[ENEM] = 2R (A.AD) (7.32)
Tr[E"EME?] = 0 (7.33)
T [EMEMOP) OR (Ag Al B.) (7.34)
Tr [O" O EP] 93 (CuByA, + CyB:A,) (7.35)
Tr [0" O OP] OR (BeByBe — BoCiC, — C2BiC — CFC,BY) (7.36)
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If we swap kK — —k we get the following behaviours

Tr[E} (—k)] = 0 (7.37)

Tr[Og (=k)] = (=1)"Tr[Og (k)] (7.38)

Tr[E} (k) B (<k)] = (1) Tr[E} (k) Ef" (k) (7.39)

Tr[E (~k)OF' (—k)] = (1" Tr[E] (k) Of (K)) (7.40)

Tr [0 (—k) OF' (—k)] = (=1)*""Tr [0} (k) Of" (k)] (7.41)

Tr[Eq (—k) By (k) EC (=K)] = 0 (7.42)
Tr [E} (k) B (k) OF (—k)] = (=1)*"""Tr (B} (k) B} (k) OF (k)] (7.43)
Tr[0; (k) OF' (—k) EE (—k)] = (=1)"""T Te [E] (k) B (k) OF (k)] (7.44)
Tr[0f (—k) OF (—k) O2 (=k)] = (=1)""**Tx [0 (k) O} (k) OF (k)] (7.45)

Remember that we want to examine the second-order conductivity, which has three indices, so
a4+ b+ c = 3. When there is only one v operator, there is no b or ¢, so a = 3. For two, there is no
cso a+b= 3. We can either have ¢ = 1 and b = 2 or the other way around. For three operators,
we get a + b+ ¢ = 3. After summing over all k, only terms unchanged by k — —k remain, so

that leaves only two:

Tr [EFO)] = 25 (AlCh) (7.46)
Tr [OFOE?Y] = 23 (CyBpAc+ CyBA,) (7.47)
Replace these objects by their definitions
Tr[ErOP] = leas|" ™™ AS (55 0l ) (7.48)
Tr [OPOPEY] = |eap|™ ™ P72 A2R (v55 *ehp) S V55 *v5ys > (7.49)

To simplify these, let’s particularize to the case we’re studying, o™*. The second trace is now
zero because we're computing the imaginary part of v% zv%'5, which is real. The only survivor is

the first trace, which may have two forms:

leas" " AS (v poET) (7.50)
and
leas|" " AS (vBvER) (7.51)
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The same argument does not apply here, so we have no reason to believe this is zero. After

all of this, we conclude that all the I' matrices of one and three indices vanish. The second-order

xzm(

conductivity 0" (wq,ws) therefore simplifies tremendously for the case of h-BN.

—16i07 /1
op ey (Wi, we) = —=—— def(e)Ap (€) {gn, (—€/h 4 wa) [T 7.52
() = 2t [ def () () fy (/i + ) (752
1 1
ol (—efh = ) T35+ S0l (~e/h = wn = ) 2 + 308 e/ wn + ) T

The computations thus become much simpler because the hardest objects to calculate are gone.

7.2.2 Density of states

The dispersion relation of h-BN has a gap, which is evident in the density of states of Fig. 7.2.2.

25 T T T T T

- — Density of states |

ple)t

.
[S]
=
[S
.

Figure 7.4: KPM simulation of the density of states p (¢) of h-BN for a hopping parameter ¢t = 2.33
eV. The axes are in units of £. System size: 1024 x 1024 unit cells, number of Chebyshev
polynomials used: 1024. We use the Jackson kernel for the Dirac delta.

7.2.3 First-order conductivity

If we choose the chemical potential to lie inside the gap, we expect no divergence at w = 0, which

is exactly what we see in Fig. 7.5. To remove the peaks at low frequencies, we’d need bigger
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7.2. HEXAGONAL BORON NITRIDE (H-BN)

systems with more Chebyshev polynomials.

4 T I 1 | 1
— Realo" -KPM
3 — Imag 6™ - KPM
B Imag G - Daniel
2 - — - Real 0" - Daniel

6 (w)o,

xx

Figure 7.5: KPM simulation of the first-order conductivity in h-BN. The curves are plotted against
a reference (dashed lines). The graph is in units of the graphene universal conductivity
oo and the hopping t. System size: 2048 x 2048 unit cells, number of Chebyshev
polynomials used: 1024, chemical potential = 0, gap A = 7.8 eV, hopping t = 2.33
eV, infinitesimal I' = 0.03 eV, temperature T' = 300K . The kernels used here are the
same as the ones for the conductivity in graphene.

7.2.4 Second-order conductivity

There are two frequency arguments in the second-order conductivity. In order to represent it
in a simple graph, we're going to analyze the DC component of the second-order conductivity
o™ To see where this comes from, consider a simple sinusoidal electric field E(t) = Ey cos (wot)
along the x direction. In frequency space, FE (w) = mEy (0 (w — wp) + 6 (w + wp)). Replacing in
the expression for the second-order current,

Eg

(J¥w)) = 1 [0 (wp, w)0 (2wy — w) + [0 (—wp, wo) + 0% (wp, —wp)] d(w) +

+0" (—wo, —w0)d(2wo + w)] .
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There are three distinct contributions to the current, but here we’ll focus on the longitudinal
DC case, where w = 0 and the current has the same direction as the field: o***(—wq,wp). The

other two cases would correspond to the second harmonic generation (SHG). Calculation of the

DC component turns eq. 7.52 into:

oRh 16it (!
B i) = / Aef (€0 (6) g (~e/h-+ ) T (7.53)
2 )
| |
ol e/~ ) T3+ 08 e/ T3 + g (/) T}

This is the formula used to obtain Fig. 7.2.4. This result is compared with the conductivity
obtained by Daniel. The two curves have the same profile, although the frequency scale seems a

bit off. We weren’t able to find a satisfactory explanation for this difference, but the issue is still

being investigated.

I
04t Imag ¢ - Daniel ]
—— Real & - Daniel
— Realo " -KPM
02 — Imago  -KPM
iz} =
=
g
g Ot ——r~=
-EO 1
02H
| )
I
]
0.4 H [
'ﬁ
1 | 1 | 1 | 1 | 1 | 1
0 1 2 3 4 5 6

Figure 7.6: KPM simulation of the second-order DC conductivity in h-BN. The curves are plotted
against a reference (dashed lines). System size: 4096 x 4096 unit cells, number of

Chebyshev polynomials used: 1024, chemical potential p = 0, gap A = 7.8 eV,
hopping t = 2.33 eV, infinitesimal I' = 0.03 eV, temperature T = 300K . The kernels

used here are the same as the ones for the conductivity in graphene.
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7.3 Conclusion

Along this work, we have developed the tools necessary to deal with the Keldysh formalism.
Along the way, we used Kubo’s formula to study the first-order response, using it to compare our
expressions with various others across the literature. Through the Keldysh formalism, we were
able to find a general expression for the n-th order Green’s function. Expanding the current in
the various orders in the external field, we expressed these quantities in terms of said Green’s
functions. This is useful because the Kernel Polynomial Method (KPM) precisely allows us to
calculate the Green’s function numerically. With these tools, we obtained the density of states
and first-order conductivity for graphene and hexagonal Boron Nitride (h-BN). The second-order
conductivity was obtained for h-BN. The agreement was good but not perfect, so it requires further
investigation, but serves as a proof-of-concept for the method developed in this work. Even higher-
order conductivites, although possible to calculate, prove to be a formidable computational task,

so we had to limit ourselves to the second order.
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8 Appendix

8.1 Conventions

To make sure we're all on the same page, this section deals with some conventions.

8.1.1 Continuous Fourier Transform

Define the forward and inverse Fourier transforms as follows:

0 = [ St

oo 2T

ﬂm::/mﬁW%w

—00

These definitions are used to give meaning to the Fourier transform of the complex exponential

/OO dte™ = 216 (w) (8.1)

8.1.2 Discrete Fourier Transform

A similar convention is followed when dealing with the discrete analogue

FR) = f (k)T (52)
k

flk)=> f(R)e™E (8.3)
R

Where N is the number of k (or R) states and may be thought as the volume. These are

consistent with the sum rules for real and reciprocal spaces:

> B = Noro (8.4)
R

> "B = Néggo (8.5)
k
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8.2 Fourier transform of two complex exponentials

The integral we want to evaluate is

/ dt/ dt/ 7 w-&-wmg )t —’L(UJ _H'upss )t/ (86)

At first glance, we see that this does not converge. This can be overcome by introducing a
convergence factor each time we integrate a variable. For example, if we want to integrate t', we

introduce e~ "'l and take the limit € — 0T in the end:

lim dt / dt @ Hpss St U W eV —elt| (8.7)

e—0t

Although doable, this is a very cumbersome approach. It may be avoided if we are able to
complete the integral in ' so it spans across the whole real line. This way, we may interpret the
integral as a simple Fourier transform of the identity. Introducing the integral representation of

the Heaviside function ©(t) = [ ‘é“;;, j:t; allows us to do exactly that.

! zw (t—t") )
/ dt/ dt'e (wtwy,gsr ) —i(w' w0 )t / dt/ dt’ / ez(w+wpssl)te—z(w’+wpssx)t’
2mi W' — e

(8.8)

The time integrations are now trivial and yield Dirac deltas.

R zw’(t ') )
/ dt / dt / e (w+wp.ss’)te_l(w,-"_wpss’)t/
21w’ — ie

dw//
= / 5 w” - — 270 (w + W’ + Wy )2m (W 4+ W+ wyse)

Finally, performing the integration in w” returns

[o%e] t .
/ dt / e i e 2T — W) (8.9)

W+ wpsst + 1€
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8.3 Calculation of the commutator ([c](t)cy(t), cf(t')ca(t')]),

As the title suggests, the objective here is to calculate the commutator < [cg(t)cb(t), cl(t/)cd(t’)} >0.

The time labels are removed for ease of notation, since they can be inferred from the operators’

labels. The first step is to write out the commutator explicitly

<[cgcb, clcd} >0 = <c£cbclcd - clcdc};cb>0 (8.10)

Now we're going to take each of the terms and anti-commute the inner-most two operators of

each

<[c£cb,clcd} >0 = <ch1 ({cb, ci} — cicb> Cd — cl ({cd, cjl} — cjlcd> cb>0 (8.11)

Doing this has the advantage of removing all terms with four operators, since those cancel.

Simplifying and collecting terms, we arrive at

<{clcb,c];cd} >0 = {cb7 cl} <clcd>0 — {cd7 CL} <cicb>0 (8.12)

The explicit time-dependence may now be reestablished:

([dhe), drca)]) = {ea®. @)} (cttet)) = {eat),ck®)} (d)es®))  (813)
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8.4 Calculation of the Green’s functions from the Keldysh

formalism

These functions will be used copiously throughout the text so it is useful to determine their full
expression in both real and frequency spaces, as well as written in terms of quantum mechanical

operators.

8.4.1 Expressions in real and frequency spaces

They are the lesser, greater, retarded and advanced Green’s functions and they originate from
averaging the product of a creation and a destruction operators over a non-interacting time-
independent Hamiltonian. This means that their evolution in the eigen basis of the Hamiltonian

is trivial.

calts) = cpeiontr/h (8.14)
ch(ta) = cfemt/h (8.15)

Using this fact, the time dependency of the average becomes easy to calculate.

<cjn(t2)cn(t1)>0 = <cincn>067i€"t1/hei6mt2/h (8.16)
<cn(t1>cin<tz)> = <cncin> e ientt/Retemtz/h (8.17)
0 0
Next, Wick’s theorem for finite temperatures (2.142 and 2.143) tells us how to calculate these
averages
(chen), = —dumf(en) (8.18)
(ench) = um (1= flen)] (5.19)

Putting all this together, we are able to find the expressions for the lesser and greater Green’s

functions in the energy basis, whose definition is given in eq. 4.21:

igrm (t1,t2) = — <Cin<t2>cn<t1>>0 = —Opm f(en)e’m2=1)/R (8:20)

igom(trt2) = (en(t1)ehy(t2)) = G [1 = flen)] elmCz=)/n (8:21)
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The retarded and advanced Green’s functions are calculated based on these two, using defini-
tions 4.23 and 4.24:

igh (ti,t) = iO(t1 — ta) [grm(t1,t2) — g (t1,t2)] = O(t1 — t2)Spmeemt2=0)/R (8.22)

igen(tits) = —iO(ta — t1) (g (t1,t2) — g (t1,t2)] = —O(ta — t1)Fnme’ (271/7(8.23)

The most important feature about this is that all these functions are diagonal in the energy

basis. Therefore, they actually depend only on the difference of times.

ignm(t1,t2) = ignn(ti — t2) (8.24)
iGpm (t1,t2) = igay(t — ta) (8.25)
igha(t,t) = igh, (t1 — t2) (8.26)
ignm(t1:t2) = ign,(ti —t2) (8.27)

We can exploit that fact to obtain their Fourier transform. The lesser and greater Green’s

functions are essentially Dirac deltas

igym (W) = /OO dtigr, ()€™ = —0nm f(en) (27) 6(w — €,/ R) (8.28)
i (w / dtig>, ()€ = Gom [1— Flen)] (27) 6(w — n /) (8.29)

whilst the retarded and advanced Green’s functions can be evaluated if we use the integral repre-

sentation of the Heaviside function

igh (W) = / dtigh (£)e™t = 6,m / dte™tO(t)e temt/n (8.30)
00 ) o d! ef'iw’t ) —is
= Sum dt iwt hatadl —iemt/h _ nm
/_oo ¢ /_OO il + 0T W — em/h+ 0T

The derivation for the advanced Green’s function is almost identical and yields

00 ' _is
g0 (w) = [ dtig?, ()™ = Lnm 8.31
Zgnm(w) / Zgnm( )6 W — Gm/h — 0+ ( )

— 00
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In summary, these functions have the following form when expressed in terms of time:

ig;m(tlu t2) = _5nmf(€n)eiem(t2it1)/h (832)
igmm(t,t2) = G [1— f(en)] efom(tzmt/R (8.33)
Z‘gfm(tlﬂ tg) = G(tl - t2)5nmei€m(t27tl)/h (834)
Zg?%m(“a tQ) = _@(tQ - tl)(snmeiem(bitl)/h (835)
And in frequency space:

igym(W) = —Onmf(en) (27) 6(w — € /) (8.36)
Gom (W) = Onm [1 = f(€a)] (27) 0(w — €m /) (8.37)
. R _ —i0nm

Zgnm(w) - W — Gm/h 4 i0+ (838)
- a _i(snm

ihm(W) = — T (8.39)

8.4.2 Expressing in terms of operators

All these expressions have been obtained by working in the energy basis. Now it’s relatively easy
to express them in terms of operators, namely the Hamiltonian. All we need to to is replace every

instance of an energy eigenvalue by the matrix element of the Hamiltonian. Starting with the

retarded Green’s function, define ¢%(w) = ﬁ. It is easy to check that its matrix elements
give precisely our definition of g
i) =~ ] ) = {n]ig () ) (8.40)
nm W — €y + 10T w—H + 0t

the advanced Green’s function becomes

Likewise, defining ¢g*(w) = ﬁ,

igpm(w) = (n|ig*(w) [m) (8.41)

To do the same with the lesser Green’s function, note that f(e,) = [*_def(€)d(e — €,), which
places all the dependency in ¢, inside one single Dirac delta. This delta is then promoted to a

matrix element of §(e — H)

o0

igen (W) = —6umflen) (2m) 8(w — €y /h) = —2775nm/ def(€)d(w —€/h)d(e — €,)

—0o0

~ _on / " def()5(w — ¢/h) (n] 8(e — H) |m)

— 00
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The greater Green’s function is done in precisely the same way and gives

i) =2 [ de[1 = J(0] 80— /) (nl e — 1) m). (5.42)
Tn summary:

igin@) = 2n [ def(©0 — e/t) nl (e~ H) m) (5.43)

iginle) = 2m [ de[t= )8~ e/h) (n]8(c — H) Im)

igh (@) = (nligh(w) m)

ign(@) = (nlig"(w) Im)
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POLYNOMIALS

8.5 Expansion of Green’s functions in terms of Chebychev
polynomials

Consider the Green’s function with a finite A > 0 that accounts for dispersion. o = —1 gives the

advanced and o = 1 the retarded Green’s function.
A -1 i(e—h-+ioA)t
7 h) = = 01 dten\e—nTe 8.44
97 (e h) e—h+iocA m/o c (8.44)

This is a two-variable function and we want to achieve a separation between e¢ and h in the

polynomial expansion, so let us look for an expression of the form

- Tn(h)
o, _ o, n
DRI (5.49

The function gfl”\(e) may be found by applying the orthogonality relations

o[ e =3 O [ =0 a0
amv1i—Rr2 " g ’ _n:01+5n0 /iR " = .

Now we express the Green’s function in its integral form, which enables us to calculate gg’A(e)

explicitly

L dn o ,
o, _ . oi(e—h+ioA)t
€) = 2 ——T,(h)ot dte
9n" (€) /mﬁ_hg (h) /0

00 1
- 9 dteoz(e+zcr)\)t/ — = T,k 6—crzht
/0 _17V1— h? (h)

The first step is thus to calculate the second integral, which resembles the application of the

orthogonality relations to the imaginary exponential.
8.5.1 Second integral

/ 1 B — (h)e~oiht (8.47)

_1 V1 — h? " .

A change of variables h = cos(#) helps shed some light into what this integral really is

1 dh . T do )
— T, (h)e 7" = == cos(nf)eoicosO) 8.48
| =) [ cos(ut) (8.43)
Using the fact that
/ do COS(TLQ)G_M cos(0)t — / deei(nG'—at cos(0)) (84:9)
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the previous integral may be identified as

(h)efaiht _ 1 / deei(nefot cos(6)) (850)

T om

/1 dh T
_17T\/1—h2n

This is starting to look like the definition of a Bessel function, but it’s still not quite there. A

—T

series of changes of variables should make it clearer. Using the change ¢ = m/2 — 6 we arrive at

an integral with some odd limits

T ) T ) o 3m/2 ) . )
/ dgez(nQ—Jtcos(G)) _ / deez(nto'tsm(ng)) :/ d¢ez(n(§7¢>)70'tsm(¢)) (851)

- —7 —7/2
Note that since n is an integer, the integrand has period 27 and is being integrated over a whole

period. This means we can shift the integration limits as long as they span a period. With that

in mind, the previous integral becomes

/ﬂ deei(ntatcos(Q)) _ /ﬂ- d¢ei(n(g—¢)—atsin(¢)) (8.52)

—T —Tr
For integer n, the factor that does not depend on ¢ may be brought outside the exponential to

yield ™

/ﬂ— deei(nG—Ut cos(9)) _ /7r d¢ei(n¢+at sin(¢))in. (853)

-7 -7

Finally, doing the change of variables § = o¢ we can identify this as the integral definition of

a Bessel function

dge'(norotsin@)) — [ qet(mno0=tsin®) — ox J_ (1) = 21 (—0)" Ju(t) (8.54)

-7 -7

Tracing back our steps, we find that

/1 &T (h)e=otht = (—ai)" T, (1) (8.55)
IR " " |

All that remains is

gMe) = —2(—ci)"t! / dte”(HNLT (1) (8.56)
0

This is basically the Laplace transform of the Bessel function. Let z = —cgi(e +ioc)) = A\ — oie.

Therefore what we must calculate now is

/ e, (1) (8.57)

0
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8.5.2 Laplace transform of the Bessel function

This is a tricky calculation, but it can be done using integration in the complex plane. First,
express the Bessel function in its integral form. Then, the integral in ¢ may be easily performed,

leaving an integration in the angle 6

- T4 o T dh 1
/ dte_ZtJn(t) _ / 6m9/ dte—(zsm(@)-l—z)t _ / 76m9 __ (858)
0 _x 27 0 _+ 27 isin(f) + =

This is valid assuming that R(z) > 0, which is always true because A > 0. Now we resort to
the Residue Theorem to compute this integral. Performing the change of variables w = €%, the

integral runs along the unit circle in the complex plane.

oo 1 d 1 1 "
0 ™ w iw%“ 4, ™ w* + 2zw —

This integrand has poles at w™ = —z 4+ V22 + 1. R(z) > 0 also guarantees’ that the only the
root that lies inside the unit circle is wt = —z + V22 + 1. If we use the principal branch of the
square root, we need not worry about the branch cut, since z is assumed to have a positive real

part. Applying the Residue Theorem, we arrive at

1 w QWiRes w” + 21
_ w— e _— —_— W = —2Z z
i w2+ 22w —1 v w24+ 2zw—1’
—wt)ywn +1
A N C Al LA S
w—wt (W —w™) (w—wT) wt —w™

Using wt —w™ = 2v22 + 1 and *@10(2) — /T 4 22 — 2, we are able to finish the evaluation
of the integral

0 ent arcsin(iz)
/ dte* J(t) = S (8.60)
0 22 +1

This expression is valid in the right half of the Argand plane, excluding the imaginary axis.

'Pirst of all, note that w™w™ = —1. Therefore, |w+} and }w’| are inverses of one another. That is, if one is
inside the complex unit circle, the other is necessarily outside. We only need to guarantee that if one of those
roots is inside the unit circle, as we change z, it stays inside. This may be proved by finding all the solutions
that lie precisely in the unit circle and guaranteeing that these are never reached. For that purpose, let’s find
all w = e* with @ real such that w? + 22w — 1 = 0. The solution to that is z = —isin (). This tells us that
if the roots lie in the unit circle, then z must lie in the interval [—1, 1] in the imaginary axis. Furthermore, we
know that the roots (w™,w™) of a complex polynomial are continuous functions of its coefficients[17]. So, by
continuity, if a root crosses the unit circle that’s because z must have crossed the imaginary [—1, 1] interval. But
since R(z) > 0, this will never happen. Finally, checking that, for example for z = 1/2, w* = (\/3 -1)/2<1
is enough to say that this root will always stay inside the unit circle and w™ will never be inside.
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8.5.3 Green’s function

Going back to eq. 8.56, we finally have all the ingredients to say

et arcsin(oe+i\)

9o (€) = =2(—oi)™*! (8.61)

1— (oe+i))?

In some practical calculations, we are not interested in this result for a general \. Instead, we
use the limit A — 0. Since we’ll be assuming —1 < € < 1, the imaginary factor does nothing in
these functions, since we never hit the branch cuts. We may therefore ignore it and consider the
functions as if they were real functions of real variables. This simplifies the previous expression

to

ni arcsin(oe)

o (¢) = —2(—ai)1E 8.62
470 = 2oy (5.2
Using the identity Z — arccos(z) = arcsin(z), we are able to get rid of some of the (oi)" ™!

lurking outside the exponential.

e—nio arccos(€)

= (8.63)

9 (€) = 201
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