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Abstract We extend an analytically solvable core-periphery model by introduc-
ing a monopolistically competitive sector of non-tradable goods that is mobile across
regions. We find that when the elasticity of substitution among non-tradable goods is
very low, there is agglomeration of all the production (of both tradable and non-tradable
goods). When the elasticity of substitution among non-tradable goods is sufficiently
high (“no black-hole” condition), then there is symmetric dispersion of all the produc-
tion, if trade costs are high; or full agglomeration of the production of tradable goods
with partial agglomeration of the production of non-tradable goods, if trade costs are
low.
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1 Introduction

The literature on new economic geography has grown extensively over the last two
decades, following the work of Krugman (1991), which illustrates how a country can
endogenously become differentiated into an industrialized core and an agricultural
periphery.! In his model, trade costs are crucial to explain the spatial distribution of
economic activity. If trade costs are high, industrial activity tends to be dispersed
across regions, while if trade costs are low, the industrial activity tends to agglomerate
in a single region.

Despite it being a stylized fact that services (which are mainly non-tradable) have
a very significant weight in the developed economies, representing around 75% of
the total employment in the EU27, the standard literature in new economic geogra-
phy typically assumes that regions only have a perfectly competitive “agricultural”
sector (which produces perfectly tradable goods?) and a monopolistically competitive
“industrial” sector (which produces partially tradable goods). See for example, the
works of Puga (1999), Fujita et al. (2001), Forslid and Ottaviano (2003), and Baldwin
et al. (2003).

A notable exception is the work of Helpman (1998), who replaced the agricultural
sector by a perfectly competitive non-tradable goods sector (housing). Assuming that
the location of this sector is fixed, Helpman showed that housing acts as a dispersion
force, by increasing the cost of living in a more populated region.

Similar results were obtained by Siidekum (2006) and by Pfliiger and Siidekum
(2008), who have also considered a perfectly competitive and immobile non-tradable
goods sector, but now in addition to the traditional agricultural and industrial sectors.
They showed that, starting from a situation of dispersion of industrial activity, falling
trade costs lead to agglomeration. However, when trade costs become sufficiently low,
the relative importance of housing prices dominates the agglomeration forces and dis-
persion occurs again. Contrasting with most new economic geography models, which
feature “bang-bang” phenomena (either symmetric dispersion or full agglomeration of
the industrial activity), the model of Pfliiger and Siidekum (2008) can generate partial
agglomeration.

Recently, Cerina and Mureddu (2009) have extended the new economic geography
and growth model of Baldwin et al. (2001) by incorporating an immobile and perfectly
competitive non-tradable goods sector that benefits from local knowledge spillovers
from the manufacturing sector. Their main result is that, with the existence of such a
sector, agglomeration may be detrimental for growth.

Non-tradable goods also appear in the model of Behrens (2004). But, in this case, the
absence of interregional trade is an endogenous outcome. Firms sell to those locations
that allow them to make a positive profit, thus, depending on the level of trade costs
and on the degree of competition, each good may be effectively traded (to another
region) or not. Behrens (2004) showed that when the trade costs are higher than a

1 Space and geography had been considered in general equilibrium models long before that. See for exam-
ple, Von Thiinen (1826) and Takayama and Judge (1971).

2 Davis (1998) studied the importance of the assumption that “agricultural” goods are perfectly tradable
and found that introducing a trade cost for “agricultural” goods makes the “home-market” effect disappear.
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threshold value, all the industrial goods are non-tradable. In such an environment, the
economy comprises only an agricultural sector and a non-tradable goods sector. For
this particular case, Behrens (2004) also showed that full and partial agglomeration in
the non-tradable sector arises in a completely autarchic world, and that the structure
of the spatial economy is determined by the ratio between the supply of the mobile
factor and the supply of the immobile factor.

To the best of our knowledge, the only model that considers a mobile sector of non-
tradable goods is that of Tabuchi and Thisse (2006).> They assume that all workers
are mobile (across the two regions and the two sectors) and introduce a housing cost
that increases with local population to generate a dispersion force. In contrast with
the results that we provide here, they found that the non-tradable goods sector should
become more agglomerated than the tradable goods sector.

We also seek to explain the spatial distribution of both tradable and non-
tradable goods, but in a different framework. We generalize the analytically solv-
able core-periphery model of Forslid and Ottaviano (2003) by incorporating a sector
of non-tradable goods that is monopolistically competitive and mobile across regions,
like the manufacturing sector. We will designate it as the “service sector,” in spite of
the fact that there are services that are tradable (for example, those that are internet-
based). We refer, therefore, to non-tradable services such as education, health care,
arts and entertainment, restaurants, housing, construction, urban transportation, retail,
and administrative support.

With the workers that operate in the service sector (like those in the industrial sec-
tor) being able to move to the region with the highest utility level, we find that the
resulting spatial configuration may be of full agglomeration, symmetric dispersion, or
a combination of full agglomeration of industry with partial agglomeration of services.

A strong preference for variety in the service sector is a very strong agglomeration
force. For any value of the manufacturing trade costs, full agglomeration of industry
and services in one region is an equilibrium whenever the elasticity of substitution
among services is lower than a threshold value (“black-hole” condition).

If the preference for variety of services is relatively weak (“no black-hole” con-
dition), the manufacturing trade costs again become crucial to explain the location
of economic activity. If these are high, industry and services become symmet-
rically dispersed across regions. If manufacturing trade costs are low, then the
industry becomes agglomerated in one region, while services become partially agglom-
erated in the same region (core). Availability of more varieties of services in the core
than in the periphery is an additional agglomeration force that prevents the industrial
workers from moving to the periphery. Reciprocally, the proximity to manufacturing
goods attracts the service sector workers, “distorting” the service sector toward the
core.

3 In the previously mentioned works by Siidekum (2006) and by Pfliiger and Siidekum (2008), the location
of the non-tradable goods sector has been assumed to be fixed. This is a crucial difference, as the people in
one region must then share the “cake” of services among themselves (in this case, services clearly act as a
dispersion force). With service sector workers being mobile across regions, the distribution of this “cake”
over across regions becomes endogenous.
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Our results contrast with those obtained for the case of an immobile supply of
non-tradable goods (Helpman 1998; Siidekum 2006; Pfliiger and Siidekum 2008),
where these clearly acted as a dispersion force. To understand why, observe that an
increase in the industrial activity in a region increases the demand for non-tradable
goods in this region. If the supply is fixed, then the equilibrium is re-established through
an increase in the price of non-tradable goods. This increases the cost of living of the
industrial workers, thus acting as a dispersion force. If one considers that the supply
of non-tradable goods is mobile, then an increase in the industrial activity in a region
increases the demand for non-tradable goods, but also increases the supply (because
the workers in the service sector are attracted by the greater availability of industrial
goods at lower prices). Then, the non-tradable sector may either act as a dispersion
force or as an agglomeration force.

In the standard literature, it is shown that when trade costs are low, the indus-
try tends to agglomerate in a single region (core). The “cost-of-living” effect
and the “home-market” effect dominate the “market-crowding” effect (the oppo-
site occurs when trade costs are high). With a fixed supply of non-tradable
goods, this is no longer true, because non-tradable goods become so expensive in
the core and so cheap in the periphery that the industrial activity tends to dis-
perse. Now, with the supply of non-tradable goods being mobile, the increase
in the supply of non-tradable goods in the core compensates the increase in the
demand. Therefore, the industry may still agglomerate fully (if the “cost-of-living”
effect and the “home-market” effect dominate), while the service sector agglom-
erates only partially (because of the extreme strength of the “market-crowding”
effect).*

To better understand what drives our results, it is useful to distinguish between
localization economies, which induce an attraction between firms that operate in the
same sector and urbanization economies, which induce an attraction between firms
in general. Observe that the agglomeration forces that are at work in the core-periph-
ery model, the “cost-of-living” effect, and the “home-market” effect are urbanization
economies. On the other hand, the “market-crowding” effect only generates locali-
zation diseconomies, because there is no competition between firms that operate in
different sectors—neither in the product markets nor in the labor markets. The partial
agglomeration of the service sector in the core is such that the urbanization economies
that result from locating in the region where all the industry is located is exactly com-
pensated by the localization diseconomies that result from locating in a region with
more competitors.

The rest of the paper is organized as follows. The model is presented in Sect. 2,
together with the concepts of short-run and long-run equilibrium. In Sect. 3, the dif-
ferent possible long-run equilibria are described and the economic conditions that
generate each kind of equilibrium are studied. The case in which services are partially
tradable is briefly illustrated. In Sect. 4, some concluding remarks are made. All the
technical proofs are presented in an “Appendix.”

4 An empirical study of the “home-market” effect may be found in Davis and Weinstein (2003).
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2 The model
2.1 Basic setup

The model is an extension of the analytically solvable core-periphery model of
Forslid and Ottaviano (2003) that incorporates a third sector of non-tradable goods
(“services”).?

The economy comprises two regions and three sectors: an “agricultural” sector (per-
fectly tradable goods), an “industrial” sector (partially tradable goods), and a “service”
sector (non-tradable goods). There are three factors of production: immobile workers
(A), industrial sector workers (M), and service sector workers (5).

The agricultural sector is perfectly competitive and produces a homogeneous good
under constant returns to scale using only immobile labor. The industrial sector and
the service sector produce a horizontally differentiated product using sector-specific
labor (fixed cost) and immobile labor (variable cost).

The transportation of agricultural output across regions is assumed to be costless,
but the transportation of industrial goods and services is subject to iceberg transporta-
tion costs. For each unit of the industrial good that is shipped to the other region, only
afraction t,,, € (0, 1) arrives. The trade of services across regions is more costly: only
a fraction 7, € [0, 7,,] arrives.® We will give particular attention to the case in which
services are non-tradable across regions (t; — 0).

In the long run, the industrial and service sector workers are mobile across regions
(they migrate to the region where they attain a higher utility), contrarily to the immobile
workers. In the short run, all workers are immobile.

We will denote by M| and M», with M| + M> = M, the number of industrial work-
ers in regions 1 and 2, respectively, and by S} and S, with S1 4+ S> = S, the number
of service sector workers in regions 1 and 2, respectively. The number of immobile
workers is the same in both regions, A] = Ay = A/2, and the total population is
normalized to unity, A+ M + S = 1.

The nominal income in region i, denoted by Y;, is the sum of the incomes of the
immobile, industrial, and service sector workers. With their nominal wages denoted
by W,i, Wy, and Wy;, respectively, we have

1-M-S

YiZWaiT‘FWmiMi"‘inSi, fori e {1,2}. (D

2.2 Demand

2.2.1 Preferences

All the workers have the same preferences for the consumption of industrial goods
(Cm), services (Cy), and agricultural goods (C,). A natural extension of the utility

5 Tt will be straightforward to verify that by considering that the size of the “service” sector is null (it = 0),
we obtain the model of Forslid and Ottaviano (2003).

6 In Forslid and Ottaviano (2003) the model is set up, so that the parameter describing transportation costs
is in (1, +00) instead.
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function used by Krugman (1991) and by Forslid and Ottaviano (2003) to an economy
with three sectors is the following:”

U = C}{n/fm Cé‘h Cal_/lm_,ux’ (2)
m
Mmoo —1 \ om—1
Cn =D cm” : 3)
k=1
Os
s os—1 os—1
Co={D ey , &
k=1

where w, € (0,1) and us € (0, 1), with wu,, + s < 1, are the shares of spending
on industrial goods and on services; n,, and n; are the number of existing varieties of
industrial goods and of services; ¢,,, and ¢y, are the consumption of the industrial good
produced by firm k£ and of the service provided by the firm /; and, finally, 0, > 1 and
og > 1 are the elasticities of substitution among industrial goods and among services.

2.2.2 Agricultural sector

The price of the agricultural good is the same in both regions, as its transportation is
assumed to be costless,® and chosen to be the numeraire (P, = 1).

The demand for agricultural goods in region i, which we denote by C;, results
from utility maximization (2) with respect to C,. Agents optimize by spending a share
of their income in agricultural goods that is equal to 1 — w,,, — . Therefore,

Cui = P (1 — i — 115) Yi = (1 — o — 115) Y.
2.2.3 Industrial sector

The demand in region i for the industrial variety k, which we denote by ¢;"*, is obtained
from utility maximization (3) with respect to ¢;,, . It can be shown that (Baldwin et al.
2003, pp. 38-39):

mmYi
22"21 (P;nk ) I=om”

my My —
cikz(pik) Om

where pl'."k is the price charged per unit of the industrial variety k delivered in region
i and Y; is the regional income.

7 The same specification was chosen by Cerina and Mureddu (2009). An alternative could be the formula-
tion considered by Tabuchi and Thisse (2006), in which the contributions of each sector are additive instead
of multiplicative.

8 Davis (1998) shows that the basic properties of new economic geography models change when this
technically convenient assumption is dispensed with.
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The industrial price index in region i can be defined as:

T—om

Ny
Pui = | D (p")' )
k=1

Using (5), the demand in region i for the industrial variety k becomes

(p;") "
¢t = ﬁﬂmyi- (6)

mi
Since there is a large number of firms in the industrial sector, the price elasticity of
demand is approximately equal to o, (we have equality if there is a continuum of
firms).?

2.2.4 Service sector

All the expressions obtained in the previous subsection apply. The only difference is
that, later, the trade costs will be assumed to tend to infinity (7; — 0).10
The demand in region i for the service variety k is given by:
= T
P si ’

s Yis N

where pf" is the price charged per unit of service k delivered in region i and the
ng

1
l1—og | 1-0s
(") ] -
k=1 !

regional price index of services is Ps; = [Z
Again, we conclude that the price elasticity of demand is approximately equal to oy.

2.3 Supply
2.3.1 Agricultural sector

In the agricultural sector, firms use immobile labor to produce a homogeneous good
under constant returns to scale. The production function is g = L, where g is the
amount of agricultural goods produced in region i and L{ is the quantity of labor
employed. The cost function is CT;* = W,;¢q;" and the profit function is:

Hia :(Pa_Wai)qia'

9 In the case of Cournot competition: % = # +s(1 — ai), where s is the market share of each firm.
With many firms in the economy (s & 0), the price elasticity of demand, €, is approximately equal to the
elasticity of substitution, oy,.

10 We do not consider directly the limit case because, with 7y = 0, the demand of the agricultural work-
ers is indeterminate when services are concentrated in the other region. When restricted to Cy = 0, the
agricultural workers are indifferent between any attainable consumption vector.
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The agricultural sector is perfectly competitive; therefore, W,; = P, = 1.
2.3.2 Industrial sector

The firms in the industrial sector support a fixed cost of «,, units of industrial labor,
and a variable cost of 8 units of immobile labor per unit of good produced.'! Using
the fact that W,; = 1, the cost function of the firm that produces variety k in region i
is C T;"k = Wi + ,B(q +gq; ]" / rm) where q” k¥ is the quantity sold by the firm
in the region where it is located and qi ] * is the quantity delivered to the other region.
With pik denoting the price at which the firm sells in each of the regions j € {1, 2},
the profit function is:

M = [y = Blal + [P @) = B/ |} = anWoie ®)

The firm chooses the quantities ql."l.’k and q; with the objective of maximizing

profits. Since the price elasticity of demand is a constant, om, we have

mk

o on_ B _ o
p:/’llk:amilﬁ and p:’/lk:amnilaz -;'; (9)

Given the assumption of free entry, the profit of each firm must be zero. Substituting
(9) in (8), we obtain the following:

g+ 2= ‘%”(am — 1) Wi, (10)

Since an industrial firm employs ¢, units of industrial labor, the number of indus-
trial firms in region i must be

M.
i = —. (11)

m

2.3.3 Service sector

Firms in the service sector use «; units of service sector workers as a fixed cost and 8
units of immobile workers per unit of output.

As in the industrial sector, the prices charged by the service sector firm located in
region i that produces the variety k are as follows:

o oy B pxk
Sk __ N Sk s _ i
Pii = ——f and p,‘j = - = _ -

o, — 1 o, — 1 14 T

1t will become clear that setting oy, oty (below) and B to unity does not affect the spatial equilibrium out-
comes. These productivity parameters are irrelevant (according to this model) to explain the agglomeration
or dispersion of economic activity.
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The quantity produced by each firm is:

Sk
dij

Q,
af + = o = W (12)
s

And, the number of firms in region i is:

ngi = —. 13)

Uy

2.4 Short-run equilibrium concept

In a short-run equilibrium, there is equality between supply and demand in all the
labor markets and in all the goods markets, given the spatial distribution of industrial
and service sector workers.

We have already used the equality between supply and demand in the three labor
markets to find that W,; = 1, n,,; = 0% and ng; = 2—;

Below, we consider the equilibrium conditions in the markets for goods and
services.

2.4.1 Industrial sector

Since all the industrial firms set the same prices, the industrial price index in region
iis:

1
IBGm ‘Tm*]) T—om

1
Ppi = [nmi(p;?)liam + nmj (p’jni)liﬂm] T = (nmi + nmj T,

om — 1

(14)

Defining ¢, = t," ~lasthe degree of economic integration for the industrial sector
(Baldwin et al. 2003), we obtain:!?

1 1

om—1 0 T
Pui = oy B—— (M; + Mj¢p,) "o . (15)

m — 1

With the demand for an industrial product that is produced in region i and consumed

in region j being denoted by c{'}, we have

Bom ~Om Om Bom —om
m om—1 m Tm om—1
¢ = 1fgmll,Lin and Cij = Tﬂn1yj- (16)
Pmi ij

12 Since m € (0, 1), we have ¢y, € (0, 1) as well.
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In equilibrium we must have
-1 -1
qii + T dij = Cii T Cj- a7

Substituting (10), (15), and (16) in (17), we obtain the nominal wage of the industrial
workers in region i:

Y; Y
mm=@( [y Ol ). (18)
om \M; + ¢mMj OmM; + Mj

2.4.2 Service sector

Again, all the expressions obtained in the previous subsection apply.
The price index of services in region i € {1, 2} is:

1

— [
os—1 N
Py =a" B

1
o (S Sies) T (19)

1. .. . . .
where ¢, = 7,° " is the degree of economic integration in the service sector.
The internal and external demand for a service produced in region i are given by:

Bos % TGS Bos %
s os—1 s s os—1
C;. = —/LsYi and Cij S p—
P

1 1—oy
Psi Sj

1sY;. (20)

And, the nominal wage of the service sector workers in region i € {1, 2} is:

, Y; Y
W= (oot oeis ). e
oy \Si + ¢sS; sSi + S

2.4.3 Perfect price index

The perfect price index of region i, P;, aggregates three price indices: the price index
of the agricultural sector (normalized to 1), the price index of the industrial sector,
P,i, and the price index of the service sector, Ps;.

A worker in region i spends his nominal wage W to consume agricultural
goods, industrial goods, and services by choosing Cyi = (1 — w, — WUs) Pa;l w,
Cii = Um Pr;il W, and Cy; = iy stl W. Therefore, the utility that he attains is:

w

U= — —.
(1= — ) 1m0 g s P F PG

Therefore, the perfect price index in region i is:
Pi=0—pwm— l/«s)l_um_us Mff{”ﬂ"fs Pn;ium Ps?m-
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Denoting the share of industrial workers in region 1 by f;,, = %, we obtain:
Bow (M \Tw
0, —om 1
i (_) U + (1= fudpm] ™o,
om — 1 oy,
and
1
Bo, M\ T-om 1
P = - [¢mfm +d - fm)] 1=om
m— 1 \m
Similarly, defining f; = S—Sl as the share of service sector workers in region 1,
we obtain:
pos (S\T%
(o} —Os 1
Psy = > (_) [fs + (0 = fes] ™o,
oy — 1 \ag
and
pos (S\Tw
(o} —Os 1
Pe=5 = (_) (b fy + (1= )75 .
oy — 1 \ag
Using these expressions, we obtain the perfect price indices for each region:
m _Ms
Pr=p[fu+ A= fi)pm]Tom [ fs + A = fes]T-o , (22)
and
Him _Hs
Py = plm fm + A = f)]T=om [¢s fs + (1 = f)]T=os (23)

Km s

Hm Ms — —
— 1 Bom Bos M 1=om S 1-os
where p = (=g —pag) 1 7Hm= IS o 88 (‘Tmfl) (Us*l) (”"") as '

2.4.4 Short-run equilibrium conditions

Recall that, in the short run, workers are immobile across regions and that a short-run
equilibrium consists in the equality of supply and demand in the labor markets and
in the markets for goods and services. Prices, output, and wages are endogenously

determined.
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Equations (1), (18), (21), (22), and (23) determine the short-run equilibrium of the
model. We rewrite these equations:

1-M—-S

Y, = T + Wmlme+ WSlfSS5
1-M-S
Y, = — + Wia(1 = fu)M + W (1 — f()S,
W, = Mm |: Y| + PomY2 :|’
omM fm +¢m(1_fm) ¢mfm+1_fm
W, = Hm |: Y, + ¢mY1 ] ’
omM L1 — fin + Gm fn O (1 — f) + fm
s Y s Y2
Wc = ,
st 05§ |:fs+¢s(1_fs)+¢sfs+l_fs:|
Ms g) 5T
WS = )
: USS|:1_fs+¢sfs+¢s(1_fs)+fs]

Pi=pLfu+ (1= fuddml™om [fy + (1= fi)ds] ™ ,
Py = plémfm+ (1 — fm)]lﬁigm (s fs + (1 — fv)]lﬁiiu _

Solving these equations, we find the nominal wages of the workers in each region.
The corresponding real wages (and utilities) are obtained simply by dividing the nom-
inal wages by the regional price indices:

wl_Wml wZ_WmZ wl_Wsl and wz_Wﬂ
m Pl’ m P27 A Pl S Pz'

After obtaining general expressions for the regional wages in each sector, we let
¢s — 0 to study the case in which services are non-tradable. !

2.5 Long-run equilibrium concept

In the long run, the industrial and service sector workers choose their location with
the objective of maximizing their utility (equivalently, they choose the region with the
highest real wage).

The values of f;,, and f; are no longer exogenous. For concreteness, it may be
assumed that the migration is driven by the following processes:

. df, o1 (fss fm) — om2(fs, fn), if0< fin <1
Jm = d—;n = 1 min{0, wp1 (fy, f) — @m2(fs, fm)}, if fin =1
max {0, o1 (fs, fm) — ©m2(fs, fm)}, if fin =0

13 See the Appendix for detailed calculations.
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and

df. ws1(fs, fm) — ws2(fs, fn)s if0< fy <1
= d—: = 1 min {0, w51 (fs, fin) — ws2(fs, f)}, if fy=1
max {0, ws1 (fs, fin) — ws2(fs, fm)}, if fs =0.

fs

) A di.stribution of economic activity, (f;*, f,%), is a steady state if and only if
Sm = fs =0at (f), £,5). Along-run equilibrium is a stable steady state.
The following are sufficient conditions for stability:

(i) if £ =0, then wx1(f7, f}) < wx2(f, f7). for (x, y) € {(s,m), (m, 5)};
(i) if £ =1, then w1 (fY, ) > o (ff, f7), for (x, y) € {(s,m), (m, 5)};
(i) if f7 € (0, 1) A £ € {0,1), then 272 | o) < 0, for (x,)) €

{(s,m), (m, 5)};
(v) if £ € (0, 1) A £ € (0, 1), then det (J)|(fx,p+ > 0and tr(J)|(ss, ) < O,

where:
d(@Om1—om2) I(@Wm1—®m2)
J — afln 3f .

K
d(ws1—ws2)  (ws1 —ws2)

m Js

Therefore, all these derivatives are well defined. The differences w,;,1 — w2 and
ws] — wyy are continuous and differentiable functions of f,, and fy, for (fs, fi,) €
0,1) x (0, 1).14

3 Long-run equilibrium

Focusing on the case in which services are non-tradable, we show that the following
are possible long-run equilibrium configurations (see Fig. 1):

(i) full agglomeration of industry and services in the same region;
(i) full agglomeration of industry and partial agglomeration of services in the same
region;
(iii) symmetric dispersion of industry and services.

In what follows we shall describe the long-run equilibrium configurations and also
the combination of parameters that favors each of them. While the study of transitions
between two different configurations is a pertinent question, it requires the study of
the bifurcations, or break points, in a model with two state variables, f;, and f;. This
requires a more sophisticated analysis of the Jacobian matrix at each configuration and
would go beyond the scope of this paper. We plan to address this issue in the future.

14 Inspection of the expressions for w,,1 — w2 and wg1 — wg> shows that continuity of these differences
and their derivatives depends on the denominator in (41) not being zero. This is the case because K1 and
K> are positive.
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f
m
(f,f)=(1,1)
1t + +
(f.f )=(1-x,1), with x € (0,1/2)
(t.1)=(1/2,1/2)
1/2¢
(.1 )=(x.0), with x  (0,1/2)

S

Fig. 1 Possible equilibrium configurations: full agglomeration, symmetric dispersion, and full agglomer-
ation of industry with partial agglomeration of services

3.1 Agglomeration of industry and services in the same region

Agglomeration of the industrial and service activity in region 1 is an equilibrium if,
with (f;, f¥) = (1, 1), the real wages are higher in this region (w1 > wp2 and
W] > Ws2).

We find that full agglomeration only occurs if a “no black-hole” condition is violated
(see the proof in Appendix).

Lemma 1 Agglomeration of both sectors in a single region is an equilibrium if and
only if us > o5 — L.

In the model of Forslid and Ottaviano (2003), which we extend, agglomeration
always prevails unless u,, < o, — 1 (the “no black-hole” condition). We have found
that, with the incorporation of a non-tradable goods sector, the “no black-hole” con-
dition becomes s < oy — 1. The only difference is that the relevant parameters are
those of the non-tradable goods sector. The former condition, u,, < o, — 1, is no
longer necessary to avoid agglomeration.

This result also shows that trade costs in the industrial sector are irrelevant to explain
a simultaneous agglomeration of industry and services in a single region. Indepen-
dently of the trade costs in the industrial sector, a high (low) preference for variety of
services induces (avoids) full agglomeration of industry and services.

Why does a high preference for variety of services promote agglomeration? Recall
that agglomeration occurs if the “home-market” effect and the “cost-of-living” effect
dominate the “market-crowding” effect. Observe that the ratio between the nominal
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Fig. 2 Agglomeration of industry

wages, W W ,1s inversely proportional to % independently of the value of oy (to find
this, substitute (1) in (21), set ¢s = 0 and solve for each Wy;). This is obviously a
dispersion force, reflecting the dominance of the market crowdmg effect over the

“home-market” effect. On the other hand, the price ratio is inversely proportional
_Hs
to ( I ) »~! Ttisan agglomeration force that more than compensates the dispersion

7P,

force 1f and only if “j > 1. The global effect is clear by the inspection of expres-

sion (42), accordmg to which the real wage in the service sector is proportional to
_Ms

£t B . If there is agglomeration of services, agglomeration of industry follows as a
consequence (because U = 0 in a region without services).

Figures 2 and 3 illustrate the existence of full agglomeration of the industrial and
service activity in one region when s > o5 — 1.1

In Fig. 2, we assume that all the services are concentrated in region 1, f; = 1, and
we study the relationship between the spatial distribution of industry and the difference
between the real wages of the industrial workers across regions. We find that the real
wage is always higher in region 1. Thus, all industrial workers migrate to region 1.

In Fig. 3, we assume that all the industry is concentrated in region 1, f,, = 1, and
we study how the spatial distribution of services affects the difference between the
real wages of the service sector workers across regions. We find that if the service
sector activity in region 1 is high enough, the service sector workers obtain a higher

15 10 plot these figures, we have set 7, = 0.5, w;; =04, oy =4, us = 0.4 and o5 = 1.3.
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Fig. 3 Agglomeration of services

real wage in region 1. We conclude that full agglomeration of industry and services is
an equilibrium.
From now on, we will assume that g < oy — 1 (“no black-hole” condition).

3.2 Full agglomeration of industry and partial agglomeration of services

Under the “no black-hole” condition, a migration of service workers to a region
decreases the attractiveness of this region to the service workers. This effect becomes
infinitely strong as the services approach full agglomeration.

Lemma 2 When uy < oy — 1, an increase in the share of services in region 1 ( f5)
decreases the difference between the real wages in the service sector (wg; — ws2).
As the share of services increases from 0 to 1, the difference between the real wages
decreases from +00 to —o0.

Therefore, the service sector can never be fully agglomerated in equilibrium. The
dispersion forces would be infinitely strong. What is possible is the full agglomeration
of industry together with partial agglomeration of services.

Full agglomeration of industrial activity in region 1 with partial agglomeration of the
service activity in the same region is an equilibrium if, with (f;*, ) = (s, 1), where
s € (%, 1): the real wages in the industrial sector are higher in region 1 (w;;1 > @Wn2);
the real wages in the service sector are equal across regions (w1 = ws2); and a small
migration of service sector workers to region 1 makes region 2 become more attractive

than region 1 to these workers, inducing their return (E)(““g—jj‘"ﬂ) < O).
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Fig.4 Agglomeration of industry

The following lemma describes the conditions for the existence of such an
equilibrium.

Lemma 3 Full agglomeration of industrial activity in region 1 or 2 and partial
agglomeration of the service activity in the same region is an equilibriumif us < o5—1
and
//-ls
, — _
Um(l—%)—ﬂm ns+l—os 1_% ¢3l[os(1+%)—M;]+%(1—%)—Mx
s ¢m - 2(05—11s) > 0.
Om ( - ﬁ)"'#m $ s

Figures 4 and 5 illustrate an equilibrium with full agglomeration of industry and
partial agglomeration of services.'® With f; = 0.586, we can see from Fig. 4 that
the real wage of the industrial workers is always higher in region 1. Thus, indus-
trial workers locate in region 1. In Fig. 5, we assume that all the industrial activ-
ity is concentrated in region 1, f,, = 1, and study how the spatial distribution
of the service sector activity affects the difference between the real wages of the
service sector workers across regions. The migration of the service sector work-
ers leads to an equilibrium with f; = 0.586, as the real wages of the service
sector workers coincide. We conclude that the full agglomeration of industry in
region 1 and the partial agglomeration of services (58.6% in region 1) constitutes
an equilibrium.

16 1, plot these figures, we have set 7, = 0.825, w;;, = 0.4, oy = 4, us = 0.4 and oy = 4. We have
also set fy = 0.586 in Fig. 4 and f;;; = 1 in Fig. 5.
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Fig. 5 Partial agglomeration of services

One of the central messages of the new economic geography literature is that there
is full agglomeration of industry if the trade costs are sufficiently small. In the model

of Forslid and Ottaviano (2003), that we extend, full agglomeration of industry occurs
Hm

if: qu,:1 ml s 2 (1 + Bmy 41 — £ Of course, we also obtain this expression
when ug = 0 (absence of a service sectrg)r). The incorporation of a service sector that
is mobile across regions preserves this property of the model, since there is a mutual
attraction between the two sectors, which is an additional incentive for industrial firms
and workers to remain at the core.

To understand this mutual attraction, observe that the agglomeration forces at
work are urbanization economies: workers in both sectors enjoy the availability of
greater varieties of services and of locally produced industrial goods (“cost-of-living”
effect); and firms enjoy having a greater local market (“home-market” effect), which is
constituted by all types of workers. On the other hand, the dispersion force (“‘market-
crowding” effect) only generates localization diseconomies because there is no com-
petition between industrial and service sector firms, neither in the product markets nor
in the labor markets.

In the literature (Helpman 1998; Siidekum 2006; Pfliiger and Siidekum 2008), ser-
vices typically act as a dispersion force because the service sector is assumed to be
fixed (housing). An increase in the industrial activity leads to an increase in the price of
housing. This mitigates the tendency for agglomeration. Here, under the assumption
that the service sector is mobile across regions, we arrive at the opposite conclusion.

In our model, the service sector is mobile across regions and, therefore, either
becomes fully agglomerated together with the industrial sector (if and only if the
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“black-hole” condition holds) or partially agglomerated in the region where there is
more industry.

Lemma 4 The following configurations are never an equilibrium:

(1) agglomeration of each sector in different regions;
(i) symmetric dispersion of services and agglomeration of industry;
(iii) agglomeration of services together with dispersion of industry.

The configurations (i) and (iii) are never an equilibrium because no industrial worker
is willing to remain in a region without services. Configuration (ii) cannot be an equi-
librium because the service sector workers would be attracted by the region in which
industry is agglomerated.

3.3 Symmetric dispersion of industry and services

It is also possible to have a symmetric dispersion of economic activity, as in the clas-
sical model when the trade costs are high.

Symmetric dispersion of the industrial and service activity, (f;*, f,5) = (0.5, 0.5),
is an equilibrium if: the real wages are the same in both regions (wy; = ws2 and
wm1 = wpy2); and if a small migration of both kinds of workers generates a difference
between real wages that induces the workers to return to their original locations.

This last condition is verified if and only if, at (f,", f,*) = (0.5, 0.5), we have
det(J) > 0and tr(J) < 0, where J is the Jacobian matrix obtained from expressions
(41) and (43):

9 (wmi ~_wm2) 9 (wm1 _.me)

J =

Jm Is
dws1—ws2)  ws1 —ws2)
fm afs

By symmetry, at (f;", f,%) = (0.5, 0.5), we have ws1 = wy2 and w1 = wy2. The
only question is whether this spatial configuration is stable.

We know, from Lemma 2, that a migration of service sector workers generates
incentives for their return, i.e., 3(‘%5—;(‘“2) < 0. This contributes to the stability of
symmetric dispersion. '

On the other hand, a migration of service sector workers generates incentives for
the industrial sector workers to follow them, because of the resulting wider supply of
services.

Lemma 5 When (fs, fn) = (0.5,0.5), the migration of service sector workers to
region 1 increases the difference between the real wages of the industrial sector work-
ers in region 1 and region 2, that is, a(w%;w’”” > 0.

s

The converse is also true, for the same economic reason. A migration of industrial
workers generates incentives for the service sector workers to follow them.

Lemma 6 When (fs, fin) = (0.5, 0.5), the migration of industrial sector workers to
region 1 increases the difference between the real wages of the service sector workers
in region 1 and region 2, that is, w > 0.

m
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Fig. 6 Dispersion of industry

Stability depends on the relative strength of the four effects that define the Jaco-
bian matrix. The following figures are useful for an intuitive understanding of the
dynamics.!”

Assume that the economy is initially located in point A, with ( f5, f,,) = (0.5, 0.5).
We have w1 = w2 (Fig. 6) and ws; = wy, (Fig. 7). Consider an increase in the
number of industrial workers in region 1, to f;;, = 0.8 (point B). From Lemma 6, an
increase in f,, increases wg| — ws2, and thus the curve in Fig. 7 moves up. The service
sector workers would tend to move to region 1, until f; = 0.56. On the other hand,
with f; = 0.56, the curve in Fig. 6 moves up, and the industrial workers would also
migrate, until f,,, = 0.52. With f;,, = 0.52, the resulting f; would be lower than 0.56,
giving rise to a new f,, lower than 0.52. It seems that this process continues until
(fs, fm) = (0.5, 0.5), suggesting that symmetric dispersion is an equilibrium.

We can see from Fig. 8 that dispersion is unstable when 7,, = 0.9.!% An increase
in f;, increases the difference between the real wages of the industrial workers in
region 1 and region 2, attracting workers from region 2 to region 1. From Lemma 6,
an increase in f;, also increases the difference between the real wages in the service
sector. Therefore, in the long run, we will have partial agglomeration of the service
sector activity and full agglomeration of the industrial activity.

7 10 plot Figs. 6 and 7, we have set i;, = 0.4, oy =4, us = 0.4, oy =4 and 7, = 0.5.

18 To plot Figs. 8 and 9, we have set iy = 0.4, =4, s = 0.4, o5 = 4 and 7, = 0.9. Additionally,
we have set fg = 0.5 to plot Fig. 8 and f,;; = 1 to plot Fig. 9.
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Fig. 8 Dispersion becomes unstable
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Fig. 9 Asymmetric Dispersion

Figure 10 illustrates a case in which symmetric dispersion of the industrial and
service activity is an equilibrium for low values of ¢,,.'°

For the parameter values in our numerical example, ¢7(J) is negative for any ¢, €
(0, 1). Therefore, the sign of the determinant is crucial for the stability. From Fig. 10,
we can see that det (J) is positive for low values of ¢,,. This means that the eigenvalues
of J have negative real parts, and symmetric dispersion of industry and services is an
equilibrium.

For high values of ¢,,, the symmetric dispersion becomes unstable. In this case,
partial agglomeration of the service activity with full agglomeration of the industrial
activity in one region becomes the equilibrium.

This result can be viewed in Fig. 11, where we also plot the condition associated
with the full agglomeration of industry and partial agglomeration of services (46) as
a function of ¢,,. When ¢, is higher than ¢, full agglomeration of all industrial
activity in one region with partial agglomeration of the service activity becomes an
equilibrium. Therefore, point A is a threshold value for ¢,,.

In particular, when oy > us + 1, the economy can have two distinct equilibrium
configurations. For high trade costs (low ¢,,), we find that symmetric dispersion of
services and industry is an equilibrium, while for low trade costs (high ¢, ), we find that
full agglomeration of industry with partial agglomeration of services is an equilibrium.

The point is whether small deviations from symmetric dispersion tend to dissi-
pate or to reinforce themselves. Starting from a situation of symmetric dispersion, a
small migration of industrial workers is reinforced by the “home-market effect” and

19 Figs. 10 and 11, it is also assumed that o7, = 4, 05 =4, Wy = 0.4 and us = 0.4
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Fig. 11 Threshold value for ¢,
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the “cost-of-living” effect. These two effects are strengthened by the fact that there
are some service sector workers that follow the industrial sector workers. Symmetric
dispersion is an equilibrium if the “market-crowding” effect in the industrial sector is
sufficiently strong to overcome these agglomeration forces.

3.4 The case in which services are tradable

In this section, we show, numerically, that a different spatial configuration of economic
activity, agglomeration of services with dispersion of industry, can appear when ser-
vices are tradable (0 < ¢5 < ¢, < 1).

Consider an initial equilibrium, in which both industry and services are concen-
trated in region 1. Figure 12 illustrates how a decrease in the trade cost of services
(an increase in ty) affects the spatial distribution of industry when all services are
concentrated in region 1 (point A). The main result is that a fall in the trade cost of
services leads to an equilibrium in which industry becomes asymmetrically dispersed
(point C), while the service sector remains concentrated in region 1 (see Fig. 13).20

The same decrease in the trade cost of services (from ty; — 0 to 7y = 0.4) may not
change the initial equilibrium configuration, being compatible with symmetric disper-
sion of both sectors (set t,, = 0.5, keeping fixed the remaining parameters) or partial
agglomeration of services with full agglomeration of industry (set t,, = 0.825).

20 1o plot Figs. 12 and 13, we have set 1, = 0.5, w;, = 0.4, oy = 4, us = 0.4, o5y = 1.3. We also set
fs = linFig. 12 and f;;; = 1 in Fig. 13.
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Fig. 13 Agglomeration of services

4 Conclusion

We have extended the footloose entrepreneur model (Forslid and Ottaviano 2003)
to allow for a third sector: a monopolistic competitive sector of non-tradable goods
(services).

We find that the strength of the preference for variety of services is crucial to explain
the spatial distribution of the industrial and service activities. When the elasticity of
substitution among services is below a certain threshold, full agglomeration of indus-
try and services in a single region is always an equilibrium. But, this threshold value
for the elasticity of substitution among services seems a bit too low to be attainable
in modern economies, as it corresponds to a very high price markup over marginal
cost.2! Based on this model, we should not expect, therefore, full agglomeration of
industry and services in a single region.

With a higher elasticity of substitution among services, which is more likely, the
spatial distribution of economic activity depends on the trade costs in the industrial
sector. If these trade costs are high, symmetric dispersion of the services and industrial
activity is an equilibrium. If they are low, full agglomeration of industry with partial
agglomeration of services in the same region is an equilibrium (the industrialized
region has more than 50% of the service sector activity).

21 With services representing 50% of the economic activity (ug = 0.5), at this threshold (o5 = 1 + ),
we obtain pg = % B = 3P (the price of a representative service is equal to 3 times the marginal cost).
A lower price mar'f<up is obtained if we consider a higher elasticity of substitution among services.

@ Springer



96 V. Leite et al.

The critical value of the trade costs above which agglomeration does not take place
should be higher in the presence of a non-tradable goods sector. This is because the
partial agglomeration of services in the core is an additional force that is contrary to
the dispersion of economic activity.

It is clear that an increase in the size of the service sector reduces the regional price
indices, thus increasing the welfare of the region. This, however, is a crude statement
about policy implications and welfare concerns. A deeper understanding is out of the
scope of this paper but is a relevant issue for future research.

Taking into account the existence of non-tradable goods, with specialized workers
that are mobile across regions, should provide new insights into the determinants of
the spatial organization of economic activity. We hope that this model may be seen as
a step in this direction.
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Appendix
Short-run equilibrium

The nominal wages of the industrial and service sector workers are:

Yi Y
W, = M_m ( i + ]d)m )’ (24)
om \M; +é¢uM;  ¢puM; + M;
Y; Y;
Wy = ( R 15 ) | (25)
os \Si +&sS;  ¢sSi + S

The regional nominal incomes are:

1-M-5

Y; >

+ WmiMi + WsiSi- (26)

Our goal in this section is to find W,,; and Wy; as functions of the parameters of the
model. First, we determine ¥; and Y;. Then, we substitute these into W,,; and Wy;.

Substituting (24) and (25) in (26) and using @ = 1=%=5 we obtain:

Y; Y;
Y,':a—i-MiM—m( l + jOm )
om \M; +¢mMj M, +Mj

+Si&( iy Yo )
os \Si +&sS;  ¢sSi + S
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Rearranging, we obtain Y¥; as a function of ¥;:

m M; s Si
Yi|1— —
Om (Mi +¢mMj) Os (Si + ¢sSj)
Wi M b s Si s
=a+ Y;.
|:c7m (¢mMi+Mj) o (¢xSi+Sj):| !

For convenience, define:

by = ¢pmMi + M,
e = M; + oM,
by = ¢sSi + S,
cs = Si + ¢sS;.

With some manipulation, we obtain:

Y OmCmOsCs — U MiosCs — [LsSiOmCm —a+ m M@ 0sbs + (4 S;psOmbm
' O CmOsCs osbso by,

Y;.
Which is equivalent to:

_a0m0sCnCs + (U Mipposhbs + S s @s0mby) CmCsbyﬁlblej

Y.
l OmCm (05Cs — Sibs) — M 0scs

27)

The above equation yields Y; as a function of Y;. By symmetry, we can write Y; as
function of Y; as follows:

Y, = a0y 0sbybs + (MmMj¢mUsCs + Sjlis‘pxamcm) bmbscrzlcs_lyi
! Ombm (Usbx - Sj,us) - Mj,umosbs .

(28)

Substituting (28) in (27) and simplifying, we obtain:

: CmCs [mem (Jsbs - Sjllfs) - Mjﬂmorsbs + M imdmosbs + Siﬂs‘ﬁsambm]
i = )

alo o7 'R

(29)
and, by symmetry,

Y — bmbs [Umcm (oscs — Sips) — Mipumoscs + M jjpmPmoscs + Sj/"«sfpso'mcm]
! aloy o7 'R 7

(30)
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where

R = [opem (0scs — Sipts) — Mim0scs] [Umbm (Usbs - Sjﬂ«s) - Mjﬂmasbs]

— (M ki @m0sbs + Si ks @s0mbm) (Mjﬂm(bmo'scs + Sjl'LS¢SO—mCm) .

Denoting by Y. l.N and YV the numerators of ¥; and Y ; in Egs. (29) and (30), we can

rewrite (24) in the following way:

UmOsd
MWZJZROwM+@”?%»

Replacing the expressions for ¥; and Y;, and setting i = 1 and j = 2, we obtain:

Um0, 0. _ _
Wil = % [csbm (o5bs — Sopug) — M2CSGm 1,U«m0sbs + M]CSO'm lﬂm(bmasbs

+S11s@sCsbm + Pmbscm (0scg — Stins) — M1¢mbxﬂmo'so'r; Cs
+M2¢31bs/~/vmo'sayzlcs + SZd’mbs/vad)scm] .

Denoting C = ’M;ﬂ, and replacing b,,, ¢, bs, and ¢, by the corresponding

expressions:

W, S> — ¢S
ml = oy (M1 + M>) (Us - Msz_i_—Z;Si) + im0y (P My — M3)

C
+¢ [a (M1 +¢ Mz)(U — m)w os(@ Mz—Ml)]
m m m N SS] +¢SS2 m%Ys m .
Manipulating:

S» — ¢sS1 N Sy —¢s52ﬂ

@ = Pmom M1 |:20s — Ms (
Cc S+ ¢sS1 S+ ¢sS
2S1—¢sS S —¢s51)}

2 2 _
+My [amos (82 +1) + ovmum (83 = 1) = omps (¢m 5165 P o

It is easy to show that:

S—¢sS1 | Si— ¢S 2515 (1 - ¢7)
osS1+S2  Si+¢sS2 S8 (L4 ¢2) + ¢ (ST +S3)
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Substituting this expression, we determine W, and (by symmetry) W,,»>. The nom-
inal wages in the service sector are also obtained, by analogy:

515 (1-93) }

15, (1 n ¢§) + s (s]2 + sg)

= 2 LV RN I 2 S1— ¢S 52,¢s51)] |
+CamM2[Gx [¢m+1+ o (o )} s (¢m S|+ 655 +¢351 5 3D

s152 (1-¢2) }

5152 (1+62) + 5 (53 +53)

_ m Sy~ dsS1 St — S
FComMi [”“ [‘b’%ﬁ L+ o i = 1)} T (¢r2"¢?sl ﬁS; * Si +sz2)]’ (32)

M (1-93)
MM, (1 + ¢%1) + bm (M12 + Mg)

2 My — ¢mM M2_¢mM1)]
P S oty ity +15) | D)

My (17,
M M> (1 + ¢,2,,) + b (Ml2 + Mzz)

= 2 ws oo ] 2 My — My M1—¢mM2)]
+Dos 1 [Um [¢s +1+ P (¢5 1):| Mm (¢s dmMi + My + M+ dmMa s (34)

W1 = E‘Tmzabml"ll |:(Ts — Ms

Wio = E<7m2¢7m]‘/12 |:Us — Ms

Ws1 = Easqussl |:0'm — Km

- s
+Dos S [O'm |:¢32 +1+ ?Y(¢§ - 1):| — Mm (
5

Wso = EUSZ¢AVS2 |:‘7m — Mm

where
o _ Hno I=M=5 (51 + ¢ $2) (0551 + $2)
- - ,
E_M%E$MMwwmmMWMg
- - ,
and

R = {om (M1 + ¢ M2) [o5 (S1 + ¢582) — Siits] — Mipimos (S1 + ¢552)}
X Aoy (pm M1 + M2) [05 (¢sS1 + 82) — Sapus] — Mopumos (¢sS1 + S2)}
— My @mos (Ps St + $2) + St is@s0m (PmMy + M>)]
X [Mapom®mos (S1 + ¢582) + Sapessom (M1 + ¢ M2)] .

Short-run equilibrium with 7, — 0

With 7, — 0, Egs. (1), (18), (21)—~(23) become:

U Y, Pm Y2
Wm - s
! omM[fmwm(l—fm)+¢mfm+1—fm}
M Y, Om Y1
Wm = s
2 amM[l—fmwmfm+¢m<1—fm>+fm}
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Y
Wsl _ Ms T ’
o5 Sf
Y
Wy = — 1572
osS(1 _fs)
1- M-S
M= =2 W M + WatSAi,
1- M-S
Vo= S Wan ML fy) 4 WiaS(L— o),

s

Py =plfu+ 1= fu)pmlTom £,
Py = p[fmfu+ (1 — fu)lom (1= fi)To .

From (31)-(34), we compute the nominal wages of the workers in each region:

W,
=L = 24 M) (05 — ) + Mo {as [@i +14+ 2 @7 - 1)] s (1 +¢,%,)} ER)
Coom om
W,
=2 = 2 My (05 — p1s) + My [as [¢>,2,, +1+ 2 gh - 1)} —us (1 +¢,%1)] . (36)
Coom Om
Wii MUs My — ¢ M
— =9 1—=)- — |, 37
Doy 2 |:Um ( GS) Hom oMy + M2i| 37)
Wi [ ( us) ﬁh-—¢mkb]
— =S 1—-—=)- — =, 38
Doos L7\ T o) T M+ g 8
where
Co— MmS182
- Roow
B _ IJ‘S(MI + ¢mM2)(¢mM1 + M>)
0= Roos ,
and

S15;

ao;, Oy

X [om (G My + M2) (05 = 115) = Majios] = M Moy 8207 )

Ry =

{ [0m (M + ¢mM2) (05 — jis) — My pim0s]

Dividing the nominal wage in the industrial sector (35) by the regional price level,
we obtain the real wages of the industrial workers:

2 fin (05 = 1) + (1= fu) fors [ @ +1+ 262 = D] = s (1+63)]

Wml =

Hs
1—oy

Ron L + (1= fu)gm1T0m f,
(39)
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and

Y M ) @ =)+ [ [02 + L+ G 1)] “ms (Lran)}

Ron [ fon + (1= )] Toom (1 — f) 7o

(40)

M
Rm = S {{Um [fm + &m (1 — fi)] (05 — i) — finimOs}

AlmOmOs

X Aom [¢m fm + (A — fm)] (s — ps) — (1 — fr)pumos} — fm (1 — fm)l/«m¢mas ]

With some manipulation, we find that the real wage differential in the industrial
sector can be written as:

mK
O [ 12+ (L= f)?] K1+ (1= f) fu K>

Wml — Wp2 = X (W1 — Om2) ,

4D
where

Ur}l*llvmoslfﬂx (1 - M- S) (O-m _ 1)Mm (OS — 1)/’%
H“m Hs 1— Hs ’
20[;;;;1*1 a;’s*l ﬁﬂm"‘ﬂsM om 71 S os—1

K1 = om (o5 — ps) [om (05 — pus) — osm],
Ky = om (05 — s) [Um (05 — 1s) (1 + ¢r2n) - 2l/«m<7x] + M%Usz (1 - ¢31) >

 nfn s )+ U= S {05 [03 1+ B 9F = D] - s (67 +1)}

Oml = s ’

U+ (1= o)) oo £
20m (1= fi) (@5 — 1) + fur {ors [ @3 + 1+ B2 @% = D] = s (63 + 1))

[ fon + (1 = fu))Tom (1 — fy)Toos

K =

O =

Similarly, for the service sector, we obtain:

U+ & (1 = Fu) [9m fn 1= ful [0 (1= 1) = i (=gt |
w1 = — _Bs

Ry Lfyn + (1 — fu)gulTom fi 70

(42)
and

Lfn + om (A — fud)][@m fin + 1 = fin] I:Um( __) Mm%]
Ry [ fn + (1 — fm)]m (I =75

wWs2 =

E]
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where

pS

aoy oy

X [om (@ fon + 1= fn) (@5 = 15) = (L= fidptmos) = fin(1 = fon)iiy$piod |

Ry =

{10 U + 6m(1 = fi)) @5 = 1) = fnttmos]

Again, after some manipulation, we write the real wage differential in the service
sector as:

sK m y%+1_m2+m1_m1+,%, - -
wﬂ—wsz:M {6 [ + A= )]+ S = fn) ( ¢)}(a)sl_ws2)

o [f2+ A= ) Ko+ (1= f) fuK2

(43)
where

MUs 1_fm(l+¢m)
Om (1 - o_s) AT g

W51 = [T B
[fn + (L= fr)pm]Tom fi =7
Hs Jn(14+dm) —dm
) T (1 - o_s) = W o TG T
wWg) = s

[dm fin + (A — fm)]lﬁizlm (1— fx)l_axi]

Long-run equilibrium

Proof of Lemma 1 Since regions are symmetric, we only study agglomeration in
region 1.
When the workers become concentrated in region 1, R, converges to:

. pPMbnm
lim R, = (Om0s — UsOm — Um0s) (05 — pg) > 0.
fm—17 a0y
Therefore, we have
2¢m (05 — Hs) _ 2a 05

lim Wyl = = = .
(fur fs)—(17,17) lim, mysa-1-) Rm  pPM (005 — Omfts — mOs)

While

) o [0 + 1+ 22} — ] = s (14 07)
) 1m o Wy = e - i
L0 im0 R ™ (1= )T

The numerator is positive, while the denominator goes to infinity. Thus,

lim wm2 = 0.
(fims fs)—>(17,17)
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We conclude that the industrial workers remain concentrated, as:

lim wWm?2

W1 >
(fims fs)—>(17,17)

lim
(fms [s)—(17,17)
In the service sector, direct substitution of f,, = f; = 1 in (42) leads to:

lim wg] = — - .
o fi)—(17,17) limz, r)—a-1-) Ry

Substituting f,, = f; = 1| in the expression for Ry, we obtain the following:

. oS
lim R; = Om (OmOs — Omirs — Um0s) (05 — [s) -
(fm, fs)—>17,17) aoy
Hence,
Om ( - l;_j) + Um
lim ws1 = g > 0.
(- f)=>1A7.17) aoy (Om0s — Omits — Um0s) (Os — [hs)
While
l—om—pm
Pm tom [Um ( - l;_:) - Mm]
lim wg) = - -
s f)—>A7,17) lim(fm,fs)—>(l_,1_) Ry(1 — f) ~os-1

Hm -
O — 2
' |:am ( - U_:) - Mm:l

S
éOT,S (Om0s — Omits — mOs) (05 — [Ls)

os—1—ps

lim (11— fy) T
(fmo f)=>(17.17)

The real wage of the service workers in the empty region tends to zero if o5 < 1 + g
and to plus infinity if oy > 1 + . Notice also that with o5, = 1 + g, we have
w1 > wyy (in the limit).

We conclude that agglomeration of both sectors in a single region is an equilibrium
if and only if g > oy — 1. O

Proof of Lemma 2 From Eq. (42), in region 1, the real wage in the service sector, w;1,
MHs

is proportional to £, 1. When py < oy — 1, it is decreasing with f;, tending to
400 as f; decreases to 0.

By symmetry, in region 2, the real wage in the service sector, wy», is increasing
with f; (decreasing with 1 — f;), tending to 400 as f; increases to 1 (1 — f; decreases
to 0).

Therefore, an increase in f; decreases the difference between wyj and wy;. As the
share of services increases from O to 1, wy; — wyy decreases from +o0oto —oco. O
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Proof of Lemma 3 Since regions are symmetric, we only study the case in which all
the industrial activity is concentrated in region 1.
When f,, = 1, the difference between the real wages of the service sector

workers is:

us K O'm(l_l:_:)'f',um Um(l_l;_:)_l"m
Ws] — Ws2 = s T T m l ts

K T os— —Om -
! fi o7 P " (1 — f)! "o

We begin our proof by calculating the values of f; € (0, 1) for which ws; — wg = 0.
Since K and K are strictly positive and finite:

O’m(l_l;_;)"'/"“m Um(l_g_j — Mm

__Ks Hm

— —om __Ms
fi o dm (1= fo)!Ta

os—1
os—l—ps

<:>1—fs_ am(l_l;_j)_ﬂm

fs =7 [am(l — ) 4 um] .

Simplifying:

fS = og—1 . (45)

os—1—pg

Um(l_ﬁ‘%)_ﬂm

+1

IMm
¢m7(rm I:Glrz (1- %:)‘f‘l/vm}

Mm
I—om

Notice that since ¢,, > 1, we have

o (1 — l;_:) — Mm
: < 1.

0<

Hm

bn " [on (1= ) 4 i

Therefore, since oy > gy + 1, we have

os—1
os—l—ps

om(l — l;_:) — Mm
0< T

™ [om (= ) + |

and

1
§<fs<1.

It remains to verify the equilibrium condition for the industrial sector.
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When the industrial workers are concentrated in region 1, the difference between
the real wages in the two regions is:

dm K1 ﬁéaA ﬁ?m _hs
" £ Pm " (1 — f3)T-os

K [ 2oy — ) % [S0 1+ 2GR~ D] - @h 4D
Wml — Wy = —

Then, w1 — w2 > 0if and only if:

%Mm—ua>f“V%+L+%@%—D]—m@i+D

_Ms Km s
£ G " (1= f) T
LN o [@h T - D] - @+ D
o(52)"-
s

2¢m (05 — H‘s)(]br:ziam
Replacing Eq. (44), we obtain the following:

=
os—l—pus
om(l — %;) — Km

Hm > Hm

oy 63+ 1+ L263 — D] - i@} + 1)
D " [om (1 = ) 4 i | 200y — 1) "

Rearranging:

—HMs
s o o
O, 1_ 25y — s s _ wm (os—1)
m( Us) Hm ¢1 (UW—Y;(U;—I—MS)
m
om(1 — /;_:) + Um

03 [0 (1 + 1) — ] 4+ 01 = ) — g
2(05 — 11,)

> 0.

Agglomeration of all the industrial activity in a region and partial agglomeration
dispersion of the service activity are a steady state when the above condition is satisfied.
Lemma 2 provides the stability condition, guaranteeing that it is an equilibrium. 0O

Proof of Lemma 4 (i) Since regions are symmetric, we only need to study the case
in which industry is concentrated in region 1 and services are concentrated in
region 2. We look at points near (f;,, fs) = (1, 0) and at what happens when
first f,, — 1 and then f; — 0.

The difference between the real wages in the industrial sector when all the

industry is located in region 1 and all the services are located in region 2 is,
using (41):

m K
¢mK1

Wmpl — Wp2 =

(@ml - Cbm2)~
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Notice that the constants K and K are strictly positive and finite.

Observe also that when (f;,, fs) = (1, 0), we have w;;1 = 0 and @2 > 0.

Therefore, w1 < 2.

Agglomeration of each sector in a different region is never an equilibrium.
(i) Since regions are symmetric, it is enough to study the case in which services

are symmetrically dispersed while the industry is concentrated in region 1.

The difference between the real wages in the service sector when f; = 0.5 and

fm = 1is:

o1 — g = 2K G — e
A A K] A A

The constants K and K are strictly positive and finite.
With (fy, f) = (3, 1), we have:

s
Om ( - U—S‘) — Hm
Hm os—1—pg and ws1 =

nll*Um %ﬁ (%)T

67)s2 =

Therefore, wsy < @y is equivalent to:

= s Tom
1 — o om |1 ——) < ttm | Pm +1),
Os

which is true because the right-hand side of this inequality is positive, whereas
the left-hand side is negative. Therefore, ws» < wy1.
Symmetric dispersion of services with agglomeration of industry cannot be an
equilibrium.

(iii)  Since regions are symmetric, it is enough to study the case in which industry
is dispersed while services are concentrated in region 2 (fy = 0).
From expression (41), the difference between the real wages in the industrial
sector is:

_ mwm K
O [ 2+ (L= f)?] K1+ (1= f) fu K>

Wl — Wm2 (Wm1 — Om2) -

With f; = 0, we have @,,; = 0 and w2 > 0.
This implies that w1 < w2, because K, K1 and K> are strictly positive and

finite.
Dispersion of industry with agglomeration of services cannot be an
equilibrium. O

Proof of Lemma 5 We want to prove that M’%fsw’"” > 0.

0(Om1 —Om2)

o is the same.

From (41), we know that the sign of
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Calculating the partial derivatives:

Dt 2mfn @5 — 1)+ (1= fu) {03 [03 + 1+ 292 — D] — s (62 + 1)

s

- m __MKs
” % o (L= Sl 0 g7
% 20m (1 = fin) @5 = ps) + fu {ors [ 83+ 1+ 2262 = D] = us (03 +1))
Om2 m om \¥m m
o o1 = = '
s [Pm fm + (L= fp)]T=om (1= f5)" o

Substituting (fs, fin) = (%, %), we find that:

3 (D) — D) 2Pm (05 = s) + [Os [d’,%l +1+ %;’ (d’% - 1)] — s (d’,% + 1)} o
= > U.

Pn i

afs E[%(l_i_(ﬁm)]l—am (%)1 7T

s

O

Proof of Lemma 6 We want to prove that W > 0. Using Eq. (43), we deter-
mine the partial derivative:

o —wp) _ [m-K{qﬁm [f,%+(1—fm>2]+fm<1—fm>(1+¢3n)}}@1_5)2)

W fm b [£2+ A= fu)?] K1+ (= fu) fuK>

L 0@ —d0) | K {dm [£2+ (L= f)? ]+ fr U= fu) (1 + ¢2)}
fm O [ 2+ A= f) K+ (L= fu) fuK2 '

Since we are evaluating the derivative at (f, fn) = (%, %), the first term
disappears:

Vws1 —w2) 9 (D51 — B52) | s K (20m + 1+ ¢y,)
afm B afm 2¢mK1 +K2 .

The partial derivative of @y with respect to f;, is:

0y _ 1
O [+ (L= foybm] ™ £
g (Lt @) L= fn( = $)] 4 @ = DL = S 1+ 6)]
" (1= fu(1 = pm)]?

Ks
osg—1

1
+ M]Z
T

U + (1= fadbm] ™ot £y ™

T (L= fa)] R AT = )

m_1

[ ( Ms) 1_fm(1+¢m):|
x|lop|ll——)—pup—m—m-=1.
L Og 1_fm(1_¢m)
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Substituting (f;, fin) = (. 1):

91 [+ 0) (5 + 30m) + (@n =D (3 = 36m)]
B T 14y 2
9fm (fx,fm)=(%,%> (% 4 %(bm)l w o~ I+ 5 (% + %(ﬁm)
m s
U:/:—l (% + %d)m)l "2 T (I = ém) Ms % — %(pm
+ _Mm 4 Hs 2 Om 1 - U_ — Mm 1 T ld)
[(% + %d’m) f=om 27 +<’S*1] s 2 T 2Pm
Both terms are positive; therefore, %“;;11 > 0.
By symmetry, %“;32 = —%";“. Hence, we conclude that 2(@:1—:2) P is
Jm 'Jm = fi=d
positive. O
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