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1 Introduction

To enable deployment of increasingly complex and au-
tonomous engineered systems, there is a rapidly growing
interest in techniques which can assure that the oper-
ation of the system is confined to a known safe region.
In particular, the study of reachability and invariance
for systems subject to disturbances has been receiving
much recent attention from the control community. Both
from the perspective of contemporary control theory and
from the perspective of practical applications, the signif-
icance of reachability and invariance analyses has been
well-understood. Indeed, reachability and invariance are
intimately linked with optimal control, set—membership
state estimation, safety verification, and control synthe-
sis under uncertainty. It has become a well-established
fact that the analysis of uncertain constrained dynamics
utilizing reachability and invariance enables one to guar-
antee a—priori relevant robustness properties such as ro-
bust constraint satisfaction, robust stability and conver-
gence and recursive robust feasibility. An overview of
these important research areas and main research topics
can be found in [1-7], see also references therein. The
previous studies on this subject have considered both
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DT and CT models, e.g., see the books [4, 5], the pa-
pers [8-10] for the treatment of DT case, and [11] for the
treatment of CT case. Properties of the backward and
forward reach sets, such as monotonicity, compactness,
convexity, limiting behavior, have been instrumental to
characterize and to compute related RPI sets, in gen-
eral, and the maximal and minimal RPI sets, in partic-
ular. Some of the key results for DT and CT systems, in
particular, the ones more relevant to the minimal RPI
sets, are reviewed here from a unified perspective along
with a novel framework for the analysis of forward reach-
ability and robust positive invariance for sampled—data
(SD) systems.

Within the setting of SD systems, the control is up-
dated at discrete sampling instants while the evolution
between sampling instances is modeled by an ordinary
differential equation. This type of models is natural in
many applications, especially when the variables of the
plant evolve continuously in time yet the state measure-
ments are updated at discrete—time instants and the con-
trols are implemented, at the discrete—time instances,
by a digital microcontroller. The SD setting is particu-
larly important for constrained control problems, where
the avoidance of inter—sample safety constraint viola-
tions should be guaranteed. When these problems are
solved via discrete—time techniques, the state trajectory
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might “jump over” obstacles between two discrete—time
instants.

When considering SD systems, questions that arise are
whether some properties established for DT and CT sys-
tems are still valid in the SD setting; or whether studying
SD systems using approximate DT or CT models would
allow us to safely conclude forward reachability and ro-
bust positive invariance properties, in particular within
inter—sample intervals. We show here that, to a large ex-
tent, the answers to the previous questions are negative,
reinforcing the relevance of developing specific method-
ologies within the setting of SD systems. In particular,
the semi—group property as well as the preservation of
positive invariance and anti—invariance that are valid in
both the DT and CT cases, fail in the SD case. As a con-
sequence, the main instrument to characterize and also
compute the minimal RPI set in the DT and CT cases,
i.e., the result saying that this set can be obtained as
the unique fixed—point of a certain set dynamic equa-
tion [10], is no longer valid in the SD case. The analysis
also shows that in the SD case, not only we loose the
main instrument to compute the minimal RPI set, but
also that such a set may not even exist. For these reasons,
new notions of RPI and mRPI families of sets are first
developed and then rendered computationally more at-
tractive by introducing notions of RPI and mRPI pairs
of sets.

Paper Structure: Sections 2 and 3 collect key results
related to forward reachability and robust positive in-
variance in the DT and CT settings, respectively. Sec-
tion 4 addresses the SD setting and follows deliberately
a structure similar to the one of Sections 2 and 3 so as to
highlight similarities and differences between the related
results. A concluding discussion is delivered in Section 5.

Nomenclature and Definitions: The sets of nonneg-
ative integers and real numbers are denoted by Zx
and Rx, respectively. Any given sampling period T €
R>o, T > 0 induces sequences of sampling instances 7
and sampling intervals § both w.r.t. R>( specified via:

T = {tk}kGZZO and 6 := {776}]66220’ where Vk € ZZO,
tp+1 = tr + T with ¢ := 0 and Ty := [t tps1)-

The spectral radius and spectrum of a matrix M €

R™*™ are denoted by p(M) and o(M), respectively. The
Minkowski sum of sets X C R™ and ) C R™ is given by
XoY={z+y :zeX, yec)}

Given a set X’ and a real matrix M of compatible dimen-
sions the image of X under M is denoted by
MX :={Mx : z€ X}.

A set X C R™ is a C—set if it is compact, convex, and

contains the origin. A set X C R™ is a proper C—set if it
is a C—set and contains the origin in its interior.

Given any two compact sets X C R"™ and YV C R”, their
Hausdorff distance is defined by

He (X)) = m>i{)1{a X CYdalLand Y C X P aLll,

where L is a given symmetric proper C—set in R™ induc-
ing vector norm |z|z = min,{n : = €nL, n >0}

For every 7 in the real interval [0, ¢], let X(7) be a sub-
set of R™. The (set—valued) integral, a.k.a. the Aumann
integral [12-14], fot X (7)d7 of the set—valued function
X () over the interval [0,¢] is defined by:

/ot X(r)dr = {/Otx(T)dT 1w (1) isanISof ¥ (.)} '

Here, an IS (integrable selector) means that z (-) is dr—
integrable and that z(7) € X(7) dr—almost everywhere
in the interval [0,¢]. When we refer to “all” or “each” 7
in [0,t] we will mean “almost all”.

Throughout this paper we work with nonempty sets,
fixed sampling time T € R>g, T > 0 and a fixed se-
quence of sampling instances 7, unless stated otherwise.

2 The DT forward reach and minimal RPI sets

Consider linear dynamics described, for all k € Z>¢, by:

Z(tp+1) = Apz(ty) + Epw(ty) with
w(tk) c WD, (21)

where, for any k € Z>q, x(t;) € R" and w(tx) € RP are,
respectively, the state and disturbance at time instance
tx, while the matrices Ap € R™*™ and Ep € R"*P and
the set Wp C R? are known exactly.

Assumption 1 The matriz Ap is strictly stable (i.e.,
p(Ap) < 1). The matriz pair (Ap, Ep) is controllable.
The set Wp is a proper C'—set in RP.

The solutions to (2.1) satisfy, for all k € Z>g, k > 0,

k—1
x(ty) = Apx + Y A Epw(t) with
=0
x(to) = x. (2.2)

The notions of the RPI and minimal RPI sets are recalled
next for the sake of completeness.



Remark 1 A subset S of R™ is an RPI set for uncer-
tain linear dynamics (2.1) if and only if for allz € S and
allw € Wp it holds that Apx+ Epw € S. A subset S of
R™ s the minimal RPI set for uncertain linear dynam-
ics (2.1) if and only if it is an RPI set and it is contained
in all other RPI sets for uncertain linear dynamics (2.1).

The effect of the additive, but bounded disturbances on
linear dynamics (2.1) is best understood by considering
related k—step reach sets Rp(X,t;) generated by the
reach set map Rp (-, -), which, in view of (2.2), is defined
for all subsets X of R™ and all k € Zx>¢, k > 0, by:

k—1
'R,D(X,tk) = A]CDX (5] @AlDEDWD
=0
with Rp (X, to) == X. (2.3)

The reach set map Rp (+,-) is a semi—group. Thus, for
any subset X of R” and for all i € Z>( and all j € Z>,

'R,D(X,fi-‘rtj) :'RD('RD(X,ti),tj). (2.4)

The reach set map Rp (-, -) preserves both compactness
and convexity. In fact, if X' is either a C— or a proper C—
set, the k—step reach sets R p (X, tx) are guaranteed to be
C—sets for all k and proper C—sets for all large enough k.
Furthermore, the reach set map Rp (-, ) is a monotone
function in the first argument for all ¢, k € Z>:

X - 3) = RD(X,tk) - RD(y,tk). (25)

Thus, the reach set map preserves both positive invari-
ance, i.e., for all £ € Z>,

RD(X,T) gXéRD(X,t]H_l) QRD(X,tk), (26)
and positive anti-invariance, i.e., for all k € Z>y,
XQRD(X,T) #RD(X,tk) gRD(X,tk+1). (27)
Because of the semi-group property, the k—step reach
sets can be characterized by iterating 1-step reach set
map Rp(-,T) given, for all subsets X of R™, by
Rp(X,T):= ApX ® EpWhp, (2.8)

and by considering induced linear set—dynamics speci-
fied, for all k € Z>q, by:

X(tk+1) = Rp(X(tr),T), or equivalently by
X(tk+1) = ApX(ty) ® EpWp, (2.9)

where, for any k € Z>q, X(tx) is the k-step reach set
from a given set X =: X(0).

Indeed, positive invariance, stability and convergence
properties of linear set—dynamics (2.9) reveal fundamen-
tal properties of the uncertain linear dynamics (2.1). For

example, a subset S of R™ is an RPI set (see (2.2)) for
uncertain linear dynamics (2.1) if and only if it is a pos-
itively invariant (PI) set for linear set—dynamics (2.9):

RD(S,T) CSie, ApS® EpWp CS. (2.10)
More importantly, the fixed point set equation,
Rp(S,T)=Sie, ApS®EpWp =S8 (2.11)

provides a necessary and sufficient condition for mini-
mality of RPI sets for uncertain linear dynamics (2.1).
The most important properties are summarized by:

Theorem 1 Suppose Assumption 1 holds. The unique
solution to the fized point set equation (2.11) is a proper
C-set given explicitly by

Xpoo = @ A EWVp.
k=0

(2.12)

The set Xpeo s an exponentially stable attractor for lin-
ear set—dynamics (2.9) with the basin of attraction being
the entire space of the compact subsets in R™.

It is an important fact that the unique solution to the
fixed point set equation (2.11), namely the set Xpeo
of (2.12), is the DT minimal RPI set, i.e., it is the
minimal RPT set for uncertain linear dynamics (2.1).
Attractivity of the set Xpoo of (2.12) for linear set—
dynamics (2.9) asserts that any state trajectory gener-
ated by uncertain linear dynamics (2.1) converges ex-
ponentially fast to the set Xps of (2.12) and remains
confined therein.

3 The CT forward reach and minimal RPI sets

Consider linear dynamics described, for all ¢ € R>q, by:

&(t) = Acz(t) + Ecw(t) with
w(t) € We, (3.1)

where, for any ¢ € Rx, z(t) € R” is the value of the
state, Z(t) is the value of the time derivative of the state,
and w(t) € RP is the value of the disturbance at time ¢,
while the matrices Ac € R"*™ and E- € R™ P and the
set We C R?P are known exactly.

Assumption 2 The matriz Ac is strictly stable (i.e.,
o(Ag) lies in the interior of the left half of the complex
plane). The matriz pair (Ac, Ec) is controllable. The set
We is a proper C'—set in RP.

For any ¢ > 0, the admissible disturbance functions w (-)
in (3.1) are Lebesgue measurable functions from time
interval [0, 0] to the set W¢ . Consequently, for any initial



state £(0) = =, any time 4 > 0 and any admissible
disturbance function w (+) [0,0] = We there is a
unique state trajectory satisfying (3.1). In particular, the
corresponding state trajectory satisfies, for all ¢ € [0, d],

¢
x(t) = ettog +/ e="4¢ Eow(r)dr, (3.2)
0

where the integral in (3.2) is a standard point—valued
(vector—valued) Lebesgue integral. Thus, in the CT set-
ting, the notions of the RPI and minimal RPI sets are
summarized via the following.

Remark 2 A subset S of R™ is an RPI set for uncertain
linear dynamics (3.1) if and only if for allz € S, all§ > 0
and all admissible disturbance function w (-) : [0,d] —
We, the related state trajectories, specified by (3.2), sat-
isfy, for allt € [0,6], z(t) € S. A subset S of R™ is the
minimal RPI set for uncertain linear dynamics (3.1) if
and only if it is an RPI set and it is contained in all other
RPI sets for uncertain linear dynamics (3.1).

In this setting, the associated reach set map R¢ (-, ) is
specified, for any subset X of R™ and any time ¢ > 0, by:

t
Re(X,t) = et x @ / e™AC EcWedr. (3.3)
0

The integral in (3.3) is the Aumann integral [12-
14]. Formally, for any ¢ > 0, the Aumann inte-
gral fg e™ACEcWedr is the set of all integrals
fg e™ ¢ Ecw(r)dr as w (-) varies across the set of the
Lebesgue measurable functions from time interval [0, ¢]
to the set W . Hence, the reach set from X at any time
t >0, Rc(X, 1), is the set of all states :(t) given by (3.2)
that are solutions of (3.1) as the initial conditions x vary
within X and disturbance functions w (-) vary within
the class of admissible disturbance functions.

The CT reach set map R¢ (-, -) also enjoys semi—group
property. Namely, for any subset X of R™ and for all
71 € R>p and all » € R>g, it holds that

Ro(X, 71+ 72) = Re(Re(X, 1), T2). (3.4)

The reach set map R¢ (-, +) is continuous in time (w.r.t.
Hausdorff distance) and it preserves both compactness
and convexity. As a matter of fact, in view of a funda-
mental result on convexity of set—valued integrals [12,
Theorem 1.], convexity of the reach set map R¢ (-, ) is
guaranteed under mere convexity of X’ (i.e., convexity of
We and/or EcWe is not required). If X is either a C—
or a proper C—set, the reach sets R¢ (X, t) are guaran-
teed to be C—sets for all t € Ry and proper C-sets for
all large enough ¢t € Rx>¢. The reach set map Rc¢ (-, )

is also a monotone function in the first argument for all
t € R>q. In this sense, for all £ € R,

X CY=Re(X,t) CRe(V,1). (3.5)

Consequently, the reach set map preserves both positive
invariance, i.e., for all § > 0,

V1 €10,6], Re(X,7) CX =
YVt >0, V7 €[0,0], Re(X,t+7) CRe(X,t), (3.6)

and positive anti-invariance, i.e., for all 6 > 0,

V7 € [0,0], X S Ro(X,7) =
Vt >0, Vr €[0,8], Ro(X,t) CRa(X,t+71). (3.7)

Because of the semi—group property (3.4), the reach sets
R (X, t) can be constructed via basic period reach set
map Re(-,T') given, for all subsets X of R™, by

T

Reo(X,T) = el x EB/ eTACEcWedr,  (3.8)
0

and by using, for all k € Z>(, the semi-group relations

Vit € [0,T], X(tx +t) = Ro(X(t),t), or, equivalently,
¢

Xt +1t) = etACX(tk) &5) / eTACEchdT, (3.9)

0

where, for any ¢t > 0, X(¢) is the reach set at time ¢ from

a given set X =: X'(0).

Remark 3 A minor rewriting of the relation (3.9) pro-

vides a direct link of the C'T reach sets with both the DT

and SD variants. More precisely, the relation (3.9) sat-
isfies at the sampling instances, for all k € Z>,

X(te+1) = Re(X(tk),T), or equivalently

T
X(tpgr) = eTAex(ty) @ / ™A EcWedr,  (3.10)
0

and in the interior of the intervals Ty, for allt € (0,T)
X(tr +1) = Re(X(tg),t), or equivalently

t
X(tp +1) = etACX(tk) ©® / €TACECWCdT. (3.11)
0

Asin the DT case, positive invariance, stability and con-
vergence properties of the reach set operator (3.3) are
directly related to fundamental properties of the uncer-
tain linear dynamics (3.1). In this sense, a subset S of
R™ is an RPI set for uncertain linear dynamics (3.1) (as



described below relation (3.2)) if and only if it is PI un-
der reach set operator (3.3):

YVt € R>g, Re(S,t) C Sie.,

t
Vt € Rsg, S @ / e ACEWedr €S, (3.12)
0

Due to semi—group property (3.4) of the reach set op-
erator R¢ (-, -), the above positive invariance conditions
need only be verified over an arbitrarily small, but posi-
tive measure, time interval [0, d] (e.g., [0,7]). In the CT
case, the fixed point functional set equation

vVt € Rzo, Rc(s,t) =Si.e.,

t
Vt € R, €4S @/ eTACEcWedr =S, (3.13)
0

provides a necessary and sufficient condition for mini-
mality of RPI sets for uncertain linear dynamics (3.1).
The most important properties are summarized by:

Theorem 2 Suppose Assumption 2 holds. The unique
solution to the fized point functional set equation (3.13)
is a proper C'—set given explicitly by

X = / ™A BEcWedr. (3.14)
0

The set Xooo 15 an exponentially stable attractor for set—
dynamics whose trajectories (3.9) are generated by the
reach set map Re (+,-) of (3.3) with the basin of attrac-
tion being the entire space of the compact subsets in R™.

The Aumann integral in (3.14) is the limit, w.r.t. Haus-
dorff distance as t — oo, of the Aumann integrals

fg eTAc EcWedr.

Similarly to the DT setting, the unique solution to the
fixed point functional set equation (3.13), namely the set
Xooo of (3.14) is the CT minimal RPT set, i.e., it is the
minimal RPI set for uncertain linear dynamics (3.1). At-
tractivity of the set Xooo of (3.14) asserts that any state
trajectory generated by uncertain linear dynamics (3.1)
converges exponentially fast to the set X, of (3.14)
and remains confined therein.

In light of Remark 2 and the semi-group property of the
CT reach set R¢ (-, -), an intuitive connection between
the forms of the DT and CT mRPI sets is as follows.

Corollary 1 Suppose Assumption 2 holds. Then

o0

T
Xose =EP <e’“TAc / eTACECWCdT> . (3.15)
0

k=0

4 The SD reach and minimal RPI sets
4.1 Basic Setting

Consider a linear system described, for all ¢ € R>, by:

&(t) = Az(t) + Bu(t) + Ew(t) with
w(t) € Wsg, (4.1)

where, for any time ¢ € Rx>p, 2(t) € R", u(t) € R™
and w(t) € RP denote, respectively, state, control and
disturbance values, while %(t) denotes the value of the
state derivative with respect to time, while the matrices
A€ R B cR™" E ¢ R™P and the set Wg C RP
are known exactly. The linear system (4.1) is controlled
via SD linear state feedback so that

Vk € Zso, VE € Th, u(t) == Ka(ty),  (4.2)

where K € R™*™ is a given control gain matrix. We note
that the SD feedback at each time ¢ is not a function of
the state at instant ¢, rather it is a function of the state
at the last sampling instant ty.

For any k € Z>o, within the setting of SD system
and control, the admissible disturbance functions w (+)
in (4.1) are, like the controls u (-), piecewise constant
right continuous functions from time interval [0, tx] to
the set Wg so that

Vk € Z>o, YVt € T, w(t) == w(ty) € W, (4.3)

i.e., maps w () are constant in sampling intervals 7 and
right continuous at sampling instants ¢ for all k € Z>.
Such a class of disturbances captures adequately the ac-
tuation errors as well as noise related errors in SD mea-
surements in (4.2) and it also represents a reasonably
rich model for other and more general types of uncer-
tainty. This important class of disturbances allows for a
natural and relatively simple analysis of forward reacha-
bility and robust positive invariance as shown next. Nev-
ertheless, the larger class of Lebesgue measurable dis-
turbances could be considered instead; see Section 4.6.

To define SD solutions, let, for any ¢ € [0, 77,

t
Ag(t) :== e, By(t) := (/ eTAdT> B and
0

E4(t) == ( /O t eTAdT> E, (4.4)

where the related integrals are the standard matrix—
valued integrals, and let also, for any ¢ € [0,T],

As(t) = Ad(t) + Bd(t)K and Es(t) = Ed(t) and
AD = As(T) and ED = Es(T) (45)



Assumption 3 The sampling period T is such that the
matrixz pair (Aq(T), Bq4(T)) is controllable. The control
matriz K is such that the matriz Ap is strictly stable (i.e.,
p(Ap) < 1) and the matriz pair (Ap, Ep) is controllable.
The set Wg is a proper C'—set in RP.

In view of (4.1)—(4.3), the SD solutions coincide with the
DT solutions (2.2) at the sampling instances ¢, so that,
for all k € Z>o, k>0,

k—1
a(ty) = Apz + Y A Epw(t;) with
=0
x(tg) = x. (4.6)

During sampling intervals 7y, k € Z>g, the SD solutions
satisfy, for all £ € Z>¢ and all ¢t € 7y, the property that

oty +1) = Ag(t)(tr) + Es(t)w(te)- (4.7)

4.2 The SD Reach Set Map

In light of relations (4.6) and (4.7), the SD reach set
map Rs (-, -) takes a form identical to the one associated
with the discrete—time reach set Rp (-, -) at the sampling
instances ti, so that for all subsets A in R™ and all k €
Z>o, k>0,

k—1
Rs(X, 1) == ApX & @ AL EpWs
1=0
with Rg(X, %) := X. (4.8)

During sampling intervals 7y, k € Z>, the SD reach set
map R (-, -) satisfies for all subsets X in R™, all k € Zx>¢
and all ¢t € Ty,

Rs(X,tp +1t) = As(t)Rs(X,tr) & Es(t)Ws. (4.9)

Evidently, the reach set map Rg (-, ) in the SD setting
exhibits a more complicated topological behaviour than
its DT and CT analogues Rp (-,-) and R¢ (-, ). The
main ramification of this fact is reflected in a rather
convoluted limiting behaviour.

The SD reach set map Rg (-,-) is continuous in time
(w.r.t. Hausdorff distance) and it preserves both com-
pactness and convexity. In addition, if X is either a C—
or a proper C—set, the SD reach sets Rg(X, ;) at sam-
pling instances t;, are guaranteed to be C—sets for all k
and proper C—sets for all large enough k. In this case,
the sampled data reach sets Rg(X,t) in sampling in-
tervals T, k € Z>o are only guaranteed to be C—sets.
Without additional requirements, the sets Rg(X,t) can
not be a—priori guaranteed to be proper C—sets for all
t € T no matter how large k is taken.

To illustrate phenomena arising when studying other
relevant properties of the SD reach set Rg (-, ) we utilize
the following example throughout this section.

Example (Setting) We employ an instance of the SD
system (4.1) for which

10 1
A=2r , B=F= and Wg = [-1,1].
0 -1 1

The related exact discretization yields, for allt € R>,

Aglt) = ( cos(2mt) sin(27rt)> and

—sin(27t) cos(2mt)
V2 fcos(W) +1

Ba(t) = Eq4(t) = —

The sampling period is T = 0.25s. The linear feedback K
is a deadbeat controller for (Aq(T), Ba(T)). In this set-
ting, Ap has all of its eigenvalues equal to 0 and (Ap, Ep)
is controllable. Purthermore, A% =0 fork € Z>o, k > 2.

In view of the SD nature of control feedback, the SD
reach set map Rg (+,-) fails, in general, to be a semi—
group. More precisely, the DT semi—group property
given, for all subsets A of R", all ¢ € Z>o and all
J € Z>o, by

RS(X,tZ‘—th) :Rs(Rs(X,ti),tj), (410)
is guaranteed to hold. However, the CT semi—group
property specified analogously to (3.4), and required to
be true for all subsets X of R", and all 7 € R>( and all
T2 € R>¢, is not guaranteed to hold. That is, without
additional structure and further conditions, we might
have

Rs(X, 1 —‘rTQ) #Rs(Rs(X,Tl),Tg). (4.11)
Example (Semi—group Property) The first illus-
trative part of the example demonstrates the lack of
generic semi—group property. In particular, Figure 1
depicts, in dark color, the forward reach sets Rs({0},1)
for t € [0,T]. For each t € [0,T], these sets are
lower—dimensional and, in fact, simply rotated 1-D
intervals in the underlying 2-D state space (and the
origin at time 0). The figure also shows the forward
reach sets Rs({0},t) and Rs(Rs({0},7/2),t) for
t € [0,7/2]. The former sets Rs({0},t), ¢t € [0,T/2]
are, as above, depicted in dark color, while the latter sets
Rs(Rs({0},T/2),t) for t € [0,T/2] are shown using
transparent and lighter gray—scale shading. The latter

sets are 2—D polytopes with 4 vertices for each time t in
(0,T/2] and, thus, for all times t € (0,T/2], we have
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Fig. 1. Reach Sets Rs({0},t) and Rs(Rs({0},7/2),1).

that Rs({0},T/2 +t) # Rs(Rs({0},7/2),t) illustrat-
ing the asserted lack of generic semi—group property of
the SD reach set map Rg (-, -).

The SD reach set map Rg (+,:) remains monotone in
the first argument for all ¢ € R>¢. In this sense, for all
t € R>o,

X CY=Rs(X,t) CRs(V,1). (4.12)
However, in the absence of the generic semi—group prop-
erty, and despite the monotonicity in the first argu-
ment, the SD reach set map Rg (-,-) is not guaranteed
to preserve either positive invariance or positive anti—
invariance. More precisely, the DT positive invariance
related implication

Rs(X,T)CX =
Vk € Zzo, Rs(X,tk+1) - Rs(X,tk) (413)
is guaranteed to hold. However, the CT positive in-
variance related implication, for § € (0, T}, is not guar-
anteed to hold. That is, generically,

V7 €10,6], Rs(X,7) C X &
YVt >0, Vr €0,6], Rs(X,t+7) CRs(X,t) (4.14)
Likewise, the DT positive anti-invariance related impli-
cation

X CRs(X,T) =
Vk € Zzo, Rs(X,tk) - Rs(.)(,tk+1) (415)
is guaranteed to hold, while the CT positive anti—
invariance related implication, for § € (0,7], is not
guaranteed to hold. That is, generically,

NAIS [035]3 X C RS(XaT) 7é’>
YVt >0, Vr €10,0], Rs(X,t) CRs(X,t+7) (4.16)
Example (Anti—invariance Property) This part of
the example illustrates that the SD reach set map R (-, -)
does not preserve invariance and anti—invariance proper-
ties. In particular, the set {0} is contained in the forward

Fig. 2. Forward Reach Sets Rs({0},1).

reach sets Rg({0},t) for all times t € [0,T/2]. The for-
ward reach sets Rs({0},t), for each t € [0,T] are all 1-
D intervals and depicted using light gray—scale shading.
As illustrated in Figure 2, these intervals, correspond-
ing to the mentioned forward reach sets, have different
lengths and are differently rotated for each timet € [0,T].
Thus, for all times t in the interval (0,T/2], we have
Rs({0},t) € Rs({0},T/2 + t) demonstrating, in turn,
that the anti—invariance property has not been preserved.

In light of (4.8) and (4.9), the related SD reach sets
satisfy, for all k € Z>o,

vt € [0,T], X(tr +t) = Rs(X(tx),t), or equivalently
X(tk + t) = As(t)X(tk) &) Es(t)Ws. (4.17)

Remark 4 A minor rearrangement of (4.17) reveals
that the related SD reach sets satisfy at the sampling in-
stances ty, for allk € Z>,

X(tk+1) = Rs(X(t), T), or equivalently
X (tr41) = ApX(ty) © EpWs, (4.18)
and in the interior of the intervals Ty, for allt € (0,T),

Xty +1t) = Rs(X(tr),t), or equivalently

X(tr +1) = As(t) X (tk) ® Es(t)Ws. (4.19)

4.8 The SD Robust Positive Invariance

We have intentionally deferred discussing both RPI and
minimal RPI sets in the SD setting. The main reason
was to acquire necessary insights about the behaviour
of the SD reach set map R (-,-) so that the adequate
notions or RPI and minimal RPI sets can be introduced
and discussed. In this sense, our previous analysis shows
that the SD reach set map Rg (-, -) inherits (at sampling
instances) properties of the DT reach set map Rp (-, -),
while it might fail to inherit (in sampling intervals) prop-
erties of the CT reach set map R¢ (-, -). In terms of SD
RPI properties of the sets, the implication is that a de-
mand for a subset S of R” to be RPI in DT sense (i.e.,



RPI at the sampling instances):

Ve €S, YVw € Wy, Apx + Epw € S,

ie, Rs(S,T)CS (4.20)
is natural and is, in fact, a minimal requirement to be
imposed. However, the implication is also that a condi-
tion for a subset S of R™ to be RPTin CT sense (i.e., RPI
at the sampling instances and in the sampling intervals):

Ve e S, Vw e Ws, Vt€[0,T], As(t)z + Es(t)w € S,
ie,Vte(0,T], Rs(S,t) C S (4.21)

is mot natural and is, in fact, an overly conservative re-
quirement. Consequently, a natural notion of SD RPI
should guarantee DT RPI and it should relax CT RPI
but also facilitate it if it is attainable. Clearly, it is not
possible to guarantee such a flexibility with utilization
of a single set S. Instead, similarly as it is done for set
invariance under output feedback in [6], we introduce a
generalized, and, in fact, relaxed, notion of RPI based
on the utilization of a suitable family of sets.

Definition 1 A family of sets
S :={S{k) : te
where, for every t € [0,T], S(t) is a subset of R™, is

an RPI family of sets for uncertain SD linear dynamics,
specified via (4.1)—(4.3), if and only if

[0,T7}, (4.22)

Vz € §(0), Yw € Wg, Vt € [0,T],

As(t)z + Es(t)w € S(t) and S(T) € S(0).  (4.23)

Strictly speaking, the notion of RPI, as introduced in the
above definition, is entirely compatible with the topo-
logical nature of the SD reach set map Rgs (-, ), and it
is, in fact, equivalent to weak PI of the collection of sets
G w.r.t. SD reach set map Rg (-, ):
vt € [0,T], Rs(S(0),t) C S(t) and

S(T) € S(0).

Remark 5 Clearly, if there exists a subset S in R™ that
verifies relations (4.20) and (4.21) (i.e., both DT and CT
RPI) the related collection of sets & satisfying (4.23) can
be constructed by setting, for allt € [0,T], S(t) := S.
Furthermore, a suitable family of sets & satisfying (4.23)
can be constructed easily given a subset S in R™ that
verifies only relation (4.20) (i.e., only DT RPI). To this
end, it suffices to put, for allt € [0,T],

(4.24)

=Rs(S,t), or equivalently,

= As(t)S ) Es(t)Ws. (4.25)

We note that such a family of sets is as easy to detect
and work with as usual DT RPI sets, namely its members

S(t), t € [0,T] (and hence family itself) are implicitly
characterized by sets S and Ws as specified in (4.25).

4.4 Minimality of SD RPI Sets

We focus now on the corresponding limiting behaviour
and an adequate notion of the minimality of RPI sets in
SD setting. By Theorem 1, the set

o0
Xsoo = @D ALEDWS
k=0

(4.26)

is a proper C—set in R"™ and the unique solution to
the fixed point set equation (2.11) for SD setting, i.e.,
Rs(S,T) =S or equivalently ApS ® EpWg = S. Fur-
thermore, for any compact subset S in R™, the related
sequence of the SD reach sets Rg(S, ;) at sampling in-
stances ti, k > 0 converges to Xgoo exponentially fast
w.r.t. Hausdorff distance. In fact, the set Xs., is the
unique set that satisfies, for all k € Z>o,

Rs(Xsoos tit1) = AR5 (Xgoo, tk

=Rs(Xsoo, tr)

) ® EpWs
= Xgoo- (4.27)
The compactness of Xg+ and the continuity of the reach
set Rg (+,+) in time w.r.t. Hausdorff distance guarantee
that the SD reach set Rg (+,:) remains bounded and,
hence, it preserves compactness in its limiting behavior.

In particular, during sampling intervals Ty, we have, for

allt €[0,T),
Rs(Xsoo, t + 1) = As(t)Rs(Xsoo, tr) & Es(t)Ws

= As(t)Xsoo ® Es(t)Ws.  (4.28)

Consequently, for any fixed ¢ € [0,T"), and any compact
subset S of R™, the SD reach set Rg(S, tr +1¢) converges
to Ag(t)Xsoo ® FEs(t)Ws exponentially fast w.r.t. the
Hausdorff distance (as k and, hence, t; go to infinity).

Example (Attractivity Property) This part of the
example illustrates the above discussed attractivity prop-
erties. The forward reach sets Rs({0},t), t € [0,5T (the

Fig. 3. Forward Reach Sets Rs({0},1).

corresponding forward reach tube over the time interval



[0,5T), are plotted in Figure 3. using different levels of
gray-scale shading (the darker color indicates the larger
time t). In this case, the convergence occurs in 2 sam-
pling periods since A2, = 0. As evident by inspection of
the figure, the forward reach sets Rs({0},t), t € [2T,5T]
exhibit periodic limiting behavior, as expected in light of
the above discussion and relations (4.25)—(4.27).

In view of above analysis, let, for all ¢ € [0, 7],

XSoo(t) = AS(t)XSoo D Es(t)Ws, (429)
and define a compact collection of C—sets in R"”
X500 = {Xseo(t) : t€[0,T]}. (4.30)

The following result follows immediately from Tho-
erem 1 and above constructions, and it sets a basis for a
suitably notion of the minimality of RPI sets in SD case.

Proposition 1 Suppose Assumption 3 holds. Let & =
{8(t) : t€]0,T]} be any RPI family of sets for uncer-
tain SD linear dynamics. Consider also the family of sets
Xsco = {Xseolt) = t €[0,T]} given by (4.30). Then,
Xsoo s an RPI family of sets for uncertain SD linear
dynamics and, furthermore,

Vt € [0,T], Xsool(t) C S(t). (4.31)

The above proposition justifies the following natural,
“pointwise-in—-time—over—the-sampling—interval”, no-
tion of minimal family of RPI sets within the setting of
uncertain SD dynamics.

Definition 2 A family of sets

Goo :={Sx(t) : t€10,T]}, (4.32)
where, for every t € [0,T], Sx(t) is a subset of R", is
the minimal RPI family of sets for uncertain SD linear
dynamics if and only if G is an RPI family of sets for
uncertain SD linear dynamics and, for any RPI family
S ={S(t) : t€0,T)} of sets for uncertain SD linear
dynamics, it holds that

YVt € [0,T], Seolt) C S(2). (4.33)
Example (Minimality Property) This part of the
example illustrates the minimal RPI family Xsoo and
its related invariance properties. The forward reach
sets Rs(Xs,t), t € [0,5T] are, as in the previous
part of the example, plotted in Figure 4. using differ-
ent levels of gray—scale shading. The forward reach sets
Rs(Xs,,,t), t € [0,5T] exhibit periodic behavior and
never leave the minimal RPI family X g~ . This behavior
is expected in view of our analysis.
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Fig. 4. Minimal RPI Family Xgoo.

Theorem 1, Proposition 1 and the analysis preceding it
verify a conclusion that the minimal RPI family of sets
for uncertain SD linear dynamics is unique and well-
defined. In view of (4.25), the minimal family of RPI sets
for uncertain SD linear dynamics is entirely determined
by the set S defined by fixed point set equation

Rs(S,T)=S1ie, ApS@®EpWs =S. (4.34)
Indeed, once the unique solution to (4.34) is identified,
it suffices to use (4.25) and put, for all ¢ € [0,T7], S(t) =
Rs(S,t) = As(t)S ® EsWs. This construction verifies
the uniqueness and minimality of the family of sets X g
specified by (4.30) as summarized by:

Theorem 3 Suppose Assumption 8 holds. Then:

(1) The unique solution to the fived point set equa-
tion (4.34) is a proper C—set given explicitly by (4.26).
(it) The family of sets Xsoo specified by (4.30) is an
exponentially stable weak upper—attractor? for set—
dynamics whose trajectories (4.17) are generated by
the reach set map Rg(-,-) of (4.8) and (4.9) with
the basin of attraction being the entire space of the
compact subsets in R™.
The family of sets Xgoo is the minimal RPI family
of sets, as specified in Definition 2, for uncertain SD
linear dynamics given via (4.1)—(4.3).

Remark 6 We close this section by pointing out that,
under monotonicity of the reach set map R (+,-) in the
second argument, i.e., for all subsets S in R™, all 1 €

2 The notion of an exponentially stable upper—attractor
means that the forward reach sets Rs(X,t) exhibit stable
behavior and upper—converge w.r.t. Hausdorff distance to
the family of sets Xsoo as t — oo for all compact subsets X’
of R", i.e., the function d(X,t) := miny{H, (Y, Rs(X,t)) :
Y € X500}, defined for all compact subsets X of R™ and all
times t € R>o, vanishes as t — oo for all compact subsets
X of R™. The notion is weak since the SD reach set is not a
semi-group so that only Rs(Xse(0),t) € X500 for all t > 0
is guaranteed in light of the generalized characterization of
the family attractor as specified via (4.26)—(4.30).



RZO and all T € RZO,

71 < = Rs(S,71) € Rs(S, 1), (4.35)
the sets Xsoo(t), t € [0,T] are identical and equal to the
set Xsoo of (4.26) so that the family of sets Xgoo can
be reduced to a singleton set Xgo that also becomes a
strong attractor (instead of a weak upper—attractor) for
the related set—dynamics of the SD reach sets.

4.5 Simpler, Approximate and Guaranteed, Notions

A simpler, approximate and guaranteed, robust positive
invariance notions can be obtained by combing the safety
over the sampling period and robust positive invariance
at the sampling instances. More specifically, it is possible
to employ a pair of sets (Z,0) and invoke the following
set of conditions:

Vvt € [0,T], Rs(Z,t) CO and Rs(Z,T) CZ. (4.36)

This construction is captured by the following “uniform—
over—the-sampling—interval” notion.

Definition 3 A pair of sets (Z,0), where T and O are
subsets of R™, is a safe RPI pair of sets for uncertain SD
linear dynamics, specified via (4.1)—(4.3), if and only if

Vo € Z, Yw € Ws, Vt € [0,T],

As(t)x + Es(t)w € O and Apx + Epw € Z.  (4.37)

Clearly, the “uniform—over—the-sampling—interval”
RPI notion is less flexible than “pointwise—in—time—
over—the-sampling—interval” RPI notion. It is worth
pointing out that it is possible to transition from one
notion to the other. In particular, given a family of RPI
sets & = {S t € [0,T]} satisfying Definition 1, a
corresponding safe RPI pair of sets (Z,0) satisfying
Definition 3 can be obtained by simply setting:

T:=80)and 0:= [J S(1).

t€[0,T)

(4.38)

Note that any set O such that (J;¢(o 7 S(t) € O can be

also employed. This transition is generally less “loose”
than the transition from a safe RPI pair of sets (Z,O)
satisfying Definition 3 to a family of RPI sets & := {S :
t € [0, T} satisfying Definition 1 via

S0)=8(T):=Z and Vt € (0,T), S(t) :=

0. (4.39)

The “uniform—over—the—-sampling—interval” notion of
minimal safe RPI pairs of sets within the setting of
uncertain SD dynamics is as follows.
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Definition 4 A pair of sets (Zoo, Ooo), where I, and
O are subsets of R™, is the minimal safe RPI pair of sets
foruncertain SD linear dynamics if and only if (Zoo, Ooo)
is a safe RPI pair of sets for uncertain SD linear dynam-
ics and, for any other safe RPI pair of sets (Z,0) for
uncertain SD linear dynamics, it holds that:

Too €T and O5 C O. (4.40)

The existence and uniqueness of the minimal safe RPI
pair of sets follows as an immediate consequence of
Proposition 1, Theorem 3 and Definition 4.

Corollary 2 Suppose Assumption 3 holds and let

Too := Xs500(0) = Xsoo and
O = |J Xsc(t)= |J (As(t)Xsae @ Es(t)Ws).

t€[0,T] t€[0,T]

The pair of sets (Lo, Oco) 18 the unique minimal safe RPI
pair of sets (Zoo, Oso) for uncertain SD linear dynamics.

Example (Minimality of the safe RPI pairs) The
DT minimal RPI set Xs,, = ApWs ® Ws is a poly-
tope with 4 vertices and it is the corresponding set Lo,
(plotted in white in Figure 5.), while the set O is
simply the Fuclidean norm ball whose radius is equal
to the norm of the vertices of the DT minimal RPI set
Xs_ . These sets are obtained by using Corollary 2. As
expected in light of our analysis, the forward reach sets
Rs(Xs,t), t € [0,5T) starting from Lo, = Xs_, re-
main within the minimal RPI family Xgoo are contained
in the set Oy for all times as illustrated in the figure.
Namely, the forward reach sets Rs(Xs__,t), t € [0,5T]
are contained in the cylinder Oy x [0,5T] (shown using
a very light gray—scale shading); The related inclusion is
satisfied at each corresponding time instance.

0.5

0.25 —|

Fig. 5. Minimal Safe RPI Pair (Zoo, Oco).

4.6 Lebesgue Measurable Disturbances for SD Systems

The introduced notions apply to the case of Lebesgue
measurable disturbances acting upon the SD system



controlled with sampled data control feedback. The
developed frameworks, properties and notions apply
directly with relatively minor changes necessary to ac-
count for allowing a richer class of disturbance to affect
the SD systems. In particular, the solutions have to
be integrated with such an assumption in mind and
the remaining analysis needs to be modified. Thus, the
time—varying SD disturbance sets F,(t)Ws should be
replaced with Wy (t) := f(f e"AEWgdr for all t € 0,7
(and throughout all time intervals Ty, k € Z>g). The
latter time—varying disturbance sets Wy (t), t € [0,T]
are obtained by Aumann integration and they account
exactly for the presence of Lebesgue measurable distur-
bances. The remaining changes are relatively direct and
dominantly notational ones and thus, are not elaborated
on in more details in this article.

5 Closing Discussion

We have revisited forward reachability and robust pos-
itive invariance analyses for DT and CT problems in
order to develop novel techniques for studying forward
reachability and robust positive invariance of SD sys-
tems. We summarized key exisiting results regarding for-
ward reach, RPI and minimal RPI sets for the DT and
CT cases and developed new results for the SD case
that revealed substantial structural differences to the
DT and CT cases. In particular, we introduced topolog-
ically compatible notions for the SD forward reach, RPI
and minimal RPI sets and we addressed and enhanced
computational aspects associated with these notions by
complementing them with approximate, but guaranteed,
and numerically more plausible notions.

The results developed here in the SD setting are rele-
vant in constrained control schemes that use CT plant
models, which in fact overall are SD systems, including
(sampled-data) model predictive control [15,16] and ref-
erence governors [17]. Additionally, the reported results
also provide, currently unavailable, mathematical foun-
dations for developing topologically appropriate frame-
works for the analysis and computation of the backward
reach and the maximal RPI sets for SD systems. These
important research questions are currently under inves-
tigation and the findings will be reported elsewhere.
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