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This paper concerns the mathematical modeling and finite element (FE) solution of
general anisotropic shells with hybrid active-passive damping treatments. A fully-coupled
piezo-visco-elastic mathematical model of the shell (host structure) and segmented arbi-
trarily stacked layers of damping treatments is considered. A discrete layer approach is
employed in this work, and the weak form of the governing equations is derived for a
single generic layer of the multilayer shell using Hamilton’s principle and a mixed (dis-
placement /stresses) definition of the displacement field. First, a fully refined deformation
theory of the generic layer, based on postulated out-of-plane shear stress definitions and
in the in-plane stresses obtained with a Reissner-Mindlin type shell theory, is outlined.
A semi-inverse procedure is used to derive the layer mixed non-linear displacement field,
in terms of a blend of the generalized displacements of the Love-Kirchhoff and Reissner-
Mindlin theories and of the stress components at the generic layer interfaces. No assump-
tions regarding the thinness of the shell are considered. Regarding the definition of the
electric potential, the direct piezoelectric effects are condensed into the model through
effective stiffness and strains definitions, and the converse counterpart is considered by
the action of prescribed electric potential differences in each piezoelectric layer. Then, the
weak forms of a partially refined theory, where only the zero-order term of the non-linear
fully refined transverse displacement is retained, are derived for an orthotropic doubly-
curved piezo-elastic generic shell layer. Based on the weak forms a FE solution is initially
developed for the single layer. The degrees of freedom (DoF's) of the resultant four-noded
generic piezo-elastic single layer FE are then ”regenerated” into an equivalent eight-node
3-D formulation in order to allow through-the-thickness assemblage of displacements and
stresses, yielding a partially refined multilayer FE assuring displacement and shear stress
interlayer continuity and homogeneous shear stress conditions at the outer surfaces. The
shear stresses DoFs are dynamically condensed and the FE is reduced to a displacement-
based form. The viscoelastic damping behavior is considered at the global FE model level
by means of a Laplace transformed ADF model. The active control of vibration is shortly
discussed and a set of indices to quantify the damping performance and the individual
contributions of the different mechanisms are proposed.

I. Introduction

HE 21st century has emerged with a "new” challenge for science. Unified multiphysics coupled formu-

lations moving towards the precise modeling of real physical problem pushes the underlying complexity
to higher levels. It involves the efforts of specialists of different areas contributing in a unified way to find a
solution to those ”complex” coupled problems. In parallel with that demanding refinement of the models,
the processing capabilities of modern computers has also increased. An example of that multidisciplinarity
can be found in the modeling of general plane or curved structures with hybrid active-passive damping
treatments which are applied to control structural vibrations and/or noise radiation from structures.
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In order to efficiently model these treatments, the piezo-visco-elastic couplings between an elastic host
structure (e.g., shell) and viscoelastic and piezoelectric damping layers must be accurately considered. It
is well known that modeling pure mechanical laminated shell structures is already a very complicated sub-
ject involving a lot of thinking concerning kinematic assumptions, displacement-strain-stress relationships,
different variational principles, constitutive relations, consistency of the resultant governing equations, etc.,
with the extra complication of having the problem formulated in curvilinear coordinates. In addition, the
viscoelastic and piezoelectric layers behaviors are also incorporated in the model increasing its complexity.
That involves viscoelastic damping modeling issues in the one hand, utilized to describe the damping be-
havior of the viscoelastic counterpart of the structural system, and electro-mechanical coupling modeling
assumptions for the piezoelectric layers counterpart in the other hand.

The finite element (FE) method is usually the preferable way of obtaining solutions for structures with
more complicated geometries, boundary conditions and applied loads types. ”Perfect” FEs of general shell
structures without any numerical pathologies are still an issue to be solved by the scientific community and
a challenge to deal with. However, models have been developed to simulate the structure and damping
treatments and to assess their performance. The ultimate aim of this simulation is to define the optimal
configuration (e.g., thickness, locations, number and type of sensors and actuators, control law, etc.) and put
them in practice, making them work in order to solve some of the problems involving noise and vibration issues
that our society nowadays has to deal with. Hence, one should also be familiarized with control theory aspects
both for simulation or real-time implementation. These reasons attest the interesting multidisciplinarity and
attracting challenge of modeling this type of coupled physical system, already reasonably studied over the last
two decades, however with many aspects that still need to be solved. Further refinement of the models, fully
coupling the physical ingredients, and coming up with some new approaches should be the main tendencies.
There is still much work to be done and this research issue is far from being fully understood.

The derivation of shell theories has been one of the most prominent challenges in solid mechanics for
many years. The idea is to develop appropriate models that can accurately simulate the effects of shear
deformations and transverse normal strains in laminated shells with good trade-off between accuracy and
complexity, which is a big mathematical difficulty. Physical 3-D shells are usually modeled recurring to
approximated mathematical 2-D models. They are obtained by imposing some chosen kinematic and me-
chanical assumptions to the 3-D continuum, e.g., by explicitly assuming a through-the-thickness axiomatic
displacement field definition and assuming a plane-stress state. When compared to 3-D solid FEs, 2-D shell
FEs allow a significant reduction of the computational cost without losing much accuracy. However, to
make matters worse, this sort of approximations lead to so-called locking effects (e.g., shear and membrane
locking), which produces an overstiffening of the FE model which in turn produces erroneous results. Fur-
thermore, for shell-type structures, with a more complex shear-membrane-bending coupling behavior, the
locking effects are not yet fully understood yet, making these numerical pathologies difficult to remedy. Fully
modeling the viscoelastic damping behavior is another important difficulty since their constitutive behavior
is temperature and frequency dependent. Usually, for simplicity, only the frequency dependent material
properties are considered and isothermal conditions are assumed.

When modeling this kind of structural system, various things have to be taken into account: the advances
and alternative formulations of representative mathematical models of the physical behavior of shells with
damping treatments; the developments (e.g., improved alternative configurations, control approaches, etc.)
that the damping treatments suffered in the last decades; the developments and alternative approaches to
viscoelastic damping modeling; considerations concerning the electro-mechanical coupling of piezoelectric
layers; and the implementation and development of simple and reliable, locking-free, easily implemented
FE solution methods. Over the years many authors have developed models for this type of problem. It’s
very difficult to comprehensively review their contributions because the multidisciplinarity of the subject
makes the literature vast and the technical developments and improvements to appear dispersed in technical
journals of different areas. However, the major disciplines, considered relevant for this work, are shortly
reviewed here, namely: (1) elastic deformation theories, (2) piezoelectric materials and electro-mechanical
coupling assumptions, (3) viscoelastic damping, (4) coupled piezo-visco-elastic FE formulations and (5)
control strategies. This will allow to introduce the subject of this paper and to justify the options and
assumptions taken for developing the model. Furthermore, it will allow to identify the aspects of the work
that are new and significant in a more founded way.

In the development of structural mathematical models, different theories have been considered to ax-
iomatically define the kinematics of laminated structural systems, where the planar dimensions are one to

2 of 51

American Institute of Aeronautics and Astronautics



two orders of magnitude larger than their thickness (e.g., beams, plates or shells). Usually, these structural
systems are formed by stacking layers of different isotropic or orthotropic composite materials with arbitrary
fiber orientation or then, in this specific case, by arbitrary stacking sequences of active piezoelectric or passive
viscoelastic damping layers.

These theories, following Kraus,! were originally developed for single layer "monocoque” thin structures
made of traditional isotropic materials. Generally speaking, they can be grouped into two classes of alternate
theories: one in which all of the Love’s original assumptions? are preserved, and other, following higher-order
linear theories in which one or another of Love’s assumptions are suspended. Many additional theories of
thin and thick elastic shells have been proposed and the chronicle of these efforts are presented for example
in Refs. 3 and 4.

Two different approaches are often used. The first one, the so-called Equivalent Single Layer (ESL)
theories, where the number of independent generalized variables doesn’t depend of the number of layers,
are derived from 3-D elasticity by making suitable assumptions concerning the kinematics of deformation
or the stress state through the thickness of the laminate, allowing the reduction of a 3-D problem to a 2-D
one. The second one, the so-called Layerwise Theories (LWT), where the number of generalized variables
depends on the number of physical (or nonphysical) layers, rely on the basis that the kinematic assumptions
are established for each individual layer, which might be modeled (or not) as a 3-D solid. The problem is
then reduced to a 2-D problem, however, retaining the 3-D intralaminar and interlaminar effects.

As reported by Yang et al.,’ plate and shell structures made of laminated composite materials have
often been modeled as an ESL using the classical laminate theory (CLT) (see for example the textbook
of Reddy®), in which the out-of-plane stress components are ignored. The CLT is a direct extension of
the well-known Kirchhoff-Love kinematic hypothesis, i.e., plane sections before deformation remain plane
and normal to the mid-plane after deformation and that normals to the middle surface suffer no extension
(Kirchhoff contribution) and others (cf. Ref.4), however applied to laminate composite structures. This
theory is adequate when the ratio of the thickness to length (or other similar dimension) is small, the dynamic
excitations are within the low-frequency range and the material anisotropy is not severe. The application
of such theories to layered anisotropic composite shells could lead to 30% or more errors in deflections,
stresses and frequencies.’ In order to overcome the deficiencies in the CLT, new refined laminate theories
have been proposed relaxing some of the Love’s postulates according to Koiter’s recommendations,” where
it is stated that ”... a refinement of Love’s approximation theory is indeed meaningless, in general, unless
the effects of transverse shear and normal stresses are taken into account at the same time.” However, as
stated by Carrera,® for 2-D modelings of multilayered structures (such as laminated constructions, sandwich
panels, layered structures used as thermal protection, intelligent structural systems embedding piezoelectric
and/or viscoelastic layers) require amendments to Koiter’s recommendation. Among these, the inclusion
of continuity of displacements, zig-zag effects, and of transverse shear and normal stresses interlaminar
continuity at the interface between two adjacent layers, are some of the amendments necessary. The role
played by zig-zag effects and interlaminar continuity has been confirmed by many 3-D analysis of layered
plates and shells.” '® These amendments become more significant when complicating effects such as high
in-plane and/or out-of-plane transverse anisotropy are present. Hence, as referred by Carrera,® Koiter’s
recommendation concerning isotropic shells could be re-written for the case of multilayered shells as ”...
a refinement of ... unless the effects of interlaminar continuous transverse shear and normal stresses are
taken into account at the same time.” This enforces the need of also assuring interlaminar continuity of the
out-of-plane stresses (C? requirementsi®).

A refinement of the CLT, in which the transverse shear stresses are taken into account, was achieved
with the extension to laminates of the so-called Reissner-Mindlin theory, or First-order transverse Shear
Deformation Theory (FSDT). It provides improved global response estimates for deflections, vibration fre-
quencies and buckling loads of moderately thick composites when compared to the CLT (see Ref. 6). Both
approaches (CLT and FSDT) consider all layers as one anisotropic ESL and, as a consequence, they cannot
model the warping effect of cross-sections. Furthermore, the assumption of a non-deformable normal results
in incompatible shearing stresses between adjacent layers. The latter approach, because it assumes constant
transverse shear stress, also requires the introduction of an arbitrary shear correction factor which depends
on the lamination parameters for obtaining accurate results. Such a theory is adequate to predict only the
gross behavior of laminates. Higher-Order Theories (HOTS), overcoming some of these limitations, were
presented for example by Reddy!” '® for laminated plates and shells. However, because of the material mis-
match at the intersection of the layers, the HOT also lead to transverse shear and normal stress mismatch at
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the intersection. In conclusion, ESL theories are found to be inadequate for detailed, accurate, local stress
analysis of laminated structures.

If detailed response of individual layers is required, as is the case for piezoelectric layers, and if significant
variations in displacements gradients between layers exist, as is the case of local phenomena usually in
viscoelastic layers, LWT (discrete layer) become more suitable to model the intralaminar and interlaminar
effects and the warping of the cross section. The LWT corresponds to the implementation of CLT, FSDT
or HOT at a layer level. That is, each layer is seen as an individual plate or shell and compatibility
(continuity) of displacement (and eventually out-of-plane stress) components with correspondence to each
interface is imposed as a constraint. As can be seen in Refs. 19 and 20, high-order displacement-based or
mixed LWT have been successfully used to accurately model the behavior of laminates taking into account
the interlaminar and intralaminar effects.

Another alternative, with a reduced computational effort, in the framework of ESL theories, is the use of
the so-called Zig-Zag Theories (ZZTs), which have their origins and most significant contributions coming
from the Russian school. Refined ZZT have therefore been motivated to fulfill a priori (in a complete or
partial form) the C? requirements. The fundamental ideas in developing ZZT consists to assume a certain
displacement and/or stress model in each layer and then to use compatibility and equilibrium conditions at
the interface to reduce the number of the unknown variables and keep the number of variables independent
of the number of layers.

As stated by Carrera,?' the first contribution to the ZZT was supposedly given by Lekhnitskii in the
1930s (see the brief treatment concerning a layered beam in the English translation of his book [22, Section
18]). Apart from the method proposed by Lekhnitskii, which was almost ignored, two other independent
contributions, which received much more attention from the scientific community, have been proposed in the
literature in the second half of last century. The first of these was originally given by Ambartsumian in the
1950s, motivated by the attempt to refine the CLT to include partially or completely the C? requirements, and
was applied to anisotropic single and multilayer plates and shells (see his textbooks??24). Several variations
have been presented which consisted in direct or particular applications of the original Ambartsumian’s
idea. Whitney [25, Chapter 7] introduced the theory in the Western community and applied it to non-
symmetrical plates whereas the extension to multilayer shells and dynamic problems was made by Rath
and Das.?8 However, several unuseful works concerning particular applications of Ambartsumian’s original
theory were developed presenting progressive refinements towards the original idea. It was only in the 1990s
that the original theory was re-obtained as can be found, among others, in the works of Cho and Parmerter,?”
Beakou and Touratier?® and Soldatos and Timarci.?? Regarding the second independent contribution, it was
given by Reissner in 1980s,%? who proposed a mixed variational theorem that allows both displacements and
stress assumptions to be made. Significant contributions to the theory proposed by Reissner were made by
Murakami?! that introduced a zig-zag form of displacement field and Carrera3? that presented a systematic
generalized manner of using the Reissner mixed variational principle to develop FE applications of ESL
theories and LWT of plates and shells. For further details, an historical review of ZZT was performed by
Carrera.?!>33 A discussion on the theories and FE for multilayered structures, with numerical assessment
and a benchmarks for plate and shell structures can be found in the literature.?33°

When modeling piezoelectric sensors and actuators, different electrical assumptions can be taken into
account in the theoretical model when considering the electro-mechanical (or piezo-elastic) coupling. These
assumptions regard mainly the use (or not) of electric degrees of freedom (DoF's) and the approximations of
the in-plane and out-of-plane components of the electric displacement vector and/or through-the-thickness
variation of the electric potential. Therefore, they might lead to decoupled, partial and fully coupled electro-
mechanical theories, which in turn can lead to different modifications of the structure’s stiffness and different
approximations of the physics of the system. Those electro-mechanical coupling theories can be considered
by the use of effective stiffness parameters (ESP), defined according to the electric boundary condition
considered, as shown in Refs. 40-42 for a smart piezoelectric beam and plate. This ESP formulation, however,
can also be extended to other types of structures such as shells. Interesting textbooks concerning the
piezoelectric modeling of beams, plates and shells can be found in Refs. 43-45.

In the last decade the technology associated with a more refined design and adequate implementation of
viscoelastic-based damping treatments has achieved a relative maturity and is frequently applied in practice
by the scientific community and its industrial partners. Active Constrained Layer Damping (ACLD) treat-
ments have revealed from the early 1990s to be an effective means of vibration suppression.*® In an attempt
to improve performance, different configurations of the active (piezoelectric) and passive (viscoelastic) con-
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straining layers have been used since then. These treatments are called arbitrary ACLD treatments or hybrid
active-passive damping treatments. The ACLD treatments combine the high passive capacity of viscoelastic
materials to dissipate vibratory energy at high frequencies with the active capacity of piezoelectric materials
at low frequencies. Therefore, in the same damping treatment, a broader band control is achieved benefiting
from the advantages of both passive (simplicity, stability, fail-safe, low-cost) and active (adaptability, high-
performance) systems. In order to adequately design these viscoelastic damping treatments the viscoelastic
material properties need to be accurately measured and considered for the underlying mathematical models.
The temperature and frequency dependent material properties of the viscoelastic materials complicate the
mathematical model and make the solution of the problem more difficult to obtain. Usually, isothermal
conditions are assumed and only the frequency dependent constitutive behavior is taken into account. The
simplest way of modeling these materials is achieved by a Complez Modulus Approach (CMA) where the
material properties are defined for each discrete frequency value.*”4® The CMA is also associated with the
so-called Modal Strain Energy (MSE) method*® where the loss factors of each individual mode are deter-
mined from the ratios between the dissipated modal strain energy of the viscoelastic counterpart and the
storage modal strain energy of the global structural system. The MSE method is known to lead to poor
viscoelastic damping estimation of highly damped structural systems. Furthermore, the CMA is a frequency
domain method that is limited to steady state vibrations and single-frequency harmonic excitations. Thus,
to account for the frequency dependent material properties, iterative versions of the MSE have been used
successfully for moderate damping values.’® Time domain models, relying on internal variables (see John-
son®!), such as the Golla-Hughes-McTavish (GHM)>%53 and Anelastic Displacement Fields (ADF),%%%% or
others,%6:57 utilizing additional dissipation variables, have been successfully utilized and yield good damping
estimates. Alternatively, the use of Fractional Calculus (FC)%%%9 models, based upon the use of fractional
derivatives, has the drawback of generating a "non-standard” FE formulation, with a more complex charac-
teristic solution procedure, but yielding also good damping estimates. Other relevant contribution for the
viscoelastic damping modeling is given by Adhikari’s work in Ref. 60 and his references therein. Regarding
the temperature effects, studies taking into account the temperature dependence of the properties and the
self-heating of viscoelastic materials have been performed by Lesieutre and his co-workers in Refs. 61 and
62 which extended the ADF model for these cases leading, however, to nonlinear differential equations. The
effects of the operating temperature on hybrid damping treatments performance and viscoelastic damping
efficiency were analyzed, for example, in Refs. 63—-67.

Time domain models represent better alternatives to CMA-based models allowing the reduction of the
computational burden and the study of the transient response in a more straightforward manner, even for
highly damped structural systems. Among the time domain models, internal variables models are more
interesting from the computational point of view and easiness of implementation into FE codes. Thus, the
GHM and ADF models are alternative methods, used to model the damping behavior of viscoelastic materials
in FE analysis, which yield a standard FE formulation (however with the addition of some "non-physical”
dissipative variables). In order to use them, one needs the GHM and ADF characteristic parameters which
allow characterizing the complex (frequency dependent) constitutive behavior of the viscoelastic material
being used. To do that, experimental procedures to measure the isotropic constitutive behavior (usually
the shear modulus) and numerical identification procedures of the measured data need to be developed (see
Vasques et al.®®).

When designing hybrid active-passive treatments (see the review articles in Ref. 69 and 70) it is important
to know the configuration of the structure and treatment that gives optimal damping. For simulation the
designer needs a model of the system in order to define the optimal locations, thicknesses, configurations, con-
trol law, etc. Thus, there are numerous options at the design stage. Modeling this kind of structural systems
usually requires a coupled piezo-visco-elastic structural FE model, comprising the piezoelectric, viscoelastic
and elastic layers constitutive behaviors. Surveys on the advances in FE modeling of piezoelectric adaptive
structures with or without hybrid active-passive damping treatments are presented by Benjeddou.”>72 A
review and assessments of hybrid treatments on beams is also performed by Trindade.”

In the last decades the advances in digital signal processing and sensors and actuators technology have
prompted interest in active control and a considerable effort has been put in the development and im-
plementation of Active Noise Control (ANC) and Active Vibration Control (AVC) theories (see related
textbooks”™ ). These might be divided into two fundamental classes, namely, feedback and feedforward
control algorithms. The former control strategy has been shown to be most suitable in applications where
the structure is under impulsive or stochastic unknown disturbances and the latter to the case where deter-
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ministic or correlated information about the disturbance is known. Variations of the two general methods
exist, each with advantages, disadvantages and limitations. A review paper concerning active structural
vibration control strategies is presented by Alkhatib and Golnaraghi.®?

In the open literature several studies concerning different control of vibration strategies (e.g., feedforward
wave suppression, proportional and velocity feedback, optimal control) with different types of actuation (e.g.,
point forces, pair of moments, piezoelectric patch actuation) in different structural systems with piezoelec-
tric actuators or hybrid active-passive treatments can be found in Refs. 83-86. Comparisons of different
classical and/or optimal feedback control strategies were performed, for example, by Gandhi and Munsky®”
and Vasques and Rodrigues.®® While feedback control has been vastly applied in the vibration control
of structures with arbitrary ACLD (hybrid active-passive) damping treatments, only a few works utilizing
feedforward theory can be found in the open literature.89°! The most typical application of feedforward
control presented in textbooks concerns the noise attenuation in ducts and applications concerning vibration
reduction are mainly devoted to Active Structural Acoustic Control (ASAC). Furthermore, hybrid (com-
bined feedback/feedforward) control strategies were successfully used in the past for noise and vibration
suppression (see for example Refs. 92-95). However, only one study concerning hybrid control with ACLD
treatments applied to a beam was performed by Vasques and Rodrigues.”®

This paper concerns the mathematical modeling and FE solution of general anisotropic shells with hybrid
active-passive damping treatments. A fully-coupled piezo-visco-elastic mathematical model of the shell (host
structure) and segmented arbitrarily stacked layers of damping treatments is considered in the framework
of a discrete layer approach. Thus, the weak form of the governing equations is derived for a single generic
layer of the multilayer shell using Hamilton’s principle and a mixed (displacement /stresses) definition of the
displacement field.

First, a fully refined deformation theory of the generic layer, based on postulated out-of-plane shear stress
components and the in-plane stresses obtained with a Reissner-Mindlin type shell theory, is outlined. A semi-
inverse iterative procedure is used to derive the layer mized non-linear displacement field, in terms of a blend
of the generalized displacements of the Love-Kirchhoff and Reissner-Mindlin theories and stress components
at the generic layer interfaces, without any simplifying assumptions regarding the thinness of the shell
being considered. The electrical potential is defined assuming negligible in-plane electric displacement field
components, and a constant transverse electric displacement. Regarding the electro-mechanical coupling, a
fully coupled theory is considered where the direct piezoelectric effect is adequately taken into account and
the converse piezoelectric effect is considered by the action of a prescribed electric potential difference in the
generic piezoelectric layer surface electrodes.

Then, the weak forms of a partially refined theory, where only the zero-order term of the non-linear
fully refined transverse displacement is retained, are derived for an orthotropic doubly-curved piezo-elastic
generic layer. Based on the weak forms a FE solution is developed for the generic shell layer. The degrees of
freedom (DoF's) of the resultant four-noded generic piezo-elastic single layer FE are then ”regenerated” into
an equivalent eight-node 3-D formulation in order to allow through-the-thickness assemblage of displacements
and stresses and the generation of a partially refined multilayer piezo-elastic FE. A dynamic condensation
technique is employed to eliminate the stress DoF's and to cast the problem in an equivalent displacement-
based FE model form.

Last but not the least, the viscoelastic damping behavior is considered by means of a Laplace trans-
formed ADF model implemented at the global FE model level and a partially refined piezo-visco-elastic
multilayer FE model of orthotropic doubly-curved shells is presented. The active control of vibration is
shortly discussed and a set of indices to quantify the damping performance and the individual contributions
of the different mechanisms are proposed, allowing the phenomenological study and the design of the hybrid
damping treatments in a more straightforward manner.

Regarding the deformation theory developed in this work, it is inspired in Ambartsumian’s contributions
for the deformation theory of single layer anisotropic plates and shells.?3 2497 Ambartsumian basically used
a semi-inverse method to develop refined shear deformation theories. They are based on assuming a refined
distribution of the transverse shear stresses and in the use of the the equilibrium and constitutive equations to
derive expressions for the in-plane displacements, which in turn become non-linear in the thickness coordinate.
Improvements including the effect of transverse normal strain were also considered for plates and shells. In
some of these refined theories transverse shear stress distributions are assumed to follow a parabolic law
and to satisfy zero shear stress conditions at the top and bottom surfaces of the plate or shell. However,
if out-of-plane stresses continuity is required, a mixed formulation should consider also the stresses on the
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interfaces of the single layer, which, for the sake of simplicity, were, in general, assumed to be nil in the single
layer theories developed by Ambartsumian. That puts some limitations in the generalization of the theory
to multilayer structures since neither the displacement nor the normal stresses are available in the interfaces
and interlayer continuity can not be imposed. Furthermore, his multilayer approach doesn’t allow to consider
segmented layers, which is something required in the study of segmented hybrid damping treatments. When
that is the case, individual refined theories must be considered for each individual discrete-layer.

When compared with Ambartsumian’s first and second improved theories of anisotropic shells (see Ref.
24), the proposed fully and partially refined theories, similar to Ambartsumian’s first and second improved
theories, respectively, assume as a first approximation of the in-plane stresses the ones obtained with the
FSDT instead of the CLT. Additionally, all the surface shear stresses are retained in the formulation since
they will be used afterward with the ”regenerated” 3-D element to generalize the theory to segmented
multilayered shells. Furthermore, the theory is extended to coupled piezo-visco-elastic multilayered shells
and a FE solution is developed. Thus, however strongly inspired in Ambartsumian’s work, the underlying
deformation theory of the present work has some important differences and represents a further step towards
the increasing refinement of this type of multiphysics problem. It is worthy to mention that it would be very
complicated and cumbersome to fulfill a priori all the C? requirements for a multilayer anisotropic shell.
Instead, a discrete layer approach is used, which allows interlayer displacement and out-of-plane stresses
continuity to be imposed a posteriori in a more straightforward manner, by means of a through-the-thickness
assemblage of the "regenerated” single layer FE.

Regarding the variational approach used to get the governing equations, similar analytical works using
”partial” mixed theories where the displacement field is defined in terms of generalized displacements and
generalized surface and transverse stresses can be found for beams and plates in the works of Rao et al.?®100
In contrast to other ”fully” mixed methods, as the ZZT based on Reissner’s contribution, where mixed
variational principles are used, Hamilton’s principle has also been employed to derive the governing equations
(i.e., no mixed-enhanced variational principles are considered). The present work extends a similar concept
to multilayered shells and a FE solution is developed. Concerning piezo-visco-elastic FEs, a similar work
about a three-layered coupled piezo-visco-elastic plate FE was developed by Chattopadhyay et al.,!°! where
a HOT was used for the definition of the displacement field of each individual layer and the displacement and
shear stress continuity were assured. However, the formulation is limited to the study of active constrained
layer damping (ACLD) treatments on plates and doesn’t allow the study of arbitrary damping treatments
(multilayer structures). As far as the "regeneration” concept is concerned, the concept has been employed
also by Cho and Averill!?? in the the framework of the ZZTs, where a plate FE, avoiding the shortcomings
of requiring C! continuity of the transverse displacement, has been developed using a first-order zig-zag
sublaminate theory for laminated composite and sandwich panels. However, the formulation is based on
the decomposition of the whole structure in sublaminates, a linear piecewise function is assumed for the
displacement of each sublaminate and the interlaminar displacement and normal shear stress continuity is
imposed between the layers of the same sublaminate but not between the sublaminates. In comparison, the
present work uses a similar ”regeneration” concept to shell-type structures with a more refined deformation
theory being employed which allows displacement and interlayer continuity between all layers to be imposed.

To sum up, this work will present some new developments to the study of shells with hybrid damping
treatments. Only a few papers concerning hybrid active-passive damping treatments in shells are found in the
open literature. They were mainly devoted to simple shell geometries and a few to arbitrary shells. Therefore
further studies on shells are necessary. Here one intends to develop an accurate mechanical structural model
of shells, considering also an accurate model of the electro-mechanical coupling and an effective time domain
damping model of the viscoelastic layers. Furthermore, works in the open literature are usually devoted
to three-layered sandwich shells and usually concern only modeling aspects. It’s also of great importance
the phenomenological study and quantification of the damping mechanisms for different configurations of
the treatments in shells, which are not fully understood yet. These are the major novelties of this work,
which comprises accurate modeling issues on the one hand and phenomenological study of the treatments
for hybrid, active or passive vibration control on the other hand.
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II. Fully Refined Mathematical Model of General Shells

A. Physical Problem Description

The physical problem to be mathematically modeled here concerns a general anisotropic shell to which
damping treatments of piezoelectric and viscoelastic materials are attached on both top and bottom surfaces
of the host structure (Fig. 1). All the damping layers and the host structure have constant thickness.
The damping treatments are required to be able to be discontinuous (or segmented) and arbitrary stacking
sequences of hybrid damping treatments comprising piezoelectric sensing or actuating, viscoelastic or elastic
layers are considered. Isotropic viscoelastic materials are used and the piezoelectric materials are general
orthotropic materials of the class mm2.19%:104 The system is supposed to operate under moderate changing
thermal environments, well bellow the Curie temperature of the piezoelectric material.

Thus, the physical problem involves visco-elastic (or mechanical) and piezo-elastic (or electro-mechanical)
interactions mainly devoted to increase the energy dissipation of the structural system.

piezoelectric
material

viscoelastic
material

elastic
material

Figure 1. Multilayer shell with arbitrary hybrid damping treatments.

B. Shell Differential Geometry

A theory is established by treating the shell with hybrid damping treatments as a multilayer shell of arbitrary
materials. Then, a generic layer (elastic, viscoelastic or piezoelectric) is taken from the global laminate, and
the week form of the governing equations is derived for the individual layer. Interlaminar (or interlayer)
continuity conditions of displacements and stresses (surface tractions) and homogeneous (or not) traction
boundary conditions at inner and outer boundary surfaces of the global laminate (or damped shell) are
imposed later, at the multilayer FE level, by assembling all the individual layers contributions.

Consider a generic piezo-visco-elastic layer (Fig. 2) extracted from the multilayer shell in Fig. 1. The
general orthotropic (anisotropic) layer has a constant thickness of 2k and a plane of elastic symmetry parallel
to the middle surface €2y. The latter surface is used as a reference surface referred to the curvilinear orthogonal
coordinates a and (3, which coincide with the lines of principal curvature of the middle surface. Let z denote
the distance comprised in the interval [—h, h] and measured along the normal of a point (a, 3) of the middle
surface 29 and a point («, 3, z) of the shell layer and € a surface at a distance z and parallel to €y. The
square of an arbitrary differential element of arc length ds, the infinitesimal area of a rectangle in €2 and an
infinitesimal volume dV are given by

ds®> = H,2do® + Hg?dB* + H.%dz*,  dQ= H,HgdadB,  dV = HyHzH. doadBdz, (1)

where H, = H,(a, 8,2), Hg = Hg(a, 3, 2) and H, are the so-called Lamé parameters given by

z z
H,=A, 1+ — ), Hs=A5(1+— ), H,=1. 2
<+Ra> ’ ﬁ<+Rﬁ> (>

8 of 51

American Institute of Aeronautics and Astronautics



Aq = Ao (o, 8) and Ag = Ag (o, §) are the square root of the coefficients of the first fundamental form and
Ry = Ro (o, B) and Rg = Rg (o, 3) the principal radii of curvature of the middle surface Qg (see for example
Kraus! for further details).

Figure 2. Generic piezo-visco-elastic shell layer.

C. General Assumptions and Relationships

Different assumptions are made regarding the mechanical, electrical and electro-mechanical behavior. By
now, one will be only concerned with the mechanical assumptions which are as follows:

(a) Strains and displacements are sufficiently small so that the quantities of the second- and higher-order
magnitude in the strain-displacement relationships may be neglected in comparison with the first-order
terms (infinitesimal strains and linear elasticity);

(b) The shear stresses 0,4 (e, 3, 2) and 05, («, 3, z), or the corresponding strains €4 (a, 5, z) and eg.(«, 0, 2),
vary in the shell layer thickness according to a specified law, defined by a ”correction” even function
f(2), symmetric relative to the middle surface (e.g., parabolic, trigonometric), and the shear angle
rotations v, (a, 3) and ¥4(a, ) of a normal to the reference mid-surface obtained from the FSDT;
additionally non-homogeneous conditions are assumed at the top and bottom surfaces;

(¢) The normal stresses o.,(a, 3,2) at areas parallel to the middle surface are not negligible and are
obtained through the out-of-plane equilibrium equation in orthogonal curvilinear coordinates, and
non-homogeneous conditions are assumed at the top and bottom surfaces;

(d) The strain €,,(o, 8, 2) is determined assuming as first approximations of the in-plane stresses the ones
obtained with the FSDT for shells defined in Appendix B, o7 («, 3, 2), afw(a,ﬁ,z) and agﬂ(a,ﬁ, z),
without any simplification regarding the thinness of the shell being made (i.e., the terms z/R,, (a, 3)
and z/Rg (o, §) are fully retained);

According to assumption (b) the out-of-plane shear stress components are postulated as

00(0:8,2) = 1 [Ta(008) F o700, 8) + f(a(e, B)]
73-(010,2) = 3= [Fo-(c. ) + 7ol ) + F(:)(0 )] 3)
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where ¢, =1, (a, 3) and ¢5 = 1 4(a, B) are the shear angles obtained with the FSDT (defined in Appendix
B) and the bar and tilde above 7., and 73, are used to denote mean imposed surface shear tractions, given
by

1 1
?Za(a’ﬁ) = 5 [Ut (a ﬁ) - U (a ﬁ)] 77_,6’2(&75) = 5 [Utﬁz(O‘?ﬁ) - U%z(a7ﬂ)] ’ (4)
and relative ones, given by
Taa(a, f) = 0lo(@, ) + 02y (. B),  7pa(a,f) = oh.(a, f) + (. B), (5)

where (-)* and (-)® denote prescribed shear tractions at the top and bottom surfaces (i.e., at z = +h),
respectively, of the shell layer (see Fig. 3).

Z -
— T(20,82
T
-— ,777777+7777 ,757777 77777 -
(o, 3) +
refined
\ - theory

\

Fap a9

b b
(Uzmaﬁz)

Figure 3. Postulated shear strains distributions of the refined theory.

By substituting the values of 0.4 (c, 5, 2) and 0. («, 8, z) in Egs. (3) into the static transverse equilibrium
equation in orthogonal curvilinear coordinates in the third of Egs. (A2) of the Appendix, in the absence of
body forces, taking into account the definitions in (4) and (5) and integrating with respect to z, yields the
following relation for the normal stress component o, («a, 3, 2) defined in terms of coefficients of powers of z
(since they are not important here, for the sake of simplicity, the necessary definitions will be given latter),

0o, B,2) = 0D (a, B) + oW (a, B,2) + 0P (a, 8,2) + oD (e, B, 2), (6)

where 02) (a, B) is an integration function independent of z that is determined from the boundary conditions
on the top and bottom surfaces of the shell layer, ol (a, ) and 0%, (a, 3), respectively. Regarding the de-
pendencies of the different order terms, the first- order one, ogz (a, B, ), depends of the mean shear tractions
Tra(e, B) and 73, (v, ), the second-order term, o2 ( , 3, 2), depends of the relative shear tractions 7., (v, 3)
and 7g,(«, 3), and the term depending on f(z), of) (o, B, 2), is related with the shear angles ¢, (c, 3) and
1%(017 B).

By satisfying the prescribed stress conditions ot (o, 3) and 0%, («, 3) at the top and bottom surfaces, after
some algebra, the function dependent of (o, 8) (integration constant in z) that results from the integration
is given as

[F'(h) + F(=h)] o
2F (2)

~ [ sy (8)
Eq. (7) is simplified since o (ar, B) can’t depend on z, which is confirmed since F(z) is and odd function, i.e.,

F(h) = —F(=h). Additionally, an extra equation is obtained by imposing the top and bottom conditions,
which defines the term o (a 0, 2) as

J,(z(,)z)(a76) = 7tZZ(O“?ﬁ) - h20222)(a75) - «a ﬁ Z) - TZZ(O‘ 5) hQU,(ZQz) (045)7 (7)

where

oD(a, 4, 2) = (720, 8) = 200D (0,8, 2)] . 9)
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where similarly to Eqgs. (4) and (5), the bar and tilde have been used to denote mean and relative prescribed
transverse stresses,

[00.(a,8) =02, B)] . Fazla, B) = 0L.(a, ) + 02 (a, B). (10)

N | =

T22(a, B) =

After some algebra, the remaining undefined terms of Eq. (6) are given by

(1 __Z Ao w0) As_«) _ 0Taa(a, ) O7p(a,B)
o) (a, 3, 2) T |:H5 . O (0, B,2) + Hq R 055 (v, B, 2) 90 o , (11)
2 ~ ~
(2) __Z Aa ) As =) 1 0Fia(0f) 1 97pa(a,B)
oz (00, 7) HoHj [Hﬁ 2R, oo (0 0:2) + Hagpoogs (o0 0,2) = =50 i B

(12)
At this point, it’s worthy to mention that in order to keep the formulation of the transverse stress o («, 3, 2)
in Eq. (6) general, its last term depends of the integral of the shear ”correction” function, F' (z). Depending
of the type and/or order in z of the shear function f(z), (e.g., quadratic polynomial, trigonometric function),
different expansions in z can be obtained.
Considering the strain-stress constitutive behavior of the out-of-plane shear strains ¢, and g, expressed
in Eq. (C14) in Appendix, the shear strains are expressed as

5204(0‘7532) = Hia [Sza(a;ﬂ) + %iza(a’ﬂ) + f(Z)\I/a(OL,ﬂ)} ;
290 .2) = g [Soe 00 8) + 57 S0 8) + 1) Vofex )] (13)

where the following notations regarding the mean surface tractions,
i:zoz (047 6) = ng?ﬁz (a, ﬁ) + 53577-,204 (Oé, ﬁ)v iﬁz (a, ﬂ) = 524?6z (047 6) + 525?za (047 B)a (14)

relative surface tractions,

Eza (aa ﬂ) = 525’7—5,2 (Oé, /8) + ggs%zoz (Oé, /6)7 iﬁz (Oé, 6) = 524’7—Bz (Ol, ﬂ) + 525'7_,204 (Ol, ﬂ)a (15)
and shear angle rotations,
Uola,B) = 525’@[]5(0‘76) + 8551 (v, B), \Pﬁ(avﬁ) = 524'@[1[3(0475) + Sis¥a (e, B), (16)

are used in terms of effective shear compliance coefficients (see Appendix C). Alternatively, for simplicity,
the shear strains in Egs. (13) can be expressed in terms of coefficients of increasing powers and functions of
z as

aale,2) = 7 [£0(0 8) + 2280, ) + ) (. 8.2)]
eo:(0,8,2) = I}B [0, 8) + 2 (0, 8) + ) (0,8, 2)] (17)

where the definitions of the terms in the previous equations are obvious from the analysis of Egs. (13).

In a similar way, considering the transverse strain-stress constitutive behavior of €., («, 3, z) expressed
in Eq. (C14) of Appendix, neglecting the converse piezoelectric effects, taking as approximations of the
in-plane stress components the ones obtained with the FSDT for shells described in Egs. (B5) of Appendix,
ie., o, (a, 8, 2), O'Eﬂ(a,ﬁ7 z) and O'Zﬁ(a7ﬁ, z), and considering o,,(a, 3, z) as defined in (6), the transverse
strain component is given by

Ezz(av ﬁv Z) ~ 5130—204 (av ﬁv Z) + EZSUEﬁ(av ﬁv Z) + t§330-2:Z(O[7 /67 Z) + gSGO—Zﬁ(aa /87 Z) (]-8)
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D. Mixed Displacement Field and Strains

In this section the displacement field of the shell layer is derived by considering the out-of-plane strains ez,
.o and €, presented in the previous section in Egs. (17) and (18), respectively, and the out-of-plane strain-
displacement relations in the third to fifth equations of (A1) in Appendix. By virtue of the assumptions
previously considered,

Epy = 8671;] ~ 513 |: (0) (a ﬁ Z) +Uzg) (047672)} + So3 [Uﬁﬁ (Oé ﬁ7 ) )(a7672)}
+ 533 [0 (0,8,2) + 0D (0, 6,2) + 02 (0,8, 2) + 0D (0,5, 2)] +536[ N, 8,2) + 0 (0, 8,2)]

(19)

Thus, integrating the previous equation with respect to z over the limits from 0 to z, considering that when
z = 0 we have w(a, 8, z) = wo (a, ), and taking into account the time dependence of the strains and stresses
definitions, the transverse displacement w = w(a, 3, z,t) is given by

w(a, B,z,t) = w (e, B, t) + (e, B, 2,8) + wP(a, B, 2,t) + 0w (e, B, 2,t) + W (e, B,2,1),  (20)

where
(e, B,t) = wo(a, B, 1),

wM(a, B, 2, 1) :/0 {5130 *O(a, 8, 2,t) —|—8230w (a B, 2,t) + 53309 (a, B, 2, 1) + 5360 43 (a,ﬁ,z,t)] dz,

’w(2)(04,ﬁ,2,t) :/ |:5130 (Oé ﬂaz t) +$230'B(5)(0[ ﬂaz t)+3330—zz( ﬂaz t) +s360— " )(Oé 6,2 t)] dz
0

U}(S)(Oé7ﬂ72,t) :/ 8330 ( ﬂaz t)
0

w(f)(oz,ﬁ,z,t)z/ §330§£)(a,6,z,t)dz. (21)
0

In a similar way, using the relations

oo B.2)) , 1 dufaBz) 1
cox(0,,2) = Hﬁaz( Heda) g PR o [0 + i)+ 0],

Erala, B,2) = Ha@ (u(o;,{i,z)) + Hia% ~ Hia {ESB (o, B) + zsgla)(a,ﬂ) + nga) (aﬁ,z)} , (22)

integrating in order to z over the limits from 0 to z and considering that for z = 0, the displacements on the
middle surface are given by u(a, 8, z) = ug(a, 8) and v(a, 8, 2) = vo(a, B), the time dependent tangential
displacements of any point of the shell are given by

(o B t) = H/ Lo at, +H/ [« @, 8,1) + 2eB (0, 8,0) + D) 0,8, 2,1) | d
= u(o)( 08,2 t) —i—u( )(a,ﬁ,z,t) +u(2)(a,ﬁ,z,t) +u(3)(a,ﬁ,z,t)
+u (o, B, 2,t) + v (o, B, 2, 1), (23)

v(a, B, 2,t) = —Hg ! aw(a’ﬂ’z’t)dz—l—Hg/ 1 [Egoz)(oz,ﬁ, )—i—zeﬁz( ,B,t) —|—€(f)(a,ﬁ,z,t)} dz
0

o Hg? op Hp?
O(a, 8, 2,t) + vV (, B, 2,t) + v P (a, B, 2, ) + v (a, B, 2, 1)
+ v<4’(a,ﬁ,z,t) + 0 (a, B, 2,1), (24)
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where

O)(Oz7ﬂ,z,t) =

uD(a, B, 2, 1)

=1
« 0 H

(%

H,
TUO(a7ﬂat)a

dw ) (a, 5, 1)
{ O

O, t)} az

z 1)
Wbt =~y [ g |G eian)| de

O(a, B, 2,t) = —Hg / ! 8w(2) aaﬁ, )dz,
u(4)( ,B,2,t) = —H, / L 8w(3) aaﬁ,z t)dZ,
(e, B, 2,1) = —Ha/o T {a“’ f)(a(;ﬁ’z’t) _ (Q(a,ﬁ’z,t)} dz, (25)
Na, 8, 2,t) = =L, B,1),
v (e, B, 2,t) = —Hg /0 H1ﬁ2 [8““(0)5;’5’ 2 —eP(a ,5,15)} dz
Wa .t = —Hy [ g [&“““gf 28 se(ap.0)] s
2 ()
v®(a, 8, 2,t) = —Hj 0 H152 ow (g[}ﬁazat) dz.
2 (3)
v (a,B,2,t) = —Hp 0 H152 w (g’ﬂﬁ’z’t)dz,
o, B, 2,1) = —Hj /0 HZQ [8w(f)(gf’z’t) e (a8, 2, t)} (26)

Egs. (20), (23) and (24) show that in comparison with the CLT of shells, following Love’s first approximation,
and the FSDT of shells discussed in Appendix B, the in-plane and transverse displacements of any point of
the shell are nonlinearly dependent on z. Additionally, the same 5 time dependent generalized displacements
of the FSDT (see Appendix B), ug = ug (o, 5,t), vo = v (o, 8,t) and wy = wyg (v, 8, t), which are are the
tangential and transverse displacements referred to a point on the middle surface, respectively, and the shear
angle rotations of a normal to the reference middle surface,

5.0 = P00 4 4 000 (08,0 - Do (0 5.0).
A
vlan.0) = PGP a0, 505 0.0 - 2%k a0, 1)

are used to define the ”generalized” displacements of the proposed refined theory which represent non-linear
functions in z of the generalized displacements of FSDT. Thus, based on the assumptions (b)-(d) the 3-D
problem of the theory of elasticity has been fully brought to a 2-D problem of the theory of the shell, with
Egs. (20), (23) and (24) establishing the geometrical model of the deformed state of the fully refined theory
of the generic shell layer.

On the basis of the refined displacement field defined by Egs. (20), (23) and (24) and the general strain-
displacement relations in Egs. (Al) in Appendix, the not yet defined in-plane strain components of the
proposed theory may be determined. For the sake of brevity their definitions will not be given here since
they are quite long equations, in terms of high-order derivatives of the generalized displacements of the
FSDT, which can be derived from the previous definitions.
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E. Electric Field and Potential

Resuming the basic hypotheses defined in Sec. C, and regarding the electrical and electro-mechanical behav-
ior, the following considerations and assumptions regarding the physical problem are made:

(e) The piezoelectric layers are polarized in the thickness direction and electroded only in the top and
bottom surfaces;

(f) Only a transverse electric field E, is externally applied;

(g) The in-plane electric displacement components D, and D, are nil at the non-electroded lateral edges
and are considered negligible inside the piezoelectric volume;

(h) The out-of-plane component of the electric displacement field D, is constant with respect to the
thickness;

The behavior of the electromagnetic field is described by Maxwell’s equations. However, as presented by
Tiersten,*3 considering that the electromagnetic waves essentially uncouple from the elastic waves and that
the elastic wavelengths are much shorter than the electromagnetic ones at the same frequency, Maxwell’s
equations can be replaced by electrostatic equations in vector form,

divD = 0, (28)
—grady = E, (29)

where ¢ = p(a, 3, 2) is the electric potential, and D = D («a,8,2) and E = E(a, (3, 2z) are the electric
displacement and field vectors. In scalar form, according to the definitions of the divergence and gradi-
ent operators in arbitrary orthogonal curvilinear coordinates (see Ref. 105) and Egs. (2), the electrostatic
equations are given as

1 9] 0 9]
1 Oy 1 Oy dp
E = —— E = — E = —_——, 1
*T "Hyoa' "7 "Hzop' 7 0z (81)

According to what has bee discussed in Appendix C, for the present problem the electrodes are located
on the top and bottom surfaces and only a transverse electric field E, is externally applied. The conditions
D, = Dg = 0 hold in the shell surfaces not covered with electrodes and in contact with a medium with low
permittivity, e.g., vacuum or air (see Refs. 40,42 and 45 for further details) and the induced electric fields
E, and Eg (which are defined as a function of the strains) where condensed in the constitutive Eq. (C10).
Thus, Eq. (30) can be written as

0z

In view of the Gauss and Mainardi-Codazzi formulas (cf. Refs. 4 and 45),

Hjjﬂj {‘9 (HaHﬁDz)] 0. (32)

OH, 142 0A, OHg 142 0Ag OH, As O0Hg A (33)
B Rs) 08’ oa R,) Oa’ 92 R, 0z Rg’
after some algebra, and taking into account Egs. (2), Eq. (32) is expressed as
1 1 oD,
D, =0. 4
(RQ+Z+R5+Z> * 0z 0 (34)

Assuming a constant value of o and 3, the previous partial differential equation can be solved as an ordinary

differential equation in z with solution

(—=Ra +h) (—Rg + h)
(Ro+ h)(Rg+h)

D, = C(O‘7ﬂ) = C’(a,ﬂ))\(a,ﬂ) (35)

From Eq. (35) it can be seen that the transverse component of the electric displacement is constant with
respect to the thickness direction where the constant A («, ) is a correction factor that takes into account

14 of 51

American Institute of Aeronautics and Astronautics



the effects of the radii of curvature (and half thickness of the layer) on the electric displacement. Thus,
taking into account (C11) of Appendix, it can be reformulated® 2 taking into account the curvature effects
via A (a, B) as

A +h R _ ¢ A +h
D=2 | @ (EZ—Ez)d — e — L E.dz, 36
o ), €33 z 6332h 2h€33 ) z (36)
In the previous equation the prescribed transverse electric field component has been defined as E, = —¢/(2h)

where ¢ = ¢ (a, ) denotes the electric potential difference between the top and bottom electrodes. Consid-
ering the previous equation and the general electrostatic constitutive behavior in (C2), the net transverse
electric field F, is given by the sum of the effects of the externally applied electric potential difference ¢ and
net induced term which depends of the strains E,, and is expressed as

L ) D N
E. =)\ (E + E) =gty [ Bede ) (37)
It is worthy to mention that the terms inside parenthesis in the previous equation are related with the
mechanical strains and represent the net effects of the induced electric fields due to the direct piezoelectric
effect. Finally, from the definition of the electric potential in the third equation of (31), substituting (37) and
integrating with respect to the thickness of the layer, the through-the-thickness distribution of the electric
potential is given by

d) )\ +h B z
gp:)\ﬁ(z—i—h)—&- /., E.dz (z—l—h)—)\/_hEzdz. (38)

It can be seen that the net transverse electric field F, = FE. («, 3, z) and electric potential distribution
¢ = ¢ (a, B, z) for the curvilinear coordinate system presented in Egs. (37) and (38) are composed by terms
externally applied and by induced terms due to the mechanical deformations. Furthermore, the formulation
is kept general, since the induced terms are not explicitly defined at this point, and can be applied for any
piezoelectric curved layer (and obviously for 1-D and 2-D planar structures where the term A is equal to
unity).

III. Partially Refined Mathematical Model of Doubly-Curved Shells

A. Restrictions and Simplifications

The definitions of the displacement field presented in Egs. (20), (23) and (24) are quite general and applicable
to anisotropic shells of arbitrary curvature. They result from a fully refined interactive shell theory based,
as a first approximation, on the in-plane stresses of the FSDT. Furthermore, all the terms regarding the
thickness coordinate to radii or curvature ratios were retained and no simplifications were made regarding
thin shell assumptions. Additionally, transverse shear strains and stresses weren’t considered negligible and
as a result a non-linearly dependent on z transverse displacement was obtained by the iterative procedure.
That theory was denoted as fully refined since all the strain and stress components of the 3-D elasticity are
obtained directly from the mized (in terms of surface stresses and generalized displacements) displacement
field by using the strain-displacement relations and an anisotropic constitutive law. It can also be seen from
the definitions of the terms of the in-plane displacements in Eqs. (25) and (26) that they involve high-order
derivatives (which become even higher for the strain and stress components) of the generalized displacements
of the FSDT, which complicates the formulation and FE solution dramatically. Additionally, the fully refined
mathematical model allows full out-of-plane interlayer (or interlaminar) stress continuity (and, as obvious,
displacements too) to be imposed when assembling all the layers contributions at the "regenerated” FE level
(further details will be discussed later). This renders a 2-D theory representative of the full 3-D behavior of
a shell with arbitrary geometry (curvature).

However, the fully refined mixed displacement definitions are quite tedious and, for the sake of making the
calculations less cumbersome, the general mixed displacement field definitions will be restricted to orthotropic
shells with constant curvatures, i.e., doubly-curved shells (cylindrical, spherical, toroidal geometries) for
which
04, 04y

03 da

Ra(a,ﬁ) = Ra, Rﬁ(a,ﬂ) = Rg. (39)
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Additionally, the non-linear transverse displacement field definition will be discarded and only the zero-order
term, i.e., w(a, B, z,t) = w'® (a, B,t), will be retained. This simplification makes the theory less complicated
and more suitable to be implemented, since it avoids the higher-order derivatives of the generalized variables,
and is denoted as partial refined theory. It is well known, however, that in the major part of the problems, the
transverse stress is small when compared with the other stress components. An exception is, for example, in
thermo-mechanical analysis where the transverse stress o, plays an important role (see Carrera® 196), which
is not the case here. This simplification implies also the need to make the usual plane-stress assumption,
which doesn’t allow to impose interlayer transverse normal stress continuity. Regarding the shear stress
correction function f(z), several functions can be used. However, as stated by Ambartsumian [23, p. 37],
some arbitrariness in the reasonable selection of f(z) will not introduce inadmissible errors into the refined
theory, which in this work will be assumed to follow the law of a quadratic parabola as

52

f(z):l—ﬁ. (40)

B. Displacements and Strains

For the sake of simplicity and brevity of writing the mathematical definitions, from this point henceforth, the
spatial (a, 3, z) and time ¢ dependencies will be omitted from the equations when convenient and only written
when necessary for the comprehension of the equations. Thus, under the doubly-curved shell restrictions to
the general problem, and following the previously defined partial refined theory, the displacement definitions
in Egs. (20), (23) and (24), for an orthotropic shell layer, taking into account the definitions in (B3) of the
Appendix, are given as

1 ow 5%
- *(f) g* _ x(0) 0 #(0) g% = #(1) 255 ~
u(a, B, 2, t) KQ {uo—kza Sestho — 20 90 + 22555 T 0 + 25 2h7—za:|7
(0,8 2,8) = —= [ + 2Dzt py — 2@ TL0 w2 e T
v(e, B, 2,t) = —g7 |vo + 257 St — 2 8 25 SuaTpzt 25 5 Tpx| s
s
w(a, B, 2,t) = wo, (41)
where 2\ and zéo) are defined in Egs. (B3) of Appendix and
20 = /Z 27l2dz, 2 = /Z z7’2d27
o (1+2/Ra) g o (1+2/Rg)
2 = /7f(z) 5dz, zg(f):/ _ S 5dz, (42)
0 (L+2/Ra) o (L+2/Ry)

with ¢ = 0,1. As can be seen in the mized displacement field definition in Eqs. (41), the displacement field is
defined in terms of the generalized displacements of the FSDT and mean and relative surface shear stresses.
Additionally, as would be expected, if f(z) is assumed equal to one, which corresponds to case where no
correction to the FSDT constant through-the-thickness shear stresses/strains is made, the displacement is
the same as the one obtained with the FSDT, with the extra surface shear stress terms. In the limit case
where R, = Rg = 0o, which corresponds to the case of planar structures such as plates, and considering the
parabolic definition of f(z), the displacements are consistent and are expanded in a power series of z up to
z3. In the present case, since the terms z/R, and z/Rg were fully retained, the displacements are defined
with more complex coefficients in terms of powers of z and In(R,, + z) and In(Rg + z). For convenience, the
mized displacement field in Eqgs. (41) can be expressed in matrix form as

u(a, B, z,t) = z“(2)ug (e, 8, t) + 27 (2)7 (v, B, 1), (43)
or, alternatively,
Uo
TZO(
2t 0 2150, 24 O o 21 ?2{s O 0 ~
TZO(
ve=10 2% 2505 0 2%|Swop+ |0 0 23 25| q . (44)
TRz
w 0 0 1 0 0]]6a o o o o]
7[32
O3
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where the coefficients of matrices z%(z) and z"(z) are derived from the displacements as explained in Ap-
pendix D. In the specific case of 2j5(2) and z¥;(z), which are related with dwg/da and dwy/0f, partial
derivative operators d, and Jg in order to o and (3, respectively, where also included.

From the definition of the displacement field in Eq. (43), the out-of-plane shear strains are given by Eqs.
(17), taking into account the restrictions in (39) and the transverse strain €,, = 0 [due to the fact that
w(a, B, z,t) was assumed independent of z]. The in-plane strain components are obtained according to the
displacement-strain relations in the first two and last equations of Egs. (A1) by taking into account (39).
Thus, the strains vector without the null component ¢,, may be expressed in matrix form as

€(a7ﬂaz’t) = as(z)zu(Z)UO(aaﬂat) +86(Z)ZT(Z)T(aaﬂat)
= Zeu(z)UO(a7ﬂ7t) +ZET(Z)T(O[v6a t)? (45)

where 0.(z) is a matrix differential operator given by

9z 0 20 /R
0 (95 Zéo) Zg)) /Rﬁ
0-(z) = 0 0, — z[(;o)/Rg 5,3220) ) (46)
0, — z((lo) /R 0 &ﬂ'&o)
8gzéo) aazé?) 0

and 0, is an other partial differential operator, this time in order to z. Considering the previous operator
matrix in Eq. (45), the strains vector are defined in terms of the matrices z°%(z) and z°7(z) as

Eaa 251 0q, 0 zfg)fl + zféﬂaaa 254 0a 0 Uug
€pp 0 25505 258" +25%%0ss 0 25¢0s| | wo
€8z ( = 0 254 25503 0 258 wWo
€ra 25y 0 25804 254 0 0.,
Eaf 25103 2530 255 0ap 25403 2550a1 \bp
2{10a 27504 0 0 _
0 0 25505 25705 ;“‘
+1 0 0 255 2] ;“ (47)
E I S (N o

,'f_
105 #5305 2550a #70a)
where Oyq, Ogg and 0y are double and crossed partial differential operators. The coefficients of z°%(z) and
z°7(z) are given in Appendix D. It is worthy to mention that the strain field is defined in terms of zero-
and/or first-order derivatives of the generalized in-plane displacements, rotations and surface stresses, and
zero-, second-order and cross derivatives of the generalized transverse displacement wy.

C. Induced Electric Field and Net Strain Field

The net electric field E, in Eq. (37) is expressed in terms of external prescribed and induced effects. Consid-
ering the electric eigenfield definition in the third equation of Egs. (C8), and since €., = 0, the net induced
term F, for the orthotropic shell layer is given by

- A +h

B.= o | ~hicoa — Shaton+ g7 | (€150 + Ezan) dz| (49)
€33 —h

where €3, and e}, are the reduced (modified) piezoelectric plane-stress constants.

Considering the definitions of the in-plane strain components €, and egg given in Eq. (47), the previous
equation can be expressed in terms of the generalized displacements, and after some algebra, the net strain
field accounting for the direct piezoelectric effects taking into account the plane-stress version of the electrical
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relation of Eq. (C14), is given by

Eaa 2700 215"0p A5 4 2152000 2110 215%05] (w0
€pp 25700 23505 255"+ 255"%0s5  237"0a 25505 | | vo
€8z ( = 0 255 25508 0 258 wWo
€20 25y 0 258 0q 254 0 Oq
€ap 25105 2550 255 0o 25403 2550a 1 \Op
211700 2157 Oa Zf?fTaﬁ ZTZTaﬁ
700 50 #5705 70| |
+1 o 0 AT 2] ;Z“ : (49)
25T 253 0 0 Az
T3z

ET ET ET ET
25108 25508 25500 2510a

where the modified (taking into account the electrical induced strains) terms of z°*(z) and z°7(z) are given
in Appendix E.

D. Variational Formulation

In order to derive the weak form of the equations governing the motion and electric charge equilibrium of
the shell layer, Hamilton’s principle is used. The Lagrangian and the work of the applied forces are adapted
for the electrical and mechanical contributions,*? so that

ty
5/ (T — H + W)dt =0, (50)
to

where to and t; define the time interval, § denotes the variation, T is the kinetic energy, H is the electro-
mechanical enthalpy and W denotes the work of the external non-conservative actions done by the applied
mechanical forces and electrical charges.

Since the stresses have been replaced and considered by means of internal forces and moments due to
the thickness integration it is appropriate to alter the definition of the fundamental element of the shell.
Accordingly, it will be assumed, henceforth, that the element which was formerly defined to be dz thick, is
replaced, on account of the integrations with respect to z, with an element of thickness h. Such an element is
acted upon by the internal forces (stress resultants) and moments per unit arc length and by external effects
which include mechanical forces and electrical charge loads. The internal forces act upon the edges of the
element while the mechanical forces and electrical charges act upon the inner and outer surfaces/electrodes.

According to Eq. (43), the kinetic energy is given by

1
T = 7/ patudyv, (51)
2 \4

where 1 = 0(«, 3, 2,t) is the vector of generalized velocities taking into account the time differentiation of
the three components of the displacement field expressed in the tri-orthogonal curvilinear coordinate system.
The first variation of the kinetic energy yields the virtual work of the inertial forces, given by

+h
6T = — / l / poui H,Hp H, dz] dodp3, (52)
Qo

—h

which is expanded with more detail in terms of the variations of the generalized displacements and stresses
in Appendix F1.

The electro-mechanical enthalpy of the piezoelectric medium is expressed in terms of mechanical and
electrical quantities by

H= % /V (e —DTE)dv. (53)
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Taking into account the plane-stress piezoelectric constitutive Eq. (C15) in the Appendix, the first variation
of the previous equation yields

0H = 6H.—-{6Hg

+h +h
_ / [ / o"6e HyHsH.dz — |  D.SE, HoHyH, dz| dads, (54)
Qo —h —h

which is expanded with more detail in terms of the variations of the generalized displacements and internal
forces and moments in Appendix F2.

The last term of Eq. (50) involves the work done by the applied mechanical forces W,,, applied on the
inner and outer surfaces and lateral edges of the shell, and the work done by the applied electrical charges
density Wy on the top and bottom electroded surfaces. To write the expressions for the net external loads
work recall that € denotes a surface at a distance z and parallel to the middle-surface, where Qf and Q°
denote the top and bottom surfaces for which z = +h, and that I" denotes the boundary of the shell element,
with I'y, and I'g being the boundary edges of constant 5 and « coordinates, respectively (with the circle on
the integral implying that it includes the total boundary of the shell). Thus, the work of the non-conservative
loads is given by

W =W, - W,. (55)

The mechanical counterpart is given by

+h
1
Wu:/ thwth+/ szwde+j{ / (656v + Gpat + Gp:w) —rdz | da
Qt Qb T'o |/=h za)

+h
1
b N[ o+ Gav + 6aw) 52| 45, (56)
T |J—h 2

where F! = F!(a,3,t) and F® = F°(a,3,t) are transverse normal forces applied on the top and bottom
surfaces, and the hat over the stresses, Goa = 0aa(0, 2,t), Fap = 6ap(0,2,t) and 6,4 = 6,4(0, 2, 1), for the
edges normal to «, and G55 = (e, 2,t), 6ga = Gaala, 2,t) and 5, = 6g.(a, z,t), for the edges normal
to B, denotes prescribed stresses on the boundary edges. Regarding the electrical counterpart, it is given by

W¢:/ Tf@d9t+/ P dQ, (57)
Ot Qb

where 7t = 7t(a, 8,t) and 7° = 7°(a, 3,t) are prescribed electric charge densities on the top and bottom
electroded surfaces.

Considering in Eq. (38) that the induced electric field has no contribution for the electric potential at
the surface electrodes, assuming the bottom electrode grounded, i.e., p(a, 8,z = —h,t) = 0, and retaining
only the normal mechanical load on the top surface F!, the first variation of Eq. (54) yields the net virtual
work of the non-conservative external effects

W = 0W,, — oWy, (58)
with its terms given by
+h 1
W, = Zdwg dadf + j{ / (6830V + 6340u + 6g.0w) —O)dz do
Qo T |/—h 24
+h 1
+ 7{ / (G aadu + o300 + G ,00w) Wdz dg, (59)
rs |J/-n Zg
oWy = / Tdpda df, (60)
Qo

where Z = F!(14+h/R,) (1 +h/Rg) and 7 = 7'A(14+ h/R,) (1 + h/Rg). The virtual work of the non-
conservative forces W, is expressed with more detail in terms of the variations of the generalized displace-
ments and prescribed forces and moments in Appendix F3.
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E. Weak Forms of the Governing Equations in Terms of Internal Forces and Moments

The weak form of the governing electro-mechanical equations in terms of internal forces and moments are
obtained by substituting the variational terms in Eqgs. (52), (54) and (58) into the Hamilton’s principle in Eq.
(50). The virtual generalized displacements, surface stresses and electric potential difference are zero where
the corresponding variables are specified. For time-dependent problems, the admissible virtual generalized
variables must also vanish at time t = tg and ¢ = t;. Thus, using the fundamental lema of variational
calculus and collecting the coefficients of each variation of the different generalized variables (displacements,
surface stresses and electric potential) into independent equations yields for the generalized displacements
dug, 0vg, 6wy, 60, and 063:

u OW du
/ [Guo (110 + 11§ 52 + I + [ Faa + 151F20) + 05 (N3 + N3
Qo
"’5%1;) (N ) + dug( i(lx):| dacdf — % 5uo(Néé)da — 6u0(Né(1l)dﬁ =0, (61)

0w Ovg
/ [51}0(122 Vo + Iog' —— a9 0 4 I%‘“HB + 1375, + I 75.) + 5%(]\]*12 + N*22)
Qo
8’[]()

+58—(N )+ 51)0(@%22) dadf — ]{a 51}0( %) do — j{ Svo(NZ23)dB3 = 0, (62)

Py
(123 o + I3y —2 0

BE] 3398

* 82 *
ML) + 67 3 (M)

87110

aw e 8 u TU = TU = a
/ {5“10( 33°10) + 573 0( 13t + I35 +IS Oo + I[8F o0 + I3 o0) + 6
Qo (6% 8

0w
902

I8 0 + 1537 5. + 53T g.) + Owo(MERY + M) +6

(M? )+5%( )—I—(SLI;O(Q )—(5wOZ dodf — 7{
Owg

0
650 13 + S5 (28) + 5wo(Q§i>} =0, (63)

8211)0
0adp

6 (WI1) + bun( Q)| do —

s

+6

(NI3)

(03 uuw s a uu TU= TUW~ 69 * *
/Q [590 (Iiy'iio + 145" —— e b Iy + I F o + T4 20) + 587(M o+ M33h
6 . .
4658 (M3E) +00,(QL4) ] dads - § 60, (118)da— § s, (414105 =0, (64)
T Ts

205

B
00
+6aﬁ( %) +005(Q%) dadﬁ—j{a 565(M, da—j{ 805(N23)ds = 0. (65)

. a * *
/Q [595 (I + T OO0 4 TGy + T3 g + T7F 52) + 62 (MY + M3)
0

35 aﬁ

In a similar way, for the generalized surface stress variables 07 .4, 07 .4, 073, and 07 g, one gets

0t

0, . oT
/ [5%(111 R O 4 [T%00 4 ITT 7 0 + 15 F0) + 62220
Qo

Oa

(T*ll 4 T*Ql)

0T 20

_ 41
+0T20(T,,) + 6 93

(ng,)} dadp — f{ 0720 (Thh)da — ¢ 070 (ThL)dB =0, (66)
Ta

s

0T 20

D
/Q (7 aa(Lti0 + 153 5> 4+ L3100 + I3 Faa 4+ 13 F20) + 0 522 (T332 + T35
0

0T 20

+0T20(TL5) +9
Taa(Toa) e

(133)]davdf ?{ 67aa(T2)da — ¢ 67.0(T12)d5 = 0, (67)

F[-;

20 of 51

American Institute of Aeronautics and Astronautics



. TU O TU ) TTZ TTX or * *
/Q [57’52(152“110 + 133 8750 + 13505 + I35 7. + 13, 7p2) + 5&(:{;(&3 + Tﬁég)
0

B
+075:(T2) + 58;§Z (ng)} dadB — ¢ 075 (135)do — f 07p:(T25)dB = 0, (68)
Ta I's
~ TU TU awo TUY T2 TTX 8%52 *14 *24
[5ng(f42 o + Ifs' - + Lis'0p + I3 Tpe + L1 Tea) + 60— (Tona +T55°)
Q0 op ap
+074.(T52) + 588722 (ng)} da dp — }’{ 675 (T58)dox — f 07 5:(124)dp = 0. (69)
To I's

The last equation regards the electrostatic equilibrium and is obtained by collecting the coefficients of the
variation of the generalized electric potential difference §¢ as

Ouyg vy " d%w d*wo
/Q [d[(Past + PEY G + (Pas? + Bi G5 + (Pask + Piyuo + (P 55 + (B
0

Oa ap
2, 29,
Oa B

+H(RES + R55) 55 + (Rog + R53)

07 za

Jda Oa
+ (Sp0)0 — r] dadf = 0. (70)

0T za

HPaa' + Pi5t) 5+ (Paa’ + P57 ) 5 2 + (Ria + Riy) =% + (Rid + REE)

87_'5z a%ﬁz
op og

The previous equations are the weak forms of the governing equations of the doubly-curved orthotropic
generic piezoelectric shell layer. As can be seen, the 3-D problem has been brought to a 2-D form in function
of the reference surface curvilinear coordinates oo and (3. Hence, the FE solution of the shell problem can be
derived in a manner similar to that of plates with some additional terms regarding the curvatures. It is worthy
to mention that in the present refined shell theory no assumptions regarding the thinness of the shell were
considered and as a consequence the formulation fully accounts for the effects of the z/R, and z/Rgs terms.
Additionally, the "mixed” partially refined theory also considers additional generalized variables concerning
the shear stresses on the top and bottom surfaces of the shell layer which will be used at the elemental FE
level to impose transverse interlaminar (interlayer) continuity of the shear stresses and homogeneous shear
stress conditions on the top and bottom global surfaces of the multilayer shell.

F. Constitutive Equations of the Internal Forces and Moments

The strains, and there by the stresses, of the proposed theory where shown to be non-linearly dependent
across the thickness of a thick anisotropic elastic shell. Thus, as far as the mathematical model is concerned,
it is convenient to integrate the stress distributions through the thickness of the shell and to replace the
usual consideration of stress by statically equivalent internal forces and moments. By performing such
integration, the variations with respect to the thickness coordinate z are completely eliminated to yield a
2-D mathematical model of the 3-D physical problem. These integrations were carried out in Appendix F,
and the virtual work quantities of Hamilton’s principle in Eq. (50) were expressed in terms of internal forces
and moments.

Contrarily to what is often presented in the literature, and since the thickness terms z/R, and z/Rg
were fully retained in the formulation, in the definitions of force and moment resultants given in Egs. (F5)
and (F9) of Appendix F one may notice that the symmetry of the stress tensor (that is, oo3 = 034) doesn’t
necessarily implies that the correspondent force resultants or the moment resultants are equal, even if we
consider the restriction of dealing with a doubly-curved shell as stated in Egs. (39). That relation holds
only for a spherical shell, flat plate or a thin shell of any type where the assumptions 1 + z/R, ~ 1 and
1+ z/Rg ~ 1 are taken into account. Vanishing of the moments about the normal to the differential
element yields an additional relation among the twisting moments and twisting shear forces (cf. [6, Sec.
8.2.4]). In order to avoid inconsistency associated with rigid body rotations (i.e., rigid body rotation gives
a nonvanishing torsion except for flat plates or spherical shells) the additional relation must be accounted
for in the formulation (see the treatment of Sanders which is described for example by Kraus [1, Sec. 3.2],
Leissa [4, Sec. 1.4.5] or Reddy [6, Sec. 8.2.4]). However, if the rotation is of the same order of magnitude as
the strain components, which is actually the case in most problems, then, as noted by Koiter,” the torsion is
negligible. Thus, for general engineering purposes the foregoing inconsistencies can generally be overlooked
which will be the case in this work.
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Next the constitutive equations that relate the internal forces and moments in Eqgs. (F5) of Appendix
with the strains of the layer and/or generalized displacements are derived. To this end it is recalled that
an orthotropic piezoelectric material is considered for the generic shell layer and that it obeys Hooke’s law
under plane-stress assumption as defined in Eq. (C15) of Appendix. Thus, the internal in-plane forces are

collected as
*EU *EU) *EU *su)

u ¢
(N;él,N;}f) Uaa(zn y 212 Uaa(zu » 212
(NZEL AR ¢ = {oss(ass z55%) ¢ ) — ( { oss(=,255") ¢ ) (71)
(Nag Nag) Tas(ZEY, #55) Gap(2E0, 252)

where the superscripts (-)* and (-)® denote quantities referred to the mechanical displacements (or strains)
and electrical potential, and for convenience (...) denotes thickness integration defined as

+h
()= / () = (72)

—h Za Zﬁ

Therefore, considering the converse piezoelectric constitutive behavior in Eq. (C15) and considering only the
prescribed electric field component E, yields

(NzL, N2L2) G @ 0] [eaalziit, 215 e (247", 245" |
(NZELNGE) ¢ =( (el @y 0| S eps(aai,255%) ¢ ) — ( § esa(aie, z55v) p B2 ). (73)
(NZL, N32) 0 0 o) | caplast,25y) 0

Similarly, the out-of-plane forces are collected as
(@@ Q1) _ /o0 (it =at.232) )
(@2, Q22 Q%) 0za(2i1 235, 744)

which, since they are not coupled with the transverse electric field, but only with the induced in-plain
components which effects were already considered through the use of effective shear stiffness parameters, is
expressed in terms of the shear strains as

(@@ ee) _ /[en 0] fesstaatozat )\, -
(@4,Q%,Q4) 0 els) \enaleit 88, 20)

zo) zo) zZo

The moment resultants of the in-plane stresses are collected and expressed by

%131 2Asx132 asxld 3 s+15 xeul keu2 xeu xew))
(Maa 7Maa 7Mao¢ ’Maa ) O’aa(213 7213 )y %14 7215 )

%231 *232 *24 *25 _ *eUL L KEU2 *EU L*EU
(M5, Mpg>, Mgt MEZ?) o = ( | opp(235", 2352, 231", 235")

(Mg, M3, M3j) Tap(25Y, 254, 258)

*xeul *EU2 LKEU L*EU
Taa(215", 27545, 279", 275")
_ *xeul *EU2 *EU L*EU
opp(255", 2557, 235", 255") : (76)
EUu EUu EU
oap(25Y, 254, 258)
Similarly to what has been considered for the in-plane forces in Eq. (73) the internal moments are re-written
as

*131 *x132 *14 *15 —k % *eul XxEU2 KEU LKkEU
(Maa 9 Maa 9 Maa 9 Maa ) Cll 012 O Ea(x(zlfﬁ 9 213 ) Z14 ) 2’15 )
*x231 *232 *24 *25 —k =% *xeul *eu2 _*eu *eu
(Mﬁﬁ M5, Myg™, Mgs )= Cla G 0 (235", 235"%, 235", 235")
53 54 55 P EU  LEU LEU
(Maﬁ’Maﬁ’Maﬁ) 0 0 Cge cap(288, 254, 255)

> *xeul xeu2 _xe *E
es1 (275", 2757, 219", 215")
_ > 1 xeu2
632(Z§§u 722?€>u 7Z§iu725§u) E. ). (77)
0
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By last, in a similar way to what has been done in Egs. (73) and (75), the resultants of the stresses related
with the interlayer surface stresses are expressed by

%11 wl2 xl3 el

Toa Tea s Taa 2 Tan eh Ca 0 [eanl#iT A5 457 2H)

Trat Tras Txeo T — =% o XET L KET KET *E
BB BB BB BB = Clag C3 O epp(2317, 2357, 2357, 237"
51 52 53 54 ¥ ET LET AET LET

(Tag,Tag,Tagva) 0 0 & €ap(257, 253, 255, 251)

= *ET *ET *ET *ET
< e (2117, 2157, 2157, 2147)

= *ET *ET *ET *ET r,
e32(2317, 255", 2557 235" ) E2>7 (78)
0

(as N _ e 0] fennzn) o
) [ T\ [0 e Lot

For the sake of simplicity of exposition of the internal forces and moments, the previous equations are
not developed here in terms of the generalized displacements and electric potential. The reader is referred
to Appendix G to further details concerning that matter.

and

IV. Finite Element Solution

A. Preliminary Comments on the FE Solution of the Fully and Partially Refined Models

In this section the FE solution of the weak form of the governing electro-mechanical coupled equations of
the partially refined mathematical model of doubly curved shells in Eqs. (61)-(70) is developed. Regarding
the FE solution of the fully refined model, it will not be derived here for reasons related with the complexity
of the formulation. As can be seen from the fully refined definitions of the displacement field presented in
Egs. (20), (23) and (24), the fully refined weak forms would involve high-order derivatives of the generalized
displacements which would complicate the formulation and FE solution dramatically. That would require
higher order continuity of the variables, which would be cumbersome for FE solutions, with the outcome
of considering an equivalent 2-D theory representative of the full 3-D elasticity problem. It is well known,
however, that in the major part of the problems, the transverse stress is small when compared with the other
stress components. An exception is, for example, in thermo-mechanical analysis where the transverse stress
0. plays an important role (see Carrera® %) which is not the case here. That refinement is not pursued
here since the trade-off between accuracy and complexity is not appellative for the physical problem to be
treated in this work.

B. Spatial Approximation

For the sake of brevity the weak forms of the partially refined model in Egs. (61)-(70) are expressed in terms
of the internal forces and moments (stress resultants). However, if the constitutive equations of the internal
forces and moments, presented in Sec. F and detailed in Appendix G, are taken into account, the weak forms
can still be expressed in terms of the generalized variables. That will not be made here explicitly, but those
relations will be implicitly taken into account to derive the elemental matrices and vectors.

Thus, from the analysis of the weak forms in (61)-(70) and/or the internal forces and moments in Ap-
pendix G, it can be seen that they contain at the most first-order derivatives of the generalized displacements
ug, Vo, 0o and g and surface stresses T.o, Tsa, Tg» and 7, requiring C° continuity, and in contrast to
what is traditionally obtained with the FSDT, the present partial refined model contain also at the most
second-order derivatives of the transverse displacement wg, requiring C! continuity, which is something that
is obtained with the CLT. Thus, the partially refined model, at first sight, yields something that resembles
a blend of the CLT and FSDT. Additionally, the electric potential difference requires zero-order derivatives,
and is assumed constant at the elemental electrodes, which is convenient since it imposes at least at the
elemental level the physical equipotential area condition of the electrodes, which should also be assumed
between adjacent FEs. Thus, the displacement variables, ug, vo, 04, 03, wo, Owy/da, Owy/IF and (or not)
0wy /0adfB (nonconforming or conforming elemental approaches), and shear stress variables, 7.a, 24, 782
and 7., must be carried as nodal variables in order to enforce their interelement continuity. Regarding the
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electric potential difference variable, ¢, is carried out as an elemental variable and interelement continuity
is not enforced.

For the FE solution, linear Lagrange C° continuity rectangular interpolation functions might be used to
approximate all the displacement and stress variables whereas the generalized transverse displacement wg
should be approximated using Hermite C'' continuity rectangular interpolation functions over a four-noded
element {2§. The combined conforming or nonconforming elements have a total of 12 or 11 degrees of freedom
(DoF's) per node, respectively, and 1 electrical DoF per element. Therefore, let

t) ~ Za@(t)L;(a,m (o, B,1) Zvo t)LE(a, B),

Zeﬂ VLS (a, B), sla, B,t) & Zaﬂ

Trala, B,1) = ZTga(t)Li(mﬁ), Tzala ZT t) L5 (e, B),
j=1

Too(o, Bot) m Y T (DL (e, B),  Fpala, Bt ZTBZ )L (a, B),
j=1

wo(a, B,t) & > w(t) He (v, B), p(a, B,t) = ¢(t). (80)
r=1

where (uo,v{),%ﬁ]) and (7 m,?;a,réz,fﬂz) denote the values of the generalized in-plane displacements,
rotations and surface shear stresses at the jth node of the Lagrange elements, w; denote the values of
wo and its derivatives with respect to o and § at the nodes of the Hermite elements, and L§ and Hy
are the Lagrange and Hermite elemental interpolation functions, respectively. For the conforming four-
noded rectangular element (n = 4 and m = 12) the total number of DoFs per element is 49 and for the
nonconforming is 45.

C. Discrete Finite Element Equations of the Shell Layer

Substituting the spatial approximations of the generalized displacements, surface stresses and electric po-
tential difference in Eqgs. (80) into the weak forms in Eqgs. (61)-(70), the ith equation associated with each
weak form is given as

S (ML + MY, + ML + MY+ KLl + K2+ K9, + K10,
j=1
m
+ K7L+ K7L+ K5+ KDFL) + ) (MPig + K2 ag) + Ky — F) =0, (81)

r=1

Z(MQQ 2y +M259_] + MQSTﬁZ + M29 + K21 +K22 + K?J49.L +K250]
j=1
+ K207+ K7L+ K257, + K7, + ) (MP2g + KRPwg) + Ky — FP =0, (82)

r=1

+ K2l ]+ K32

rj o 7] [32

n
STMEYE + ME25] + M203, + ME3G% + MESFS, + M3TH  + MBF, + M7
j=1

+ K20 + K207 + K297, + K2T70, + K370, + K297 ) + Y (M5 + K32w3) + K26 — F2 =0,
s=1
(83)
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ij Y

ZM41 +M4403+M4673 +M;§7 i + K}lad + K20} +K449]+K450]
j=1

+ K7+ K7L, 4+ K7+ K7, + ) (Mp2iy + KiPwh) + Ky — Ff =0, (84)
r=1
Z M52 +M550J + MSST,BZ + Mngﬁz + K51 +K52 +K15]49zy _|_K556]
- m

+ K7+ K7L+ KOO0+ KDO7) + ) (Mp2ig + KjPwh) + Ky — FP =0, (85)

r=1

ij Yo

ZM61 +M6403+M667J +Mg7 i + Kiad + K320} +K649]+K650]
j=1

t KT o+ K7L+ KT, + K70 + ) (M) + KiPwg) + Kiyé— F) =0, (86)
r=1

STV + MTOL + MIOFS, + MR+ KTa) + K20+ K0, + K1°6)

’LjOé

—

<.

m
+ K07, + KT, + K7, + K7L) + > (Mg + KJPwp) + Kiyé — Ff =0, (87)
r=1
SOMEZE + MO, + MEF), + MEPT), + KSah + K$20) + K50, + K507
j=1
+ K07+ K7L, + K7+ K7, + ) (MEdig + KiPuh) + Kiyé — FF =0, (88)
r=1

Z M92 + M950J + MQST,BZ + MQQT,BZ + K91 + K92 + K949] + K95€]

ij Yo

m
+ K)OF o+ KT+ K97+ KD)7) + ) (Mg + KpPwg) + Ky — F) =0, (89)
r=1
where ¢ = 1,...,n, and r = 1,...,m. Regarding the weak form of the equation governing the electrostatic

equilibrium in Eq. (70) yields
KL + K20 + K2, + K40, + K505 + K7 + KLt + K575, + K97, + Kopd — Qp = 0. (90)

The coefficients of the mass matrix M5 = M7, stiffness matrix K} = K}, piezoelectric coupling matrix
K}, = K§,, capacitance matrix Ko, force vectors F¥ and electric charge () are defined in Appendix H.
In matrix notation Eqs. (81)-(90) can be expressed in terms of the elemental matrices and vectors of the

generic layer [ as

M, M| fEo), [k kL] [eol, Ko (R
[Miu M] {%l<t>}+ K., K] {%l(t) R P oy
1 ! a'(t)
{K¢u Km} (1) + Kppo(t) = Qql(t), (92)
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where, since K¥* = (K*¥)T and M¥* = (M?¥)T, one gets M, = (M! )T, K! , = (K, )T, beu = (Kﬁmﬁ)T
and Klw = (KZW)T, and the matrices and vectors are

Mll 0 M13 M14 0 Kll K12 K13 K14 K15
0 M22 M23 0 M25 K21 K22 K23 K24 K25
M'lu,u: M3 M2 MB3 M4 M|, Kiyu,_ K31 K32 K33 K34 K|,
M41 0 M43 M44 0 K41 K42 K43 K44 K45
0 M52 M53 0 M55 K51 K52 K53 K54 K55
M M7 0 0 M M7 0 0 T
0 0 M® M 0 0o M*® M Vo
Mf”: M36 M37T M3 M3, Ki”: M36 M3T M3 M3, ﬁl(t): Wo ¢
M* MY 0 0 M M7 0 0 0,
0 0 M M¥ 0 0 M*® M¥» 05
M66 M67 0 0 K66 K67 KGS K69 ’?—za
M76 M77 0 0 K76 K77 K78 K79 _ ?za
M., = 88 89| M., = 86 87 88 89| OERN g
0 0 M M K K K K T3z
0 0 Mo M99 K% K97 K9 K99 ;ﬁz
K, F! 6
K Fo
Ki F2 K? F7
K4 F4 K¢ F
K? F5 Ki F9
[

The coupled "mixed” electro-mechanical FE model in Egs. (91) and (92) is based on the weak forms of the
equations of motion and electrostatic equilibrium, which where obtained through Hamilton’s principle, and is
expressed in terms of displacement (and the derivatives of the transverse displacement), surface shear stresses
and electric potential difference DoFs, which are all coupled. It should be noted that the contributions of
the internal forces defined in vectors F!, and F! to the force vector will cancel when element equations
are assembled. They will remain in the force vector only when the element boundary coincides with the
boundary of the domain being modeled. However, as is well known, the contributions of the distributed
applied loads Z(«, ) to a node will add up from elements connected at the node and remain as a part of the
force vector (see Reddy [107, pp. 313-318]). Regarding the electric potential difference it is assumed constant
in each element and, as can be seen in Eq. (91), it produces an equivalent mechanical load though the KL &
and KlT o vectors. Regarding the Eq. (92), associated with the sensing capabilities os the piezoelectric shell
layer, it establishes the electrostatic relation at the shell layer FE level between the strains (related with the
"mixed” displacements), induced electric potential difference and surface electric charge.

D. Assemblage of Matrices from Layer to Multilayer Level

In this section the elemental equations derived for the generic single shell layer are adapted in order to allow
the generalization of the present theory to a multilayer, or discrete layer, type formulation. To that end,
since the displacements DoFs of the elemental equations of the shell layer are defined in terms of in-plane
generalized displacements in the middle surface and rotations of the normals to the middle surface, first the
DoF's are transformed to equivalent in-plane displacements on the top and bottom surfaces of the generic
shell layer element. Additionally, since the effects of the surface top and bottom shear stresses have been
represented in terms of mean and relative quantities, another transformation is required to the stress DoF's
to dispose of top and bottom shear stresses DoFs. The transverse displacement is assumed constant in the
multilayer shell (i.e., is constant, and the same, for all layers). These transformations allow the displacement
and stress DoF's of different layers to be assembled imposing not only displacement continuity but also shear
stress continuity across the interfaces of the multilayer shell FE. Thus, the FE is "regenerated” (in opposition
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to the well-known ”degeneration” approach) in the form of an equivalent eight-noded 3-D element with 2 in-
plane displacement and 2 shear stress DoF's per node, and one transverse displacement (and its derivatives)
and one electric potential difference per element. Therefore, the ”"regenerated” formulation is suitable for
assemblage of elemental matrices from single layer to multilayer level.

The effects of the pairs of generalized variables (ug,8,) and (v, 83) in the global displacement field are
taken into account through new equivalent pairs of generalized variables (u;, up) and (v, vp), with each pair
containing the in-plane translations at the top and bottom surfaces, respectively. Thus, rather than describ-
ing the in-plane displacement field by a translation and a rotation at one point, it can more conveniently be
described here by the translation at two points on the top and bottom surfaces.

According to Eq. (44), and using the adequate coefficients of matrices z“(z = h) and z7(z = h), the
displacement field u(«, 3, z) on the top surface is given as

ow _ - .
up = 215 (h)uo + Z%B(h)aiao + 274 (M) 0o + 211 (M) T 20 + 213(h) T 20 (94)

Then, from the previous equation ug = ug(a, 3) is written as

U+ — e a " Tza u Tza-
2u(h) ' 2py(h) 8o 2y (h) 2ty (h) 24 (h)

e — 1 z13(h) dwg zﬁ(h)e _Zi—l(h)— _Zf2(h)~
0=

Substituting the definition of ug = up(c, 8,2 = 0) in terms of u; = w (e, 8,z = h) yields

Zlul u u Zlu3(h) 8'100 u u 2%4(}7’)
“%@W”[“ “%mm]w {m“%mmwa
271 (h 275(h) ]

el ] e [ ndhm) &
From the previous equation it can be seen that some transformations to the first line of matrices z*(z)
and z7(z) was performed in order to make a transformation of the generalized in-plane displacement wug
on the middle surface to the translation on the top surface u;. Performing a similar process to eliminate
the rotation 6, of Eq. (96) and express the displacement u also in terms of the translation on the bottom
surface wuyp,, another transformation is performed considering also the terms of the first line of z%(z = —h)
and z7(z = —h). Similar relations hold for the second pair of variables (vg,63). For the sake of brevity
the algebra of these relations will not be be presented here but can easily be derived from the previous
explanation.

Other required transformation to ”regenerate” the 2-D element is performed according to Eqs. (4) and
(5), where relationships between the mean and relative shear stresses and the shear stresses on the interfaces
of the generic shell layer o, 02, O'tﬂz and O’%Z can be easily established.

According to the previous discussion, the relationship between the original and ”regenerated” set of
generalized variables used to defined the in-plane displacement field can be established by means of a trans-
formation matrices T, and T, as

oh) u = —t

— — Tza Oa

Vo up _7_ b

Wo 0 =Tu{ % s =T (97)
— Tﬁz Bz

O v 7 o

Performing the previous transformations into the FE elemental matrices in Eqgs. (91) and (92), where the
elemental matrices and vectors are transformed according to (similar relations hold for the stiffness matrices)

My, = T,M,, Ty, M7 =T,M_ T,  M] =T,M,T,

K= TIK, KL -TK,  F =TI, o
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yields

[={H

My, M fio) | [k K] fato) | [k [
|~M:lu Mil”"| {‘T-*l(t)}+ K:Z K*l‘|{7_'*l(t) + K”‘lq5 Qﬁ(t)- F*l(t) ’ (99)

{xi i) {‘_‘f(?} + Koult) = Qult), (100

From this point forward, the generic layer elemental matrices can be assembled in the thickness direction
in order to create the desired multilayer FE according to the representative multilayer shell model to be
generated. Displacement and shear stress continuity at the through-the-thickness interfaces of adjacent
elements (discrete layers) is imposed in the assemblage process, as is usually done with the displacement
DoF of 3-D elements, and it is assumed that no slippage occurs in the interfaces between adjacent layers. It
is worthy to mention that the resultant multilayer elemental matrices are needed, for example, when there
is the need to consider segmented layers, as is the case when dealing with arbitrary damping treatments
(piezoelectric or viscoelastic patches) mounted on a host shell structure. After the through-the-thickness
assemblage, the multilayer elemental matrices are written as

M’let’u, Mzerr ﬁe (t) qu/,u K,ZT l_le(t) KZ —e . F’Z(t)
lMiu Mij {*e(t)} " ke, KiT] {Fe(t)} i {Kiz}¢ 0= {Fi(t)}’ (101)

(ks K} {"‘e(”} K580 = Q5 (1), (102)

(1)

where the superscript ()¢ is used to denote multilayer elemental matrices and vectors. Regarding the
electrical part of the FE equations, It should be noted that since the multilayer shell can contain several
piezoelectric layers, there is more than one electrical DoF and therefore instead of a single electrical potential
we have a vector ¢° of electrical potential differences and the correspondent capacitance matrices Kf, and
electric charge vector Qg.

Assuming homogeneous shear stress conditions on the free top and bottom surfaces of the multilayer shell
element and performing a dynamic condensation to the shear stress DoF's, as suggested for a generic system,
for example, by Kidder'®® or O’Callahan!?® and Gordis,''? yields the multilayer FE elemental equations in
terms of elemental reduced matrices and vectors in terms of only displacement variables as

M, 8°(1) + K5, 0(t) + K (1) = 5 (1), (103)
K5, 0°(8) + K§,0° (1) = Q5 (t). (104)

A generic fully discretized global electro-mechanical system is obtained by ”in-plane” assembling the ele-
mental multilayer FE matrices and vectors yielding

M (1) + Ko 0(t) + K, d(t) = Fu(t), (105)
K 1i(t) + Kgpp(t) = Qo) (106)

where the superscript (-)¢ and the hat above the elemental matrices and vectors have been dropped to denote
global matrices and vectors of the fully discretized FE model.

The electrical DoFs vector in Eqgs. (105) and (106) can be partitioned into the actuating and sensing
DoFs,

b(t) = col[g, (), B4 (1)), (107)
where the subscripts (), and (+)s denote the actuating and sensing capabilities. Furthermore, the stiffness
matrix can be written as the sum of the elastic and piezoelectric layers stiffness matrices KZ, and KZ
respectively. Hence, considering open-circuit electrodes, and in that case Qg(t) = 0 (see Vasques and
Rodrigues??), the non specified potential differences in (106) can be statically condensed in (105) and the

equations of motion and charge equilibrium become

Mouii(t) + (K2, + K52 )a(t) = ~KJ,u@, (1) + Fu(b), (108)
b(t) = —K , Kousti(t), (109)
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where

KIILD: = Kluju - KgusK;;s
It is worthy to mention that a through-the-thickness distribution of the induced electric potential within the
piezoelectric layers was already considered in the formulation through the modification of the strain definition,
as described in Sec. C, and the use of effective shear stiffness parameters in Egs. (C12) of Appendix. Thus, the
static condensation in Eq. (108) only considers the linear counterpart of the electrical potential distribution,
which is the one that in fact contributes to the sensor voltage. Moreover, a second alternative where the
equipotential area condition is satisfied by means of a modified static condensation of the non-specified
potentials might be utilized, which corresponds to a more realistic approach, that becomes more significant
for bare piezoelectric structures or as the length of the piezoelectric layers approaches the length of the host
structure (see Refs. 42 and 111 for further details).

E. Inclusion of Viscoelastic Damping Effects

In this section the coupled piezo-elastic multilayer FE model in Eqs. (108) and (109) is extended to the case
where the multilayer shell includes also damping layers of isotropic viscoelastic materials. In order to fully
account for the viscoelastic damping effects in the FE model, the temperature and frequency dependent
material properties of the viscoelastic materials cause some difficulties, increasing the complexity of the
mathematical model. Usually, for simplicity, the temperature is assumed constant, and only the frequency
dependent constitutive behavior is considered in the underlying models. If general transient responses are
required, time domain models are suitable and versatile alternatives to frequency domain methods such as
the CMA, since they allow the reduction of the computational burden due to the re-calculation of the stiffness
matrix for each discrete frequency value (see, for example, Refs. 112 and 113). A good alternative is a time
domain model based on a variation (or Laplace transformed) of the ADF (Anelastic Displacement Fields)
model, originally developed by Lesieutre and his co-workers,?*%° as proposed by Vasques et al.5® For the
sake of brevity only key steps of the derivation of the Laplace transformed variation of the ADF model will
be presented here. The reader is referred to Refs. 68 and 96 for further details.

The Laplace transformed formulation of the ADF model takes a definition of the complex (frequency
dependent) modulus of elasticity of the viscoelastic material in the frequency (Laplace) domain and utilizes
so-called internal, or dissipation, or anelastic (after Lesieutre) variables, to simplify the equations. The
use of additional variables has however the drawback of increasing the size of the problem. Afterward,
through an inverse Laplace transform one obtains an amenable and computationally tractable augmented
viscoelastically damped system of linear ordinary differential equations that can be solved by standard
(linear) numerical procedures. With this procedure the FE model implementation of the ADF model is more
straightforward when compared with the Lesieutre’s original direct time domain formulation based on the
methods of irreversible thermodynamics and a decomposition of the total displacement field in an elastic
and anelastic counterpart.

The process of deriving an augmented coupled elastic-anelastic (using the original designation of Lesieu-
tre) utilizes the definition of the material modulus function sG(s) given by Lesieutre and his co-worker®* 114
as a series of functions in the Laplace domain,

sG(s) :G0(1+ P ) (111)

=15+

where Gy = lims—,o, G(t) is the relazed (or static, or low-frequency) shear modulus, €; is the inverse of the
characteristic relazation time at constant strain and A; the correspondent relazation resistance. To take into
consideration the relaxation behavior, the entire ADF model itself may be comprised of several individual
fields where n series of ADF are used to describe the material behavior. Given measured values of the shear
modulus in the form of frequency dependent complex modulus G(jw), the relaxed shear modulus G and the
series of material parameters A; and €); can be determined using curve fitting or optimization techniques.
The number of series of ADF parameters determines the accuracy of the matching of the measured data
over the frequency range of interest (see Ref. 68).

Considering a piezo-visco-elastic multilayered shell, the stiffness matrices of the piezoelectric and elastic
layers of the FE equation of motion in Eq. (108) are collected into a single matrix KZP* and the viscoelastic
layers are collected into a complex stiffness matrix K", (jw). However, the complex shear modulus (note
that assuming a frequency independent Poisson’s coefficient both shear and extensional stiffness terms are
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considered in the viscoelastic stiffness matrix through the extensional and shear modulus relationship) of

the viscoelastic stiffness matrix is factored out of KV, (jw) yielding KV, (jw) = G(jw)KY,. Assuming that

U
all the viscoelastic layers have the same material, Eq. (108) follows a hereditary stress-strain law'!% as

M, fi(t) + D di(t) + Kii () + G(HK,u(0) + / oKL, 62(7)
0 T

dr = F(t), (112)

where F(t) = F,(t) — Kguaa)a(t) and D, is a viscous proportional damping matrix. Transforming Eq. (112)
to the Laplace domain yields

(s°Myy + sDyy + KEP*) 1i(s) + sG(s)KY,i(s) = F(s). (113)
Substituting the material modulus function representation in Eq. (111) into (113) yields

_ noA;
(Mo + 5Dy + KEP*) i(s) + GoKY, (1 Ly 2
=18+ Qz

) a(s) = F(s). (114)

Then, introducing a set of n series of anelastic (or internal, dissipation) G{*(s) (i = 1,...,n) variables, for
each series, one can define the relationship

ii(s) — G (s) = - jQiﬁ(s). (115)

Substituting Eq. (115) into (114), and considering the dissipative behavior of the anelastic DoFs given from
Eq. (115) as
Q;
~A i o~
/ = 116
O ] (116)

after some algebra (see Refs. 68 and 96 for details) the time-dependent behavior of the elastic-anelastic
augmented piezo-visco-elastic coupled system, is recovered through the inverse Laplace transform as

n
M., fi(t) + D fi(t) + (K +KUX) 6() - KD Y A () = F(), (117)
i=1
A; .
o K1) + AKa (1) - AKYE() =0, (118)

where KV = GoKYV,, is the relaved (static) stiffness matrix of the viscoelastic components and

KY© = (143 A KL (119)
=1

The augmented coupled system in Egs. (117) and (118) might still be expressed in compact matrix form as

Mq(t) + Dq(t) + Kq(t) = F(1), (120)
where
T __ Muu 0 N Duu 0 v KEE KEA
"o ol | 0 Daal’ |Kap Kaal’
a(t) = col(ﬁ(t),ﬁ{‘(t), o ﬁf(t))7 F(t) = col(F(t)7 0,..., 0), (121)
and

A A,
Das = diag(Q—lleg, . ,Q—Km), Kaq = diag(AlKX7?7 - ,AnKXS)
n

Kpp =K "+ K/, Kpa=[-AKp, .. —AKD],  Kap =Ky (122)
As can be seen in Egs. (117) and (118), the main disadvantage of the ADF model is that, associated with
a FE discretization, and in order to account for the frequency dependence of the viscoelastic material, since
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it adds auxiliary internal DoF's, which for each ADF series must be equal to the number of elastic DoFs, it
leads to large systems. However, model reduction techniques might be utilized in order to reduce the size
of the system. As suggested by Trindade et al.’® the matrices corresponding to the anelastic (dissipative)
DoF's might be reduced and diagonalized to reduce the computational cost. Considering a linear coordinate
transformation 6 (t) = ¥4 (t), where Ay = WKV 4 is a diagonal matrix composed by the non-zero
eigenvalues of K”9 and ¥, is the correspondent matrix of normalized eigenvectors, such that $TW¥ 4 =1,
matrices D4, Kaa and K4g, and the vector of DoFs q(t), might alternatively be modified to

. A1 An 7
DAA = dl&g(EAA, [P ,QinAA), KAA = dlag(AlAA, PN ,A»,LAA),
Kpa=[-AK2W 4, = AKYOW AL, G(t) = col(T(t), af (1), ..., a7 (1)). (123)

The advantages of the alternative (transformed) representation are that in the case where only some
part of the structure is covered with viscoelastic layers only some FEs have viscoelastic components and
K" can have several rows and columns of zeros, which in turn leads to some zero eigenvalues. Thus, the
size of @1{(t) can be substantially smaller than that of @{!(¢). Furthermore, one may notice from M that
the anelastic DoFs have no inertia and therefore the global mass matrix M is singular and is not positive-
definite. However, the singularity of the mass matrix can be overcome if instead of solving the second-order
system in Eq. (120) one considers a state-space representation with an adequate design of the state variables.
Moreover, the number of flexible modes is kept the same and the dissipative modes, which correspond to
the internal relaxations of the viscoelastic material, are overdamped with low observability. The ADF model
represents a good alternative to accurately model the damping behavior of the viscoelastic materials. It
is easily implemented at the FE level, yields good trade-off between accuracy and complexity and allows
transient analysis.

V. Active Control of Vibration

A. State Space Design

The state-space approach is the basis of the modern control theories and is strongly recommended in the
design and analysis of control systems with a great amount of inputs and outputs. In this method, dynamic
systems are described by a set of first-order differential equations in variables called the state. See related
textbooks in Refs. 116 and 117.

To apply the augmented elastic-anelastic piezo-visco-elastic coupled FE model in control design, the
system in Eq. (120) is transformed into a state-space form. Therefore, in order to overcome the singularity
of the mass matrix the state-space vector x(t) is chosen as

x(t)= {Q(t)} ; (124)

()

where the chosen state variables are the augmented vector q(t), composed by the mechanical (elastic) DoF's
vector #i(t) and a reduced set of anelastic transformed coordinates vectors @ (¢), and the the time derivative
of the mechanical DoFs vector ii(t). It is worthy to mention that the time derivatives of G (¢) are not
considered here since these variables are massless. Thus, the coupled system in Eq. (120) and the sensing

Eq. (109) can be expressed in terms of the state variables vector x(t), yielding

x(t) = Ax(t) + Byug(t) + Byuy(t), (125)
y(t) = Cx(t), (126)
where A is the system matrix, B,, and B4 are the mechanical and electrical input matrices associated with

the mechanical and electrical loads, C is the output matrix, u, (¢) and ug(t) are the mechanical and electrical
input vectors and y(¢) is the output vector, given by

0 0 I 0 0
A=| -D,'\Kir -D, Kaa 0 ) B, = 0 ; By = 0 ,
~M_ Kpr —M;;Kpa —M_ Dy, M, ~M; Kupa
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K Kpe 00 é.()
— 0 0 7K(;(;SK¢US — &s(t) — — A4
C : 0 o .y a0 [’ u,(t) =Fu(t),  up(t)=,(t).
0 0 I (t)

(127)

The coupled piezo-visco-elastic state-space system in Eqgs. (125) and (126) can therefore be used for the
design and simulation of hybrid damping treatments in shells. It is however worth to mention that, as
presented by Vasques and Rodrigues,*? the signal induced by the piezoelectric sensors should be calculated
from an average of the electrical DoF's due to the ”finite” electrical separation of the electrodes of the different
elements (i.e., continuity of the electric potential difference between adjacent elements has not been enforced)
and considerations regarding the equipotential area of the electrodes should be taken into account.

One major disadvantage in using internal variables models such as the ADF to model the damping
introduced by the viscoelastic materials is the creation of additional dissipation coordinates. Even with a
modal reduction of the DoF's of the non viscoelastic elements the order of the system quickly increases as the
number of series of dissipation ADF parameters used in the summation is increased. This size is determined
by the number of series of parameters necessary for an accurate curve fitting of the frequency-dependent
complex shear modulus.%® Larger order makes control design more difficult, especially when these states are
non-physical and can not be directly sensed.!'® It is therefore advantageous to look at model reduction to
reduce the system’s size. As suggested by Trindade et al.,> the matrices corresponding to the internal DoFs
might be reduced and diagonalized through a projection in a suitable reduced modal base. Thus, through an
adequate coordinate transformation based on the eigenvalues and eigenvectors of K'Y and elimination of the
nil eigenvalues, the size of the problem can be substantially reduced. Furthermore, truncated complex state-
space modal models might also be used in order to reduce the system size even further. The reader is referred,
for example, to Trindade et al.,’® Vasques and Rodrigues,”® Friswell and Inman''® and Park et al.'?0 for
further details about state-space design and model reduction techniques concerning viscoelastically damped
structural systems. For further details regarding control strategies the reader is referred, for example, to the
works of Vasques and Rodrigues.88:91:96

B. Quantification of Damping Mechanisms

Hybrid damping treatments attenuate vibrations and sound radiation through different damping mecha-
nisms. In order to optimize the design of arbitrary hybrid active-passive damping treatments, where the
damping layers are arbitrarily stacked and mounted on the host structure, it is essential to understand their
phenomenological behavior and to be able to identify and quantify the efficiency of the different damping
mechanisms. This treatments comprise on the one hand the damping effects due to the internal molecu-
lar interactions that occur during deformation in general, and vibration in particular, of the viscoelastic
materials, which give rise to macroscopic properties such as stiffness and energy dissipation during cyclic
deformation, and on the other hand the effects due to the piezoelectric actuation which applies forces and
moments on the structure. In order to do that, an approach based upon an energetic balance of the global
kinetic or strain energies is proposed.

Thus, assuming a general closed-loop control system (with a certain control strategy) applied in conjunc-
tion with arbitrary hybrid damping treatments to reduce the vibration and/or noise radiation of a general
structural system, the resultant hybrid damping mechanism basically represents the net interaction and
contribution of the following somewhat different but complemental three damping mechanisms (see Fig. 4):

e A passive mechanism, where the system is assumed in open-loop and where only the damping mainly
due to the shearing of the viscoelastic layers (constrained or not) alone is considered;

e An active mechanism, which decreases the total input power into the structure due to the forces applied
by the active piezoelectric constraining layer through the viscoelastic layer (which assumes a perfect
transmissibility);

e A coupled mechanism, which represents the energy dissipation effects of the increase of shearing in
the viscoelastic layer due to the convenient motion (actuation) of the active piezoelectric constraining
layer.
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Figure 4. Schematic of the methodology to individually quantify the loss coefficients of the damping mecha-
nisms.

Thus, based on the previous definitions, and neglecting other general sources of damping (e.g., the
material damping of the elastic part of the structural system, air-based damping, energy dissipation in the
supports, etc.), which were assumed to be proportional to the velocity and were considered through the
viscous proportional damping model in the global FE model, a normalized loss coefficient quantifying the
net damping achieved with the hybrid mechanism, 7, is given as

Nh =My + Mg + Nes (128)

where 7,,, 1, and 7, are normalized loss coefficients that quantify the energy dissipated by the passive, active
and coupled mechanisms. The hybrid, passive and active coefficients are defined as

_E,—E, _E,—E, _E,—E,

Ir Za 129
5 5 oA (129)

h
where E, is the reference (kinetic or strain) energy of the structural system and Ej, E, and E, are the
hybrid, passive and active energies (kinetic or strain) determined by setting the electric potential difference ¢
on or off (open- or closed-loop system) and by assuming or not the loss factor of the viscoelastic material 7,
equal to zero (i.e., a perfect transmissibility of the efforts from the piezoelectric patch to the host structure
is considered) as depicted in Fig. 4. Since the loss coefficients in Eqgs. (129) are in fact the ones that we
can determine, at the simulation level, from the outputs of the system, the loss coefficient of the coupled
mechanism can be determined from the others as

Ne =M — Np + N (130)

The latter loss coefficient is of great importance since it allows to infer about the advantages of hybrid
damping configurations when compared with pure active or passive ones. Furthermore, when the hybrid
treatments are incorrectly designed, the active mechanism might have a reduced importance since the vis-
coelastic layer usually reduces the transmissibility of efforts to the host structure. In fact, usually the
transmissibility (stiffness) increases with frequency. Thus, in order to dissipate energy also at low frequen-
cies, the aim would be to actively increase the shearing in the viscoelastic layer. However, due to the loss
factor behavior of viscoelastic materials (usually smaller at low frequencies), the treatment is usually more
efficient for frequencies with higher loss factors, if we have also significant shearing strains. (The energy
released is related with the loss factor times the shearing strain.) Regarding the "pure” active treatments,
the transmissibility of efforts to the host structure is higher, since the patch is bonded to the structure, and
the aim is actively reducing the input power coming into the structure. Hence, this set of indices provides
an efficient and straightforward means to design hybrid damping treatments since the contributions and
trade-off between the different damping ”ingredients” are fully known and quantified.

It is still worthy to mention that, for simplicity, the present approach to quantify the damping mechanisms
has been presented and discussed for a structural system with an ACLD treatment. However, as obvious,
the methodology is general and can be applied to structural systems with more complex arbitrarily stacked
hybrid damping treatments.
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VI. Conclusion

Based on a fully refined mathematical model of general anisotropic shells a fully coupled piezo-visco-
elastic FE model has been conceptually proposed for multilayer shells. However, for practical reasons, related
with the complexity of the formulation, simplifications regarding the through-the-thickness distribution of
the transverse displacement were considered and a partially refined theory was derived with additional
restrictions inherent to doubly-curved orthotropic shells physics. No simplifications regarding the thinness
of the shell were considered and a plane stress state was considered for the partially refined theory.

It was shown that the refined assumptions and relaxation of some of Love’s classical assumptions led to
a "mixed” definition of the displacement field in terms of the same generalized displacements of the FSDT
and CLT, and shear stresses on the top and bottom surfaces.

The electrical potential was defined assuming negligible in-plane electric displacement field which allowed
the use of effective shear stiffness parameters which account for the effects of the induced in-plane electric
field components. Regarding the transverse (out-of-plane) electrical behavior, the induced transverse electric
field was considered by means of a modification of the mechanical in-plane strains, which in an analogous
way were modified into effective strains. Thus, the direct piezoelectric effect was condensed into the model
through effective stiffness and strains definitions, and the converse counterpart was considered by the action
of prescribed electric potential differences in each piezoelectric layer.

The governing equations of a generic single layer of the multilayered shell were derived with Hamilton’s
principle in conjunction with the "mixed” displacement field and the electric potential difference definitions.
The DoF's of the resultant four-noded generic piezo-elastic single layer FE model were then "regenerated”
into an equivalent eight-node 3-D formulation in terms of top and bottom translations and shear stresses,
and a transverse displacement (and its derivatives) constant in the elemental volume. The through-the-
thickness assemblage of the "regenerated” FE model of the single layer allowed the generation of a refined
multilayer FE assuring displacement and shear stress interlayer continuity. The dynamic condensation of the
stress DoF's allowed the reduction of the refined multilayer piezo-elastic FE to a an equivalent representation
similar in structure to the one obtained with a first-order partial layerwise theory, but considering nonlinear
in-plane displacement and quadratic shear stresses definitions and also interlayer continuity and homogeneous
conditions, at the top and bottom surfaces of the refined multilayer FE, of the shear stresses. It was shown
that the inclusion of the viscoelastic damping effects can be considered at the global FE model level by using
a Laplace transformed version of the ADF model, with the drawback of increasing the size of the problem.

Last but not the least, the equations of motion were cast in a state-space form suitable for active control
aplications/simulations, alternatives to reduce the size of the state-space piezo-visco-elastic coupled system
were outlined and it was shown that a straightforward methodology using only the outputs of the state-
space system can be derived to individually quantify the different damping mechanisms of arbitrary hybrid
damping treatments.

The resultant partially refined piezo-visco-elastic coupled FE model can therefore be used to model shells
with segmented hybrid (active-passive) damping treatments and used to design damping treatments for
vibration and/or sound radiation suppression.

Appendix

A. Strain-Displacement and Equilibrium Equations in Orthogonal Curvilinear Coordinates

Taking into account that H, = 1, from the equations of 3-D theory of elasticity, the strain components of
the shell layer are defined as a function of displacements by Sokolnikoff [124, pp. 177-184] as

e Youw 1 OHe  10H, 1 0Hs 10v 10Hz
T H,da  H.Hg 08 ' H, 0z ' "7 H,Hs da  Hz03 ' Hs 0z
_Ow g, 9 (o) Low
=T By =0 \Hy ) T Hy 08
0 U 1 Ow H, 0 U Hz 0 v
ca = Hamo | 2 T A Rl L (=), Al
‘ BE <Ha)+Ha da 8= H, 98 (Ha)+Ha8a (Hﬁ) (A1)

where u = u («, 3,2), v = v (,3,2) and w = w(«, 3, z) are the displacement components of an arbitrary
point of the shell in the directions of the tangents to the coordinate lines (o, 3, z), respectively. The equi-
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librium equations of a differential element of the body of the shell layer in the tri-orthogonal system of

curvilinear coordinates'?* is represented by the partial differential equations
0 0 0 0Hg 0H, 0H,,
— (A ao an Ha «@ a_ HaH za) T T - «@ a zZo H I5) P _O
50 (Hso )+36( 0ap) + 5~ (HaHpoza) = —5-=03p aﬁ06+ 85, Ozt s
0 0 0 0H, O0Hg 0Hg
— (H, — (Hgoq, — (HoHpog:) — ——0aa — o H, 2 H,HzPz =0,
aﬂ( 7p8) + 5 (Hpoap) + 5~ (Hallop:) 98 7 oo Ces T Ha Ty — 0.5+ HoHgPy
0 0 0 0H,, 0Hg
a. HaH zz + (H za Ye) Ha z —Hg—— [e7e} _Hozi HaH Pz :Oa A2
5, (HaHpo::2) + o- (Hpo )+aﬁ( 0p:) = Hp—5 =0 5, 068+ Halp (A2)

where P, = P, (o, ,2), Ps = Ps(a,,2) and P, = P, («, 5, 2) are the corresponding projections of the
volumetric force in the direction of the tangents to the shell curvilinear coordinate system.

B. First Order Shear Deformation Theory (FSDT) of Anisotropic Shells

According to the Love’s first approzimation assumptions for thin shells (the so-called classical Kirchhoff-Love
theory of shells), the following strain and stress definitions are derived for anisotropic shells, by relaxing in
part the so-called Kirchhoff’s hypothesis that normals to the undeformed middle surface remain straight and
normal to the deformed middle surface and suffer no extension (see [4, Sec. 1.3]). Here it is considered that
normals before deformation remain straight but not necessarily normal after deformation, which basically
relaxes the condition of nil out-of-plane shear strains. That theory is known as FSDT or Reissner-Mindlin
theory applied to shells.
Consistent with the assumptions of a moderately thick shell theory, the displacement components are

u*(a, B, 2) = uog(a, B) + 204 (a, B),
v (v, B,2) = vo(a, B) + 20(cx, B),
w*(a, B, 2) = wo(a, B), (B1)

where uy = uo(e, 8), vo = vo(a, 8) and wy = wo(w, §) are the tangential and transverse displacements
referred to a point on the middle surface, respectively, and 6, = 0,(c, ) and 05 = 03(«, 8) are the rotations
of a normal to the reference middle surface.

Thus, taken into account the strain-displacement equations of the 3-D elasticity in orthogonal curvilinear
coordinates in Eqgs. (A1), as proposed by Byrne, Fliigge, Goldenveizer, Lur’ye and Novozhilov between the
1940s and 1960s (cf. [4, Sec. 1.4]), and in a similar form to what has been presented, for example, by
Reddy [6, Sec. 8.2.3] or Leissa [4, Sec. 1.4.1], the in-plane strain definitions are given as,

Eha (@, B,2) = 20er 0 (a, B) + 2{MerV) (, B)

62;5 (O[,/()), Z) - Zé )‘C:;(ﬁo (0[76) + Zél) :;(;) (O[,/())) )
ehg(a,B,2) = 202D (a, 8) + 2(0er) (@, 8, (B2)

where (cf. [4, Sec. 1.4.1])
RO A O B
“  (1+2z/R.)’ B (14 2/Rp)’

2
0) _ (0,0 (;__*= 2D = 0,0 z
Zop = 2o g (1 RQR5> , Zop = 2o g z( 2R 2R5 (B3)

with ¢ = 0,1 and

L O, v 94a  wo
Ay Do AAp Op
1 81}0 Uug 8A5

+(0) _ low wy
o5 (0 = 95 T A4, Ba T Ry

*(0) - A 8 ’LLQ Aﬁ 8 Uo
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_ 1% 1 044
T A, 0o AlAg 0B 7
*(1) _ 1 06 1 0Ag
£55° (8) = 55 A4, fa

#(1) _Aa 0 (0a), Az O (65
fas” (8 = 7055 (Aa>+Aa8a A,

L (Low 1 94y N1 (1w 1 0d -
Ro \Ag 88 A Az da ) " Rg \ A, da  A,Az 08 °)°

e (o, B)

Regarding the previous strain definitions it is worthy to mention that the zero-order terms sj;((?), 5;3(;) and

EZ(BO) represent the normal (membrane) and shearing strains of the reference surface, respectively, and the

first order terms 40, £*V) and 6:;([31) represent the linearly distributed bending components of strain and

the torsion of the reference surface during deformation.
Considering the mechanical counterpart of the anisotropic (general orthotropic) plane-stress constitutive
behavior presented in Eq. (C15), the in-plane stresses are given as

Z) + ET2625 (avﬁa Z) + ETGEZB (avﬂa Z) = Uz(o(z)) (avﬁa Z) + Uzg) (aaﬂv Z) )
055 (00, B, 2) = Ciaeha (0, B, 2) + Chachy (a0, B, 2) + Cageis (0, B,2) = 055 (a0, B,2) + 05y (@, B, 2)
z)

+ el (0, B,2) + Gigetg (0, 8,2) = 02 (a, B,2) + 02 (. B,2),  (BS)

O—Za (OZ?ﬂv Z) = ETl‘C::za (Oé,ﬂ,

Tap (@, 3, 2) = Elegaa (@, 5,

where in a similar way to the zero-order and first-order strain definitions, Eqgs. (B5) are splitted into the
zero-order and first-order stress components, where, for example, for the first Eq. of (B5)

o0 (o, 8, 2) = 298659 (a, 8) + 20005y (o, B) + 2ct6r) (@, 9)

o:1 (a, 8,2) = 2Vt erD (o, B) + 25785y (o, 8) + 2 0eieeny) (@, 8) . (B6)

Similar relations hold for the second and third Egs. of (B5) which for the sake of brevity are not presented
here.

C. Piezoelectric Constitutive Behavior

The linear piezoelectric constitutive equations in compact matrix notation'%* are given by
o=cPe—e'E, (C1)
D = ec + €’E, (C2)

where o, €, E and D are, respectively, the stress, strain, electric field and electric displacement vectors,
and ¢, eT and €° are, respectively, the elasticity (at constant electric field), transpose piezoelectric and
dielectric (at constant strain) matrices appropriate for the material.

The material of piezoelectric layers is assumed to be general orthotropic, with the axes of orthotropy not
necessarily parallel (arbitrary orientation of the piezoelectric shell layer) to the axes of principal curvature
of the shell layer («, 3, 2), and polarized in the transverse direction z. Furthermore, it has the symmetry
properties of an orthorhombic material of the class mm?2.103:194 Representing Egs. (C1) and (C2), with their
full matrix and vector terms in engineering notation yields

Oaa i1 ci2 ¢z 0 0 ¢l |caa 0 0 esn
T} Cl2 Co2 Co3 0 0 Cog €85 0 0 €32 E

Gig Ca3 C33 0 0 G £ 0 0 e “
Ozz — C13 C23 C33 B B C36 zz - B €33 Eﬁ , (C?))
032 0 0 0 cuu 5 O €82 €14 €2 O P
Oza 0 0 0 &5 65 O €za €15 €5 0 :
Tap [C16 C26 C36 0 0 Cos]| (ap |0 0 es36]
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Caa
g
D, 0 0 0 es €15 0 AB €11 €12 0 E,
EZZ — —
Dg =10 0 0 €24 €25 0 + | €12 €99 0 E,g . (04)
€8z _
D, €31 e ez 0 0 eg ? 0 0 &3] (E:
EZQ
Eaf

For simplicity the superscripts (-)¥ and (-)® of Egs. (C1) and (C2) have been dropped. The relationships
between the problem quantities ¢;;, €,; and € (4,7 = 1,...,6; r,s = 1,2,3) and the original material ¢;;,
erj and €5 when the material system af-plane is rotated an angle +6 (rotating from « to 3) around the
z-axis are given by

&1 = c11 cos® 0 4 2 (12 + 2¢66) sin® 0 cos? 6 4 cap sin 6, 13 = ¢13 €082 0 + ca3sin’ 0,
c12 = c12 (sin 0 + cos® ) + (c11 + e22 — 4cgo) sin® 6 cos™ 6, Coz = c138in% 0 + o3 cos? 0,
C16 = (c11 — 12 — 2c66) sin B cos® 6 + (1o — cap + 2c66) sin® fcos B,  E36 = (c13 — c23) sinf cos ),
Ca2 = c11sin’ 0 +2 (1 + 266) sin” ¢ cos? 0 + ez cos' 0, Caa4 = C4q €082 0 4 c555in% 0,  (CH)
Ga6 = (c11 — €12 — 2cg6) sin® O cos O + (12 — caz + 2¢q6) sinfcos® 0, a5 = (cs5 — ca4) sinf cos o,
Goo = 2(c11 + c22 — 2c12) sin® 0 cos? 0 + ce6(sin” 0 — cos® 0)?, G55 = C55 €082 0 + cyq 502 6,
€33 = C33,
and
€14 = (e15 — €24) sinf cos 0, €33 = €33,
€15 = €15 c0s” 0 + ey sin” 0, €36 = (e31 — e32)sinf cos 0,
€24 = e155in” 0 + ezq cos™ 0, €11 = €11 082 0 + egp5in? 0, (C6)
€25 = (€15 — €24) sinf cos, €12 = (€11 — €22)sinf cos b,
€31 = eg) cos? 0 + esy sin’ 0, €29 = €11 80?0 + €95 cos? 9,
€39 = e315in” 0 + e39 cos? 6, €33 = €33.

The electrostatic equilibrium of a piezoelectric media expressed in the constitutive Eq. (C3) can be
re-written has

Da €11 €12 0 Ea - Ea
Dﬁ = |€12 €22 0 E[-} - Eﬁ 5 (C?)
D, 0 0 €33 E,.—E,

where Ea, Eﬁ and E, are the electric field components due to the converse prescribed (externally applied)
piezoelectric effects and E,, Eg and E. are the electric field components due to the direct (induced) piezo-
electric effect given by

— €22 _ €12 ,_ _
Eq = — == (€1463: + €1562a) + = (€2468. + €25624)
€12 €12
— €12 ,_ _ €11 ,_ _
Eg = 4+—= (€1465. + €1562a) — = (E24€82 + €2562a) ,
€12 €12
_ 1 B ~ B
EL1:**g‘(emﬁaa*F€w€ﬁﬂ4fﬁw€u‘%€%ﬂaﬁ), (C8)
33

where ETQ = €11€22 — (E12)2.

Since in the present problem the electrodes are located on the top and bottom surfaces and only a
transverse electric field E, is externally applied, the conditions D, = Dg = 0 hold in the shell surfaces not
covered with electrodes and in contact with a medium with low permittivity, e.g., vacuum or air (see Refs.
40,42 and 45 for further details). Thus, considering the relationships in (C7) the prescribed in-plane electric
field components E, and Eg are equal to the induced ones, and in matrix form they are determined from
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Eq. (C4),

Caa
. €pp
{Ea}:_ru 5121 [0 00 e a5 0] Jeu | ()
Ejg €12 €99 0 0 0 ey e95 O €82
Eza
€aB
Condensing the in-plane induced electric fields in Eq. (C3) yields
Oaa ci1 ¢z ¢z 0 0 ci6| |can €31
088 Cl2 Cx C3 0 0 ¢l |epp €32
Ozz C13 Co3 C33 0 0 36| ) ez €33
o (10 0 0 @ o 0|ew( |o|™ (C10)
Osa 0 0 0 & & 0]|]|eca 0
Tap [C16 Co6 C36 O 0 Cos| €ap | €36 |
Eaa
€86
Dzz[égl Gap Ess 0 0 esg|d b +essEL, (C11)
Bz
Eza
€aB

where the modified constants (or effective shear stiffness parameters) ¢}, ;5 and iy are given by

€11 (525)2 — 2&15€12€25 + €22 (515)2

€11€22 — (512)2

€11 (524)2 — 2€14€12€24 + €22 (514)2

€11€22 — (512)2

—x - —x _
Cyq = Cq4 — s Cs5 = C55 — ,

€15€22€14 — €15€12€24 — €25€12€14 + €25€11€24 (C12)

€11€20 — (512)2 7

Cis = Ca5 —
Similar relations to Eq. (C1) can be expressed for the full strain-stress relationship,
e =s%0 —d'E, (C13)

where s is the compliance matrix (at constant electric field) and dT the transpose piezoelectric strain
constant matrix. From Eq. (C10), the reduced form in full matrix and vector terms reads

Eaa 511 812 8513 0 0 36| |0aa d31

€88 512 S22 523 O 0 59| |ops d32

€2z 513 S23 833 0 0 53| ) oa d33

s |0 0 0 s, s 0| )os[ |O B (C14)
€20 0 0 0 3535 s O Oza 0

€ap 1516 S26 S36 0 0 Ses| |Tap | s |

where the problem quantities 5;;, with the shear effective (modified) compliance parameters, and Jrj might

be obtained from the relationships s” = (CE)_l, taking the matrix c? defined in Eq. (C10), and d = es”.
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If one now reduces Egs. (C10) and (C11) to the plane-stress constitutive behavior, where 0., = 0, yields

Oaa i ¢ 0 0 gl [€an €31
o535 Cly G 0 0 c3| |epp €32
Op 0 =10 0 &, &5 0|es.p—|0]|E: (C15)
0o 0 0 & & 0] |ea 0
Tap Cie G 0 0 Cgel \eap €36
EO&O&
€pp o
D.=les, @ 000 ) en | +enB =e (B - E.), (C16)
EZOC
€ap

where the elastic stiffness constants have been modified to take the plane-stress assumption into account and
are defined as

_ |2 _ 2 2
- (as) o (eos) o (es0)
011_611_677 022_622_677 666_066_677
33 33 33
_ _ C13C23 _ _ C13C36 _ _ C23C36
Xk * K
Cig = C1g — ——, Cig =Cig — ——, Cog = C26 — ———, (C17)
C33 C33 C33

and €%,, €, and €5, are reduced (modified) piezoelectric plane-stress constants and €55 the dielectric one,
given by

C23
— )
€33

e _ C13 I _
€37 = €31 — €33——, €39 = €32 — €33
C33

C36 - (s3)”
€33 = €33 + — .

— 018
C33 C33 ( )

_x _ _
€36 = €36 — €33

Similar relations to the previous equations hold for the reduced compliances and piezoelectric strain constants
when the plane-stress is considered.

D. Mixed Displacement Field and Strains

According to the in-plane mized displacements definition in Egs. (41) and taking into account the shear
angles definition in Eqgs. (27), the displacement field can be expresses as

*(f) 2% *(0) *(0) —x *(1) —x
Uy | 2o 855 [ Owo Ug Za OWo  Za  Sis_ Za' 855 .
t) = —= — | a5 ga -5 | — a zo za
u(e, §,2,7) O * O ( o Ra> 20 da o ! Do
u u 811)0 u T = T ~
= 2z + 21375, + 21400 + 211720 + 2127 20
*(f) =x *(0) *(0) #(1) zx
vy | %g Su ((9wo Vg Zg " Owg 23 Saa_ Zg 544 _
v(a, B,2,t) = - + —— +0g—— ) — —_— Tg, + T3z
z(o) zéo) aB Rs zéo) B zéo) zéo)2h
u u awo u T = T ~
= 29900 + 223786 + 29508 + 233732 + 2347 82, (D1)

where the 2}% = z{%(2) and z}; = 27.(2) coefficients are given by

" 1 Z;(f)ggs " Z;(f)ggg, z:‘;(o) " Z;c(f)ggg,
2=~ e, 2l = — — , 2= —,
H 20 VR, 13 29 29 ' 29
. i B z;(f)§j4 . z;(f)EL B Z;(O) . z;(f)§Z4
2T O, 0 BT T @ O BT T
3 B B 8 B 8
*(0) —x *(1) —x #(0) 2 *(1) —x
o7, = 25t o, = 2V st - S N NI TY (D2)
RO 20 2h 0 20 2
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It is worthy to mention that these terms are functions of z and incorporate elastic constants of the material
and geometric variables of the shell layer.
The non-zero coefficients of matrices z°“(z) and z°7 (z) used to define the strain field in Eq. (47) are given

by
(0)
eu _ (0) u cul _ Ra eu2 _ _*(f) eu _ _u _(0) eu _ (0)
211 = 2o 11 213 = R 2137 = %o R14 = 21470 222 = %22 2,
(e}
(0) “ u ,(0)
cul _ 7B eu2 _ *(f) eu _ u _(0) eu _ 025y . #22%p
%23 = 7R[37 223 = 23, 225 = %2573 32 7 g, 7R[3 )
u u (0) u u (0) u w (0)
e — L 0) Ozys  Z23% LE — Ozys %2573 Lo — 021y #17a
33 7 ~“pB ’ 35 — ’ 41 — )
0z Rg 0z Rg 0z R,
u u ,(0) u u ,(0)
. ()R 023 z{32a HEU 021y 2{42a seu — yu (0)
_ — _ Z47e cu
3 «@ az R(y ’ 44 az Ra ’ 51 11~8 >
ew _ u ,(0) eu _ u (0) u (0) eu _ u (0) ew _ u _(0)
252 = Z22%q s 253 = 213723 T 22324 5 254 = 21473 s 255 = Z25%q s (D3)
and
T T
er _ (0) T er _ (0) 1 er _ (0) _r er _ (0) _r eT __ 62’23 %23 _(0)
211 = Za R 12 = Za *12s %23 = 23 %23 224 = 2 %24 %33 = 92 7R,3 B8
T T T T T T
ST — 0z34 R4 B ST — 071y 211 _(0) ST — 021y _ *12_(0)
34 G Rs B8 41 G R, o 42 G R, o
er _ (0) _r er _ (0) _r er _ (0) 7 er _ (0) 7
251 = %3 %11» 252 = 23 12> 253 = 2o ?23) 254 = 2o %24~ (D4)
E. Effective Strains Coefficients
The modified (taking into account the electrical induced strains) terms of z°%(z) are
*xeul _ uel 7% Y [* suel uel % xeul eul *EU __ LUE Jx ) % *KUE ue
215" = 25 — d5p A [@31 (213 — %13 ) — e59(235" — 254 )] ) 25" = 21§ — dyheqy (11° — 240,
*EU2 __ Lue2 Jx ) 5% *UE2 ue2 Jx ) 5% *EU2 eu2 *EU __ Jx ) % *EU EU
25" = 2157 — dj Aesy (213 — 13 ) — dj ez (235" — 258°), 215" = —d5 Aes, (235" — 258)
2554 = 258 — d5p) [ (215! — 2151 — ena(235 — 2551 Zi = —dp ey (211 — 21)
; K : ! , = ,
*EU2 __ LUue2 7% Y [* *uel uel % xeul eul *EU __ LUE Tx Y 5% *EU U
25517 = 2357 — d3p A [631 (213 — 213 ) — e3(235" — 253 )] ) 235" = 255 — dipAeds (235" — 253),
*EU __ ue * ot *UE ue *EU __ * =% *UE ue
2T = 21 — diaes; (211° — 24), 235" = —diAesy (274° — 21%)
*EU __ Tk ) % *EU cu *EU __ EU Tx ) % *EU eu
215" = —d3 Ae5y (255" — 255) 235" = 255 — dipNeqy (235" — 258)
(E1)
and of z°7(z) are
*ET __ _ET Tk ) ok *ET ET *xET __ _ET FERNY *ET ET
2117 = 201 —dyAeqy (2117 — 211) 275" = 215 —dyNeqy (2157 — 213)
215 = —d3 Nezy (2357 — 233) 21y = —d3Nesy (2357 — 237)
*ET __ Jx\ =% XET ET *ET __ Tk O\ =% KET ET
231 = —dzaNez (217 — 251) 235 = —dzaAes; (2757 — 243),
*ET __ ET T ) ok *ET ET *ET __ ET TR\ =k *ET ET
235" = 2535 — d3o €3 (2357 — 253), 235 = 251 — d3aNe35 (255 — 234) 5 (E2)
where A = \/€3; and the notation 2 denoting integration in order to z as
h
1 +
i = — zidz. (E3)

ij 2h 7h i
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F. Virtual Work Terms
1. Virtual Work of the Inertial Forces
Taking into account Egs. (2) and the doubly-curved shells restrictions in Eqgs. (39) into Eq. (52) yields

6T:—/
Qo

0w - . i, OW
_ / [GuoTititg + T 570+ G + T o+ T3 F0) + G (TG + I
Q0

+h
1
p (duil + 6vd + dw) ———dz | dadf
h ,(0),(0)

@ g

23 8/8
uu ‘ru— uu Ow WO /Ty - uQ Ow wu H& TUZ
9 + 1337, + 1737 5:) + Sw(I350) + 6—— D0 (11510 + I35 8 + 1350 + I{5'T 20
~ aw uu U, aw u TUZ TU « U
S IJEE L) + 6 5 ﬂo (I 50 + 127 5 ﬂo VISR 4 I 4 I8, + 605 (I i
ow ow
+ I 0 | G0 4 ITEF Lo+ I5EF L0 + 000 (15, + 1;;870 NNy Ay o2

Ot - 5 - .
+ 15 7p2) + 07 o (ITitilo + I3 2 4 10y + I Fa + 15 T20) + 670 (I3}l

O Wo Tu & TT 2= — TU ‘rua ‘ru"ﬁ TT =
+ 133 —— Do + 1310y + 173 Foa + 133 72a) + 0752 (13350 + 133 a3 + 13500 + 135 7p-
- . . ow -
+ I3, 78:) + 073 (L1500 + 115 —— a5 + 14“90 + IPZTBZ Ii7 Tm) dacdf, (F1)
where
(I{Jlual??zlvl ) = 27111(2%1,2:%3,2’%4»’
(135", I35, 155") = p(239(232, 233, 255))
(I35) = p(1),
= p(z13(215, 214)) 5

(139? I31)

(IXZJ ;')

(I 13 IS I 1)
)

i)

)

(
294 (

233, %35)) »

(2142145 225225»

-
211 leaZ137Z147Z117212)>

14
(

212(211: 2135 2145 212)) »
(
(235

TU TT
(Iél aIQS 7124 7122
TU TTU JTU JT
(15271537]55’153?
TU JTU JTU JTT
(]427]43a1457]

T u
233(252, 233, 225, 233, 234)) »

T u

p
p
p
P
p
p
p
p
p
p(234(25: 233, 2355 234)) » (F2)

(
(
(
(
(
(
(
(
(
(

where for convenience (...) denotes thickness integration and it is defined by

+h
<...>:/ (...)ﬁd (F3)

—h 5

2. Virtual Work of the Internal Electro-Mechanical Forces

Considering the strain definitions in Eq. (45), the term §H, of Eq. (54) is given by

h
1
0H, = [/ (awéeaa + 0555655 + (TﬁZ(SEgZ 4+ 0,000 + Ga55é‘a5) (O) (0) ———dz| dadf

_ % *11 *21 dug 41 Qo 12 *22
_/Qo[aaa(sz NG + 8 (NE) + Buo(@UL) + 6 S (NI + N3E)
+ 65 NE) + 5un(@8) + (M + M) + 65 012k 4 6% SR
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8211)0 811)0 8w0 69 (99
) M53 §— §— 5= M*14 M*24 f ol
+ 0055 MER) + 05 Q) + 6752 (@R + 075 (el + Mg + 652 (MZ))
o0 a0 or
50, 44 5 B M*15 M*25 576 M55 50 35 §oLlza el T*21
+00a(QE0) + 05 LML + MEE) + 652 (MZ3) +805(QI) + 052 (Tad! + TgB))
or or or
67201 T41 (5 zo T51 6 zQ T*12 T*22 6~Za T42 5 zZQ 52
+ 072 (T2 + 0755 (T0h) + 052 (TA02 o+ THF) + 67a(T22) + 67522 (T5)
073 or or
5 z (13 T*23 575, 33 5 ﬁz 5 Bz T*14 T*24
or
34 TBz (54
075 (T32) + 6522 (12h) | dard, (F4)
where
(Nl NG Mo M2 MO MLT) = (oaaliE 2157, 215, 21502, 2450, 2EY)
(NE%17NE%2aM*231 M*232 5%4’ *25) <U[3ﬁ Z;fu’zggu,zécg‘ul Z§§u2 Zgiu’zécgu)>’
(Qﬂz? 5za ) (0p:(253, 2355, 235)) »
( ;1(117 za’ ) (020241 215, 234)) »
(Na67Naﬁ’MaB7 54 ) (0ap(251, 253, 255, 2545 255 ) »
(Toa T, Téif’, T*M) (Taa(241": 2127, 2157, 2157 ) »
(T35 T55° T53° T55") = (osp(=ai, 2857, 2857, 2557)).
( 5zaT34) <‘7ﬁz(z337334)>
(Tf;, T42) (02a(241,233)) 5
(Ta,B7 5 ) = <004,3(2517Z5272537Z54)> (F5)

Since the direct piezoelectric effect (the stiffness increase due to the induced electric field) was already
considered in Sec. C, the electric enthalpy term § Hg will only consider the applied electric potential coun-

terpart of the transverse electric displacement D, and electric field E, defined in Eqs. (36) and (37). Thus,
considering (C16) and an orthotropic layer, the second term of Eq. (54), 6 Hg, is given by
+h pY P Zex
_ 31, 2% 33
§HE—/QO l/h 5¢< o1, © o7, ¢ 4h2 gb) © (O)dz dadp
Oug Ovg 8271)0
— 5 |:P*11 P*Ql P*12 P*22 P*lS P*23 P*13
~/§20 ¢ ( aa T )(9 +( o T )65 ( aal T aal)w0+( aa2) D2
0? wo 00, 00 oT
P*23 P*14 P*24 P*15 P*25 5 R*ll R*21 zQ
or oT or
+ (R R*QZ oy (REL3 R*23 Bz + (R R*24 Bz | (g }d d F6
(R + R o (RS + >aﬁ (R + BT + (Sup)o]dads, (FO)
where
* * * * * * Aé* u u u *EU u u
(Poth P2, P2st, Path, PaAt P = (5B i 15 215, 515) )
AEx
(P53 PEEE P P P31 PAE0) = (2 o, st o, o5 52, 50) )
A**
(et Ral2 R Rekt) = (P a5 IZT)>,
R*21 R*22 R*23 R*24 _ )‘é§2 *ET  KET *ET *ET
( BB BB VBB )* o (231752557, 23575 254" ) ) »
)\2E*
Spp = 3. F7
60 < 12 > (F7)
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8. Virtual Work of the Non-Conservative Forces

In a similar way to what has been done before, the integration with respect to z is conveniently carrying
out, and the virtual work of the non-conservative forces §W,, can be expressed in terms of prescribed forces
and moments as

. . owg , -~ dwg , - A
oW, = &MZMMM+%1Fwﬂ%b+&MN%HJ6§MQQ+63£MP$+&W@%)
Qo Fa
+ 00a(NI38) + 005 (NI33) + 072 (T35) + 070 (T32) + 0752 (T35) + 675.(134) | da
b [ouoi8) + 0o (28) + 6 (N83) + 050 (N128) + dun(QE5) + 80 (4124
Tg D op
+ 805(M25) + 07 o (T34) + 70 (L32) + 67 5. (1)) + 675 (124) | B, ('8)
where
(Nolc}wMolci’Mzii = (0aa (2?1727113)27114)>ﬁa
(N§%7M§%7Mg% = (Gap (232, 2335 235)) 5 -
(Aﬁi = &za>ga
(Taliafali = (Gaa 21—1,21—2»5’

)=
)=
) ={
)= {
(T23,725) = (6
(N33, MB3, M33) = {
(N e, MES, M) =
Q%) =
(T55.753) = (
(38 132)

(
(
(235 233, 235)) o, »
(

= (0pa (2115 212)) o - (F9)

Once again, for convenience, (...), and (...); denote thickness integration and are defined as

+h +h
<...>a:/ (...)ﬁdz7 (...)ﬁ:/ (...)i)dz. (F10)

@
—h —h 2[3

G. Internal Forces and Moments in Terms of Generalized Variables

ug
(N&E N&R2) A110a  A1205 Ay + AT3000 + AY3085  A140a  A150s| | w0
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43 of 51

American Institute of Aeronautics and Astronautics



(MG M3, Moyt ML) B110a  B1203 Bly+ Bis0aa + Bi30ss  Buada Bisds| | vo
(M35*, M5E2, M5%4’M*25) = | B210a  DB220p Bis + B330aa + B335  B249a  Basds| | wo
(M35, M35, M%) B5103  Bs20q Bs30ap B5403 Bs50a]| | 0a
O
Bi69a Bi70a Bisds Bieds 7:204 (P*131, pr132 prld puls)
| BagOa Barda  BasOs BaoOp| § " ¢+ (P35 P35™, PRt PiP) ¢ @, (G3)
Bss0s Bs70s BsgOn  BsgOa %Zz 0
z
11 12 13 14 o
(Tagl’Ta;v2’Ta;3’T24) C110a C1205 Cly+ C0aa + C3308s Crada Ci503| | vo
* * % *
T35 155 155" Thp ) = 02104 Cn83 Ci3+4 C330aa + C3033 C240a Casds| § wo
(Tgéa T2%7 T2%7 T54) 0516/3 052804 CSSaaﬁ C54aﬁ C558a Qa
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| Conda Corda Casdy Cands | {0+ 3 (REZREFBGERi) b 0. (G4)
Cs603 C57105 Css0a Cseda %ZZ 0
Ug _
TZQ
(¥
(78730 _[0 G Cuds 0 O I O I e e (@5)
(T2, 722) Cu 0 Cu0s Cu 0 0 Csw Csz 0 O 7o
« ~
8
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Considering the generic internal force or moment terms in Egs. (73),(77) and (78) as

1 ¢ 0 Caa (gl )
Cia G5 0 pp(92) ) (G6)
0 0 &) (eaplgs)

where g¢; is used to denote a series of coefficients (g;1, gio, . ..) of the correspondent z’s used to define the
internal forces and moments, the following rule holds to determine the A;;, B;; and Cj; coefficients (with

i=1,2,5and j =1,...,9), denoted by the generic G;;,

G11 = (c11211"91 + C2257 92), Gy = <5§2255u291>7 Gis = (112157 g1 + C122357 g2) ,
Gz = (€11215" g1 + €12235" 92) Gos = (1275 g1 + C52237"92) ,  Gho = (€11211 g1 + C122357 92)
Gis = (C11215" g1 + C12235" 92) . Gas = (G215 g1 + C5p235"g2) ,  Gag = (CiaziT g1 + C522357 g2)
Gi3 = (¢51215"%q1) Gs1 = (Ci625195) » Gar = (€122157 g1 + C332357 g2)
Gz{’:s = <5122*€u291> ) Gs2 = (Ci625595) » Gag = (C122157 g1 + C322357 g2) »
Gua = (611215 1 + 12235 92) . Gz = (C625595) Gag = (C12215" g1 + €322357 92) »
Gis = (611215 1 + 10235 92) . Gsa = (Ci625495) Gse = (Ci6251 95) »

Ga1 = (C1o271" g1 + C52231"92) Gs5 = (Co625595), Gs7 = (C5625395) »

Gaz = (C12215" 01 + 32235 g2) ,  Gie = (112117 91 + C122557 g2),  Gss = (C3625595)

Gy = (C1a215" g1 + €32255" 92),  Gir = (11215791 + 192557 g2) . Gso = (C4625195),

G33 = (12215 01)

(G7)
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The shear coefficients A;; (with ¢ =3,4 and [ =1,...,9) are given by
Aszo = (Chyz3s (253, 235, 235)) » Ass = (Chyz3s (253, 235, 235)) »
Ass = (Clazss (233, 2535, 235)) » Aq = (Chs2a1 (241, 745, 234)) »
Aus = (G55235 (241, 213, 244 )) - Aaa = (G525 (241 235, 234)) »
Ass = (chyz33 (253, 255, 235)) » Asg = (claz31 (255, 235, 255))
= (c55241 (241 213, 244)) » Aur = (chsza3 (241, 235, 244)) - (G8)
H. Coefficients of the Finite Element Matrices
(M11Jl7M7,1]47M11]6aM17) (I]ftluvlfit71{f7lg )Sll ’ (Mf;l,MéG?Mf]?) (Izﬁlv[{galgf)sll )
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(Mg;l7M3f7 M37) (Igfvlfg? ITU)Sal ’ M199 1247— LL'
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Y = [AY AR it AR sHE - A SEE
12 _ (11) 21) 51) LL
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K= [AGD + A5 SEE + AGD sk + Al SEE,
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Rl = [AG + AR kb AG s + At
K = [AGD + AGD| SEE + AGV sk + AGVSEE,
K2 =[Al) 44 21)_ SLE 4 ARV SEL,
11 21 (51
K\ = [Agg )+ A5 )} SEE + A5 )S,Goc’
K2 = [ALD 1+ AQD| Sk + AGPSEE 4+ A SEE,
: 1(12 1(22 2(12 2(22)
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12 3(22 52 (32)
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K2 = A§162> +AG | Sk + A SuE
K2 = [ALD 4 AQP] shE 4 AGYSEE,
K2 = _A%Q) + AR S5 + AGD SEE + AP SEE,
K2 = [A(D + AR shk + AGDSEE + Al s,
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KD = :B(15) + B(%) SEE 4+ BGYSEL + A SEE,

K% = [BY 4 B o] SEL 4 BGYSEL,

KT = Bﬁ“”) + 35275): SEE + BSYSLE,

KPS = :Bg@ + B§§5): SEE 4+ B SEL + A SEE,
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KT = [c() + C<2” SEL 4+ 2V SEE + i3V SEE
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where the zero- (1), first- (« or ) and second-order (ac, 88 or crossed a3) derivatives, taken as subscripts
of S, of the Lagrange (L) and Hermite (H) interpolation functions, superscripts of S, where defined as
follows (for the sake of brevity only a few terms are presented since the rest are obvious from the following
relations),

OHS OLg OL;
ere LH _ e T LL __ J
S = /QS L{L; dadB,  Sid / L=k dadf, S5 55 o7 da dg,
OL§ 0*Hy O*Hy 82H6
LHH T HHHH __
St /Q 9B dadp "W Pasas” = /Q dadyi dap " (H6)
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