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|Introduction

First and second order necessary conditions are provided.

Main feature: informative for abnormal control processes
without a priori normality assumptions.

The proof is based on an extremal principle derived for an
abstract minimization problem with equality and inequality
type constraints and constraints given by convex cone.
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Degeneracy

Let z* € ™ be a solution to

(Ps)  Minimize f(z) subject to W(x) = 0.
If W,(z*) is not surjective, then 3\ # 0 such that:

A = col(Ag, A} with Ag = 0 satisfies
Lo(z*, A} = M folz*) + (A, Wo(z*)) = 0.

Additional information is sought in second order conditions.
By restricting multipliers so that

Index QM (6z) on Ker Wy(z*) < codim Im Wy (z*)
it is guaranteed that
Q\(6z) > 0 on Ker Wy(z*).
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Applications

Well known applications arise in:

- Aerospace Navigation
- Resources Management,
- Friction and Vibro-Impact Mechanics

- D. Lawden, Optimal Trajectories for Space Navigation,
Butterworths, 1963.

- C. Clark, F. Clarke, G. Munro, "The Optimal Exploitation of
Renewable Stocks”, Econometrica, 47, 1979, pp. 25-47.

- B. Brogliato, Nonsmooth Impact Mechanics: Models, Dynamics 1
and Control, Lect. Notes in Control and Inform. Sci., 220, Springer-
Verlag, 1996
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The Optimal Control Problem

(P) Minimize J(zg,u, 1)
subject to dz(t) = f(¢, z(t), w(t))dt + G(t, x(t))du(t), t € [tg, t1],
Wi(a) <0, Wa(a) =0,
du € K,

where
a = (zy, 1), with z(tg) = o, and z(t;) = zy, for some £y < ¢.
J(zo, u, w) = Wyla).
W;: R" x R* — R¥Wd 4 =0, 1,2, (d(W,) is the dimension of W;, d(W) = 1).
Filtota] x R x R™ — R*, G : [to, 1] x R* — R™*.
K = {u € C*([ty, t1]; R*) : V continuous ¢ 5. t. ¢p(t) € K® V¢
[ ¢(t)dp > 0V Borel B C [to, t1]},
B

K is a given convex, closed, pointed cone from R* and K9 its dual.
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Assumptions

(H1) Wy, W, and W are twice continuously differentiable.

(H2) f is twice differentiable with respect to z and u
for almost all ¢ € [y, ¢,].

(H3) f and its first and second order derivatives are measurable
with respect to ¢ and bounded on any bounded subset.

(H4) G is continuous in time and twice differentiable in z.
(H5) K is a closed convex pointed cone in $9.
(H6) The matrix G satisfies the so called Frobenius condition, i.e..

GL(t,x)Gi(t,x) — Gl (t,x)Gl(t,x) = 0.
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Dynamics Interpretation

The function z € BV (¢, ;) is a solution if

z(t) = zo+ ttf(ﬂ,a:(e) ))do —!—/ G(6,2(8))dp.(6)
0
+Z (1; 8, ) — 2(s7)), t>1
i<t
where
o du(t) = du.(t) + 3 c'6,,(t), and
e functions z(7) = z(7;s;,¢;) are solutions to the limiting system

dz!
dr

Observation: Due to (HG), the solution is unigue for any given control (u, p).

- G(Sl: )Ci: Z](O 5y, ci) = X(Si_)’
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|Definitions

Admissible control - It is a pair (u, u), where w € LT [tg, 1] and p € K.

Admissible control process - It is a triple (xg, u, ¢t) such that the corresponding
trajectory z, defined by the integral equation, satisfies the endpoint constraints.
Local minimizer to (P) - It is an admissible process (z, u*, u*) satisying:

Jde > 0, and, V finite-dimensional subspace R C L7 [t, t1], Jeg > 0, s. t.
(x5, u*, 1£*) is a solution to (P) with additional constraints:

la—a'|| <&, |n- /‘L*”C*([to,tl];Rk) < g,
v —u*llpie) < er ul) € R.
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[Notation]

Let A = (A%, A1) A?) be such that
° /\() I Rl

o M= (AL, Njgyy) € RV
o \2 € RUWY)

and ¥ be a n-dimensional vector.

e H = Hy+ H; is the Pontryagin function or Pseudo-Hamiltonian defined by
Ho(t, z, 9, u) = (¢, f(t, 2, u))
H(t, 2,9, 0) = (b, G(¢, z)v)
¢ [ is the Endpoint Lagrangian defined by
A a) = XWola) + (A1, Wila)) + (A, Wala))
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Local Maximum Principle

(xf, u*, *) satisfies the Euler-Lagrange conditions

or the local Maximum Principle if 3 # 0, s.t.
/\D 2 O: /\1 2 0: (AI: Wl(a'*)> = 0)

and a vector function 2, solution to the adjoint system:

(—w(t1)=¢(t0)) = la(a'*r/\)

such that
Hy(b,2*(8),9(8), u* (), (1)) = 0 dtae
(Hy(t, 2" (8), ¥(8), u' (), w*(t)),v) <0 V(t,v) € [to,ta] x K
(Hy(t, z*(t), ¥(t), u* (t), " (£),w*(8)) = 0  du} — ae.
( v( :zt(s): Qt(s):u ( ) (t)) w*(t)) 0 [O, 1] —ae Vte Sy,
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Local Maximum Principle (cont.)

Here,

* a” = (2%(t), z*(t1))

o w¥(t) = ﬁ% in the sense of Radon-Nicodym.

e Sy is the suppozt of the atomic component of the optimal control measure.

{ 2s) = G(t, 2'(s))w*(t)  [0,1) —ae., Vt € Sy

240 )= (t7)

D= HO A Bl-se WE S,
q(1) = 9(t)
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Local Maximum Principle (cont.)

Denote the set of all normalized (say. ||A|] = 1) Lagrange multipliers A
satisfying the Local Maximum Principle by

Alzg, u*, w).

First order necessary condition for a weak local minimum for (P):

Alzg, u*, w*y # 0. I

For short, we denote A(zj, u*, w*) by A.
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|'The Critical Cone

K., the Cone of Critical Variations, is the set of all variations
(6z9, du, dp) € R* x L™ x BV*
with state trajectories dz € BV™(S,), satisfying:

. <0, 1=0,1,
W) { 2 13

da = (533(t0): Jﬂj(t])),

k
d(62) = [£o(t)02 + Fult)buldt + (Z g;;(ﬂdu:(t)) 52+ G(1)d(6n)
d(6u) € Te(dp') = K+ Linfdu'},  ulte) = 0
salt) = dq(Lit, w ({t)),  VteSe
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[Notation

Here,
o Given some function Q(¢, vy, z), Q(t,y) denotes Q(t,y, 2*(¢)).

o dq(T;t, u*({t})) := 8¢*(7) is the solution to

d(j‘g HW? t Z {t}
dg*(0) = dz(t ) t>t0-

6¢"(0) = by

e 2'(7) is the solution to
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The Quadratic Form

For any A € A define the quadratic form
O (8xo, 0u, 6p1) = ba’lea(a®, N)da + Q1 (da, Spu)
£y
QMN6z, bu, 6)(t)dt

)

where Q" and Q1 are the following quadratic forms:

QN6z, 6u,8p) = SuT H\du + 202 H) 6u — 260 (H))ou — SuT(HN o
—20p T (HN) 0z + 62T H) S

Tla\
LT

(a")G(t1)op — 26z (t:)T H,(t)om
+5/1’1 GT tl)[Lzlml( )G(tl) - H';\U(tl)]diu’l

— > [0z (s)¥A(s)dz(s) — 62T ()W (s 7)o (s 7).

$€85y

QU(82(), 6m) = 20x(to)
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The Quadratic Form (cont.)

Here,
ﬂ!*(t) = —ZT(l;t) (/0 A IT(T O H (T, )27 (T t)d*r) Z(1;1)

where the n X n matrix Z(r;t) satisfies

2 ZH SO, 200 -1

Observation. No limits extraction to compute, for example, W*(¢7).
We just need to solve first

{ = G(t, ") (uH(t) — ({t})) 2(L;t) = 2¥(t)

—9 = Hy(t, 2", ¢ 1t () — w*({t))),  a*(L;8) = W(t)
and then Z(7,t7) is obtained by solving
dZ
= = ZHyy,(t, 2" (1,8), " (t) — p*({t})), Z(0;¢t)=1.
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Ad

Let d := codimIm(A) where
o A: R x L% x Lk x R¥ — RIW) defined by

A(0x(0), du, S, h) .= W, (@)oo + Wy, (a*)[6x) + G(t|)mh) I
e R = N:i=KN(-K) (C[to, t], N) is the maximal subspace of K)
o KCr = {(62(0), du, du, h) € Ker(A) : solution to

6z = Fy(t)ox + F,(t)0u — (H,)y(t)mdp, t¢& Sy},

Then Ag:={X € A: Index{*) on K, < d}. I

Observation: d is the dimension of the kernel of [AT|BT|G (tl)’ﬁ'T]T; where
A = Wy (a®) + O(t)W,,(a")
il
B = W, (a")Td(t,) / SN (H(t) x DT O~ ) dtd(t)T W, (a).
iy

Here, I'(t) = [F,(t)| — (H,),(t)7] and ® is the solution to & = F,(t)d, $(0) = I.
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|The Main Result

Main Theorem (Necessary conditions of optimality). Let the control process
(z*,u*, u*) be a local optimal to the problem (M P). Then. Ay # @ and, for any
(0xg, bu, b} € Ko, we have

max QN (6o, du, Su) > 0.
A€My

Here,

o OM8xy, du, dp) is a quadratic form

e A4 is an appropriate set of multipliers
e K. 13 the cone of critical variations
as defined in previous slides.
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Example 1

Let to =0, ¢ =1, u € LI([0,1], RY), z = col(zy, 79, 73, 74) € R* and K = R* x R™.

Minimize x4(1)

subject to dx; =z dt +dpy, o=z + U,
dag = (v1 — e)’dt — dp,  day = udt + dyy + dpss,
z(0) =0, x3(1) =0, and z1(1) = za(1).

The optimal control process is:
u(t)=aVte 0,1, du*(t)= (ad(t),dus(t))
t

1
zi(t) = ae',  Zi(t) = 5 2(e* —1) — 2ce(el — 1) + €% —/ dui(s)
[0.]

z3(t) = af(et — 1) + 1), zi(t) = o’t+ o+ /{Ot] dus(s)

where o = %%: and f[o,l] dps(t) = 1a?(e? — 1) — 2ae(e — 1) + €%
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Example 1 (cont.)

o H =12+ ’L,bg(il?l +u) + 1,[)3((3 -— £E1)2 + ’(/)4?1,2

o L= M(z1(1) — 22(1)) + Xozs(1) + Mgzy(1)

Clearly (1) = col(=A1, A1, = A9, = Ag), ¥i(t) = (1), 7= 2,3,4, and
hi(t) = —AMel ™+ fle (A + 2xge — 2Xpaet)ds.

From 5+ = 0, we have u*(¢) = g and, thus, o = 7L

From (8)G(t) = (¥1(t) — X, Ay — Ag) we have:
® Xy = Ag as duj has support on any subset of [0, 1].
* 1(0) = Ao as Y1 (t) < 0, V¢ € [0,1), and the first order conditions are satisfied.

This is achieved for a = %}i‘;—‘l Conclusion: A = {(1,2a,1)}.

Q\(02(0), du) = fol([dfcl]g + [0uf?)dt > 0 for A = (1,20, 1) and Ay = A,
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Example 2

Take z,u € R*", y e R¥ 2z ¢ R!, K = R*
Minimize z(0)
subject to & = zu, dy=z(2Q[zr,u]+a)dt —ady, =0, te [0, 1],
z(0) =0, y(0) = —a, and y(1) = 0.

Here, a ¢ Q(R") (Q(z) = Q[,z]), and @ : R* x R* — R* is a bilinear symmetric
mapping s.t.:

a) Jy € R¥st. Qx) #y Vo € R*.

b) There is no A € R¥, s.t.(\, Q(z)) > 0 Vz € R™

Optimality of (z*(2), y*(£), 2*(2), u*(t), u*) = (0,ta,1,0,0) :
1y 1 1
i Et-Q(:c)dt +alz—1-— / di) = a(z -1 —fo du) + Q(z(1)) = 0.

0

y(1) =

Since a ¢ Q(R™), we have z > 1 and, as z is to be minimized, £ =0 and z = 1.
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