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Abstract: In this article, we address the infinite horizon as a version of the ones derived for conventional problems
problem of optimizing a given performance criterion byin [13] and based on which an algorithm for synthesis of a
choosing control strategies whose trajectories are asymjpeedback control strategy was presented in [10]. Then, nec-
totically stable. In a first stage, we state and discuss sukssary conditions of optimality are presented for a variant of
ficient conditions of optimality conditions in the form of problem P, (r, z) where the stabilizing constraints are in-
an Hamilton-Jacobi-Bellman equation, and, based on thentorporated via mixed inequality constraints.
Then, we present necessary conditions of optimality in the There has been a significant demand of results for this
form of a maximum principle and show how it can be de-problem. A small sample of optimal stabilization application
rived from an auxiliary optimal control problem with mixed problems include micro-electro-mechanical (MEMS) control
constraints. systems [3], economic systems under a variety of constraints
and assumptions, [1, 12], rigid body mechanical systems [6],
biological, medical, and health care systems [7], to name just
a few.

This contrasts with what appears to be a small body of
results available for the general nonlinear dynamic optimiza-

In this article, we discuss optimality conditions for tion framework addressing the pertinent issues. See for ex-
an infinite horizon optimal control problem whose controlample, [9] for a very specific problem and approach. The
processes must satisfy the usual constraints and be such tipabblem of stabilizing general dynamic nonlinear control
the corresponding trajectories converge asymptotically to agystems has been receiving a considerable attention in the
equilibrium point in a given target set. In other words, wecontrol literature, [4, 5, 11] and references cited therein. It

Keywords: Optimal control, asymptotic stability, infinite
horizon.

1. INTRODUCTION

consider the problem has also emerged the important role of dynamic optimization
o and methods of nonsmooth analysis to derive stability results,
Poo (7, 2) Minimize  ¢(¢) (1) see [4, 5]. However, to the best of our knowledge, no results
z(t) = f(z(t),u(t), aat>r have been derived for optimal control problems where con-
z(1) =2 trol strategies are restricted to the subset of stabilizing ones.
subject to ueld (2)
z(t) — £ast — oo 2. OPTIMALITY CONDITIONS OF HAMILTON-
EeSc R JACOBI-BELLMAN TYPE

Here,S c IR" is a closed set containing at least on equilib- ~ First, we point out that, by, (t) — £ ast — oo where
rium point¢ which is also a decision variablg,: IR" — IR Za is the trajectory associated to the control function some

andf : R" x IR™ — IR™ are given functions, and u(-)eU, we mean

U:={ue L>®[r,00):u(t) € Qaat>r} t
tim [ la(s) — llds < o,
is the set of control strategies whefkeis a compact set in T

R™.
. . for somey > 0.
Notice that the value of the optimal cost depends not only Now, we present a number of preliminary concepts and

on tr;? eq_‘t-‘"';’;'.“m pmgt,t butt_ eTlls%_?fn thet ?pecn:r(]: traJ(':'gltoryresults needed in order to state the optimality conditions of
reaching It. This Is substantially ditterent Irom the problemy ;s e ction, Lety : [0, 00) x R™ x R" — IR be the Hamil-

ursluall_y unde_rsto_odlln the cpntrol Ilt.erature b.y. op_tlma! Sta_tonian function for this problem defined by
bilization which is, in fact, time-optimal stabilization, i.e.,
finding a control that steers the state of the system to the ori-
gin in minimum time.

In the next section, we will discuss sufficient conditions
of optimality for this problem in the form of a generalized  We say that a continuous functign: [, c0) x R™ — IR
Hamilton-Jacobi-Bellman equation which can be regardeds a viscosity solution to the Hamilton-Jacobi-Bellman equa-

H(t,z,m) = Sgg{m,f(w,v))} 3)



tion if 2. Forall¢ € S and admissible control proce§s, u),

wherever B
<0 V(t,x)ed; 3. Forallé € SN[¢ + eB],
Viw(t,x) — H(t, 2, —Vw(t, x)) S0 Vit 2)edr w /
= ’ p—w liminf ¢(¢, &) = 111?% inf (¢, §).
tTo0,&’ —¢ Rl

for any C! functionw : R x R™ — RR. HereAqffw and
A;_u_) denote, respec;tlvely, trergmaxand theargminof the 4. ¢(r,z) = g(&).
function (¢ — w)(-,-) in [0, 00) x IR™.
This solution concept satisfies the uniqueness and non- The following assumptions on the data of the problem are
smoothness requirements of the generalized solution to thequired for the conditions of optimality stated below.
HJB equation, but a characterization of an extended valued, _ . . o
lower semicontinuous solution is needed when endpoint statél) f is continuous and locally Lipschitz in.
constraints are present. So, we will adopt the solution con- .
cept based on the notion pfoximal sub-gradienandprox- q_|2) There exists > 0 such that

imal super-gradiensee [5, 13] for the corresponding defin- F(t,a,u) € (1 + |z]) B, Y(t,z) € [0,00) x R"
itions). o oY ’ ’

Definition. A lower semicontinuous functiom: [r, co) x H3) The setf(t,x,Q) is convex-valued for all(t,z) €
R™ — IRU{+oc} is a proximal solution to the HJB equation [0,00) x IR™

if V(t,x) € [r,00) x IR", such thab”v(t,z) # 0,
b, H4) The sef2 is compact.
no — H(t,z,—n) =0, V(ngo,n) € 0" v(t,x), (4)
H5) ¢ is lower semicontinuous.

whered” v denotes th@roximal sub-gradienof the function
v Th Let (7, &, ) be an admissibl f probl
There are well known results in the literature providing aineorem Let (,&, u) be an admissible process of problem

characterization of the value functio, : R x R* — |, *(7:#)- We have the following:
for an optimal control problem, defined for our problemby 1 |t there exists a lower semicontinuous local verifica-
V(r,2) == Inf{ P (7, 2)} gosr;rginction for_(f_a,{, @), then this control process is
g local minimizer foP,, (7, z).

as a generalized lower semicontinuous solution to the HIB
equation (see for example Theorem 12.3.7 in [13]). Such a
result was derived for the infinite time horizon in [2].

Since invariance type results provide more detailed infor-
mation on optimal control processes than this characteriza- ¢ proof is a slight modification of a similar result for
tion of the value function, we proceed with the definition andfinite time interval problems in [13]. Our approach consists

properties of verification functions. o _in considering a family of auxiliary optimal control problems

Now, we extend the concept of local verification functionyyhere this asymptotic convergence constraint gives rise to a
for this new problem formulation and provide conditions un-pengjization term added to the cost function of the original
der which the existence of a verification function for a refer—pr0b|em i.e., we consider the problem:

ence procesér, £, @) is necessary and sufficient for its opti-

2. Conversely, if(z, ¢, @) is a strong local minimizer of
P (7, 2), then there exists a lower semicontinuous lo-
cal verification function fo(z, £, @).

mality. - PL(r,2) Minimize g(€) + [ "|a(t) — €]ldt
Let z be an admissible arc of problef,. (7, z). Let ool ls g il
T'(z, €) be a tube centered atdefined by subject tai(t) = f(x(t), u(t)), aa.t >
T(Z,€) :={(t,x) € [1,00) x R™ : ||z — Z(¢)|| < €}. x(1) =2
Definition. A function¢ : T'(z,e) — IR U +oo is a lower ueu .
semicontinuous local verification function foE, £, w) if ¢ is £eSCR"
lower semicontinuous and the following conditions are satis-
fied. Note that we should have
1. For all (t,z) € int T(z, €) such thab” ¢(t, z) # 0, /Oo eV |z (t) — €&||dt — 0
T4+

ueR as! — oo, thus recovering the original optimization prob-

for all (110, 5) € T é(t, ). lem without the explicit constraint. Then, we show how to
’ ’ construct an (almost) optimal feedback control for problem



P! (7,€). This framework also allows us to construct stabi- Let us fixT = 0 andz = x(, and consider the following

lizing optimal feedback controls. optimal control problem

Here, discuss briefly an algorithm for feedback control (P) Minimize  g(¢) (5)
synthesis for problen®,. (7, z) that, essentially, is a version subjectto  #(t) = f(z(t), u(t)) L—a.ec. (B)
of the procedure in [13] modified in order to force the state
to reach the target sét A partition7 = {t;,} of [r, 00) is @ z(0) = o )
countably, strictly increasing sequengesuch that; > t;, z(t) €S (8)
wheneveri > j, t, — oo ask — oo. The diameter ofr, h(z(t),u(t)) <0 Vt>0 9)
denoted by, is defined b)iglg{Ak}, whereA, = tgy1 — u(t) €Q V> 0. (10)

t;.. Let us assume that= 0.

Let ¢ be a given local verification function as defined in Obviously, itis implicit thatu" is such that™ (t) — £ €

the previous section and lete IR™ be a given state. Define Sast — oo. . L
In order to state the necessary conditions of optimality,
— AP < we consider the pseudo-Hamiltonian (or Pontryagin func-
wherepg () is the proximal point ofr at S. H(z,p, q,u) := pT f(z,u) + qh(z, ),

Let us start withz(0) = x. Then, an approximating
optimal control process is constructed recursively by comand assume the following set hypotheses on the data of our
puting a piecewise constant control function given, for eactproblem:

k=0,1,... by

H1) The functionsg, f andh are locally Lipschitz continu-
o T o ous inz uniformly w.r.t. all other variables.

af e arg max {6(if.a7() + Axf(a7(1]). )} ’

F H2) The functionsf andh are Borel measurable w.r.t. the

and the corresponding trajectory is obtained by integrating control variable.

the dynamics differential equation with the boundary condiy3) The setss € IR and2 € IR™ are closed and bounded.
tion given by the last value of the state variable in the pre-

vious time subinterval of the partition. Namely (¢) is de- ~ H4) There is at least one equilibrium points$h

fined on[t}, 7, ) as the solution of H5) The set

o(t) = f(t,x(t),uy) aete (1, t7,], {f(z,u), h(z,u) +v):u€Quv>0}

with initial value z(¢]) given by the value of the state is convexvz € IR".
variable in the previous interval.

We have the following main result of this work. H6) There exists > 0 such that

Theorem Assume that H1) — (H5) hold. Let¢ be inf{h(z,u) : u € Q} < 0.
a lower semicontinuous solution to the Hamilton-Jacobi- o
Bellman equation. Takéz™, ™), the control process ob- Remark that a generalization of H6) to vector-valued

tained by the recursive procedure described above. Tifen, Mixed constraints, i.es : R" x R™ — R*is: 3§ > 0
has a cluster poihtwith respect to the topology of uniform Such that
convergence on compact intervals, and, associated with such

a pointx(-), there is a pair, contrak(-) and limit point¢, 0By, C {h(w,u) +v:u€ v >0}

such tha(z(-), £, u(-)) is an optimal process df. (0, zo). Here B, is the open unit ball inR* centered at the origin.
3. NECESSARY CONDITIONS OF OPTIMALITY Theorem Let (2", ") be an optimal control process for
_problem(P).

In this section, we derive necessary conditions for a vari- Then, there exists an absolutely continuous funcgion
ant of problemP,, (, z) where the minimum rate of the as- [0,00) — R", aL' functiong : [0, 00) — IR, and a number
ymptotic convergence of the trajectory a mixed inequalityy - satisfying:
constraint of the form N

o) —p(t) € cod,H (x* (1), p(t), q(t),u" (1)) ae. (11)
T T, U . * *
— I <0 limp(s) € ~Ad,g(¢") — Ns(¢") (12)

)

h(z,u) := Tk < )
{ q(t) <0 ae. and

q(

)

wherev is a given positive number. th(z*(t),u*(t)) =0 a.e. 13)
1A cluster point of a given sequence is a point to which there is a con- u (t maximizes a.e. the mapping
vergent subsequence. v — H(z"(t),p(t),q(t), A, v) on. (14)




Here,Ns (&) andof (&) are, respectively, the normal cone
to the setS and the generalized gradient paté, both in the
sense of Clarke (see [5]).

Now, we outline the proof which essentially consists in
extending the main result (more specifically, corollary 3.2)
in [8] to infinite horizon. We consider the following steps:

[4]

a) The infinite horizon is regarded as the limit of the con- [5]

b)

c)

ditions for finite time for the probleniPr). Given an
optimal control process for the infinite time horizon, its
truncation to some finite intervéi), T] for T sufficiently
large is proved to be an almost minimizer of the auxil-
iary finite time optimal control problem.

Then, after showing that the requirements of Ekeland’s
variational principle hold, we write down the necessary
conditions of optimality proved in [8] for another conve-
nient auxiliary optimal control problem approximating
the original one and whose optimal control process is
known.

Finally, limits are extracted in order to get the stated
conditions.

4. CONCLUSION

We presented and discussed an infinite time horizon con-
trol optimization problem in which a given objective func-
tional is optimized by choosing control strategies which en{10]
sure the stabilization of the dynamic control system within
a given target set. We provided a dynamic programming

based algorithm which yields a control process defined in

feedback form that approximates the optimal process. The
method proposed here is modification of previous construct
in [10] for a simpler problem with neither target nor stabil- [12]
ity constraints and addressing a finite time interval. We also
present necessary conditions of optimality in the form of a
maximum principle for an optimal control process satisfying

a prescribed minimum rate for the asymptotic convergence, j
towards the optimal equilibrium point in a given target set.
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