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BIRATIONALITY OF MODULI SPACES OF TWISTED U(p, q)-HIGGS
BUNDLES

PETER B. GOTHEN AND AZIZEH NOZAD

ABSTRACT. A U(p, q)-Higgs bundle on a Riemann surface (twisted by a line bundle)
consists of a pair of holomorphic vector bundles, together with a pair of (twisted) maps
between them. Their moduli spaces depend on a real parameter o. In this paper we
study wall crossing for the moduli spaces of a-polystable twisted U(p, ¢)-Higgs bundles.
Our main result is that the moduli spaces are birational for a certain range of the
parameter and we deduce irreducibility results using known results on Higgs bundles.
Quiver bundles and the Hitchin—Kobayashi correspondence play an essential role.

1. INTRODUCTION

Holomorphic vector bundles with extra structure on a Riemann surface X have been
intensively studied over the last decades. Higgs bundles constitute an important exam-
ple, not least due to the non-abelian Hodge Theorem [12] 13, 21, 31, 32], which iden-
tifies the moduli space of Higgs bundles with the character variety for representations
of the fundamental group. Another important example is that of quiver bundles. A
quiver () is a directed graph and a @-bundle on X is a collection of vector bundles,
indexed by the vertices of ), and morphisms, indexed by the arrows of ). The natu-
ral stability condition for quiver bundles depends on real parameters and hence so do
the corresponding moduli spaces. The stability condition stays the same in chambers
but wall-crossing phenomena arise and can be used in the study of the moduli spaces.
An early spectacular success for this approach is Thaddeus’ proof of the rank two Ver-
linde formula [33], using Bradlow pairs [6], which are examples of triples. Triples are
(-bundles for a quiver with two vertices and a single arrow connecting them. Moduli
spaces of triples have been studied extensively, using wall-crossing techniques. With-
out being exhaustive, we mention [9], where connectedness and irreducibility results for
triples were studied, and the work of Munoz 23| 24, 25] and Munoz—Ortega—Vazquez-
Gallo [26, 27] on finer topological invariants, such as Hodge numbers. More generally,
chains (introduced by Alvarez-Cénsul-Garcia-Prada in [1]) are Q-bundles for a quiver of
type A,. Chains have also been studied using wall crossing techniques; we mention here
the work of Alvaréz-Consul-Garcia-Prada—Schmitt [3], Garcia-Prada—Heinloth—Schmitt
[15] and Garcia-Prada—Heinloth [14].

A natural question to ask is to what extent wall crossing techniques can be extended to
moduli of )-bundles for more general quivers. Our aim in this paper is to investigate the
situation when @) has oriented cycles, as opposed to the case of chains. Since the number
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of effective stability parameters is one less than the number of vertices of the quiver,
in order to encounter wall crossing phenomena, we are led to considering the following
quiver as the simplest non-trivial case:

(1.1) °

/\.
N

For such quivers it becomes relevant to consider twisted (Q-bundles, meaning that to each
arrow one associates a fixed line bundle twisting the corresponding morphism.

Quiver bundles for the quiver (1)) are closely related to Higgs bundles through the
notion of G-Higgs bundles. These are the appropriate objects for extending the non-
abelian Hodge Theorem to representations of the fundamental group in a real reductive
Lie group G (see, e.g., [18,19]). The relevant case here is that of G = U(p, ¢). Indeed, a
U(p, q)-Higgs bundle is a twisted Q-bundle for the quiver (L.TJ), twisted by the canonical
bundle K of X. Allowing for twisting by an arbitrary line bundle L on X, an L-twisted
U(p, q)-Higgs bundle is a quadruple £ = (V, W, §,~), where V and W are vector bundles
of rank p and ¢, respectively, and the morphisms are §: W - V® Landv: V - W® L.
The stability notion for @-bundles for the quiver (LI)) depends on a real parameter «
and the value which is relevant for the non-abelian Hodge Theorem is a = 0.

We denote by M, (t) the moduli space of a-semistable L-twisted U(p, ¢)-Higgs bundles
of type t = (p,q,a,b) = (rk(V),rk(W), deg(V),deg(WV)) and by M:(t) C M,(t) the
subspace of a-stable L-twisted U(p, ¢)-Higgs bundles. We show that the parameter « is
constrained to lie in an interval a,, < a < ayy (with a,,, = —00 and ay; = 00 if p = q)
and the stability condition changes at a discrete set of critical values a, for a.

Our main result is the following theorem (see Theorem [5.3] below).

Theorem A. Fiz a type t = (p,q,a,b). Let a. be a critical value. If either one of the
following conditions holds:

(1) a/p—b/q > —deg(L), ¢ < p and0 < oF < #(b/q—a/p—deg(L))+deg(L),

Pg—q>+p+q
(2) a/p—b/q < deg(L), p < q and =1 (b/q —a/p+deg(L)) —deg(L) < af <0.

Pg—p*+p+q
Then the moduli spaces M? _(t) and M? ,(t) are birationally equivalent.

Under suitable co-primality conditions on the topological invariants (p, g, a,b) we also
have results for the full moduli spaces M,(t); we refer to Theorem [E3] below for the
precise result.

A systematic study of U(p, ¢)-Higgs bundles was carried out in [§], based on results
for holomorphic triples from [7, 9]. In particular, it was shown that the moduli space of
U(p, q)-Higgs bundles is irreducible (again under suitable co-primality conditions). Using
these results, we deduce the following corollary to our main theorem (see Theorem

below).

Theorem B. Let L = K and fiz a type t = (p,q,a,b). Suppose that (p + q,a+b) =1
and that T = %(a/p —b/q) satisfies || < min{p, ¢}(2g —2). Suppose that either one of
the following conditions holds:

(1) a/p=b/qg > —(29-2), ¢ <p and 0 < @ < o=F——(b/q—a/p—(29—2)) +29 -2,

(2) a/p—0b/qg<29—2,p<q and%(b/q—a/ijQg—Q)—(2g—2)<a<0.

Then the moduli space M (t) is irreducible.

A related work is the recent preprint by Biquard-Garcia-Prada—Rubio [5], which studies
G-Higgs bundles for any non-compact G of hermitian type. Their focus is different from
ours, in that they adopt a general Lie theoretic approach and study special properties
such as rigidity for maximal G-Higgs bundles, whereas wall crossing phenomena are not
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studied. On the other hand it is similar in spirit in allowing for arbitrary values of the
stability parameter and, indeed, our Proposition for twisted U(p, ¢)-Higgs bundles
is a special case of the Milnor-Wood inequality for general GG proved by these authors
(when L = K). A different generalization, namely to parabolic U(p, q)-Higgs bundles,
has appeared in the work of Garcifa-Prada—Logares-Munoz [16].

This paper is organized as follows. In Section 2] we give some definitions and basic
results on quiver bundles. In Section [3]we analyze how the a-stability condition constrains
the parameter range for fixed type t = (p, ¢, a, b), prove the Milnor-Wood type inequality
for a-semistable twisted U(p, ¢)-Higgs bundles mentioned above, and study vanishing of
the second hypercohomology group of the deformation complex and deduce smoothness
results for the moduli space. These results provide essential input for the analysis in
Section Ml of the loci where the moduli space changes when crossing a critical value.
Finally, in Section Bl we put our results together and prove our main theorems.

This paper is, in part, based on the second author’s Ph.D. thesis [29].

2. DEFINITIONS AND BASIC RESULTS

In this section we recall definitions and relevant facts on quiver bundles, from [20]
and [2], that will be needed in the sequel. We give the results for general @-bundles.
This generality is needed since more general ()-bundles naturally appear in the study of
twisted U(p, ¢)-Higgs bundles (see Section [A.2]).

2.1. Quivers. A quiver @ is a directed graph specified by a set of vertices g, a set of
arrows (1 and head and tail maps h,t: )1 — QQo. We shall assume that @) is finite.

2.2. Twisted quiver sheaves and bundles. Let X be a compact Riemann surface, let
@ be a quiver and let M = {M,}.cq, be a collection of finite rank locally free sheaves of
Ox-modules.

Definition 2.1. An M -twisted Q-sheaf on X is a pair E' = (V, ¢), where V' is a collection
of coherent sheaves V; on X, for each i € @)y, and ¢ is a collection of morphisms ¢, :
Vie ® M, — Vj,q, for each a € ()1, such that V; = 0 for all but finitely many i € )y, and
wq = 0 for all but finitely many a € Q.

A holomorphic M -twisted QQ-bundle is an M-twisted @-sheaf F = (V| ¢) such that the
sheaf V; is a holomorphic vector bundle, for each 7 € Q).

We shall not distinguish vector bundles and locally free finite rank sheaves.

A morphism between twisted Q-sheaves (V@) and (W, 1) on X is given by a collection
of morphisms f; : V; — W;, for each i € )y, such that the diagrams

‘/ta®Ma sM—>‘/ha

lfﬁa@l lfha

VVta®Madm—>Wha

commute for every a € );.

In this way M-twisted Q)-sheaves form an abelian category. The notions of Q-subbundles
and quotient ()-bundles, as well as simple ()-bundles are defined in the obvious way. The
subobjects (0,0) and FE itself are called the trivial subobjects. The type of a @-bundle
E = (V,p) is given by

t(E) = (rk(Vi); deg (Vi) )icqo,
where rk(V;) and deg(V;)) are the rank and degree of V;, respectively. We sometimes
write tk(E) = rk(€ V;) and call it the rank of E. Note that the type is independent of

@.
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2.3. Stability. Fix a tuple a = (;) € RI%l of real numbers. For a non-zero Q-bundle
E = (V, ), the associated a-slope is defined as

ZQ (i tk(V3) + deg(V;))
> tk(V))

1€Q0o
Definition 2.2. A Q-bundle £ = (V, ) is said to be a-(semi)stable if, for all non-trivial
subobjects F' of E, po(F) < (<)pa(E). An a-polystable Q-bundle is a finite direct sum
of a-stable ()-bundles, all of them with the same a-slope.

A @Q-bundle F is strictly a-semistable if and only if there is a non-trivial subobject
F C E such that po(F) = pa(E).

Remark 2.3. If we translate the parameter vector a = (a;)ieq, by a global constant
c € R, obtaining o' = (a});cq,, With o = o; + ¢, then po (E) = pa(E) — c¢. Hence the
stability condition does not change under global translations. So we may assume that
Qg = 0.

Ma(E) =

The following is a well-known fact (see, e.g., [30, Exercise 2.5.6.6]). Consider a strictly
a-semistable @Q-bundle E = (V, ). As it is not a-stable, E' admits a subobject F' C E
of the same a-slope. If F' is a non-zero subobject of £ of minimal rank and the same
a-slope, it follows that F'is a-stable. Then, by induction, one obtains a flag of subobjects

Fh=0ChHhC---Ch,=F

where po(F;/Fi_1) = pa(E) for 1 < i < m, and where the subquotients F;/F;_; are a-
stable Q-bundles. This is the Jordan-Holder filtration of £, and it is not unique. However,
the associated graded object

Gr(E) = ®1", Fy/Fi_y

is unique up to isomorphism.

Definition 2.4. Two semi-stable Q)-bundles £ and E’ are said to be S-equivalent if
Gr(F) = Gr(E').

Remark 2.5. Tt is a standard fact that each S-equivalence class contains a unique polystable
representative. Moreover, if a ()-bundle F is stable, then the induced Jordan-Holder fil-
tration is trivial, and so the S-equivalence class of E coincides with its isomorphism
class.

2.4. The gauge theory equations. Throughout this paper, given a smooth bundle M
on X, QF(M) (resp. Q% (M)) is the space of smooth M-valued k-forms (resp. (i, j)-forms)
on X, w is a fixed Kahler form on X, and A : Q% (M) — Q=17~1(M) is contraction with
w. The gauge equations will also depend on a fixed collection ¢ of Hermitian metrics ¢,
on M,, for each a € @1, which we fix once and for all. Let & = (V,¢) be a M-twisted
@-bundle on X. A Hermitian metric on £ is a collection H of Hermitian metrics H;
on V;, for each i € Qg with V; # 0. To define the gauge equations on £, we note that
Yo @ Vie ® M, — Vj, has a smooth adjoint morphism ¢} : V,,, = Viy ® M, with respect
to the Hermitian metrics Hy, ® ¢, on Vi, ® M, and Hp, on Vj,, for each a € @4, so it
makes sense to consider the compositions ¢, o ¢} and ¢ o ¢,. The following definitions
are found in [2]. Let a be the stability parameter.
Define T to be collections of real numbers 7;, for which

(21) T, = [La(g) — Oy, 1€ Qo.
Then, by using Remark 2.3] « can be recovered from 7 as follows

o =Ty — T, 1 € Q.
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Definition 2.6. A Hermitian metric H satisfies the quiver T-vortex equations if

(2'2) Vv _1AF<V;) + Z%SOZ - Z@Z‘pa = TiIde'

i=ha i=ta
for each i € Q) such that V; # 0, where F(V;) is the curvature of the Chern connection
associated to the metric H; on the holomorphic vector bundle V.

The following is the Hitchin-Kobayashi correspondence between the twisted quiver vor-
tex equations and the stability condition for holomorphic twisted quiver bundles, given
in [2, Theorem 3.1]:

Theorem 2.7. A holomorphic Q-bundle E is ac-polystable if and only if it admits a
Hermitian metric H satisfying the quiver T-vortex equations ([22l), where oo and T are

related by (21).

2.5. Twisted U(p,q)-Higgs bundles. An important example of twisted @-bundles,
which is our main object study in this paper, is that of twisted U(p,q)-Higgs bundles
on X given in the following. It is to be noted that twisted U(p, ¢)-Higgs bundles in our
study is twisted with the same line bundle for each arrow.

Definition 2.8. Let L be a line bundle on X. A L-twisted U(p, q)-Higgs bundle is a
twisted @)-bundle for the quiver

R
V |44
N
where each arrow is twisted by L, and such that rk(V) = p and rk(W) = ¢. Thus a

L-twisted U(p, q¢)-Higgs bundle is a quadruple £ = (V,W,5,~), where V and W are
holomorphic vector bundles on X of ranks p and ¢ respectively, and

W —VaIL,

vV —W®L,

are holomorphic maps. The type of a twisted U(p, ¢)-Higgs bundle £ = (V. W, 8,7) is
defined by a tuple of integers t(E) := (p,q, a,b) determined by ranks and degrees of V
and W, respectively.

Note that K-twisted U(p, ¢)-Higgs bundles can be seen as a special case of G-Higgs
bundles ([22], see also [8, 10, 18, [19]), where G is a real form of a complex reductive Lie
group and K is the canonical bundle of the Riemann surface X.

2.6. Gauge equations. For this L-twisted quiver bundle one can consider the general
quiver equations as defined in (2.2)).

Let 7 = (71, 72) be a pair of real numbers. A Hermitian metric H satisfies the L-twisted
quiver T-vortex equations on twisted U(p, ¢)-Higgs bundle E if

V—1AFy, + 6% — 7"y =n 1dy,
V—=1AFy, +97" = 88 =7 ldw.

where Fy, and Fp,, are the curvatures of the Chern connections associated to the metrics
Hy and Hyy, respectively.

(2.3)

Remark 2.9. (i) If a holomorphic twisted U(p, ¢)-bundle E admits a Hermitian metric
satisfying the 7-vortex equations, then taking traces in (2.3]), summing for V' and
W, and integrating over X, we see that the parameters 7 and 7, are constrained
by pri + qr2 = deg(V) + deg(W).
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(ii) If L = K the equations are conformally invariant and so depend only on the
Riemann surface structure on X. In this case they are the Hitchin equations for
the U(p, q)-Higgs bundle.

2.7. Stability. Let £ = (V,W,3,7v) be a twisted U(p, q)-Higgs bundle, and « be a
real number; « is called the stability parameter. The definitions of the previous section
specialize as follows. The a-slope of E is defined to be

E) = u(E P

ol E) = () + a2

where p(FE) := u(VoW). A twisted U(p, g)-bundle FE is a-semistable if, for every proper
(non-trivial) subobject F' C F,

fa(F) < pa(E).
Further, F is a-stable if this inequality is always strict. A twisted U(p, ¢)-bundle is called
a-polystable if it is the direct sum of a-stable twisted U(p, ¢)-Higgs bundles of the same
a-slope.

Remark 2.10. The stability can be defined using quotients as for vector bundles. Note
that for any subobject E' = (V',W’) we obtain an induced quotient bundle E/E" =
(V/VI,W/W!' B,7) and E is a-(semi)stable if pq(E/E") (=) > pa(E).

The following is a special case of the Hitchin-Kobayashi correspondence between the
twisted quiver vortex equations and the stability condition for holomorphic twisted quiver
bundles, stated in Proposition 2.7

Theorem 2.11. A solution to (2.3)) ezists if and only if E is a-polystable for « = 75— 1.

2.7.1. Critical values. A twisted U(p, q)-Higgs bundle F is strictly a-semistable if and
only if there is a proper subobject F' = (V', W) such that u,(F) = pa(E), i.e.,
Y p
VieW) +a =uVoeW) +a« .
e ) P o ) s
The case in which the terms containing « drop from the above equality and F is strictly
a-semistable for all values of «, i.e.,

/

p D
ptq p+q’
p(Vow)=nuV' ow)
is called a-independent strict semistability.

and

Definition 2.12. For a fixed type (p, q, a, b) a value of « is called a critical value if there

s VAN / p’ P a +b p _ atb D :
exist integers p’, ¢’, a’ and 0’ such that P =+ e and T + i = + s, with

0<p <p,0< ¢ <qgand (p,q) # (0,0). We say that « is generic if it is not critical.

Lemma 2.13. In the following situations a-independent semistability cannot occur:
(i) [9, Lemma 2.7] There is an integer m such that GCD(p + ¢, d; + dy — mp) = 1.
(ii) If GCD(p,q) =1, for p #q.

Proof. To prove (ii), on the contrary assume that £ = (V,W,3,7) is a a-semistable
twisted U(p, ¢)-Higgs bundle with a proper subobject E' = (V/, W', 5, +') such that

/

Ve W’ + =u(Vaow)+ P
wu( ) T wu( ) %

and ,

v’ p
P+qd  pt+q
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where p’ and ¢’ are the ranks of V' and W’ respectively. Since E’ is proper, either p’ < p
oo p
P+qd ptyg

Fix a type t = (p, ¢, a,b). We denote the moduli space of a-polystable twisted U(p, q)-
Higgs bundles £ = (V, W, 3,~) which have the type t(E) = (p, ¢, a,b), where a = deg(V)

and b = deg(WW), by

or ¢ < q and then the equality contradicts that p and ¢ are co-prime. [

MC'l(t) = Ma<p7 q, a, b)7
and the moduli space of a-stable twisted U(p, ¢)-Higgs bundles by M? (). A Geometric
Invariant Theory construction of the moduli space follows from the general constructions
of Schmitt [30, Theorem 2.5.6.13], thinking of twisted U(p, ¢)-Higgs bundles in terms of
quivers.

2.8. Deformation theory of twisted U(p, ¢)-Higgs bundles.

Definition 2.14. Let £ = (V,W, 3,~) be a L-twisted U(p, q)-Higgs bundle and E’' =
(VI W' B +") a L-twisted U(p/, ¢')-Higgs bundle. We introduce the following notation:

Hom"= Hom(V’, V') ® Hom(W', W),
Hom' = Hom(V', W @ L) ® Hom(W',V & L).
With this notation we consider the complex of sheaves
(2.4) Hom® (E', E) : Hom" 2% Hom'
defined by
ao(f1, f2) = (¢alf1, f2), 6(f1, f2)), for (fu, fo) € Hom’

where
bo : Hom® — Hom(V', W & L) — Hom"' and ¢y, : Hom" — Hom(W',V ® L) < Hom'
are given by
¢a(fis f2) = (f2®@ 1dr) 0oy — 70 fi),
ou(f1, f2) = (fi®1Idy) o B — Bo fa).

The complex Hom®(E', F) is called the Hom-complex. This is a special case of the Hom-
complex for @-bundles defined in [20], and also for G-Higgs bundles (see, e.g., [4]). We
shall write Znd*(E) for Hom®(E, F).

The following proposition follows from [20, Theorem 4.1 and Theorem 5.1].

Proposition 2.15. Let E be a L-twisted U(p, q)-Higgs bundle and E" a L-twisted U(p’, ¢')-
Higgs bundle. Then there are natural isomorphisms

Hom(E', E) = H°(Hom®(E', E))
Ext'(E', E) = H'(Hom®*(E', E))
and a long exact sequence associated to the complex Hom®(E', E):
(2.5) 0 — HO(Hom®(E', E)) — H°(Hom®) — H°(Hom') — H'(Hom"(E', E))
— HY(Hom") — H'(Hom") — H?(Hom®(E', E)) — 0.
When E = E’, we have End(E) = Hom(F, E) = H°(Hom®*(E, E)).

Definition 2.16. We denote by x(E’, E') the hypercohomology Euler characteristic for
the complex Hom®(E', E), i.e.

X(E', E) = dim H’(Hom® (E', E)) — dim H' (Hom®(E', E)) + dim H?(Hom®* (E', E)).
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As an immediate consequence of the long exact sequence (2.5) and the Riemann-Roch
formula we can obtain the following.

Proposition 2.17. For any twisted U(p, q)-Higgs bundle E and twisted U(p', q')-Higgs
bundle E' we have
X(E', E) = x(#om) — x (o)
= (1 — g)(rk(Hom") — rk(Hom")) + deg(Hom") — deg(Hom")
=(1—g)('p+da—pa—dp)+(d —p)(deg(W) — deg(V))+
(¢ — p)(deg(V") — deg(W')) — (pq’ + p'q) deg(L)
Recall that the type of a U(p, q)-Higgs bundle £ = (V,W, 3,7) is t(E) = (p,q,a,b),
where a = deg(V), b = deg(W). The previous proposition shows that y(E’, E') only

depends on the types ¢’ = t(E’) and ¢t = t(F) of E’ and E, respectively, so we may use
the notation

x(#,t) :=x(FE, E).
Remark 2.18. Suppose that £ = E’ @ E”. Then it is clear that the Hom-complexes
satisfy:
Hom®*(E, E) = Hom®(E', E') ® Hom®(E", E") & Hom®(E",E') & Hom®(E', E"),
and so the hypercohomology groups have an analogous direct sum decomposition.

Lemma 2.19. For any extension 0 — E' — E — E" — 0 of twisted U(p, q)-Higgs
bundles,
X(E,E) = x(E",E') + x(E", E") + x(E", E') + x(E', E").

Proof. Since the Euler characteristic is topological, we may assume that £ = E' & E”.
Now the result is immediate in view of Remark [2.18 O

Given the identification of H°(Hom®*(E’, E)) with Hom(E', E), by Proposition 215 the
following is the direct analogue of the corresponding result for semistable vector bundles.

Proposition 2.20. Let E = (V,W,5,7v) be a L-twisted U(p, q)-Higgs bundle and E' =
(VI W' B +") a L-twisted U(p’, ¢')-Higgs bundle. If E and E" are both a-semistable, then
the following holds:
(1) If po(F) < po(E'), then HO(Hom®(E', E)) = 0.
(2) If po(E") = po(E), and E' is a-stable, then
. /
HO (3om* (E', E)) = {0 WEEE
C ifE=FE.
Definition 2.21. A twisted U(p, ¢)-Higgs bundle E = (V, W, p = S+7) is infinitesimally
simple if End(F) = C and it is simple if Aut(E) = C*, where Aut(FE) denotes the
automorphism group of F.

Since L-twisted U(p, ¢)-Higgs bundles form an abelian category, any automorphism is
also an endomorphism. Hence, if (V) W, 3, ) is infinitesimally simple then it is simple.
Thus Proposition 2.200 implies the following lemma.

Lemma 2.22. Let (V,W, 3,7) be a twisted U(p, q)-Higgs bundle. If (V, W, 3,~) is a-stable
then it 1s simple.

Proposition 2.23. Let E = (V,W,3,v) be an a-stable twisted U(p, q)-Higgs bundle of
type t = (p. ¢, a,b).
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(1) The space of infinitesimal deformations of E is isomorphic to the first hypercoho-
mology group H'(End*(E)).

(2) IfH*(End*(E)) = 0, then the moduli space ME(t) is smooth in a neighborhood of
the point defined by E and
dim M (t) = dim ' (End* (E))
=1-x(E,E) = (9 —1)(g —p)* + 2pgdeg(L) + 1.
Proof. Statement (1) follows from [4, Theorem 2.3]. Statement (2) is analogous to Propo-
sition 2.14 of [11]. O

3. CONSEQUENCES OF STABILITY AND PROPERTIES OF THE MODULI SPACE

3.1. Bounds on the topological invariants and Milnor—Wood inequality. In this
section we explore the constraints imposed by stability on the topological invariants of
U(p, q)-Higgs bundles and on the stability parameter «.

Proposition 3.1. Let E = (V,W, 3,7) be an a-semistable twisted U(p, q)-Higgs bundle.
Then the following inequalities hold.

2pq 2pq
(3.1) g (V) = (W) < xk(y) deg(L) + a(xk(y) = =),
2. 2pq
(3:2) o o (BOV) = (V) < xk(B) deg(L) +a( =2 — 1k(8)).

Moreover, if deg(L)+a > 0 and equality holds in ([B.1)) then either E is strictly semistable
or p = q and vy is an isomorphism ~y: V = Similarly, if deg(L) —a > 0
and equality holds in (B2) then either E is strictly semistable or p = q and [ is an
1somorphism 5: W SVeL.
Proof. An argument similar to that given in [8 Lemma 3.24] shows that

2p(1(V) = pa(E)) < 1k(v) deg(L) + a(rk(y) — 2p);
Similarly,

2 (W) ~ 1 E)) < 1k(8) deg(L) — rk(B)a,
Using this, the result follows immediately using the following identities:

u(V) = pia(E) = == (u(V) = (W) — a—L—

P+q Pt+aq
p p
wW) — po(E) = — (W) — u(V)) —a———.
(W) = pta(E) = L= (u(W) = (V) = a2
The statement about equality for deg(L) — a > 0 also follows as in loc. cit. U

By analogy with the case of U(p, q)-Higgs bundles (cf. [8]) we make the following
definition.

Definition 3.2. The Toledo invariant of a twisted U(p, ¢)-Higgs bundle E = (V, W, 3, 7)

; ~ ,qdeg(V) —pdeg(W)  2pg B
=2 P —p+q(u(V) u(W)).

The following is the analogue of the Milnor-Wood inequality for U(p, ¢)-Higgs bun-
dles ([8, Corollary 3.27]). When L = K, it is a special case of a general result of
Biquard-Garcia-Prada—Rubio [5, Theorem 4.5], which is valid for G-Higgs bundles for
any semisimple G of Hermitian type.

7(E)
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Proposition 3.3. Let E = (V,W, 3,7) be an a-semistable twisted U(p, q)-Higgs bundle.
Then the following inequality holds:

2pq 2pq
—rk(p)deg(L) + a(rk(f) — ——) < 7(F) < rk(vy)deg(L) + o rk(y) — ——).
() deg(L) (()p+q) (E) < rk(y) deg(L) (()p+q)
Proof. In view of the definition of 7(E), we can write (3] and (3:2)) as
2pq
(33) 7(E) < tk(y) deg(L) + a(rk(y) — ——),
p+q
2pq
(3.4) —7(E) < rk(p) deg(L) + oz(p i rk(ﬁ))
from which the result is immediate. O

When equality holds in the Milnor-Wood inequality, more information on the maps
and 7 can be obtained from Proposition 3.1l In this respect we have the following result.

Proposition 3.4. Let E = (V,W, 3,7) be an a-semistable twisted U(p, q)-Higgs bundle.
(1) Assume that o > —deg(L). Then

: lp—q|
T(F) < min{p, ¢} (deg(L) — a——).
() < min{p. g} (deg(L) ~ 1)
and if equality holds then p < q and vy is an isomorphism onto its image.
(2) Assume that o < —deg(L). Then

2
7(E) < —a—2L
p+q

and if equality holds and o < —deg(L) then ~y = 0.
(3) Assume that o < deg(L). Then

r(E) > minfp.a} (~a L1~ deg(r)

and if equality holds then q < p and (8 is an isomorphism onto its image.
(4) Assume that o > deg(L). Then

2pq

(){—

p+q
and if equality holds and o > deg(L) then B = 0.

Proof. We rewrite (B.3) as 7(E) < rk(v)(deg(L) + «) — a;ﬂ Then (1) and (2) are

T(E) > —

+q°
immediate from Proposition B.Il Similarly, (3) and (4) follow rewriting (3.4)) as 7(E) >
rk(5)(a — deg(L)) — a%. O

In the case when |a| < deg(L) we can write the inequality of the preceding proposition
in a more suggestive manner as follows.

Corollary 3.5. Assume that || < deg(L) and let E be an a-semistable twisted U(p, q)-
Higgs bundle. Then

lp — 4| )

P+q

Remark 3.6. In the cases of Proposition [3.4] when one of the Higgs fields § and 7 is
an isomorphism onto its image, it is natural to explore rigidity phenomena for twisted
U(p, q)-Hitchin pairs, along the lines of [§] (for U(p,q)-Higgs bundles) and Biquard-
Garcia-Prada—Rubio [5] (for parameter dependent G-Higgs bundles when G is Hermitian
of tube type). This line of inquiry will be pursued elsewhere.

17(E)| < min{p, ¢} (deg(L) — a
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3.2. Range for the stability parameter. In the following we determine a range for
the stability parameter whenever p # ¢. We denote the minimum and the maximum
value for a by «a,,, and a;y, respectively.

Proposition 3.7. Assume that p # q and let E be a a-semistable twisted U(p, q)-Higgs
bundle. Then o, < a < ayps, where

2l ) - v)) - B deg(n) if plV) - (W) > — deg(L),

QU = lq — p lq — pl
—(u(V) = p(W)) if p(V) = (W) < —deg(L),
and
w2 [ vy ) + B2 () i () — () < degiL)
—(u(V) = p(W)) if p(V) — p(W) > deg(L).
Proof. First we determine oy, Using (3.3) we get
(2 — 1K) < rk(y) deg(L) — 7(E)
2pq

since p # q therefore — k() > 0. Hence the above inequality yields
q

P+q
a < rk(vy)deg(L) — T(E)).
20— (o q) k) ) ) =)
In order to find an upper bound for @ we maximize the right hand side of this inequality
rd—T

as a function of rk(vy). Thus we study monotonicity of the function f(r) = , where
—r

2
c= %, d = deg(L) and r € [0, min{p, q}]. We obtain the following:
pPTq
(a) If deg(L) = u(V) — u(W) then f is constant and

o < (W) = (V).
(b) If deg(L) > p(V) — p(W) then f is increasing so

P+q 7B\ pta gy 2max{p. g} 3
“S il (des(L) min{p,q}) “lq—pl s lg —pl (V) =)

and, if equality holds then rk(y) = min{p, ¢}.
(c) If deg(L) < p(V') — (W) then f is decreasing so

a < (W) = p(V)
and, if equality holds then v = 0.

Now we determine the lower bound «,,. The inequality (3.4)) yields

o3 AL IeR(D) 1 7(E)
rk(f) — ——
P+q
- . . rd+T :
Similarly to the above, by studying the monotonicity of g(r) = , we obtain the
r—c

following:
(a)" If u(V) — u(W) = —deg(L) then g is constant and
o > p(W) = (V).
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(b) If u(V) — u(W) < —deg(L) then g is increasing, so
az p(W) —u(V),
and, if equality holds then 5 = 0.
() If (V) — w(W) > —deg(L) then g is decreasing, so
>~ P Gean) T(E) o _PE g (L)_2ma><{p,q}
g = p| min{p, ¢} g —pl g — pl
and, if equality holds then rk(5) = min{p, ¢}.

Note that if u(V) — p(W) = 0 then u(V) — u(W) > —deg(L), and if p(V) — u(W) <0
then (V) — u(W) < deg(L). Hence the result follows. O

(V) = u(W)),

Remark 3.8. The preceding proof gives the following additional information when a equals
one of the extreme values o, and a;:

o if (V) — u(W) < deg(L) and o = aps then rk(y) = min{p, ¢};

o if (V) — (W) > deg(L) and o = aps then v = 0;

o if (V) — u(W) > —deg(L) and o = v, then rk(3) = min{p, ¢}, and
o if (V) — (W) < —deg(L) and a = oy, then 5 = 0.

The following corollary is relevant because o = 0 is the value of stability parameter for
which the Non-abelian Hodge Theorem gives the correspondence between U(p, ¢)-Higgs
bundles and representations of the fundamental group of X.

Corollary 3.9. With the notation of Proposition [3.7, the mequality ay = 0 holds iof
and only if T(E) < min{p, ¢} deg(L) and the inequality o, < 0 holds if and only if
T(E) =2 —min{p, ¢} deg(L). Thus 0 € [, an] if and only if |7(E)| < min{p, ¢} deg(L).

Proof. Immediate from Proposition 3.7 O

Remark 3.10. Note that the condition |7(E)| < min{p,q}deg(L) is stronger than the
condition |pu(V) — pu(W)| < deg(L).

3.3. Parameters forcing special properties of the Higgs fields. In this section we
use a variation on the preceding arguments to find a parameter range where § and + have
special properties. Assume that the twisted U(p, ¢)-Higgs bundle E = (V, W, 3,v) has
type (p, ¢, a,b).

For the following proposition it is convenient to introduce the following notation. For
0<1<qg<p,let

2pq
qp—a)+(+1)(p+q)

and for 0 <7 <p<yq, let

a; =

(W) = (V) — deg(L)) + deg(L),

; 2pq _ o _ de
G = T T G DT V) (V) + deg(L)) — deg(L).

Proposition 3.11. Let E = (V,W,3,v) be an a-semistable twisted U(p, q)-Higgs bundle.
Then we have the following:

(1) Assume thatp > q and p(V)—pu(W) > —deg(L). If o < a;—; thenrk(ker(3)) < i.
In particular B is injective whenever

= 2P — —de e
a<a = +p+q(u(W) pu(V) — deg(L)) + deg(L).



BIRATIONALITY OF MODULI SPACES OF HIGGS BUNDLES 13

(17) Assume thatp > q and u(V)—u(W) < —deg(L). If o < a;—1 thenrk(ker(5)) > i.
In particular 3 is zero whenever
2pq
a<ags=—2PL (W) = w(V) = deg(L)) + deg(L).
g2 2pq_p_q(ﬂ() n(V) (L)) (L)
(iii) Assume that p < q and (V) — (W) < deg(L). If a > o then rk(ker(y)) < j.
In particular v is injective whenever
2pq
a>ap = W) — (V) + deg(L)) — deg(L).
b= P (W) — (V) + deg(L) — deg(L)
(iv) Assume that p < q and p(V') — w(W) > deg(L). If a > o then rk(ker(y)) > j.
In particular v is zero whenever
2pq
a>a ,=—————(u(W)—u(V)+deg(L)) — deg(L).
P2 2pq_p_q(() V) (L)) (L)
Proof. We shall only prove parts (i) and (iz). One can deduce the other parts in a similar
way. Suppose that rk(ker(5)) = n > 0. The inequality (3.2)) yields

2pq
a>n@+qy+“p_@04W> (V) — deg(L)) + deg(L) = ap-1.
Now suppose u(W) —u(V) —deg(L) < 0, then «; increases with ¢ and so, if n > i then
a > «;_1. Hence, if @« < i — 1 then n < 7. In particular, if a < ag then [ is injective,
which gives part (7).
On the other hand, if u(W) — u(V) — deg(L) > 0, then «; decreases with ¢ and so, if
n < ¢ then a > «;_1. Hence, if o < a;_1 then n > 4. In particular, if o < ;o then g is
zero, proving part (7). O
Remark 3.12. Note that the signs of ag and af given in the preceding proposition are
related to the Toledo invariant as follows:
e o > 0if and only if 7(F) < —(¢ — 1) deg(L).
e o < 0if and only if 7(E) > (p — 1) deg(L).
Remark 3.13. Associated to E = (V,W,3,7) there is a dual L-twisted U(p, q)-Higgs
bundle E* = (V* W* ~* g*). Clearly there is a one-to-one correspondence between

subobjects of E and quotients of E*, and p_o(F) = —po(E*). Therefore a-stability of
E* is equivalent to —a-stability of E.

Corollary 3.14. Let E = (V,W, 3,7) be an a-semistable twisted U(p, q)-Higgs bundle.

Then we have the following:
(i) If p = q and p(W) — (V') > —deg(L) then v is surjective whenever

2pq

o> i= W) — (V) +deg(L)) — deg(L).

' Zm_f+p+qm<> (V) + deg(L)) — deg(L)

(ii) If p < q and p(W) — u(V) < deg(L) then [ is surjective whenever
2pq

a<ap = W) —u(V)—deg(L)) + deg(L).

i ]W_ﬁ+p+qm<> (V) — deg(L)) + deg(L)

Proof. Using Proposition B.11] we can find a range for the stability parameter of E*
where 5* and v* are injective. Hence the result follows by using Remark B.I3] to relate
the stability parameters of E and E*. O

The following results shows that the bounds in Proposition B.11] are meaningful in view
of the bounds for a of Proposition B.7

Proposition 3.15. Let ag and o, be given in Proposition[3.11. Then the following holds.
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(1) Assume that p > q. If p(V)) — p(W) > —deg(L) then ag > auy, and if p(V') —
p(W) < —deg(L) then cg_o > aup,.

(17) Assume that p < q. If w(V) — w(W) < deg(L) then oy < ap, and if p(V) —
p(W) > deg(L) then a;,_5 < .

Proof. For (i), using p(V) — w(W) > —deg(L) we get

—2pq n 2p )
—q)+p+q p—q
) +
pq L1 P q)
qp—q)+p+q pP—q
2p p+q

:>®QLK————+1+———>:Q
P—q P—q

a0 = am = (p(V) = 1) (-

+ deg(L)(

where we have used that p > ¢ makes the term which multiplies u(V') — u(W) positive.
Thus ap > a,,. Moreover, when p(V) — u(W) < —deg(L) and p > ¢, we have «a,, =
ag—1 < g2 (cf. the proof of Proposition 3.11]). This finishes the proof of (7).

For (ii), using u(V) — u(W) < deg(L) we obtain the following

—2q 2pq
—al = (u(V) — u(W
o = ap = (u(V) M()Nq—p p@—m+m+q>
P+q 2pq
+ deg(L — +1
g(mq—p plg—p) +p+q )
_'_
>deg(L)(—fqp+1+§fg) =0,

where we have used that p < ¢ makes the term which multiplies (V') — p(W') negative.
Hence of < apr. Moreover, when p(V) — u(W) > deg(L) and p < ¢, we have ay =
o, | > a, , (again, cf. the proof of Proposition [3.11]). This finishes the proof of (i7). O
3.4. The comparison between U(p, ¢)-Higgs bundles and GL(p+ ¢, C)-Higgs bun-
dles. Any U(p, q)-Higgs bundle gives rise to a GL(p+ ¢, C)-Higgs bundle. In this section
we compare the respective stability conditions. We shall not need these results in the
remainder of the paper but for completeness we have chosen to include them, since the
question is a natural one to consider.

We recall the following about GL(n,C)-Higgs bundles. A GL(n,C)-Higgs bundle on
X is a pair (F,¢), where E is a rank n holomorphic vector bundle over X and ¢ €
H°(End(F) ® K) is a holomorphic endomorphism of E twisted by the canonical bundle
K of X. More generally, replacing K by an arbitrary line bundle on X, we obtain the
notion of a L-twisted GL(n,C)-Higgs bundle on X. The GL(n,C)-Higgs bundle (£, ¢)
is stable if the slope stability condition

p(E) < p(E)

holds for all non-zero proper ¢-invariant subbundles E’ of E. Semistability is defined by
replacing the strict inequality with a weak inequality. A twisted Higgs bundle is called
polystable if it is the direct sum of stable twisted Higgs bundles with the same slope.

Remark 3.16. Nitsure [28] was the first to study twisted Higgs bundles in a systematic way.
For some of his results he needs to make the assumption deg(L) > 2g — 2 (similarly, for
example, to our Proposition below). However, the comparison of stability conditions
which we carry out here is valid for any L.



BIRATIONALITY OF MODULI SPACES OF HIGGS BUNDLES 15

For any twisted U(p, q)-Higgs bundle £ = (V,W,5,v) we can associate a twisted
GL(p + q,C)-Higgs bundle defined by taking E=V&W and o= < 3 g )

The following result is reminiscent of Theorem 3.26 of [I7], which is a result for
Sp(2n,R)-Higgs bundles. The corresponding result for 0-semistable U(p, ¢)-Higgs bun-
dles can be found in the appendix to the first preprint version of [I1] and the proof given
there easily adapts to the present situation. We include it here for the convenience of the
reader.

Recall from Proposition B.11] that for p = ¢,

(3.5) a0 = p(u(W) — (V) — deg(L)) + deg(L),
(3.6) 0y = p(u(W) — (V) + deg(L)) — deg(L).

Proposition 3.17. Let E = (V,W,3,v) be an a-semistable twisted U(p, q)-Higgs bundle
such that p = q and let o and let of be given by [B.5) and ([B.4), respectively. Suppose
that one of the following conditions holds:

(1) w(V) — (W) > —deg(L) and 0 < o < .
(2) (V) — (W) < deg(L) and afy, < a < 0.
Then the associated GL(2p, C)-Higgs bundle E is semistable. Moreover a-stability of E

implies stability ofE unless there is an isomorphism f : V. — W such that Sf = f~1v.
In this case (E, @) is polystable and decomposes as

(E,9) = (E1,¢1) @ (E», ¢»)
where each summand is a stable GL(p, C)-Higgs bundle isomorphic to (V,Bf).

Proof. Let E’ be an invariant subbundle of E. By projecting onto V' and W and taking
the kernels and images, we get the following short exact sequences:

0 W"'—E -V -0,
(3.7) 0V > E W —0.
We can then deduce that
deg W" + deg V' = deg E' = deg V" + deg W'
(3.8) ¢'+p =1kE' =p"+q

where ¢”, ¢/, p” and p’ denote the rank of W”, W’ V" and V', respectively. Note that
(V' W’) and (V" W") define subobjects of E. The a-semistability conditions applied to

these subobjects imply

(3.9) deg V' +deg W' < w(E)(W' +¢') + = —a

(3.10) deg V" + deg W < u(E)(p" +¢") + L 5 v

Adding these two inequalities and using (B.8]), we get

B (B < )+ e By LT

o= a
2(pl +p1/ + ql + ql/) pl +p1/ + ql + ql/
From Proposition B.I1] we obtain the injectivity of § and « by using the hypotheses (1)
and (2), respectively. Injectivity of § and v yield ¢’ < p’ and ¢’ > p’, respectively. Hence,
in either case (¢’ — p')a is negative. Therefore (B.11]) proves that E is semistable.
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Suppose now that E is a-stable. Then, by the above argument, E is semistable and it
is stable if ([FII) is strict for all non-trivial subbundles E' C E. The equality holds in
(BI1)) if it holds in both (3.9) and (3.I0). Since E is a-stable the only way in which a
non-trivial subbundle £’ C F can yield equality in (B.11)) is that

VieW =VaeWand V' e W”.

In this case from (B.7) we obtain isomorphisms E’ — V and E’ — W. Therefore,
combining these, we get an isomorphism f : V' — W such that Sf = f~1v. Hence, if
there is no such isomorphism between V' and W then (E, ¢) is a-stable.

Now suppose that there exists such an isomorphism f : V — W define

(Ev, 1) = ({(v, f(v)) € Elv € V},6l5),
(Ea, ¢2) = ({(v,—f(v)) € Elv € V},6],).

The fact that 8f = f~'v implies that (E;, ¢;), i = 1,2, define GL(n, C)-Higgs bundles
isomorphic to (V, 3f). We have

(E, ¢) = (51#251) D (52, $2),
with
p(Er) = p(E) = p(Ey).
To show that each summand is a stable GL(n C)- Higgs bundle, note that any non-trivial
subbundle E’ of E; is a subbundle of E and hence u(E') < u(E) = u(E;). O

Remark 3.18. We can also conclude from the proof of the above proposition that a
twisted U(p, ¢)-Higgs bundle is a-semistable for a« = 0 if and only if the associated
GL(p+ ¢, C)-Higgs bundle is semistable. Equivalence also holds for stability, unless there
is an isomorphism f : V — W such that 8f = f~ 5.

3.5. Vanishing of hypercohomology in degree two. In order to study smoothness
of the moduli space we investigate vanishing of the second hypercohomology group of the
deformation complex (cf. Proposition 2.23)). This vanishing will also play an important
role in the analysis of the flip loci in Section [4. We note that vanishing is not guaranteed
by a-stability for a # 0, in contrast to the case of triples (and chains), where vanishing
is guaranteed for o > 0.

By using the obvious symmetry of the quiver interchanging the vertices we can associate
to a U(p, ¢)-Higgs bundle a U(q, p)-Higgs bundle. The following proposition is immediate.

Proposition 3.19. Let E = (V,W,3,7) be a U(p,q)-Higgs bundle and let o(E) =
(W, V,~,B) be the associated U(q,p)-Higgs bundle. Then E is a-stable if and only if
o(E) is —a-stable, and similarly for poly- and semi-stability. O

The next result uses this construction and Serre duality to identify the second hyper-
cohomology of the Hom-complex with the dual of a zeroth hypercohomology group.

Lemma 3.20. Let E = (V,W,3,v) be a L-twisted U(p, q)-Higgs bundle and E' =
(VW' B',v") a L-twisted U(p',q')-Higgs bundle. Let E" = o(F') @ L7'K = (W' &
LK V'@ L'K,y®1,3®1). Then

H?(Hom® (E', F)) = H°(Hom® (E, E"))*.
Proof. By Serre duality for hypercohomology
H?(Hom®(E', E)) =~ H(#Hom® (E', E) ® K)*
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where the dual complex twisted by K is

Hom® (E', E) ® K : (Hom(V, W' ® L) @ Hom(W,V' @ L") @ K
— (Hom(V, V') & Hom(W, W'")) ® K.
One easily checks that the differentials correspond, so that
Hom® (E',E) @ K = Hom®(E, E").
This completes the proof. O

Lemma 3.21. Let E = (V,W,3,7) be a L-twisted U(p, q)-Higgs bundle and E' =
(VW' B',4") a L-twisted U(p', q')-Higgs bundle. As above let E" = o(E') @ L7'K =
WL'K,V'QL'K,v®1,8®1). Let f € H (Hom®(E, E")) viewed as morphism

f: E— E" and write \(f) = rk(f(‘l;l;()ﬁ:l:z}(w)). Then, if f # 0, the inequality

(3.12) a(2A(f)—1)+2g—2—deg(L) >0

o

holds. Moreover, if E and E" are a-stable, then strict inequality holds unless f: £ — E"
s an isomorphism.

Proof. Write N = ker(f) C E and I = im(f) C E”. Then a-semistability of £ implies
that g (N) < po(E), which is equivalent to

(3.13) () = pa(E);

note that this also holds if N = 0, since then I = E. Moreover, by Proposition B.19] £”
is —a-semistable and so (1) < p_o(E"). This, using that pu_n(I) = pa(l) — 2aA(f)
and pi_o(E") = po(E) — a+ (29 — 2 — deg(L)), is equivalent to

(3.14) palD) < 1a(E) + 20A(f) — a + 29 — 2 — deg(L).
Combining (B13) and ([B.I4]) gives the result. The statement about strict inequality is
easy. U

The following is our first main result on vanishing of H2. It should be compared with
[9, Proposition 3.6]. The reason why extra conditions are required for the vanishing is
essentially that the “total Higgs field” 8+ v € H°(End(V @ W) ® L) is not nilpotent,
contrary to the case of triples.

Proposition 3.22. Let E = (V,W,5,7v) be a L-twisted U(p, q)-Higgs bundle and E' =
(VI W' B ") a L-twisted U(p', ¢')-Higgs bundle. Assume that E and E' are a-semistable
with p1o(E) = po(E'). Let B = o(E') ® LK. Assume that one of the following
hypotheses hold:

(A) deg(L) > 29 —2;

(B) deg(L) = 2g—2, both E and E' are a-stable and there is no isomorphism f: E —

E".

Then H?(Hom®(E', E)) = 0 if one of the following additional conditions holds:

(1) a=0;

(2) a > 0 and either 5’ is injective or (3 is surjective;

(3) a < 0 and either ' is injective or 7y is surjective.

Proof. Suppose first that @ = 0. Then either of the conditions (A) and (B) guarantee
that strict inequality holds in (B.12). Hence Lemmas and [3.21] imply the stated
vanishing of HZ.

Now suppose that 5': W — V' ® L is injective. If f: E — E” is non-zero then,
since f is a morphism of twisted U(p, ¢)-Higgs bundles, we have rk(f(W)) > rk(f(V)).
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Hence A(f) = rk(f(;lg()i(:l/()(}(w)) satisfies A\(f) < 1/2. If additionally o > 0, it follows that

a(2X(f) — 1) < 0 which contradicts Lemma [3.2T] under either of the conditions (A) and
(B). Therefore there are no non-zero morphisms f: £ — E” and so Lemma implies
vanishing of H?(Hom®(E', E)).

We have deduced vanishing of H? under the conditions o > 0 and /3’ injective. The
remaining conditions in (2) and (3) for vanishing of H? can now be deduced by using
symmetry arguments as follows.

Suppose first that o < 0 and ' is injective. Then, using Proposition B.19, ¢(FE) is an
—a-semistable U(p, ¢)-Higgs bundle and similarly for o(E’). Moreover, the S-map (which
is 0(7')) of o(E') is injective. Observe that

Hom®* (o (E'),0(E)) = Hom®*(E', F).
Hence, noting that —a > 0, the conclusion follows from the previous case applied to the
pair (o(E'),o(E)).

Next suppose that o < 0 and 7 is surjective. Then the dual U(p, ¢)-Higgs bundle
E* is —a-semistable, and similarly for E*. Moreover, the S-map (which is v*) of E* is
injective. Observe that

Hom®(E*, E™) = Hom*(E', E).
Hence again the conclusion follows from the previous case, applied to the pair (E*, E'™*).

The final case, a > 0 and [ surjective, follows in a similar way, combining the two
previous constructions. ]

In the case when ¢ = 1 we can improve on Proposition [3.22] as follows.

Proposition 3.23. Let E be an a-semistable L-twisted U(p, 1)-Higgs bundle with p > 2.
Assume that deg(L) > 2g — 2. Then H*(End*(E)) = 0 for all « in the range

p(p(V)=p(W)) = (p+1)(deg(L) —29+2) < a < p(u(V) = (W) +(p+1)(deg(L) —29+2).

Proof. Assume first that @ > 0. Note that an isomorphism as in (B) of the hypothesis
of Proposition cannot exist when p # ¢q. Hence the proposition immediate gives the
result if & = 0. Moreover, if 8 # 0, then it is injective, and hence H?(Hom®(E', E)) = 0
by (2) of the proposition. We may thus assume that 5 = 0 and consider the L-twisted
triple Ep: v: V. — W ® L. We have that

H?(End*(E)) = H*(End*(Er)) @ H*(Hom(W, V) ® L),

where End*(E7) is the deformation complex of the triple. The vanishing of H?(End*(E7r))
for an a-semistable triple when a > 0 is well knownll (cf. [9]). Hence it remains to show
that H'(Hom(W, V) ® L) = 0 which, by Serre duality, is equivalent to the vanishing

H°(Hom(V, W) ® L™'K) = 0.
So assume we have a non-zero f: V — W ® L7'K. Then f induces as non-zero map of
line bundles f: V/ker(f) — W ® L™'K and hence
(3.15) deg(W) —deg(L) + 29 — 2 > deg(V') — deg(ker(f)).
On the other hand, since = 0 we can consider the subobject (ker(f), W,0,~) of E and
hence, by a-semistability,
po(ker(f) © W)

< (Vo Ww)
(3.16) < (p+1)deg(ker(f)) + deg(W) < p

deg(V) + a,

INote that the stability parameter for the corresponding untwisted triple as considered in [9] is « +
deg(L).
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where we have used that rk(ker(f)) = p — 1 and rk(IW) = 1. Now combining (B.15]) and
(B16) we obtain
a2 p(p(V) = p(W)) + (p + 1)(deg(L) - 29 +2).
This establishes the vanishing of H? for « in the range
0<a<p(pV)—pW))+ (p+1)(deg(L) — 29 +2).

On the other hand, if @ < 0, applying the preceding result to the dual twisted U(p, q)-
Higgs bundle (V*, W* ~*, 3*) gives vanishing of H? for « in the range

0= a>p(u(V) —u(W)) = (p+ 1)(deg(L) — 29 + 2).
This finishes the proof. O
In general the preceding proposition does not guarantee vanishing of H? for all values
of the parameter o. But for some values of the topological invariants, the upper bound

of the preceding proposition is actually larger than the maximal value for the parameter
«. More precisely, we have the following result.

Proposition 3.24. Let E be an a-semistable L-twisted U(p, 1)-Higgs bundle with p > 2.
Assume that deg(L) > 2g — 2. We have the following:

<n;mm%v>7ﬁwm)>2g—2—wp—m«kaL»—@g—2»tMnH%ﬂw%Enzo

or all o >

@)gp%pO—ﬁav»<—ag+2+@—ax&%uo—@g—m)ﬂwnH%%M%Enzo
or all o <

Proof. The upper and lower bound for « given in Proposition B.7is, in this case

as = =3 (V) = W) + ] (),
i = == (V) = (W) = 2 deg(D).

It is simple to check that the inequalities of the statements are equivalent to a;; being less
than the upper bound and «,,, being bigger than the lower bound for « of Proposition 3.23]
O

The following trivial observation is sometimes useful.

Proposition 3.25. Let E and E' be L-twisted U(p, q)-Higgs bundles such that H?*(End*(ED
E")) =0. Then
H?(Hom® (E', E)) = H?(Hom*(E, E')) = 0.

Proof. Immediate in view of Remark 2.18] O
We can summarize our main results on vanishing of H? as follows.

Lemma 3.26. Fiz a type t = (p,q,a,b) and let E be an a-semistable L-twisted U(p, q)-
Higgs bundle of type t with deg(L) > 2g — 2. If deg(L) = 29 — 2 assume moreover that
E is a-stable. If either one of the following conditions holds:

(1) ¢=1,p =2 and p(a/p—0b/q) —deg(L)(p+1) < a < p(a/p—b/q)+deg(L)(p+1),

(2) a/p—b/q > —deg(L) and 0 < a < el (b/q —a/p —deg(L)) + deg(L),
(3) a/p —b/q < deg(L) and o (b/q — a/p + deg(L)) — deg(L) < a < 0.

Then H?(End*(E)) vanishes.

Proof. For part (1), use Proposition 823l The other parts follow from Proposition B.11]
Corollary 314, and Proposition 3.22 O
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3.6. Moduli space of twisted U(p, ¢)-Higgs bundles. Finally, we are in a position
to make statements about smoothness of the moduli space. Recall that we denote the
moduli space of a-polystable twisted U(p, q)-Higgs bundles with type t = (p, q, a,b) by

Ma(t) = MOé(p7 q,a, b)a
and the moduli space of a-stable twisted U(p, ¢)-Higgs bundle by M? (t) C M, ().

Proposition 3.27. Fiz a type t = (p,q,a,b). If either one of the following conditions
holds:

(1) g=1,p =2 and p(a/p—0b/q) —deg(L)(p+1) < a < p(a/p—>b/q)+deg(L)(p+1),

(2) a/p—b/q > —deg(L) and 0 < a < min{p,q}Q\I;)q—qI—f—p-i-q (b/q—a/p—deg(L)) + deg(L),
(3) a/p —b/q < deg(L) and ————=224 (b/q —a/p+ deg(L)) — deg(L) < a < 0.

min{p,q}|p—gl+p+q
Then the moduli space M3 (t) is smooth.

Proof. Combine Lemma [3.26] and Proposition 2.23l O

4. CROSSING CRITICAL VALUES

4.1. Flip loci. In this section we study the variation with « of the moduli spaces M? ()
for fixed type t = (p,q,a,b). We are using a method similar to the one for chains given
in [3], which in turn is based on [9].

Let a. be a critical value. We adopt the following notation:

af =ac+e€ a, =a,—¢,
where € > 0 is small enough so that a. is the only critical value in the interval (o, o}).
We begin with a set theoretic description of the differences between two spaces M+ and

Ma(‘_.

Definition 4.1. We define flip loci S, C M?, by the condition that the points in

S,+ represent twisted U(p, ¢)-Higgs bundles which are af-stable but a;-unstable, and
analogously for S, -

A twisted U(p, ) Higgs bundle F' € S+ is strictly a.-semistable and so we can use the
Jordan-Hélder filtrations of E in order to estimate the codimension of Sy in M+

The following is an analogue for twisted U(p, ¢)-Higgs bundles of [3] Proposmon 4.3],
which is a result for chains.

Proposition 4.2. Fiz a type t = (p,q,a,b). Let a. be a critical value and let S be
a family of a.-semistable twisted U(p, q)-Higgs bundles E of type t, all of them pairwise
non-isomorphic, and whose Jordan-Hélder filtrations has an associated graded of the form
Gr(E) = @, Qi, with Q; twisted U(p, q)-Higgs bundle of type t;. If either one of the
following conditions holds:

(1) ¢=1,p =2 andp(a/p—0b/q) —deg(L)(p+1) < a. < p(a/p—b/q)+deg(L)(p+1),

(2) a/p— b/q > —deg(L) and 0 < a. < min{p,qﬁf)€q‘+p+q (b/q—a/p—deg(L)) +deg(L),
(3) a/p —b/q < deg(L) and e (b/q — a/p + deg(L)) — deg(L) < ae < 0.
Then
. m(m —3)
(4.1) dim S < _ZX@j’ti)_f'

1<
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Proof. Once appropriate vanishing of H? is ensured, the proof is similar to the proof of
[3, Proposition 4.3]; we indicate the idea for m = 2. In view of the definition of S, there
exists an injective canonical map

1:S — foc(tl) X MZC(tQ)

with i74(Q1, Q) = P(Ext!'(Qa, Q1)), where P(Ext'(Qs, Q1)) parametrizes equivalence
classes of extensions

0—>0Q1 —FEF—Qy—0.
Notice that Q)1 and @), satisfy the hypothesis of Proposition[3.22] (or, in case ¢ = 1, Propo-
sition B.23; cf. Proposition B.25) and therefore, cf. Proposition 217, dim (P Ext!(Qs, Q1))
is constant as (); and ()5 vary in their corresponding moduli spaces. Hence, we obtain

dim S < dim M?_(t1) + dim M, (¢2) + dim P(Ext'(Qs, Q1)).
The general case follows by induction on m as in loc. cit. U

In order to show that the flip loci S_+ has positive codimension we need to bound the
values of x(t;,¢;) in (41)). This is what we do next.

4.2. Bound for y. Here we consider a )-bundle associated to the complex Hom®(E', E)
and construct a solution to the vortex equations on this @)-bundle from solutions on £’
and E. The quiver @ is the following:
TN TN
[ ] [ J [ J
R A

The construction generalizes the one of [9] Lemma 4.2.
4.2.1. The Q-bundle associated to Hom®*(E', E). Let E = (V,W,3,7) be a L-twisted
U(p, q)-Higgs bundle and E' = (V' W’ 5, 4") a L-twisted U(p/, ¢')-Higgs bundle. Let

us consider the following twisted ()-bundle E (the morphisms are twisted by L for each
arrow):

¢d o
/—\ /\
(4.2) Hom(W’, V) Hom(V', V') & Hom(W', W) Hom(V', W)
W \%/
where
ba(f1, fo fa@1p)0y —~o fi,

) (

o f1, fa2) (fi®wly)of —pofy,

de(g) = (Bog,(g®1r)of),
) (h®1L) oy, yoh).

We will write briefly as E

(bd ¢c
12 L 0 L 11
Hom it Hom \(@/{?{()m .
L L

Note that Hom' = Hom™ © Hom' and ag = (¢a, ), Where ag : Hom® — Hom' is the
Hom-complex (2.4).

In this section, by using Proposition 2.T1] we prove that if E’ and E are a-polystable
then F is a-polystable for a suitable choice of a.
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Lemma 4.3. Let E = (V, W, 3,~) be a L-twisted U(p, q)-Higgs bundle and E' = (V', W' 3, +)
a L-twisted U(p', q')-Higgs bundle. Suppose, moreover, we have solutions to the (1, 7)-
vortex equations on E and the (11, 5)-vortex equations on E' such that 7 — 7] = 175 — 7).

Then the induced Hermitian metric on the Q-bundle E satisfies the vorter equations
VAIAF (Hom™) + ¢py — ¢ipa = Taldy,, 12,
\% _1AF("]{0mO) + Gbcﬁbz + ¢d¢;kl - ¢Z¢a - ¢Z¢b - 7:1:[(:17-[011‘10a
V—IAF (Hom™ ) + ¢t — i = Told,,,1.

For T = (770,771,7:5) given by

~ /
g / /
~ /
2 1 2'

Proof. The vortex equations for E and E’ are
V=IAF(V) + 86" = v"y = mildy,
V=IAF(W) 4+ yy* — B* = mpldy,
V=IAF(V') + 38" — 4" = 7{ldy,
VEIAF(W') + 47 = 8B = rldu.
We have
F(Hom") (¢, ) = (F(V)op—4po F(V'),F(W)on—mnoF(W)).
Now we calculate ¢ and ¢;: for (fi, f2) € Hom®, g € Hom"
(0a(9), (f1, f2)>y{gm0
= <97 <Z5a((f1, f2))>}[am11
= (9:(f2®1r) 07 =70 fi) ot
= {9, (a® 1) oY)y, = (970 fi) somnt
= ((go7") ® 1z, f2>Hom(W’,W) + (7" oy, f1>Hom(V’,V)
= (=7 0g,(go7™) @11+), (f1, f2)) 10

and h € Hom'? we have,

and
<¢Z(h'>7 (f17 f2)>}[om0 = <h7 (bb((fh f2))>}[0m12
(h,(fr®1L)o B — B o fa)
= <<h © 61*) ® 1L*7 f1>Hom(V/,V) o <6* ° h? f2>Hom(W/,W)
= <(<hoﬁl*)®1L*’_/B*oh)’(fl’f2)>}[om0
Hence,

Pulg) = (=77 09g,(907") ® 1),
¢y(h) = ((hop™)®1p.,—B"0h).
By a similar calculation as above, we have
Gu(fi, fo) = (foo ") @1 — "0 fu,
di(fi, f2) = (fioy") @1 —7" 0 fo.
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Let g € Hom'" and h € Hom'?, then we have:

Pede(9) = ¢u(Bog,(g®1L)of)
= B'Bog+gofB”.

du0a(h) = o3((h@1.) 07, yoh)

= hoy~" —~"yoh.

and
oy (h) = ¢p(ho B @11+, 8" 0h)
— hoﬁ/*ﬁl_ﬁﬁ*-
baty(9) = ¢algory™ ®1p-, =" 0g)
= goy"Y + oy
Thus,

vty — dyba(h) = hop™B — BB oh—hoyy" +y"yoh
baty — Orde(g) = gov Y+ 0og—pF"Bog—gofB”

Hence for g € Hom™ and h € Hom'* we have,

(V=IAF (#om'") + ¢ads — d50c)(9)
= V-IA(F(W)og—go F(V") + a0l — ¢5¢c(9)
= (V-IAF(W) 47" = B*B)og+go (— V=IAF(V') + "y — B'87)
= nldy og—gomrldy

= (2 — T{)g

(V=IAF (Hom™®) + ¢y — ¢36a) ()
= V=IA(@F(V)oh—ho F(W') + ¢u; — ¢ida(h)
— (VETAR(Y) 477y = B87) ol + ho (— VITAF(F) + 85 — 7")
= mldy o h — holdy
= (1 —1y)h.
Similarly for (f1, fo) € Hom" we have,
¢ete(fi, o) = dc((f208") @1 — B0 f1)
= (55* ofi—=Bo(faof” ®1p), fao BB — (8 0 fi®1y) ®ﬁ/)

Gady(f1. f2) = ¢a((fioy") @1 —7* 0 fa)

(fioY Y =7 ofo®@ 109, vo(fioy"  ®@1p) —y7" o fo)

and

Grda(f1, f2) = Gi(f2®1p0y =70 f1)
= (Yofo®lpoy +vvo fi,(faoy Y  —yo fior* @ 1)

ordu(fi, fo) = dp([1@1p0f —Bofs)
= (iof'B"=Bofr0B @11, 80 fi@1L0f — ("o fr)

23
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So,
(Petr + Gaty — Paa — P Pb)(f1, f2)
= (BB ofit+ fio"y =v"vofi—fiofB B, fao BB =y o fo— fooy Y+ BB o f)
Hence we have,
(V=IAF (Hom") + e} + ¢ady — Gitva — Gyn) (1, f2)
= (VEIAF(V) o fi = fro F(V),V=IAF(W) 0 f = fo o F(W'))) +

(B8 0 fi+ fron™y —v"y0 fi— froB8", o0 BB = 17" 0 fo— fro7/y" + BB f)
= ((VZIAF(V)+ 88" = 7%) 0 fu + fr o (—V/=TIAF(V') + 4"y — §'8"),

(VEIAF(W) + 97" = 8'8) 0 fo + fao (—V/=TAF(W') + 58" = 7/7""))
= ((n = (= )f),

The proof is completed, since by assumption 7 — 71 = 75 — 75. O

Theorem 4.4. Let E = (V,W,3,7) be a L-twisted U(p,q)-Higgs bundle and E' =
(VI W' B +") a L-twisted U(p', ¢')-Higgs bundle. Then the Q-bundle E is a-polystable
for o = (o, 20) .
Proof. Since E and E’ are a-polystable, from Theorem 2.11] follows that they support
solutions to the (71, 72)- and (77, 75)-vortex equations where o« = 7 — 71 = 75 — 7. Using
Lemma it follows that the ()-bundle F admits a Hermitian metric such that vortex
equations are satisfied for 7 = (7o — 7/, 70 — 74,71 — 75). Now from Theorem 27 we get
that F is a-polystable for

O =To—T —Ta+ Ty =q,

ay =Ty — T — T + Ty = 20

]

4.2.2. Bound for x(E', E'). We are using the method in [9] and we start with some lemmas
needed to estimate x(E', E).

Lemma 4.5. Let E = (V, W, 3,~) be a L-twisted U(p, q)-Higgs bundle and E' = (V', W' 3", +)
a L-twisted U(p', ¢')-Higgs bundle. Let Hom®(E', E') be the deformation complezx of E and
E', as in (2Z14). Then the following inequalities hold.

(4.3) deg(ker(ao) < rk(ker(ao)) (a(E') — pa(E))

(4.4) deg(im(ag) < (rk(Hom') — rk(im(ao))) (pta(E) — pa(E") — deg(L))—
a(rk(}[oml) — rk(im(ao)) — 2rk(coker(¢y))) + deg(Hom").

Proof. Assume that rk(ker(ao)) > 0 as if it is zero then (4.3) is obvious. It follows from

Proposition [£.4] that the @-bundle F is a = (o, 2a)-polystable. We can define a subob-
ject of E by

7N N

K:0 ker(aop) 0.
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It follows from the a-polystability that
Ha(K) = p(ker(ao)) +a < pa(E) = pa(E') = pa(E) + .

Thus we have

p(ker(ao)) < pa(E") — pa(E),
which is equivalent to (&3)). The second inequality is obvious when rk(im(ag)) = rk(Hom").
We thus assume rk(im(ag)) < rk(#om'). We define a quotient of the bundle E by

Q : coker(¢y) @ 0 @r(gba) ® Lt

(we take the saturation if cokernels are not torsion free). By the a-polystability of E we
have

(45) Ha(Q) = u(Q) +2a rk(coker(¢,)) =

rk(coker(¢,)) + rk(coker(ey)) > pa(E) = pa(E') — pa(E) +a.
Note that ;(Q) = p(coker(ag)) — deg(L). This and (&3), together with the fact that
deg(#Hom') — deg(im(ap))

rk(Hom") — rk(im(ag))
lead us to (4.4). -

Lemma 4.6. Let E = (V, W, 3,~) be a L-twisted U(p, q)-Higgs bundle and E' = (V', W' 3, +)
a L-twisted U(p', ¢')-Higgs bundle. Assume that p—q and p' —q' have the same sign, and
suppose that the following conditions hold:

o —deg(L) < a<deg(L) and deg(L) > 29 — 2,

e I and E' are a-polystable with p,(E) = pa(E'),

e the map aq 1s not an isomorphism.

Then

p(coker(ag)) <

X(E' E)<1-g,
if the map ag is not generically an isomorphism, otherwise x(E', E) < 0.

Proof. By the estimates (4.3]) and (4£4]), we obtain

deg(ker(ay)) + deg(im(ao)) < (1a(E') = 1a(B)) ( rh(ker(ao)) + r(im(ao)) — rk(#om') )
~ a(rk(coker(6,)) — rk(coker(6,)
— deg(L)(rk(#Hom") — rk(im(ao))) + deg(Hom").
As o (E) = po(E") we deduce
deg(Hom") — deg(Hom")
< —a(rk(coker(6,)) — rk(coker(6,))) — deg(L) (rk coker(g,) + rk coker(6,))
and so

—deg(L) rkcoker(¢p) if —deg(L) <a <0

4.6)  deg(Hom") — deg(Hom') <
( ) eg( om) eg( 0171) {—deg(L)rkcoker(%) ifogagdeg(L).

On the other hand we have
X(E',E)=(1- g)(rk(}[omo) — rk(}[oml)) + deg(Hom") — deg(Hom").
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Combining (4.6) with the above equality, we get

(1 — g)(rk(Hom") — rk(Hom") + 21k coker(¢y))  if —deg(L) <a <0

s {<1 — 9)(rk(#Hom”) — rk(om") + 2rk coker(¢)) i 0 < o < dleg(L).

From hypothesis we have rk(Hom®) > rk(Hom"). If aq is not generically an isomorphism
then either cases of the above inequality implies x(E’, F) < (1 — g). Otherwise,

X(E', E) = deg(Hom") — deg(Hom") < 0

since equality happens only if ag is an isomorphism. O

5. BIRATIONALITY OF MODULI SPACES

Let a., o and o be defined as in Section AT where ¢ > 0 is small enough so that a
is the only critical value in the interval (o, ). Fix a type t = (p, ¢, a, b).

Proposition 5.1. Let a. be a critical value for twisted U(p, q)-Higgs bundles of type
t = (a,b,p,q). If either one of the following conditions holds:

(1) a/p—b/q > —deg(L), ¢ < p and 0 < aF < -—HL—(b/g—a/p—deg(L))+deg(L),
(2) a/p—b/q < deg(L), p < g and -—H1—(b/q —a/p+deg(L)) — deg(L) < af <O0.

pa—p?+p+q
Then the codimension of the flip loci S, C M? . (t) is strictly positive.

Proof. From Propositions [3.27 and 2.23] M? . is smooth of dimension 1 — x(t,t). Hence,

using that by Lemma 219 x(¢,t) = > X(Cti,ti), we have

1<i,57<m
codimS, + = dim M? . (t) —dimS, =
=1—x(t,t) —dimS, +

= ]_ — ZX(tlvtj) — dimSaci,
,J

where ¢;, t; and m occur in Gr(E) = @, @; coming from a a.-Jordan-Hoélder filtration
of E. Now using the inequality (A.1]) we get that the codimension of the strictly semistable
locus is at least

minfl— Y7 (k1) + 3oty 1) + =Y
0,3 i<
) m(m —3) + 2

=min{— Z x(t;,t) + %},
where the minimum is taken over all ¢; and m. Now we show that @); and @); satisfy
the hypotheses of Lemma [£.6l Using Proposition B.11] the hypotheses (1) and (2) imply
that 8 and «y are injective, respectively. Therefore in both cases p; — ¢; and p; — ¢; have
the same sign, for all 7, j. Note that there are some ¢ and j such that the map aq of the
Hom-complex #Hom®(();, Q;) is not an isomorphism, since otherwise Znd*(E) will be an
isomorphism which is not possible. This is because for p # ¢ we have rk(End®) > rk(End")
which implies that the map ag can not be an isomorphism, and for p = ¢ it can be an
isomorphism only if 5 and v both are isomorphisms but this is not possible since these
maps are twisted with a degree positive line bundle.

Hence we have that —x(¢;,¢;) > 0 and therefore

—3)+2
codimS, + > min{%

}.
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Clearly, the minimum is attained when m = 2 giving the result. O

Remark 5.2. For ¢ = 1, one might have hoped to obtain a stronger result in Proposi-
tion [0.1] based on (1) of Proposition [£.2l The problem is that we also need to satisfy the
hypotheses of Lemma and this requires injectivity of 5 or ~.

From Proposition [5.1] we immediately obtain the following.

Theorem 5.3. Fiz a type t = (p,q,a,b). Let o be a critical value. Suppose that either
one of the following conditions holds:

(1) a/p=b/q > —deg(L), ¢ <p and 0 < o < =8 (b/q—a/p—deg(L))+deg(L),

pa—q>+p+q
(2) a/p—b/q < deg(L), p < q and —F1—(b/q —a/p+deg(L)) — deg(L) < aF <0.
Then the moduli spaces M? _(t) and M? ,(t) are birationally equivalent. In particular, if
either of the conditions of LemmalZ13 holds then the moduli spaces M, (t) and M+ (t)

are birationally equivalent.

Remark 5.4. In view of Remark B.12) non-emptiness of the intervals for a in the pre-
ceding theorem bounds the Toledo invariant. Thus the ranges for the Toledo invariant
T = %(a /p — b/q) for which the statement of the theorem is meaningful are:

(1) =% deg(L) <7 < —(g — 1) deg(L));
(2) (p—1)deg(L) < 7 < 222 deg(L).

p+q
Note that in case (1) we have ¢ < p and hence —5%‘(11 deg(L) < —qdeg(L), while in case

2pq
(2) we have p < ¢ and hence pdeg(L) < 2L deg(L).

Finally we have the following corollary.

Theorem 5.5. Let L = K and fix a type t = (p,q,a,b). Suppose that (p+ q,a+b) =1
2 : . _

and that 7 = -FL(a/p —b/q) satisfies |7| < min{p, ¢}(29 — 2). Suppose that either one of

the following conditions holds:

(1) a/p=b/qg>—(2g—2), g <p and 0 < a < ——#—(b/q—a/p—(29—2)) +29—2,

(2) a/p—0b/qg<29—2,p<q and%(b/q—a/ijQg—Q)—(2g—2)<a<0.

Then the moduli space M(t) is irreducible.

Proof. Recall that the value of the parameter for which the non-abelian Hodge Theorem
applies is a = 0. Thus, using [8, Theorem 6.5], the moduli space My(t) is irreducible
and non-empty (both the co-primality condition and the bound on the Toledo invariant
are needed for this). Hence the result follows from Theorem (.3 t

Remark 5.6. Note that unless p = ¢, the conditions on a/b—b/q in the preceding theorem
are guaranteed by the hypothesis |7| < min{p, ¢}(2¢g — 2) (cf. Remark [(£.4]).

Remark 5.7. In the non-coprime case it is known from [§] that the closure of the stable
locus in M(t) is connected (however, irreducibility is still an open question). Thus, in
the non-coprime case, the closure of the stable locus of M,(t) is connected under the
remaining hypotheses of the preceding theorem.
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