
ar
X

iv
:1

60
5.

08
00

0v
2 

 [
m

at
h.

D
S]

  1
4 

Se
p 

20
16

Global Saddles for Planar Maps
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Abstract

We study the dynamics of planar diffeomorphisms having a unique
fixed point that is a hyperbolic local saddle. We obtain sufficient con-
ditions under which the fixed point is a global saddle. We also address
the special case of D2-symmetric maps, for which we obtain a simi-
lar result for C1 homeomorphisms. Some applications to differential
equations are also given.
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1 Introduction

The study of global dynamics has long been of interest. Particular attention
has been given to the question of inferring global results from local behaviour,
when a unique fixed point is either a local attractor or repellor. One famous
instance is the Markus-Yamabe conjecture [9], its proof for dimension 2 by
Gutierrez [12], and several counterexamples for continuous time higher di-
mensional dynamics, and for discrete time in dimension greater than or equal
to 2. Interest in this has then extended to planar discrete dynamics. The
case when the unique fixed point is a local saddle was addressed in [13] for
C1 vector fields. However, the problem of characterising the existence of a
global saddle for planar diffeomorphisms is still open.

The presence of symmetry in a dynamical system creates special features
that may be used to obtain global results. Planar dynamics with symmetry,
when the fixed point is either an attractor or a repellor, has been addressed
by the authors in [1, 2, 3]. There results, as well as those without extra
assumptions on symmetry, ignore the important case when the fixed point is
a local saddle.

A local saddle for a map f : R2 → R
2 is a fixed point of f , without

loss of generality the origin, such that Df(0) has eigenvalues λ, µ satisfying
0 < |λ| < 1 < |µ|. When λ, µ > 0, the local saddle is called direct. Otherwise,
it is called twisted.

When we extend a local saddle globally, we ask for the local stable and
unstable manifold to extend to infinity without homoclinic contacts. We
stress that our concept of a global saddle is weaker than demanding that it
be globally conjugated to a linear saddle.

In the present article we conclude the study of global discrete planar dy-
namics by looking at maps with a saddle at the origin, with results concerning
maps both with and without symmetry.

The non-symmetric case has been addressed by Hirsch [15] for direct
saddles of orientation preserving diffeomorphisms such that every fixed point
has a negative index. We obtain results for diffeomorphisms without period-2
points and include the case of twisted saddles. A simple example shows that
our hypotheses are minimal.

Additionally, in the symmetric case, our results include fixed points of
positive index. We also relax the diffeomorphism hypothesis to include home-
omorphisms of class C1. When the symmetry group possesses two reflections,
we show that the stable and unstable manifolds divide the plane in four con-
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nected components, that are either f -invariant or permuted by the dynamics.
The article is organised as follows: the next section contains definitions

and preliminary results, Section 3 addresses dynamics without symmetry and
ends with an example showing that our hypotheses are minimal. Section 4,
after a few results on symmetric maps, deals with the symmetric case. Section
5 gives some applications of the main results to differential equations.

2 Background and definitions

In this article we work with sets of planar maps, for which we introduce
some notation: Emb(R2) for continuous and injective maps, Hom(R2) for
homeomorphisms and Diff(R2) for C1 diffeomorphisms. A superscript + as
in Diff+(R2) indicates the subset of orientation preserving maps.

We are concerned with local and global saddles. We start with the def-
initions of local saddle, stable and unstable local manifolds and homoclinic
contacts for C1 maps, as in Hirsch [15], and then proceed to define (topolog-
ical) global saddle.

Given a C1 map f : R2 → R
2 with 0 ∈ Fix(f), we will say that 0 is

a local saddle if the derivative Df(0) has eigenvalues λ, µ ∈ R satisfying
0 < |λ| < 1 < |µ|. If both eigenvalues of Df(0) are strictly positive, λ, µ > 0,
we will say that 0 is a local direct saddle. In other cases 0 will be called a
local twisted saddle. Note that if 0 is a local saddle for f , then it is a local
direct saddle for f 2.

The Grobman-Hartman theorem implies that if 0 is a local saddle then
there is an open neighbourhood U of 0 and a homeomorphism h defined in
U , with h(0) = 0, that conjugates f into a linear map with eigenvalues λ, µ.
Thus h−1 maps the eigenspaces of the linear map into two curves in U , the
local stable and local unstable manifolds of f .

The (global) stable curve, containing the local stable manifold, is defined
as

W s = W s(0, f) = {x ∈ R
2 : lim

n→∞
fn(x) = 0} .

If f is invertible, then the (global) unstable curve is given byW u = W u(0, f) =
W s(0, f−1). Each one of these curves may be parametrised by a C1 immer-
sion τ : R → R

2 with τ(0) = 0. The images of (−∞, 0] and [0,+∞) are the
two stable branches (unstable branches, respectively) at 0. These branches
will be denoted by β− and β+, respectively.
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For the branch β+ and β− parametrised by a continuous bijection ζ :
[0,+∞) → β+ and ζ ′ : (−∞, 0] → β−, respectively, consider the limit sets

L(β+) =
⋂

t≥0

ζ([t,+∞)), L(β−) =
⋂

t≤0

ζ ′((−∞, t])

that do not depend on the choice of parametrisation ζ and ζ ′, respectively.
This set is closed and f -invariant. We define the limit set L(W u) as the
union of the limit sets of the two branches of W u, the definition of L(W s) is
analogous.

Given a continuous map f : R2 → R
2, we say that p is a non-wandering

point of f if for every neighbourhood U of p there exists an integer n > 0
and a point q ∈ U such that fn(q) ∈ U . We denote the set of non-wandering
points by Ω(f). We have

Fix(f) ⊂ Per(f) ⊂ Ω(f),

where Fix(f) is the set of fixed points of f , and Per(f) is the set of periodic
points of f .

Let ω(p) be the set of points q for which there is a sequence nj → +∞
such that fnj(p) → q. If f ∈ Hom(R2) then α(p) denotes the set ω(p) under
f−1.

A point of the closed invariant set

(W u ∩W s \ {0}) ∪ (L(W u) ∩W s) ∪ (L(W s) ∩W u).

is called a homoclinic contact.

Definition 2.1. Let f : R2 → R
2 be a C1 homeomorphism such that f(0) =

0. We say that 0 is a global (topological) saddle if 0 is a local saddle, there are
no homoclinic contacts and W s(0, f), W u(0, f) are unbounded sets such that
for all p /∈ W s(0, f)∪W u(0, f)∪ {0} both ‖fn(p)‖ → ∞ and ‖f−n(p)‖ → ∞
as n goes to ∞.

If the local saddle in Definition 2.1 is direct, then we talk of a global direct
saddle.

Note that a global (topological) saddle may not be conjugated to the
linear saddle because more complex features can appear. For instance, a
global topological saddle may have more than the four elliptic components
at infinity that occur for a linear saddle. See Figure 1. An interesting
discussion, as well as illustrations, for the continuous-time case may be found
in [13].
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Figure 1: Dynamics on the first quadrant of two non conjugated global sad-
dles. The linear saddle (left) has four elliptic components at infinity. A
global saddle (right) not conjugated to the linear saddle may have more el-
liptic components, for instance, it may have an extra component on the first
quadrant.

Definition 2.2. A map f ∈ Hom(R2) is free if, given any topological disk
D ⊂ R

2 such that f(D)∩D = ∅, then fn(D)∩fm(D) = ∅ for each n,m ∈ Z,
n 6= m.

Let f ∈ Hom(R2) and f̃ ∈ S
2 be the extension of f to R

2 ∪ {∞} ∼= S
2

by letting f̃(∞) = ∞. The next result is a version of Lemma 3.4 in [6, page
456].

Lemma 2.3. If f̃ ∈ Hom(S2) is free, then

(a) Fix(f̃) 6= ∅.

(b) For each x ∈ S
2, lim sup|n|→∞ f̃n(x) ⊂ Fix(f̃).

(c) If Fix(f̃) is totally disconnected then for each x ∈ S
2 there exist points

α(x), ω(x) (not necessarily distinct) of Fix(f̃) such that limn→∞ f̃n(x) =
ω(x) and limn→−∞ f̃n(x) = α(x).

For f ∈ Hom(R2) we write ω(p) = ∞ when ω(p) = ∞ for f̃ ∈ S
2. Analo-

gously, we introduce α(p) = ∞. Hence, ω(p) = ∞ means that ‖fn(p)‖ → ∞
as n goes to ∞ and α(p) = ∞ means that ‖fn(p)‖ → ∞ as n goes to −∞.

We say that f ∈ Hom(R2) has trivial dynamics if α(p), ω(p) ⊂ Fix(f̃)
for every p ∈ R

2. Observe that in the case of a unique fixed point q of f ,
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Fix(f̃) = {q,∞}.

The next result is a consequence of Lemma 2.3.

Proposition 2.4. Assume that f ∈ Hom(R2) is free, then it has trivial
dynamics.

In particular, all non-wandering points of planar free homeomorphisms
are fixed points. So Fix(f) = Ω(f) for all free f ∈ Hom(R2) — more details
and examples can be found in [6]). The trivial dynamics property is analogous
to the Poincaré-Bendixon Theorem for continuous time systems. When free
becomes too strong a condition, we shall use the fixed point index.

Definition 2.5. We define the index of a fixed point p of a continuous map
f : R2 → R

2 as
ind(f, p) = deg(I − f,D),

where I is the identity map in R
2, and D ∈ R

2 is a topological disc which is
a neighbourhood of p, and Fix(f)∩ ∂D = ∅ and deg(I − f,D) is the Brouwer
degree of the map I − f .

Let L be an open simply connected subset of the plane such that Fix(f)∩
∂L = ∅, we define ind(f, L) as

∑
p∈F ix(f)∩L ind(f, p).

The next theorem shows the relation between free homeomorphisms and
degree theory.

Theorem 2.6 (Brown [6], Theorem 5.7). Assume that f ∈ Hom+(R2) and

that for every Jordan curve Ψ ⊂ R
2 \ Fix(f) with Ψ̂ as bounded component

we have
ind(f, Ψ̂) 6= 1 .

Then f is free.

If f is differentiable denote its spectrum by Spec(f). We have:

Lemma 2.7 (Corollary 2 in [5]). Let f : R2 → R
2 be a differentiable map

such that for some ε > 0, Spec(f) ∩ [1, 1 + ε[= ∅, then f has at most one
fixed point.

Let p ∈ R
n and f : R

n → R
n be a continuous map. We denote by

ω2(p) = {q ∈ R
n : lim f 2nk(p) = q, for some sequence 2nk → ∞} the

ω−limit of p with respect to f 2. If f is invertible then we define α2(p) in a
similar way.
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Lemma 2.8 (Lemma 3.1 in [3]). Let f : Rn → R
n be a homeomorphism such

that f(0) = 0. Then, for p ∈ R
n, the following hold:

a) if ω2(p) = {0}, then ω(p) = {0};

b) if ω2(p) = ∞, then ω(p) = ∞.

The final ingredient to establish our results is the following:

Theorem 2.9 (Hirsch, [15]). Let f ∈ Diff+(R2) be such that every fixed point
is isolated and has index ≤ 0. Then the following statements hold:

i) For every x, as n goes to ±∞, either fn(x) goes to a fixed point or
‖fn(x)‖ → ∞.

ii) For each direct saddle p, every homoclinic contact is a fixed point dif-
ferent from p and each branch at p is homeomorphic to [0,∞).

iii) If the only fixed point is a direct saddle p, then there are no homoclinic
contacts and every branch of W s(p) and of W u(p) is unbounded.

3 Topological global saddle

We start with an immediate application of Theorem 2.9.

Corollary 3.1. Let f ∈ Diff(R2) be such that Fix(f) = {0} and 0 is a local
direct saddle. Then 0 is a global saddle.

Proof. Since 0 is a local direct saddle, then f preserves orientation and 0 has
negative index. By i) and ii) in Theorem 2.9, a point p not in W s(0, f) ∪
W u(0, f) ∪ {0} is such that ω(p) = α(p) = ∞ and W s(0, f) and W u(0, f)
have no homoclinic contact and are unbounded.

Proposition 3.2. Let f ∈ Hom(R2) be such that f 2 has trivial dynamics. If
Fix(f) is a discrete set and Fix(f 2) = Fix(f), then f has trivial dynamics.

Proof. Given p ∈ R
2, since f 2 has trivial dynamics, then both ω2(p) and

α2(p) ⊂ Fix(f 2) ∪ {∞} = Fix(f) ∪ {∞}. Suppose there exists a fixed point
q of f , such that ω2(p) = q. Then, as in Lemma 2.8, ω(p) = q. Suppose now
that ω2(p) = ∞, then as in Lemma 2.8, ω(p) = ∞. Considering f−1 we can
prove in the same way that α(p) ⊂ Fix(f) ∪ {∞}.
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Lemma 3.3. Let f ∈ Hom+(R2) be of class C1. If the origin is the unique
fixed point of f and it is a local direct saddle, then f is free.

Proof. Let Ψ be a Jordan curve such that Ψ∩Fix(f) = ∅. Thus, ind(f, Ψ̂) =
−1 if 0 ∈ Ψ̂, where Ψ̂ is the bounded connected component of R

2 \ Ψ.
Moreover, if 0 /∈ Ψ̂, then ind(f, Ψ̂) = 0 because 0 is the unique fixed point.
So f is free by Theorem 2.6.

Recall that the uniqueness of a local direct saddle may be obtained from
Lemma 2.7. Using this lemma and Lemma 3.3 we obtain the following:

Proposition 3.4. Let f ∈ Hom+(R2) be of class C1. Suppose that 0 is a
fixed point of f which is a local direct saddle. If Spec(f)∩ [1, 1+ ε[= ∅, then
f is free.

Corollary 3.5. Let f ∈ Diff(R2) such that f(0) = 0 and for some ε > 0,
Spec(f)∩ [1, 1+ε[= ∅. If the origin is a local direct saddle, then it is a global
saddle.

Proof. Follows by Lemma 2.7 and Corollary 3.1.

Theorem 3.6. Let f ∈ Diff(R2) be such that Fix(f 2) = Fix(f) = {0} and 0
is a local saddle. Then 0 is a global saddle.

Proof. Since 0 is a local direct saddle for f 2 and 0 is its unique fixed point,
then 0 is a global direct saddle for f 2 by Corollary 3.1. Moreover, by Lemma
2.8, ω(p) = ω2(p) and α(p) = α2(p) for all p ∈ R

2. So W s(0, f) = W s(0, f 2),
W u(0, f) = W u(0, f 2). Then 0 is a global saddle for f .

An example of a map satisfying the hypotheses of Theorem 3.6 is given
by f(x, y) = (ϕ(x),−2y), with ϕ(x) = x (1 + arctan2 x) /(4 + π2). Note that
ϕ(x) is odd, monotonic, limx→+∞ ϕ(x) = +∞ and 0 < ϕ(x) < x for x > 0,
implying that 0 < ϕ2(x) < ϕ(x) < x. Hence, Fix(f 2) = Fix(f) = {0}.

The next example shows that Theorem 3.6 is false without the hypoth-
esis Fix(f 2) = {0} even when the map is orientation preserving. That phe-
nomenon appears when the saddle is not direct because in this case the map
interchanges the quadrants.

Example 3.7. Consider the polynomial p(x) = −ax3 + (a − 1)x with 0 <
a < 1. Then the map f : R2 → R

2 given by f(x, y) = (p(x),−2y) (with
dynamics as in Figure 2) verifies:
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1. f ∈ Diff+(R2).

2. Spec(f) ∩ R
+ = ∅.

3. 0 is a twisted saddle.

4. Fix(f) = {0}.

5. Fix(f 2) = {−1, 0, 1} 6= {0}.

6. ind(f,Ψ) = +1 or 0.

7. f is not free.

Figure 2: A twisted saddle that is not free. The origin is a fixed point of
f and the points on the left and right are fixed points of f 2, symmetrically
located around the origin.

4 Symmetric global saddle

Let Γ be a compact Lie group acting on R
2, that is, a group which has

the structure of a compact C∞−differentiable manifold such that the map
Γ × Γ → Γ, (x, y) 7→ xy−1 is of class C∞. The following is taken from
Golubitsky et al. [10], especially Chapter XII, to which we refer the reader
interested in further detail.

Given a map f : R2 −→ R
2, we say that γ ∈ Γ is a symmetry of f if

f(γx) = γf(x). We define the symmetry group of f as the biggest closed
subset of GL(2) containing all the symmetries of f . It will be denoted by Γf .

We say that f : R2 → R
2 is Γ−equivariant or that f commutes with Γ if

f(γx) = γf(x) for all γ ∈ Γ.
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It follows that every map f : R2 → R
2 is equivariant under the action of its

symmetry group, that is, f is Γf -equivariant.
Let Σ be a subgroup of Γ. The fixed-point subspace of Σ is

Fix(Σ) = {p ∈ R
2 : σp = p for all σ ∈ Σ}.

If Σ is generated by a single element σ ∈ Γ, we write Fix〈σ〉 instead of Fix(Σ).
We note that, for each subgroup Σ of Γ, Fix(Σ) is invariant by the dynamics
of a Γ-equivariant map ([10], XIII, Lemma 2.1).

For a group Γ acting on R
2 a non-trivial fixed point subspace arises when

Γ contains a reflection. By a linear change of coordinates we may take the
reflection to be the flip

κ · (x, y) = (x,−y).

In Alarcón et al [3], we provide a list of symmetry groups for which the
corresponding equivariant maps may possess a local saddle. There it is shown
that the only symmetry groups that admit a local saddle are Z2(〈−Id〉),
Z2(〈κ〉) and D2 = Z

a
2⊕Z

b
2. The superscripts a and b indicate that the groups

Z
a
2 and Z

b
2 are generated by two reflections, a and b, on orthogonal lines.

Note that both Z2(〈κ〉) and D2 = Z
a
2 ⊕ Z

b
2 contain a reflection, and hence

an f -invariant line. A description of the admissible ω-limit set of a point in
some cases, when the symmetry group contains a flip is also given in [3].

The presence of at least one reflection in the symmetry group allows us
to relax the hypotheses used in Section 3 in order to obtain a global saddle
for C1 homeomorphisms, not necessarily diffeomorphisms, and to extend the
result to include twisted saddles. That happens because the hypotheses in
Theorem 2.9 are not necessary conditions.

Theorem 4.1. Let f ∈ Hom(R2) be C1 with symmetry group Γ such that
κ ∈ Γ, the origin is a local saddle, and Fix(f) = {0}. Suppose one of the
following holds:

a) f is orientation preserving and 0 is a local direct saddle;

b) Fix(f 2) = {0}.

Then the origin is a global saddle.

Proof. From the symmetry it follows that one of the global curves W s(0, f)
or W u(0, f) is contained in Fix(κ). Without loss of generality, let W s(0, f) ⊂
Fix(κ).
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Case a): It follows from Lemma 3.3 that f is free and therefore has
trivial dynamics. Hence, ω(p) = {0} if and only if p ∈ W s(0, f), otherwise
ω(p) = ∞. Analogously, α(p) = {0} if and only if p ∈ W u(0, f), otherwise
α(p) = ∞. This holds, in particular, for p 6= 0, in W u(0, f) and therefore
W u(0, f) is unbounded, since ω(p) = ∞.

An adaptation of Proposition 3.4 in [3] shows the absence of homoclinic
contacts, as follows: let r 6= 0,∞ be a homoclinic contact, that is

r ∈ (W u ∩W s \ {0}) ∪ (L(W u) ∩W s) ∪ (L(W s) ∩W u).

Because W s = Fix〈κ〉, we have:

W s = L(W s) = W s ∪ {∞}.

Because f ∈ Hom(R2) and W s = Fix〈κ〉, we have W u ∩W s = {0}.
Assume r ∈ L(W u) ∩W s. Then

∃qj ∈ W u ∃nj → +∞ s.t. fnj(qj) → r.

Let K = Bε(r), ε > 0 such that 0 6∈ K. Then Fix〈κ〉∩K is an embedded
segment and K \Fix〈κ〉 is the union of two disjoint disks W1 and W2 homeo-
morphic to R

2. Suppose without loss of generality that fnj(qj) ∈ W1. Since
r is not a fixed point, taking ε sufficiently small, there exists an open disk
V ⊂ W1 and a positive integer n, with n ≥ 2, such that for some s ∈ V, we
have that fn(s) ∈ V , while V ∩ f ℓ(V ) = ∅, for ℓ = 1, 2, . . . , n− 1. Then, by
Theorem 3.3 in [18], f has a fixed point in V which contradicts the uniqueness
of the fixed point. So r 6= ∞ is not a homoclinic contact.

Case b): Note that r is a homoclinic contact for f if and only if r is
a homoclinic contact for f 2, because the invariant manifolds W s and W u

for f 2 coincide with those for f .The result follows from this and because f 2

satisfies the conditions of case a). Recall that, by Lemma 2.8, and since f 2

has trivial dynamics, the ω-limits of f and f 2 coincide.

Any one of the cases of Theorem 4.1 can be applied to show that

f(x, y) =
(
x
(
1 + arctan2 x

)
/(4 + π2), 2y

)

has a global saddle at the origin.
For D2-equivariant maps, additional constraints arise naturally, and we

obtain the remaining results.
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Lemma 4.2. Let f ∈ Hom(R2) be C1 with symmetry group D2. Suppose
that Fix(f) = {0} and 0 is a local saddle. If one of the following holds:

a) 0 is a direct saddle;

b) Fix(f 2) ∩ Fix(Za
2) = {0} and Fix(f 2) ∩ Fix(Zb

2) = {0};

then W s(0, f) = Fix(Zj
2) and W u(0, f) = Fix(Zi

2) for i 6= j ∈ {a, b}.

Proof. Since there are two reflections in D2, then there exist two f -invariant
lines, Fix(Zj

2), j = a, b, containing the origin. One of the two invariant lines
contains the stable global curve and the other the unstable one. Without loss
of generality, let W s(0, f) ⊂ Fix(Za

2) = {(x, 0) x ∈ R}. Let g(x) be the first
coordinate of f(x, 0). Then g ∈ Hom(R) is Z

b
2-equivariant, with g(0) = 0

and Fix(g) = {0}. Moreover, Fix(g2) is the set of first coordinates of points
in Fix(f 2) ∩ Fix(Za

2).
We prove the result for W s(0, f) as the proof for W u(0, f) is analogous.
In case a) there exists α > 0 such that in the interval [0, α), g is a

contraction, hence 0 < g(x) < x. Because Fix(g) = {0}, then g(x) < x for
all x > 0. Since g ∈ Hom(R), we have g(x) > 0 for all x > 0 and the result
for W s(0, f) follows.

In case b), if the derivative g′(0) > 0 the proof of case a) holds. Otherwise,
there is α > 0 such that g maps [0, α) into (−α, 0] as a contraction, hence
−x < g(x) < 0 in that interval. Then −x < g(x) for all x > 0 follows from
Fix(g2) = {0}, and g(x) < 0 holds since g ∈ Hom(R), proving the result for
W s(0, f).

Theorem 4.3. Let f ∈ Hom+(R2) be C1 with symmetry group D2. Suppose
that Fix(f) = {0} and 0 is a local direct saddle. Then 0 is a global saddle.
In addition, the global curves W s(0, f) and W u(0, f) divide the plane in four
connected components that are invariant by f .

Proof. Lemma 3.3 ensures that f is free, and it the follows from Proposi-
tion 2.4 that f has trivial dynamics. Since there are two reflections in D2,
then there exist two f -invariant lines containing the origin. One of the two
invariant lines contains the stable global curve and the other the unstable
one. By case a) of Lemma 4.2 the stable global curve W s is the whole of one
of the two invariant lines and W u is the whole of the other. Hence, there are
no homoclinic contacts and W s(0, f), W u(0, f) are unbounded. Moreover,
W s(0, f) ∪W u(0, f) separates the plane in four connected components that
are invariant by f .
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An example where Theorem 4.3 can be applied is

f(x, y) =

(
2x(1 + x2)

4 + x2(1 + x2)2
,

8y(1 + x2)

4 + x2(1 + x2)2

)
.

Note that Fix(f) = {0} because the first coordinate of f(x, y) equals x if and
only if (

x2
(
1 + x2

)
− 2

) (
1 + x2

)
= −4.

Since the expression L(x) = x2 (1 + x2) − 2 is an increasing function of x
satisfying L(x) ≥ −2, and L(x) > 0 for x > 1, then the left hand side cannot
ever reach the value −4.

Proposition 4.4. Let f ∈ Hom(R2) be of class C1 and with symmetry group
D2 such that 0 is a local saddle. Suppose for some ε > 0, Spec(f)∩ [1, 1+ε[=
∅, and one of the following holds:

a) f is orientation preserving and 0 is a local direct saddle;

b) there exist no 2−periodic orbits;

then 0 is a global saddle. In addition, the global curves W s(0, f) and W u(0, f)
divide the plane in four connected components that either are f -invariant or
are interchanged by f .

Proof. From Lemma 2.7 the origin is the only fixed point of f . If a) holds,
then 0 is a global saddle by Theorem 4.3. If b) holds, 0 is a global saddle
for f 2 and the proposition follows by Lemma 2.8 as in Theorem 3.6. Notice
that, in this case, the global curves W s(0, f) and W u(0, f) divide the plane
in four connected components that may be interchanged by f .

Proposition 4.4 can be applied to

f(x, y) =
(
2x(1 + y2),

y

3

)
with Df(x, y) =

(
2(1 + y2) 4xy
0 1/3

)
.

The first coordinate of f(x, y) never equals x, so Fix(f) = {0}. Also Spec(f)∩
[1, 2[= ∅ and f satisfies assumption a) of the proposition. Note that f also
satisfies assumption b) of the proposition, since

f 2(x, y) =

(
4x(1 + y2)(1 +

y2

9
),
y2

9

)
.
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Note that Example 3.7 is a map with symmetry group D2, where assump-
tion (b) fails. So the existence of periodic orbits of period two is also relevant
in the presence of D2 symmetry. This also shows that our hypotheses are
minimal.

In the case of Z2(〈−Id〉) symmetry we have no reflection and consequently
no f -invariant line. We therefore cannot drop the diffeomorphism assump-
tion. This case then proceeds as if there were no symmetries.

5 Aplications

5.1 Application to the Liénard equation

In this section, we illustrate how our results can be used to study differential
equations via the Poincaré map. The next example was inspired by the
Liénard equation studied in [7] by J. Campos and P. J. Torres.

Consider the differential equation

ẍ+ f(x)ẋ+ g(x) = p(t), (1)

where f, g : R → R are locally Lipschitz maps of class C1. Suppose in
addition that the following assumptions holds:

(A1) p : R → R is continuous and periodic with minimal period T > 0;

(A2) f is bounded and f(x) ≥ 0, for all x ∈ R;

(A3) g is a strictly decreasing homeomorphism;

(A4) ∃c, d ≥ 0 such that |g(x)| ≤ c+ d |x|, for all x ∈ R.

The assumptions on f , g and p guarantee the existence and uniqueness
of solutions of the initial value problem associated to (1).

The solutions of (1) are the first coordinates of those of:





ẋ = y − F (x)

ẏ = −g(x) + p(t)
(2)

where F (x) =

∫ x

0

f(s)ds.

14



For each q ∈ R
2, consider the solution u(t, q) of (2) with initial value

u(0) = q. Let P (q) = u(T, q) be the Poincaré map associated to (2). By
uniqueness of solutions, P is well defined and injective. By continuous de-
pendence on initial conditions, P is continuous.

Since f is bounded, p continuous and periodic and g verifies Assumption
(A4), all solutions of (2) are defined in the future and in the past. Conse-
quently, P is defined in R

2 and P (R2) = R
2. Thus, P ∈ Hom(R2).

By differentiable dependence on initial conditions and the Jacobi-Liouville
Formula we have

0 < detP ′(p) = exp

∫ T

0

divxX(t, u(t, p)) dt,

where X(t, x, y) = (y − F (x),−g(x) + p(t)). Hence P ∈ Diff+(R2).
In addition, by the sub-supersolution method, (A1) and (A3) imply the

existence of a T -periodic solution u(s) of (1). Actually, by (A1) there exist
a, b ∈ R such that a ≤ p(t) ≤ b, ∀t ∈ R. Considering β = g−1(a) and
α = g−1(b), Condition (A3) implies that ∀t ∈ R, α ≤ β and

α̈ + f(α)α̇+ g(α) ≥ p(t)

β̈ + f(β)β̇ + g(β) ≤ p(t).

Note that T -periodic solutions of (2) are fixed points of P and that sta-
bility of T -periodic solutions corresponds to stability of these fixed points.
Hence P has a fixed point.

Proposition 5.1. The T -periodic solution of (2) is unique and a global
saddle for the Poincaré map.

Proof. Let P be the Poincaré map associated to (2). Next we show that the
periodic solution u(s) of (2) is a direct saddle of P ∈ Diff+(R2).

Consider the linearisation of (2) around the periodic solution u(s):

(
ẋ(t)
ẏ(t)

)
= A(s)

(
x(t)
y(t)

)
where A(s) =

(
−f(u(s)) 1
−g′(u(s)) 0

)
.

The eigenvalues ofA(s) are λ±(s) =
(
−f(u(s))±

√
f(u(s))2 − 4g′(u(s))

)
/2.

Since g is monotonically decreasing and f(x) ≥ 0 for all x ∈ R, then
f(u(s))2 − 4g′(u(s)) > 0 and f(u(s)) <

√
k2 − 4g′(u(s)). Consequently,
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λ+(s) > 0 and λ−(s) < 0. The eigenvalues of the linearisation of P around

the origin are e
∫ T

0
λ±(s)ds.

Since u(s) corresponds to a local saddle of P , there are solutions of (2)
bounded in the future and by [7, Theorem 3.2], P has a unique fixed point.
The proposition follows from Theorem 3.6.

5.2 Equivariant dynamics

In the symmetric case, we have the following:

Theorem 5.2. Let ẋ = X(t, x) be such that γX(t, x) = X(t, γx) for γ ∈
O(2). Define the time-T map P (ξ) = x(T ; 0, ξ), where x(T ; t0, ξ) is the
solution satisfying the initial condition ξ at t = t0. Then γP (ξ) = P (γξ).

Proof. It is straightforward to verify that γx(t; 0, ξ) and x(t; 0, γξ) satisfy the
same initial condition. Hence, they coincide at time T .

Note that if P is to be the Poincaré map around a periodic solution and
have symmetry D2 then P has a fixed point at the origin. Hence, in order
to apply our results to a generic differential equation, this has to be first
transformed to bring the periodic solution to the origin. As an illustration
of such a transformed system, consider:





ẋ = αx+ f1(x, y)
ẏ = −βy + f2(x, y)
ż = 1

α, β > 0

such that fi(x, y) = O(|(x, y)|2) and f = (f1, f2) is D2-equivariant, and
either ẋ 6= 0 or ẏ 6= 0 for (x, y) 6= (0, 0). The linear part of P is given by
(x, y) 7→

(
eαx, e−βy

)
and, by Theorem 4.3, the origin is a global saddle.
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