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Abstract

We study the regularity of one-parameter families of physical measures. Firstly, we consider a
d degree family of intermittent circle maps, introduced in [79], which has a unique physical
or Sinai-Ruelle-Bowen (SRB) measure and using the cone technique of Baladi and Todd [28],
show some form of weak differentiability of this measure, giving linear response in the process.
Lifting the regularity from the base dynamics of the solenoid map with intermittency, we
show that this family is statistically stable.

Subsequently, considering a class of multi-dimensional piecewise expanding maps we
obtain, using the Keller-Liverani perturbation results [58], the Holder continuity in the
parameter, of the invariant densities and entropies of the parameterised family of the physical
measures. We apply these results to a certain family of two-dimensional tent maps.






Resumo

Estudamos a regularidade de familias a um pardmetro de medidas fisicas. Primeiramente,
consideramos uma familia de transformagdes intermitentes no circulo, de grau d, introduzida
em [79], que tem uma unica medida fisica ou Sinai-Ruelle-Bowen (SRB) e usando a técnica
do cone de Baladi e Todd [28], mostramos uma forma de diferenciabilidade fraca desta medida,
obtendo resposta linear do processo. Fazendo o levantamento da regularidade da dindmica de
base do solenoide com intermiténcia, mostramos que esta familia é estatisticamente estdvel.

Subsequentemente, considerando uma classe de transformagoes multidimensionais ex-
pansivas por pedagos, obtemos, usando os resultados de perturbagao de Keller-Liverani
[58], a dependéncia Holder do parametro, as densidades invariante e as entropias da familia
parametrizada de medidas fisicas. Aplicamos estes resultados a uma certa familia bidimen-

sional de tent maps.
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Chapter 1

Introduction

In the theory of Dynamical Systems, it is common to encounter examples of systems with
simple governing laws that exhibit highly complex and unpredictable behaviour. Prominent
examples include one-dimensional quadratic maps, two-dimensional Hénon quadratic diffeo-
morphisms, and the Lorenz system of quadratic differential equations in three-dimensional
Euclidean space. Despite their straightforward formulation, these systems display intricate
dynamical properties that have inspired significant mathematical developments over the past
few decades.

An approach to the understanding of Dynamical Systems exhibiting some chaos is by
studying their statistical properties. At the heart of this approach is the idea that it might
be far more easier to predict the evolution of measures rather than the behaviour of single
points. More precisely, the study of statistical properties of the dynamical systems concerns
itself with the evolution of such measures!.

One of the central areas of investigation in the theory of Dynamical Systems has been
the study of invariant measures that describe the statistical behavior of these systems over
time. Among these, Sinai-Ruelle-Bowen (SRB) measures, also known as physical measures?,
play a pivotal role. SRB measures are particularly important because they provide a way
to understand the asymptotic distribution of orbits for a wide range of initial conditions,
typically those that are of full measure with respect to the Lebesgue (volume) measure on
the phase space. In other words, they allow us to describe the long-term statistical behavior
of almost all initial points in a given region, making them essential tools for analysing chaotic
systems where individual trajectories may be unpredictable, but the statistical distribution
of orbits remains stable.

A key area of research in this field involves understanding the conditions under which SRB
measures exist, as well as their robustness to perturbations in the system. The continuous
dependence of these measures on the underlying dynamics is particularly significant, as it
reflects the stability of the system’s statistical properties in response to small changes. This
is not only important from a theoretical standpoint but also has practical implications, as

!The SRB measure or physical measure. In some settings, it may mean absolutely continuous invariant
measures.

2For subtlety on how both of them may differ, we refer the reader to [80]. In this thesis however, we shall
overlook this distinction and use them interchangeably.
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small perturbations often arise in real-world systems due to noise or external influences. In
particular, the continuity of the metric entropy — a quantity that measures the complexity
and unpredictability of the system — associated with SRB measures is a subject of extensive
study. Metric entropy quantifies the rate of information production in the system and is
directly related to the degree of chaos present.

Many results in the literature have been devoted to the study of SRB measures and
their associated metric entropies in various dynamical settings, including [4, 7, 10, 18, 29—
32, 36-38, 54, 6062, 66, 70, 74]. These results range from classical systems like hyperbolic
maps and diffeomorphisms to more complex systems involving non-uniformly hyperbolic
dynamics or systems with piecewise smooth structures. Understanding how SRB measures
and their entropies behave under perturbations provides valuable insights into the stability
and predictability of chaotic systems, a topic that has been extensively explored in works
such as [8, 9, 12, 14-17, 22, 47, 48, 56]. This ongoing research continues to shed light on the
delicate interplay between deterministic chaos and statistical regularity, offering a deeper
comprehension of the fundamental nature of chaotic dynamical systems.

Let { fa}aca be a parameterised family of maps, where A is the parameter space. Suppose
that A is a neighbourhood of 0, we may view fy as the unperturbed map and f,, « # 0 as
its perturbation. A central question that is of interest to us in this thesis is:

Suppose that e is the unique SRB measure of a one parameter family of dynamical
systems { fotaca, how does this measure vary with respect to the parameter when
the dynamical system is perturbed?

In some cases, a — i, changes continuously (called statistical stability)(see [5, 8, 15, 17]),
in some other cases it varies Holder continuously [77], Lipschitz continuously, or is differentiable
(in such a case, we say that the system admits linear response) that is, it is the first order
approximation of the SRB of the system with respect to the SRB of the unperturbed system
and in that case a formula for this derivative is called the linear response formula of the
system.

One way that the question of statistical stability has been posed in the literature is to ask
whether the perturbed density h, converges to the unperturbed density hg in the L'-norm,
this is usually known as strong statistical stability. However, the notion of statistical stability
we shall consider in this thesis is given in terms of the weak* convergence of the measures
Ha,, tO Lo, as ayn — ap, and sometimes it is referred to as weak statistical stability. Without
making any distinction, we shall simply call it statistical stability.

The notion of linear response has been around for quite some time in statistical mechanics.
A pioneering result in this area has been the work of Ruelle for Axiom A attractors [71] and
in the Anosov case [55], and for system with exponential decay of correlation or at least
summable decay of correlations [25, 27, 40, 46, 51, 71], and in random systems [23]. However,
linear response have been reported to fail in some cases [25-27]. To circumvent the lack of
linear response formula in a tent like family of maps, Bahsoun and Galatolo in [20] introduced
unbounded derivatives at the turning point of such families. For cases of systems which
decays rather slowly, linear response have been shown for the Pomeau-Manneville type maps,



particularly, system containing an intermittent fixed point albeit using different techniques
[24, 28, 59].

An idea that has been shown to yield extraordinary results over the years in the study of
the statistical properties of piecewise expanding maps is that of understanding the spectral
properties of the Perron-Frobenius operator associated with the dynamics [39, 41] and using
these properties to deduce various statistical properties such as the existence of invariant
probability measures [1, 4, 38, 60], decay of correlations [38], large deviation [3] etc. We
should however note that it is not immediate, since the success of this approach very much
depends on choice of a suitable Banach space (B3, ||-||), B C L!, such that the Perron-Frobenius
operator L : B — B is quasi-compact. Suppose that f, : X — X is a nonsingular map, quasi-
compactness allows us to recover good results, such as the existence of absolutely continuous
invariant measures, with density lying in . Several function spaces have been used so far,
such as bounded variation [1, 4, 38, 60], generalized bounded p-variation [21, 22, 57] and
quasi-Holder spaces [3, 73]. For the particular setting we have in mind, we shall perform our
analysis in the space of functions of bounded variation. A pioneering result in dimension 1 was
put forth by Lasota and Yorke [60], where they showed the existence of absolutely continuous
invariant measures for piecewise expanding C? maps. Extensions to higher dimensions were
rather not so straight forward, due to the geometric intricacies partly due to the unavailability
of a precise definition of what it means for a function to have bounded variation in higher
dimension. A breakthrough in this direction was achieved when a distributional definition
was given in [49].

An overview of the structure of this thesis is as follows. Firstly, in Chapter 2, we introduce
key concepts and fundamental results that will be useful throughout the thesis.

In Chapter 3 we study the linear response for the intermittent circle map introduced in
[79]. Obtaining linear response in the strong form, that is, in some topology [20, 23, 24], is
not always possible. However, linear response may be given in a weak sense [28, 59]. By this,
we mean that for a fixed observable, say 1, in a suitable class, the function

Rw : [0,1) — R
aw/wdua,

with p, the unique SRB measure of f, is instead shown to be differentiable at 0. If the
formula for this derivative exists in terms of the unperturbed terms of fy, uo, ¥ and the
vector field vy := 04 fo|a—=0, then we call this the linear response formula. We show that for
any ¢ € L,q > 1, Ry(«) is differentiable on o € [0,1 — 1/q). Another interesting dynamical
system to us is the solenoid map with intermittency, originally introduced in [13], where
the 2z mod 1 map in the base dynamics of the classical solenoid map was replaced by the
intermittent circle map. The linear response result in the base map of this dynamics implies
statistical stability and using the techniques from Alves and Soufi in [16] lift this regularity
to the SRB measure of the solenoid map with intermittency.

In Chapter 4, we consider a multi-dimensional parameterised family of piecewise expanding
maps. We apply the perturbation theory of Keller-Liverani to study the spectral properties
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of the perturbed operators, a seminal result developed in [58] to show Hoélder continuity
of the spectrum, working with more “refined” spaces and assuming among other things,
quasi-compactness. As in the case of the one-dimensional dynamics, we use the notion of

bounded variation in multi-dimension.

Finally, we give future research directions and possible extensions in Chapter 5.



Chapter 2

Preliminaries on ergodic theory

This chapter introduces key concepts from ergodic theory and dynamical systems, along with
several results that are essential for the proofs of certain theorems presented later in this

thesis.

2.1 Invariant measures

Definition 2.1.1 (Non-singular maps). Let (X,.A, u) be a measure space, a measurable map
f: X — X is said to be non-singular with respect to u if for any A € A,

H(A) =0 = p(f(4)) = 0.
If i(A) = u(f~1(A)) for all A € A, then u is said to be invariant under f or measure
preserving with respect to .

From this definition, we note that any measure preserving transformation is non-singular.
Definition 2.1.2 (Push-forward). Suppose that (X, A, ) is a measure space and f: X — X
a function. The pushforward of A is the o-algebra

frd:={AC X|f1(A) € A}.

The pushforward of p is the function f.u : foA — [0, 00] defined by

fer(A) == p(f71(A4)), for A€ f.A. (2.1)

Definition 2.1.3 (Ergodicity). Let (X, A, u) be a measure space, a measurable map f :
X — X is said to be ergodic if for every measurable set A satisfying u(AAf~1(A)) =0, we
have that p(A) =0 or u(X \ A) = 0.

However, in practice, a useful characterization of ergodicity is given by the following
proposition.
Proposition 2.1.1. Let (X, A, 1) be a measure space, a measurable map f : X — X is
said to be ergodic if and only if for every A € A satisfying f~1(A) = A, then pu(A) =0 or
p(X\A)=0.
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Definition 2.1.4 (Absolute continuity). A measure p is said to be absolutely continuous
with respect to the measure v (written as p < v) if v(A) =0 = pu(A) =0. If both p and v

are absolutely continuous with respect to each other, then we say that they are equivalent.

Theorem 2.1.2 (Radon-Nikodym). Let (X,.A) be a measurable space, with two o-finite
measures ji and v, such that < v. Then there is a function h € L*(v), such that for every
Ac A

wu(A) :/Ah(ac)dy.

d
The function h is sometimes written as h = d—'u and it called the density of p with respect

to v or the Radon-Nikodym derivative of p with ];espect to v.

One of the most important classes of measures that captures the chaotic nature of
dynamical systems is the SRB (or physical) measures. Let f : M — M be a measurable map
on some metric space M and m the Lebesgue measure. We now define terminologies related
to this measure.

Definition 2.1.5 (Weak* convergence). A sequence of probability measures (pn)n € P(M)
converges in the weak™ topology to p € P(M) if for all p € Cp(M),

/ odpn, — / pdp.

Where Cy,(M) is the space of bounded continuous real valued function on M and P(M) is
the space of probability measures on the Borel sets of M.

Definition 2.1.6 (Basin of attraction). Let p be a Borel probability measure on M and
x € M, its initial states. The set

n—1
B(n) = {z € M =3 olr* @)~ [ odu for any o € C°00)} (2:2)
k=0

is the basin of attraction of u.

If m(B(p)) > 0 then u is a physical measure. A physical measure is necessarily f-invariant
for every Borel set A C M.

Definition 2.1.7 (Decay of Correlation). The correlation function of observables o, € C°(M)

with respect to an f-invariant probability measure u is defined as

Cory(p, o ) = ‘/s@(@bOf")du—/wdu/@bdu‘- (2.3)

For sufficiently reqular observables, we may obtain the Cor,(p,¢ o f") 2220, in that case,

we say that the correlation function decays.
2.2 Entropy

In this section, we recall some definitions about entropy, particularly, the metric entropy. For
a more detailed exposition we refer the reader to [78].
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Definition 2.2.1. Let (X, A,m) be a measure space, a family P of subsets of X is an m
mod 0 partition of X if there exists a measurable set Xo C X for which m(X \ Xo) =0
such that the elements in the family {w N Xy : w € P} are pairwise disjoint and satisfy
Xo = Uyepw. In a situation where Xy can be equal to X, P is referred to as the partition
of X.

Two families P and Q of subsets of X are said to be m mod 0 equal if there exists a
measurable set Xo C X for which m(X \ Xo) = 0 such that the families {w N Xy : w € P}
and {wN Xy : w € Q} coincide. The elements of the partitions are called atoms. Given a
mod 0 partition P, F': X — X the dynamics on X, set for n > 0,

F™(P)={F"(w) :w € P}. (2.4)

Now, for all n > 1, we have

n—1
P, = \/ F_i’P = {woﬁF_l(wl) - ﬂF_"H(wn_l) WOy ..., Wp—1 € P}
=0
and -
\/ F7"P ={wynN F Hwy)N---:w, € P for all n > 0}.

n=0
The increasing sequence (P,,), of countable mod 0 partitions is a basis of =y if (Py)n
generates A (mod 0) and \/;—, P, is a partition into single points (mod 0).
The entropy of a finite partition P is defined as

n—1

Hy(P) := = Y p(wi) log(p(ws)).
i=0

We make the following definition of entropy in a “static” sense as follows
hw) = Ha(\ Po).

Assume that the transformation in (2.4) is measure preserving, we have the following
definition.

Definition 2.2.2. For P a finite partition of (X, A, u, F), then the entropy of F with respect
to the P is )
huy(F,P) = lim —H,(Py)

n—oo n,

Finally, the entropy of I with respect to u is given by
hy(F) = sup hy,(F,P)
P

where the supremum is taken over all partitions with finite entropy.
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Theorem 2.2.1 (Kolmogorov-Sinai). Let Py < -+ < Pp < --- be a non-decreasing sequence
of partitions with finite entropy such that \Jo—; Pn generates the o-algebra of measurable sets,
up to measure zero. Then,

hu(F) = lim by (F, Py).

Theorem 2.2.2 (Shannon-McMillan-Breiman). Given any partition P, with H,(P) < oo,
the limit

1
hy(F,P,z) = lim ——log u(P"(x)) exists at p-almost every point. (2.5)
noon

The function x +— h,(F,P,x) is p-integrable, and the limit in (2.5) also holds in L'(u).
Moreover,

/ h(F, P, z) du(z) = hy(F, P)

If (F, p) is ergodic then hy(F,P,x) = h,(F,P) at u-almost every point.

Theorem 2.2.3 (Rohlin’s formula). Let F': X — X be a locally invertible transformation
and i be an F-measure preserving probability measure. If the the partition P is a generator
of A(mod 0) with finite entropy and every w; € P is an invertibility domain of F, then
hu(F) = [log J,F dpu.

2.3 Perron-Frobenius operator

One of the main actors in this thesis will be the Perron-Frobenius operator. Here, we briefly
give its definition and state some of its properties.

Definition 2.3.1. Let (X, A, u, f) be a measure preserving dynamical system. Then the
Koopman operator with respect to f is the linear operator Uy : L*°(u) — L (), defined as

Up() =vo f Ve L>¥(n). (2.6)

Definition 2.3.2 (Perron-Frobenius operator). The Perron-Frobenius operator £ : L* — L'
of the function f: X — X is the dual of the Koopman operator, defined as

_ . — X o 00 1
J oo vdu= [ o-Updn= [ o-vofdu werlm el (2.7)

It is even more interesting to note that more properties of the dynamical system f like
existence of absolutely continuous invariant measures, mixing, ergodicity are translated to
spectral properties of £. Hence, using spectral theory, we can gain a lot of information about
the dynamical system f. Another useful representation of the Perron-Frobenius operator is
given as follows.

Let f: X — X be a non-singular piecewise C! transformation, and suppose that there
exists countably many domain of smoothness P = {w;}:2; of X, such that for each ¢, the
restriction of f to each domain w; is one to one with inverse branches given as fi_1 and has a
non-zero determinant in the interior of w;. Then for ¢ € L' we define the Perron-Frobenius
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operator £ : L'(X) — L'(X) as

po fi!
Lo = T XS (wi) (2.8)

{i:wi

where Jy is the Jacobian function defined as Jy = |det(Df)|. It is well known that the
following properties hold for each L,

(C1) for all ¢, for which the integrals make sense, we have
| vLodn= [gvofdm:
X

(C2) |Lo| < L(I¢]) and [[Lo]l1 < [l¢lly, for all ¢ € L(X);

(C3) ¢ € LY(X) is the density of an absolutely continuous f-invariant measure if and only if
w>0and Lo = .

Remark 2.3.1. For any o € L', f a piecewise monotonic and expanding interval map, (2.8)

can be written in a more compact form as

_ v(y)
Lo(x) = Z | o (2.9)

yef (=
The Perron-Frobenius operator enjoys other good properties such as
Proposition 2.3.2 (Linearity). £: L' — L' is a linear operator.
Proposition 2.3.3 (Postivity). Suppose that ¢ € L' and ¢ > 0. Then Lo > 0.

Proposition 2.3.4 (Preservation of integrals).

/Egodm:/ pdm
X X

Proof.

/Egodm:/&p]lxdm(czl)/ go]lXofdm:/ gp]lf_l(X)dm:/ wdm
X X X X X
O

For an excellent exposition and proof of the above propositions, we refer the reader to
the work of Goéra and Boyarsky [39].

2.4 Bounded variation in higher dimension

We adopt the definition presented in [49] . Given f € L'(R?) with compact support, we
define the variation of f as

vie)=sup{ [ fdiv(g)dm : g € CHRLRY and g <1},
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where C(R?,R%) is the set of C' functions from R? to R? with compact support, div(g) is
the divergence of g and || | is the sup norm in C}(R¢, R?). Integration by parts gives that
if fis a C' function with compact support, then

v = [, IDf] dm. (210)

We shall use the following properties of bounded variation functions whose proofs may be
found in [49], respectively in Remark 2.14, Theorem 1.17 and Theorem 1.28.

(B1) If f € BV(RY) is zero outside a compact domain K whose boundary is Lipschitz
continuous, f|x is continuous and f|ing (k) is C', then

vin=[ IDfldm+ [ |fidm.
int(K) 0K
where m denotes the (d — 1)-dimensional measure on JK.

(B2) Given f € BV (R?), there is a sequence (f,), of C° maps such that
Jim [1f = fldm =0 and  lm [ [Dflldm = V().
(B3) There is some constant C' > 0 such that, for any f € BV (R?),

1/p d
</VWWO SCV(f), with p=—-—0. (2.11)

This last property is known as Sobolev Inequality. Notice that p = d/(d — 1) is the

conjugate of d > 1, meaning that

ol (2.12)
PRI .

Suppose that Q C R¢, the space of bounded variation functions in  is given by

BV(Q) = {f € L'(Q) : V() < +oo}.
Property (B3) gives in particular BV (Q2) C LP(Q2), for some p > 1. Set for each f € BV ()

IfllBv = £l + V().

It is well known that this defines a norm, and BV () endowed with this norm becomes a
Banach space; see e.g. [49, Remark 1.12].

Proposition 2.4.1 (Lasota-Yorke type inequality). There are constants A € (0,1) and K > 0
such that for every f € BV (RY)

VIEH SNV + K [ If]dm.
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Theorem 2.4.2. [53] Let £ : L'(Q) — LY(Q) and let it satisfy the following properties

(1) L>0, [o Lfdm = [o fdm, for f € L (Q) which implies that

L] =1;

(2) there exist constants 0 < A <1, M > 0 such that

1£fIBv < AlfllBv + M| fll1;  and f € BV(Q);

(3) the image of any bounded subset of BV () under L is relatively compact in L*().

Then L is a quasi-compact operator on (BV (Q), ||-||sv). Thus, L has finitely many eigenvalues
{a1,...,ax} of modulus 1. The corresponding eigenspace E; are finite dimensional subspaces

of BV (Q2). Furthermore, L admits the following decomposition
k
L= Z o;IT; + T,
i=1

where I1; : BV () — BV (Q) are linear projections with finite dimensional range onto the
E;’s and
T : BV(Q2) — BV(Q),

is a continuous linear operator. For 1 < 1,7 < k we have
[ iy dm =535
where ¢; € BV (Q) and ; € L*(Q).

2.5 (Weak) Gibbs-Markov maps

Consider f: M — M and a measure m on M. Let Z9 C M be a Borel set on a g-algebra F
of E¢ such that m(Zp) < co. We say that F': Zy — =g is an induced transformation if there
exists a countable m mod 0 partition P of =y into pairwise disjoint subsets and a return
function R : P — N such that

Fl, = fE@),. vYweP.

The function R is the return time associated with the induced map. Furthermore, if we
define
R(z) =inf{n >1: f"(x) € Zp},

then we say it is the first return time. We say that F' is a weak Gibbs-Markov map if conditions
(G1)-(G5) below are satisfied.

(G1) Markov: F maps each w € P bijectively to a mod 0 union of elements of P.

(Ga) Separability: the sequence (\/7=) F~"P), is a basis of Zy.
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It follows from (G2) that the separation time
s(z,y) = min{n > 0: F"(z) and F"(y) lie in distinct elements of P}

is well defined and finite for distinct points z,y in a full m measure subset of =j. For

definiteness, set the separation time equal to zero for all other points.

(G3) Nonsingular: F has a strictly positive Jacobian Jg i.e Jp : 29 — (0,00) a measurable
function such that for every measurable set A C w € P,

m(F(A)) = /A Tp dm.

(G4) Gibbs: there are C' > 0 and 0 < < 1 such that, for all z,y € w € P

log 7F7) < gs(r@). ).
Jr(y) ~

(Gs) Long branches: there is 9 > 0 such that m(F(w)) > do, for all w € P.

If in addition to the above conditions, F satisfies (G§) below, then F' is called a Gibbs-
Markov map.

(G%) Full branches: F maps each w € P bijectively to Zg(mod 0).



Chapter 3

Linear response for intermittent

circle maps

3.1 Introduction

The linear response of the Liverani-Saussol-Vaienti (LSV) map: f(x) : [0,1] — [0, 1], given by

z(1+2%%), 0<zx
fla) = 1
2r — 17 5

has been tackled using several methods such as the coupling argument technique [59], inducing
technique [24] and cone technique [28]. For « € (0, 1), these maps are mixing with polynomial
decay of correlations [52, 65, 79], summable when o < 1/2. In this chapter, we study the
linear response of a parameterised family of maps originally introduced by Young in [79].

An approach that has proven highly effective in analyzing positive operators is the cone
technique developed by Birkhoff [33]. This technique has found applications in tackling several
problems, such as, but not limited to decay of correlations [64], polynomial loss of memory
[2], in [35] among several other things to show differentiability of some equilibrium measures,
linear response for solenoidal attractors, a skew product with a uniformly expanding maps as
the base dynamics [19, 34], in [65] to show some ergodic theoretic property of the LSV map.
The method used in [65] has been shown to be useful in various scenarios, particularly in
showing the existence of invariant measures for maps with critical point [43]. Leppénen in
[63] using the approach of Baladi and Todd [28], showed linear response for the class of maps
introduced in [43] which is a specific case of the broader class of maps introduced in [42]. We
however remark that for uniformly expanding maps on a circle, a linear response formula was
proved by Baladi in [26]. The proof for the linear response formula in this chapter follows
the approach in [28]. Since at the heart of the mechanism is the summability of the decay of
correlation, we use a better decay estimate shown in [50] which allowed the linear response
result to hold for @ € [0,1). The result for the linear response of the intermittent circle map
is particularly useful for us since we lifted the regularity to show the statistical stability of

the intermittent solenoid map.

13
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3.2 The intermittent circle map

Let f(z) and g(x) be real valued functions, we write f(z) < g(z) (resp. f(x) = g(z))

~

to mean that there exists a uniform constant C' > 1, such that f(z) < Cg(z) (resp.
C™' g(x) < f(z) < Cg(x)) for all z. Observe that, f(z) ~ g(z) means that both
f(x) < g(z) and g(x) < f(z) holds. The same notation is applicable to sequences, a, by, for
all n. In what follows, for functions depending on both x and the parameter «, we write the
partial derivative with respect to the parameter as 0, and the derivative with respect to x as

()"

Let f,:S! — S', S' = R/Z, be a degree d > 2 circle map with a > 0 satisfying:
(s1) fa(0) =0 and f;,(0) =1;
(s2) fo>1on S'\ {0}
(s3) fois C? on S'\ {0} and zf(x) ~ |z|%, for z close to 0.
By (s1) and (s3),
fo(z) =1~ |z|?, (3.1)

integrating the above,
fo(z) =~ z + sgn(z)|z|*T?, (3.2)

where sgn is the signum function, defined as

-1, ifz <0
sgn(z) =4 0, ifz=0;
1, ifz>0;
with sgn(z) = |i = m, for x # 0. A map satisfying the condition (s1) is said to have an
x x

indifferent (or neutral) fized point.
3.2.1 Asymptotic behaviour near the fixed point

Restricting ourselves to faljoco) (resp. fali o)), where (0,e0] (vesp. [£(,0)) is an interval
where the conditions (s1)-(s3) holds. When we say a degree d map, we mean that there exists
an m mod 0 partition of S, {I1,..., I} into open intervals, such that f,|s, : I; — S\ {0}
is a diffeomorphism, for each 1 < i < d. Let 0 ~ 1 in such a way that 0 is the infimum of I;
and the supremum of I;. The intervals I7 and I; are further partitioned into countably many
subintervals J,, and J), respectively as follows; define the sequences (z,,), and (z},), as

fa(znt1) = zn and fa(2’7/1+1) =z, n>0,z € (0,2 € [eh,0).
Set for each n >'1

Jn = (zn,2n—1) and J), = (2},_q1,2},).



3.2 The intermittent circle map 15

The dynamics is related to the subintervals as follows

fa(Jn—i-l) =Jp and fa( 7,1+1) = J;r

The local analysis in the interval containing the intermittent point is given by z, ~ n~/
[6, 79], i.e there exists a uniform constant C' > 1 such that
1
anfl/a <z, < Cn~Ye, (3.3)

3.2.2 Bounds on the invariant density

Here, we state a result that enables us to establish some bounds on the invariant density h,,
of fo. Let {I; : i =1,...,d} be the partition of S! into disjoint sub-intervals. We denote
by x; the unique fixed point of each partition I;, 1 < i < d. Next, we define the following

functions

Gi(z) = (x_xi)'<fa(x)_$)fl, if x € I;, x # x;,
e 1, ifl’GSl\IZ’;

F(x) _ (1‘ - xl) : (l‘ - ga,z’(l'))_l, ifx e I, x 75 i,
' a L, if z € S1 \IZ

Where gq; : ST — I; is the inverse branch of f,;, i € {1,d}.

It follows from [6, Lemma 3.65] that f, has an induced transformation with a unique
ergodic absolutely continuous invariant measure, whose density is bounded from above and
below by positive constants. We now state a result due to Thaler [76] adapted particularly to
our setting.

Theorem 3.2.1. [76, Theorem 1] Let f, be the map satisfying (sl)-(s3), such that the
induced transformation possesses an invariant density bounded from above and below by
positive constants. Then, there exists positive constants ci,ca such that the invariant density
ha satisfies

c1Gj(x) < ho(x) < 2 Fj(z), x € S*\{0}.

Where j is the partition with x = 0.

By the above theorem, there exists positive constants ci, co such that the invariant density
of f, is bounded as follows

c1lz| 7 < ho(z) < eolz|™, z€ ST\ {0},c0 >¢; >0, (3.5)

the singularity point of h, being at z = 0. Indeed, from equation (3.2), for x close to 0

|[fa(2)|
||

~ 1+ |z]* (3.6)
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Observe that,

—(a+1)
2o = | fal) (’f()) ,

|z
which together with (3.6) yields
2] & [fa(@)| " (14 J2|*) .
Again, from equation (3.2),

fal@) = @+ | fal@)|* sgn(e) (14 fo]) 7D
27 fulz) — sn(fa(@)) | fal@)|* (@) (14 [27)" @D,
which leads us to conclude that
Fep(a), i€ {1,d}, (3.7)

Ga,i(z) = o —sgn(z)|z

where p(x) = (1 + |gai(x)|*)~@FD. From equations (3.2), (3.4) and (3.7), we get

x 1
i)™ @~
x 1

" sgu(a)[]o - plx)  pla)]a]’

which verifies equation (3.5).

3.3 The mechanism

Using the approach of Baladi and Todd [28], we explain the mechanism that will be used in
showing the linear response for the family of maps introduced in the previous section.

Firstly, we shall assume that the perturbation occurs at the image. That is, there exists a
vector field X, such that

V() := O fa() = Xp0 folz), ,0€V,

a=p

and V' a small neighbourhood of 0. Since f, is defined in the neighbourhood of 0 and is
invertible on the branches i = {1, d}, from the above equation we have that

Xo,i(x) =vq09ga,i(z), ©={1,d}. (3.8)

For x in the neighbourhood of 0, ¢ € [0,1). We have from equation (3.2) that

vo() = Dpfo(2) ~ sgn()|z|** In(|z]), (3.9)
Xp,i() = 5g0(g0 ()90, (2)|¢ T In(|gp(2)])- (3.10)
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Next, we shall make some assumptions on the map f,|r, : I; — S\ {0}.
(A1) There exists C' > 1 such that

V() = 0, fo(x) < Csgn(z)|z|T In(|z|), for =€ L;;i=1,d. (3.11)

(A2) For a d > 2 branch map, we define the right end point of the first branch by I; 4 and
the left end point of the last branch by I; — and assume that

(3.12)

vo(I1,4) = 0;
Uo(1a,~) = 0.

(A3) 0+ f,; € C? and the following partial derivatives exist, and also satisfy the commuta-

tion relation
agg;,i ~ (899g,i)/ and agfé;,i ~ (B.Qfg,i),’ i1=1,d. (3-13)

From equation (3.7), and 2 € S, i = 1,d, there exists C' > 1 such that,

9o,i(z) < Cu,
g is bounded,
< Cla|*™,

< Clz|e2

(3.14)
gg,i €z

"

0 z(
;,i(x
" (
gg,i(x

)
)
)
)

Suppose that f, is the one parameter family of map with d > 2 branches, satisfying the
assumptions (A1)-(A3). Let fo1 :[0,6] = SY, faa: [l —k,1] = Stk = 1/d, be its first
and last branches respectively. The middle (d — 2) branches are piecewise expanding. Using
equation (3.14), there exists C' > 1 such that we bound equation (3.10) as follows

| Xpi(2)] < ClzlTH (1 + [ In(|z])]). (3.15)
Subsequently, differentiating equation (3.10)
Xoi(@) = g4 ()|g0i ()| [1 + (14 @) In[go: ()], (3.16)
we bound the above equation using the bounds in equation (3.14)

X, ()] < Clef? 1+ (14 o)(In C + | In(|z) )]
< Clelo(1 + In(Ja]))). (3.17)

Differentiating equation (3.16),

Xyi(x) = Igg,i(iv)!"_l{(l + 0)581(ga,i () (95 (x))” + | 0580(9p,i(2))(9,4(2))?
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Hloas(@)lgfs@)] - 1+ 1+ ) gas(x)D) |,

(3.18)
which we bound using equation (3.14) as
| Xg(x)| < Cla|™ (1 + [ In(|z])]). (3.19)

Differentiating equation (3.18)

Xyi(x) %\gg,i(w)lg_l{ﬂl + 0) s8(g,i(1)) gy (x) gy i () + (1 + 0)[osen(gpi(z)) (g,:(x))?

gé,i(ﬂﬁ)

Go,i(T)

+ 190.i(2)| ggi(2)] + [+ (14 o) In(|gg(x)])] - [205gn(g0,i(2)) 9,1 (%) ()
+190,i(2)] 9o (2) + 880(ge,i(2)) gp.i(2) gg,i(ﬂﬂ)]}
+ (0~ 1)Sgn(gg,i(x))g;,i(fv)\gg,i(w)lg2{(1 + 0) sgn(gp,(2)) (95(x))?
+ [0580(90,1(2)) (9,4 () + 190,(2) 195 (2)] - [1 + (1 + o) 1n(\gg,z'(3«")|)]},
using equation (3.14), we have the following bounds

| Xgi(@)] < Clal?™?(1 + [ In(|a])). (3.20)

We now state here the main result of this chapter.

Theorem A. Suppose that fq is the family of circle maps described above for a € (0,1) and
satisfy the assumptions (A1)-(A3). Then for any ¢ € LY(m) with ¢ > (1 —a)™1,

1 d a+e T 1 d (o] . — /
lim Js1 ¥ dn = Js1 ¥ dn :/Slq/)(1d—£a) L [ 3 (Xm/\fa,i(ha))] de.  (3.21)

i€{1,d}

Taking limit e — 0%, (3.21) holds for a = 0.

Where L, is the Perron-Frobenius operator associated with f, and N, ; the transfer
operator associated to f, in the ¢th branch, defined as

(Z/) 1
Lap(z) = 2V e LMm), (3.22)
fa(%:x fa)

this follows from equation (2.9) and (s2). Next, for ¢ € L!(m),

No,ip(®) = g () - 9(gai(2)), i€ {1,d}. (3.23)
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3.3.1 Invariant cones

Definition 3.3.1 (Cone). Let E be a vector space. A cone in E is a subset C C E\ {0}
such that for p € C then Ap € C, for each A > 0.

Following the idea of [65] we define certain cones and show that they are invariant with
respect to the operators defined in equations (3.22) and (3.23). We denote the Lebesgue
measure on S by m and define

m(e) = | x)dm= [ ¢(z)dz, (3.24)
St St
then, by Proposition 2.3.4,
m(Lap) = m(e). (3.25)

Let a1,b1 > 0, and define the cone

LI b1)cp($)} . (3.26)

]

C.1 = {0 € CUS"\ {OD|0 < pl0) < 2hala) [ o lo'(o)] < (

It is straightforward to check that this is indeed a cone. Since 0 < a < 1 for the bounds
on the density in equation (3.5), it follows that C.; C L'(m). Also, observe that

p(x) < —=m(p), Yo €lii,x€ St {0}, (3.27)

and for 8 > a >0,
Cii(a,1,a1,b1) CCun (57 22,@1,51> . (3.28)
1

Lemma 3.3.1. C, 1 is invariant with respect to the Perron-Frobenius operator, provided we
choose a1, by /ay big enough.

Proof. For ¢ € Cy 1, we show that the first condition is invariant by L,. Indeed, from
equation (3.22), we have that by (C2) and equation (3.25),

(v)

Lop(r) = 90,
roie o)
(

2ha(y) Js1 p(y) dy
< > ,
P fo(y)

ha(y)
<2/ p(y)dy ;
/sl a(zy)::m fa(y)

= 2Loha(x)m(p) = 2ha(x)m(Lap).

Proposition 2.3.3 allows us to conclude the invariance of the first condition. Next, we
show the invariance by L, of the second condition

Jaly) R
fa(%::x VD) AT AT e

|(La) ()] =
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oY) 1 , o(y)
) (( <>>2 <y>< ())(p(y))(f&(y))

f” ,
( 5+ S W)
C!y\o‘ LLom +bly|)
R AT)

ar wly) [fa)| ([ Clyl*™" a1 +bily]
S(leerl) 2 (FL(0)) yest a1+ balfa(y)] <(f&(y))2+yl(f&(y)))1

fa(y)=z
l( faw)l  Clyl*™ | lfaly)l  ar+bilyl )]

< <a1 + b1> Lap(x) sup

|x| yest

a0l fa)] FAWDE Tyl faly) a1 + bilfa(y)

We set

fa)l  Clyl*t | lfa)] a4 by

B TR A VA7) RS A0 R R AT AT

(3.29)

To complete the proof, we need to show that Q;(y) < 1. We do this for y in the
neighbourhood of §, § small, and also for § <y <1 — 6.

For y in the neighbourhood of §, we only need to show that

| fo(y)l ( Cly|**! > 1
lylfoy) \ |yl fi(y)(ar + b1l fa(w)]) = I faly)|(ar +1ly]) | —
A1 (y)

| fa(y)] < Cly|o+! )
[yl fo(y) \ar(lylfo(y) — [ fa(¥)]) + bilyl| fa(W)|(fL(y) — 1)

_ faw) < Cly|*+! >
= ylfa(y) \a(lylfo(w) — [ fa(y))

| fa(y)]
Yl fa(y)

Ai(y) =

From equations (3.2) and (3.1), < 1. Hence, there exists § > 0 such that
choosing a; big enough, 4 (y) < 1.

For 1 — 60 > y > 0, there exists v such that f/(y) > ~v > 1, which implies that

1 1
; < — < 1. Therefore,
faly) = v
Iyl >6 = |y|* ' <d*t, forac0,1).
1
For b1 > 0, [faly)l < —. Simplifying, we have that

a1+ b1 fa(y)l — a1

a1 + byl ) a

1
—_— | < — 4+ |y
YA ] vl

alw)l -
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Substituting values into equation (3.29),

1 C’|y|0‘_1 1 ai
Q . iy
N VA RAPITAC] (fn " 'y’>

<1 céorl g 11

ai 72 E@ v

Q(y) < 1, provided we choose a1 and by /a;, big enough. O

Proposition 3.3.2. If p € Cy 1, then

5o

Ledhin P(2) 2 5 . o(z)dr,

choosing § small enough.

Proof. Since ¢ € C 1, we have the bounds

o(x) < 2hy(z) /S1 pdr < 202\1‘]_0‘/ o(z) dx

.
/()] < (

2y b1>90(1’)-

|z|
Now, for z,y € S', x > y > §, the second inequality gives

‘:L”_al sgn(m)e—blx < go(x) < ’.’B‘al sgn(x)ebla:_ (3.30)
For simplicity, we suppose that [¢1 ¢(x)dz = 1. Then, for z € Bs(0),

4
_czasgn(5)|6]1_°‘. (3.31)

1)
/ o(z)dr < 2/ 2¢o|x| Y dx <
Bs(0) 0 1

For x € S1\ B;(0), from equation (3.30), we immediately see that the function is bounded
from below by a decreasing function and from above by an increasing function. Without loss

of generality, we make the calculations for x € [0, 1 — 4]

6" 4e 0% <max o(z) < (1- 6)6“6(175)1)1 < 19t

e 01(1-0) < (1— 5)_“16((1_5)b1) <min p(z) < §a1ehrd

1-6
/ o(z)dr = max p(x) - (1 —20) < max p(z)
é
< 6(1_5)b1 . e—bl(l—ﬁ) . eb1(1—5)5a1 L5
< §1eh1(1-0) 1hip o(x) - §a1gb1(1=9)

< 670‘1 bl(l*(s) : ,
SO 0 P
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provided we choose § small enough.

/ o(x)de = / o(x) dx + / o(z)dx
st B;5(0) SI\Bj;(0)

dcy - —a1 b1 (1-6) -
< @ 1eh . .32
< T gsen(d)[o] T+ e xesglgé(o)w(w) (3.32)
. i) 1—a 1 .
Taking ¢ small enough, we may bound ] sgn(d)|4] < 3 Equation (3.32) now
-«
becomes
: o4
xesql\lgg(o) plz) 2 2eb1(1=9)
[
Lemma 3.3.3. There exists a 0 > 0 and v > 0, such that
Cio = {4,0 €Ciilp(z) > 7/1 o(z)dz, for |x| < 5} (3.33)
S

is invariant with respect to the Perron-Frobenius operator.

Proof. For |z| < 4, let fa_ll(l') =1vy;, 1 = 1,---,d. Denote by y, the y; on the first or last
branch such that |y.| < 0. Suppose also that pu = || f.(vi)||co- We choose ¢ small enough such
that by equation (3.1), f2(y) ~ (1 + |y|*), so that

1 1 .
falys) = C(L+yul®) — C

(1-0%, C=>1,

Proposition 3.3.2 and %(1 — 0% 4+ =t > 1 holds. From equation (3.22), we have that

e (y) o) 1 N
Ea(p(l') 2 .f(/x(y*) + Hfé(yz)noo - (fa(y*)) SO(y*) + Hfa(yl>Hoo So(yl)

1 _
> [G=0 0 [ p@rd 4 tol)]

L St

1 o 5
> _5(1—5a)'7/sl p(z)dz + p 1mm{7/51¢(:p)d:¢,2€b(1_5) Slwdw}]
> é pdx

5&
« -1_
1 a -1 _
> _6(1 -0 ) =Y + 1% min {77 2€b(1—§) }:|
> 7/ Laopdz.
S1
O

From Proposition 3.3.2 and Lemma 3.3.3 we have that infg1 ¢(z) > v [q1 ¢(x)dz, which
implies that
ég% 1ng£ 1>~y>0, (3.34)
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particularly, since the constant function 1 € Cy 1.

In the spirit of [28], we define the following cone for higher order derivatives, and show
that it is invariant with respect to the Perron-Frobenius operator. For ay, as, as, b1,be,b3 > 0,
define the cone
a

L b)) @) < (4 ) o),

|z

l" (z)] < (’aT?, +b3> o(x),Vr € ST\ {0}}_
(3.35)

¢ = {0 e cO(s"\ oheta) = 0.0 < (

min{a2,b2} min{as,b3} min{as,b3}
max{a1,b1}’ max{ai,b1}’ max{az,b2}
cone is invariant with respect to the operators Lo and Ny, fori e {1,d}.

Lemma 3.3.4. Suppose that are large enough. Then the

Proof. From the definition of the operators in equation (3.22) and equation (3.23),

Easﬁ’(ﬂ?): Z ( + Z Naz‘;@ ) (336)

yef, (), 2<i<d— 1fa( y) ie{1,d}

Hence, we only need to show the invariance with respect to N, ; since the invariance with
respect to L, follows immediately. Indeed, from equation (3.36) and (s2),

Lap(z) = D Naip) (@) < > e(y).

ie{l,d} yefa(x),2<i<d—1

The proof of the invariance of the cone with respect to the first derivative of Ny j¢(z) is
exactly as in Lemma 3.3.1. We remark that the first summation on the right hand side of
equation (3.36) is not applicable when d = 2.

azSD Z Na 180 < ECMSO('T) < 2ha(x)m(80>'
1e{1,d}

This together with what we shall show next implies that the cone C is invariant with
respect to this operator.

L oY) - fai(y) ¢ (y)
Woso) (@) = =m0 ~ L) (3:37)
Vi = [P Saw) ()
Wiy @I =\ = ~ Gl w)P
o) () su | fa(y)] |f&'1(y)\ ay + b1y
< (+0) Geseesmp [al+b1|fa<y>| (( T ;,xy))ﬂ |
We set,

o (y) — —Haw) ((r g,i<y>\+a1+blwy|>.

ar+bilfa(W)| \ (fo,:(¥)?  |wl(£i:(9)
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Following exactly the steps in Lemma 3.3.1, we have
Ny <1, (3.38)
if we choose a; > 0 and by /a; > 0 big enough. From (s3),

| fo ()| = Ja]. (3.39)

To show the invariance of the third condition in C with respect to the operator, we have
that from equation (3.37),

o sO’(y)f”()_ o) oW (W) )
(Wase)'" () = ~35 220 (f’()) I o T TP (3.40)
| o) !so DIEW L W LR W)
(Waso)@)] < 77 ( AD +(fa( DR R e >>>
o) If”(y)l RNV A PR
Sf&()<3( () < o] )*( ) ey TR <y>>2>

as + boy?
< ——5—Naip(r) sup
y yel;

[ fa(y)? (3C’|ylo“1 , (al +blly!>
(a2 +bafa(y)?) \ (f4(¥))? |yl

Cly]*2  8lyPe)  az +boy? ﬂ
(fa)?  (faw)*r  v?- (fo(y))?

_l’_

We define the expression in the square bracket as

- fa(y)? 30Jy|*t far+bilyl\ | Clyl*2 | 3ly|2 @D ay+ boy?
Da(y) = . ,

(a3 + bafo?) \ (F@)? o A A R AT

then show that Q9(y) < 1. We show this for y in the neighbourhood of §, 4 small enough.

Since as, bs > 0, we have the following estimates

1 1

a2+ 0(fa@)? " ar’

From equation (3.2), there exists C' > 1 and A2 > 0 such that

ar+boy® b (Ifa®)P — )
az + ba(fa(y))? az + ba| fa(y)[?

b (Ifa(®)1? — lyI*)

=1-)g,

where Ay = a5+ bl Ja () 2 , A2 < 1. We estimate the following as
ay + b1yl - max{a, b1} < 1+ |yl ) o max{a, b1} (3.41)
az +b2(fa(y))? ~ minfaz, ba} \(1+ (fa(¥))?) min{az, b2} '
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_ 3Cly|* max{a;,b1} 1 Cly* 1 3lyP* faly) \?
QQ(”‘(“M P2 nin{an,ba} T as foly) | az (J(y)? 2)<|yf&(y)> =1

i b
M and as large enough, observing from equations (3.1) and
max{a, by}

o) -
yl foly) ~

Now, for y € (§,x] U [l — k,—0), we have that f/(y) > v > 1, which implies that
L < % < 1. Suppose that 0 < by < b,

provided we choose

(3.2) that

FAM)
) _ 1
(az + b2 fa(y)?) ~— a2’
o[ a1 +bilyl ar, by
fay) (az +b2fa(y)2> = ba - b2|y‘7
9 as + bng az 9
fa(y) <a2 +62fa(y)2> < by + ’y‘ .

Now, for
Iyl >6 = |yt <s*7t, forac0,1).

N 2 a—1 by 12 a—2 3 2(a—1) bo1/?
Quy) = Jo) <3C!y| <a1+ 1y> Cly]2  3Jyl as + by

(a2 +b2fa()?) \ (faw)® 42 A A R R AMIE
1
2

3C6%73 ay  3C6*% by Cé*2 1 35D g ag 1
By S el e S S o R S
g ba Y ba v as Y az  0°*y* by vy
<1,
b
for ao, —2, b—Q, ba large enough. From equation (3.39),
b1 al ag

20 (2) & || (3.42)

Differentiating equation (3.40), we have that

e Py ") fal) ¢ () (f4(y))? o) fay)fa (y)
Wai@)(0) = =450 s s T mwr T ()
(

(
(v) "y
AN

s WUEW)°  e()fa
(fa(y)

o) ( ICOI D] DI SO
f.(v) (4 AT IR AT AR AT

DI P W 9" W)l
Ly e T () T so(y)(f&(y))S)

|(Naitp)" ()] <

+10
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oW ("W W)l

< (12 + ) Masotysu [ faly)l (4rso<g§>

S (s + b3l fa 0P\ o)A T ° o) (fa(w))!
COILWE AW 0P P 19" W)
T T mwr TP T (et T e T >>3ﬂ'

We define the expression in the square bracket as Q3(y) and show that Q3(y) < 1. From
(s3), equation (3.39), equation (3.42) and ¢ € C,

fa(y)? (Cly!“‘2 ai +bily] . Clyl* ! az+baly)? . Cly/HeD
Qs(y) = 4 . 6 : +15
3(9) (a3 + b3 fa(y)?) \ (fa(y))? | (fo(y)t |y|? (fh(y))®
200—3 3(a—1) a—3
ouJ’rl‘nIy!Jr OCIy\ 41 5C\y! Cly|

N N 1 .a3+b3\y|3>
(fa(y))? (fa)® — (falw)*  (faw)® WP/
We show that Qs(y) < 1 first for y in the neighbourhood of ¢, ¢ small enough. Since
as, bs > 0, we have the following estimate

1 1

a3 + b3(fa(y))? = as

az + bsly|? . b (Ifa@)I® = y?) S 1o
az + b3l fa(y)[? az + bs|fa(y)[? ’

b . 3 _ 3
where A3 = — (faly)” ~ Iy ),)\3 < 1. In a similar calculation as (3.41),
ag + b fa(y)[?

a + by < max{ai, by} ( 1+ |y ) _ max{ai, b1}
a3z + b3l fa(y)®> — min{as, b3} \1+|fa(y)? min{asz, b3}’

as + baly|? < max{ag, ba } 1+ |yl? _ max{az, by}
az + b3l fa(y)|® ~ min{as, bs}

1+ |fa(y)? min{as, b3}
B Cly|* max{a, b} Cly|* max{ag,bs} C\y|2°‘ max{ai, by}
%0 = 1 T ) minfas b} T L) minlas, bs) T (7h(4))2" minfas, bs)
Clyl> 1 ClyP* 1  Cly* 1 | fa)] \°

= A
TOEWE & PR e ) e 3>(\y|fa<y>>

i b i b
Q3(y) < 1 provided we choose min{as, 3}, min{az, by} and ag, large enough. Now, for
max{al, bl} max{ag, bg}
€ (§,k] U[1 — k, —0), we have that f/(y) >~ > 1, which implies that

()< <1,

fa(y)?

1 a1+b1|yl ) al by
< lfal) ( <o by,
@+ bafal) = a5 O\ G o) S 5 T 5 Y

3 az +b2|yl2 < ag by, o 3 a3+b3|y\3 as 3
N —2 2P ) < 24 Zy)? and |fa — 2 )< 2y
|f (y)’ <a3+b5|fa(y)|3 b3 b3|y’ ‘f (y)‘ a5+b3|fa(y)!3 bd ’y|
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Now, for
ly| >0 = |yl <6t forael0,1).

Co—3 ai C6*2 by C6*3 ao o1 by C§2e—3 ai Co2e—2 by
Qs(y) = (4=——— 44 1 Z2he—— 2415 Ly 1
3() ( vt bs v 53+6 v b3+6 v4 b3Jr ’ s b3+ ° 5 bs
Co%=3 1 cedle-b) 1 o531 1 1

+10 T g )
v a3 v a3t az B3 by AP

Q3 < 1 provided we choose ag, b—g @ b—B b—g b—g b—g large enough. O

)

al’ bl7 bQ’ (IQ’ al as
3.3.2 A random perturbed operator and distortion property.

Before we state the rate of decay result with respect to the Lebesgue measure. Following the
approach in [65] we introduce the concept of random perturbation

Bg(x):{yESI:]a:—yISE},

1
Acp(z) = 5 /B ( )so(y) dy, €>0, (3.43)
P. =LA, n:eN, (3.44)

where B.(z) is a ball centred around z, A. and P, are the averaging operator and the
perturbed operator respectively, with n, = O(¢~%). In the next lemma, we show that for
observables ¢ € Cy 1, the Perron-Frobenius operator is approximated by the random perturbed
operator.

Lemma 3.3.5. For ¢ € Cy 1,

L2 — Poplly < kallefie’ ™,

18¢o max{ay, b1, 1}

where k1 = ol —a)

Proof. From the definition of the perturbed operator and the property (C2) of the Perron-
Frobenius operator,

Loz —Pepll1 < |l — Aco|l1-

Assuming that m(¢) = 1, the estimates in equation (3.27) gives that
p(x) < 2ol

which would enable us get the desired bounds.

1

o) =gz [, ew)dy|da
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1 1
= - dy| dw + ’ - = / dy| d
@) -5 /35(93) o) dy|de+ [ ola) =5 | ely)dy|de
1-e1 1 1
- [l / [¢le) — ply)] dy|do+ / so(m)—; Ply) dy| do
€ B.(z) B:(0) € JB.(z)
v )| dyd 1 dy| d
< —
—25/ ) Didyde+ [ otw) =g [ elu)dy

1—¢
< / / |dyda:+/ )| da
2e < (
28/5 / y)ldydr.

By changing the order of integration in the last integral, we have that
1—¢
lp — Acplli < o / / !dydw+/ z) dx + o(y) dy
g E(:L'
l1—¢

/ )]dydx-l—?/ y) dy.
E(I

The integrand in the first integral is bounded as follows. For =,y € S! such that |z —y| < ¢,
by equations (3.26) and (3.27),

lp(z) — o(y)| < . ¢/ (2)|e < 2coe(an]x| " + byla| ™).
z€[z,y

We have that
1—e ) 2e
lo — Acplh < c2/ /B (el *a+blrx|*a>dydx+8c2/0 Iy dy
IS5 (T

1—¢ 2e
= 2(:25/ (a1]z| ™17 + by|z|) do + 802/ ly[~* dy
€ 0

—a |€ l—a |1—¢ 1—a |2¢
S P Tl R G
«o l—e l—«o R 11—« 0
—o 1—¢) @ 1— -« 11—« 92 -«
:2025[a1<6 — ( 6) >+bl<( 6) _ £ ﬂ —1—802( 6)
«o « 1l -« l1—a 1l -«

< 2comax{ay, by Je-

((1 —a)e™® —(1— a)(1a—(15)—;+ a(l —e)l=e — ozel_o‘) ©ses (2521%%

< 282 max{al, bl }E'

< e~ n al—e)f - (1-a)(l—-¢) % —as - ael_a> (2e)1-«
a(l —a) a(l — «)
gl—a n 16¢oet~
a(l—a) ol —a)
18¢co max{ai,b1,1} |_,
a(l —a) '

< 2co max{ai, b1}

lp — Acipllr <
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1
From equations (3.22), (3.43), (3.44) and the kernel K. (z, z) := ?ELZEXBE(Z) (x),

1
PESO(OC):EZSQ*/ o(y) dy
€ JB:(z)

Ne\r
% i U)W

= [ Koz, 2)p(z)dz. (3.45)

Next, for an appropriate choice of n., we verify the positivity of the kernel K.(z, z), an
estimate that plays a crucial role in establishing the desired decay properties. Since the
Perron-Frobenius operator for this class of maps lacks the spectral gap property, the positivity
of this kernel provides a key estimate for demonstrating the decay of correlation despite this
absence.

Proposition 3.3.6. There exists n. = O(e=%) and v > 0 such that for each ¢ >0, z,z € S*,
Ke(x,2) > 7. (3.46)
Proof. Firstly, recall the definition

25K.€(1" Z) = LZEXBE(Z) (x)
We have from equation (3.22) that,

3 XB.(2) (V)

LoZXB.(2) () = o
f(’;le(y):r ( o ) (y)

= Xpze B2 (@) D (&) (y)

fae (y)=a

> (z) inf 1
ne z x n T.
= Xgae BN B (Y ()

Hence, we have to control
1

inf ———,
veB:(2) (f&")' ()
where m is the time needed for an interval J = B.(z) of length at least 2¢ to cover the whole
circle. In addition, we estimate

ne :=inf{n >1: f2(J) = S, for all J with |.J| > 2¢}.
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To check the distortion and thus the positivity of the kernel, we follow closely the strategy
of proof in [2, 65]. Now, we fix the notation that we shall be using Recall the definition of
2k, (resp. z;) in Subsection 3.2.1, setting —zj = 2}, and let Iy = B, (0) (for a fixed k) be the
intermittent region and I§ = S'\ B, (0) be the hyperbolic region, we note that the map is
uniformly expanding in the hyperbolic region, and possesses a uniformly bounded second
derivative.

Consider the interval J and its iterates which we call K = f2(.J), for some n. Controlling
the distortion, we explore different possibilities that the dynamics might take. K takes one
of the following

1 KNlIy=0;
2 KNIy # 0 and K contains, at most, one z; or z; for I > k;
3 KNlIy#0and K contains more than one z; or z; for [ > k.

Remark 3.3.7. The proof for the above cases when d =2 and d > 3 are similar, since for
d > 3, the middle branches are covered by the case 1. Thus, we proceed with the proof for
d=2.

Case 1: Now, suppose that we are in the scenario 1 we let n; > 1 be the time spent
iterating the interval K in the region I§ before it enters the Iy region and case 2 or 3 occurs.

e
bet D=8 (o (@)

the standard dlstortlon estimate we have that, for all z,y € K, using the mean value theorem
twice, there exists 1, & € K, such that

og Hal@l ) [fo(@) = fa@ _ [falz) = fa@)l _ fa©) |z — 9]
AT ATTI. g(1+ [fa ()] ) =W [fa ()]
_ O] [ falz) = faly)]
1wl )

Since we are in the hyperbolic region, f/ > 1, also f, is C? on a compact space, |f(£)] is
bounded. Therefore,

By the property (s2) of the map, for y € If, f/( R < 1, by

A
‘f’ )| < D[fa(x) = fa(y)l-
Now, by the chain rule,
(fnl / IE ny— ni—1
log "o Z llogf (F(@)) = log f4(Fiy)| < D Z |Fi@) = Fi)

<D z o @) — P )l < o L )]

Hence,
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Integrating with respect to v,

(fa')' () |K]

| D
Vsl <exp (25 (@)

we therefore deduce that

K
L3 XB.(2)(®) = Xy (g (o)) (@) ‘fn|1(l‘()‘ exp (=N [fa" (K)I)

(03

taking Ny = %.
Case 2: Let us assume that K is in Iy, such that K C (z;,2_2) or K C (2]_,2]), where

l =k + k1. Here, after k; iterations, the image will be in the hyperbolic region I§ and we
continue the algorithm as in case 1. We control the distortion while K traverses Iy using the

Koebe principle, which we state below for completeness.

Lemma 3.3.8. (Koebe Principle, [44, Theorem IV.1.2]) Let g be a C? diffeomorphism with
non-positive Schwarzian derivative. Then for constants 7 > 0 and C = C(7) > 0. For any
subinterval Jy C Ja such that g(J2) contains a T-scaled neighbourhood of g(J1), then

g'(x) l9(x) — 9(y)|
< exp <C’9(J1)’> for all x,y € J;.

Remark 3.3.9. The Schwarzian derivative of a C? diffeomorphism f, Sg(-) is given by

g/// 7 3 g// T 2
Sg(x) = /()_7 /() '
g'(x)  2\g(z)
Let U C V be two intervals, V is said to contain a T-scaled neighbourhood of U if both
components of V\ U has a length of at least T - |U|. Where |U| is the length of U.

There exists a § > 0 such that the Schwarzian derivative of f, is non-positive for = close
to 0. Indeed, this is so since by (s3), f/ < 0 close to 0 and f! > 0. This particularly implies
that we can fix a k such that Sf, < 0 on [0, 2x_3] (vesp. [z},_5,1]). We define g(-) = f¥(-) on
[0,21—3] i.e g : [0, 2—3] — [0, zx—3]. We define J; = [z, z;_2], hence g(J1) = [2k, 2k—2]. Now,
we choose 3 small enough such that 3 < z and g(f) < %. Next, we choose Jo = [, z_3],
with g(J2) = [g(B), zk—3]. The Schwarzian derivative of ¢ is non-positive on Jy, since the
composition of maps with non-positive Schwarzian derivative is also non-positive. Next, we
show that g(.J2) contains a 7-scaled neighbourhood of ¢g(J1). Indeed, if we refer to the left

and right components of g(J2) \ g(J1) as K; and K, respectively,

2
K| > 5 2 Tlg(J1)| = Tlzr—2 — 2],

z

o k
taking 7 < 55, =

| K| > 263 — 2k—2| > T|2k—2 — 2|,
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where 7 < 1zes—zk2| 1t we choose T < min 2k Zes—zk2l | tyep by the Koebe
|2k —2—2k| 2(Jzk—2—2kl)? |zp—2—zx] )’

principle, there exists C' = C(7) > 0 such that
(5@ _ <C|< k) (@) — ( z:l)(y)\)
iy~ (5 ()|
< exp (M|(f2) (@) = (FE)(w)])  forall 2,y € J,

taking M = ——%—. Since K C J;, we have that for all z,y € K,
al(Jl)
(far) (=)

i) SO (MIfE(K)) -

Integrating with respect to y implies that

, K] !
£80(@) 2 Xt g0 (@) T o ex0 (=M £ ()

A similar calculation also applies when z,y € K C (2]_s, 2]).

Case 3: Suppose that K contains more than one z; or z; for | > k and more than
one-third of K is in I§, then we consider K N I§, such that the fixed £ is sufficiently large to
contain zp_1, which brings us to case 1, such that after a finite number of iterations, is sent
to the whole of S and ultimately ends the algorithm. Otherwise, we split this into sub-cases.
To present these sub-cases, we define I’ as the least integer such that [z;41, z;/] belongs to K.
The first of the sub-cases we consider is when |b — 2| > @, where b is the right end-point
of K. This then leads us back to case 2. Now, set K’ = [2y,b] such that |K'| > @ Since,

K' C [z1,2p_1] and after I — k iterations, the image of K’ will be in the hyperbolic region,

)

we use the estimate from case 2

LY

L8y (z) > L8 Py (z) > X g1tk e (%) o €XP (_Ml ‘f‘gik(K,)
LS
|f R (K

R (K]
K|

exp (_Ml ’fg_k(K/)
Xepzn_1](T) \fclflk(K’ﬂ exp (*Ml ‘fcl,:_k(K,)

v

Xzk,26-1] (.CC)

we note that f¥*1([zy, 2z1_1]) = S! and we have that f’ is bounded from above by N > 0

Next, suppose that K = [a, zy], where a > 0, and we choose K’ in such a way that
K| / 14
|K/| 2 |3 , K'D I_ll:l* [zl+1vzl]7

Y
W =

exp (_Ml ‘f(l;_k(K/)

, 1 K|
L Xk (2) > ;
“ BNkHL| fl=k (K1)

14

|| 2141, 2]

=l

I IK]
-3 — 97
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taking the minimal number of z; to make this happen. We therefore estimate [* as follows,

|la, zi=—1]| > Z‘TK/‘ > @. From (3.3), we have that C(I* — 1)Y/* > 2. 1 > 23+ 1 —a > @,
which leads to I* = O(|K|™%).
|21 — Z141] !
LoXersn,2) 2 XFL (mrsa,m]) (@ )m exp (—M|fa([zl+1azl})|>
Hence, by the computation in case 2, we have that
ll
‘Cla +1XK($) > Z 'CflJrlX[ZzH,Zz](x)
=~
l/
= Z Ela _lﬁlOé+1X[Zl+1,Zl](x)
I=1*
(21 — 2141) I+1
= lzl* E Y[z Zz])( z) ‘fb_l([zwhzl])‘ eXp (_Ml ’fa ([ZH'LZZ])D

M
= Z E X[1/2 1 7)2(2 — 2141) €xp (—21)

=l

. M\ &
> 25@ lX[1/271} (z) exp <—21> Z(Zz — 2141)

1=l
M
> %’K| exp (—21>

We note that fo*([z41, 21]) = [1/2,1]. Where 7 is as defined in equation (3.34).

Let J be as defined starting out from any part of S', we associate to J a sequence of
integers ni,mi,na, ma, - - ,nyp, such that iterating it n; times, we are in I§ (if J starts out
from I§, then n; = 0) and hence, satisfies case 1. Then after m; iterations, it is in case 2.
Taking no iterations, we leave Iy and are back in the hyperbolic region and so on, until we
fall into case 3 (for d = 2) or the iterates contains at least one I; (for d > 3). These two
situations lead to the end of the algorithm. However, we only focus on the situation where it
leads to case 3, such that [z, b] < @

For n > ny +mq +--- +np, + 1" + 1, we have that

Loxg(x) = Lo mrmar it D) pU b g Lo L

n—(ni1+mi+--+n * * n m J n
>Lh (n1+ma+--+np+l +1)£la+1£ap'”£a1ngl(J)|fn|1(|)’eXp(_N1 ’fal(J)D

. * J
> Ly L TG e |f|“1+n51 (ﬂ J) |f"’1 <|J>

exp (=Ml £ ()] = Ny |22 (D))

) Lfar(J)]
> En—(n1+m1+~~~+np+l*+1) Ty pratmitetng J ’f ( ce @
= ( o X) |f ( )| |fn1+m1+ +my 1+np(J)| |fn1+m1 (J)’
|J| ( ni+mi+--+n . . ni+mi _ n1 _ M)
|fgl(J)|eXp M1|fa p(‘])| Ml’fa (J)| N1|fa ( )‘ 92
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: M
> %|J|6Xp (—M1|fgl+m1+‘..+np(t])| M) = Ny ()] — 21>
2
2 %|J| exXp (_2 max{ My, Ny }(A™ + "2 4 )\n1+n2+--~+np))
2
gl —Qmax{Ml,Nl})\)
>
Z g |J|exp< Ty

=:4|J]|.

Furthermore, we have that ny +my +---+n, +I* +1 = O(e™*). Observe that n; +

mi+ - +n, <n.= O(e~%) and hence has not covered the whole of S1. As seen in case 3,
we showed that I* = O(|K|~%) = O(e~*). We claim that n. = O(e~%), to prove the claim,
let us go through possible scenarios that the dynamics may take. If after iteration, a given

scenario coincides with a previous one, we use the estimate of the previous scenario, even

though the image of J is bigger this time. We assume that the length of J is at least €.

a. J D [0,¢] (or J C [1 —g,1]): there exists [ > 1 such that z; < e < z_1 (resp. z]_; <

£ < 2]). Such that f\J = S'. From equation (3.3), we have that z,_; < C(l — 1)_1/0‘
(resp. zj_, < C(l— 1)~Y), thus we have that (I — 1) = O(e2).

. J D e,1 —¢] and contains at least one I;, i = 2,--- ,d — 1, then in one step, it covers

S1. Otherwise, that is for d = 2 the image of J will cover S! after O(log %) steps.

D0, 04¢] (or JD[d—e,6]) withd < zpg<d+e (ord—e <z, <J) then after one

iteration, we are back to the scenario a, b or contain at least one I;, i =2,--- ,d — 2
and will therefore cover S1 in fewer steps than O(e~%).

. JCI1\{0,2} (or J C I\ {z),1}) and J = [a,b] contains at least two z;, | > 2, we

choose [ as the smallest integer such that [z, z,_1] C J, that is we have the following

inequality a < z; < z;-1 < b < z;_5. Here, there is a possibility that |b — z_1| > %
or |b—z1| < % For |b — 24| > %, we define J; = J N [z-1,2-2]. Iterating

[ — 1 times, leads us to the previous scenario with size bigger than or equal to ¢/3
which terminates in O(¢~%) steps. And thus, £/3 < % < N <z9o—2z11<2z.9<
C(l —2)~Ye and thus (I — 2) = O(¢~®). Next, in the sub-case |b — z_1| < %, we
define J; = J N [a,2_1] = [a, z;_1]. Tterating [ times, we have that f..J; > f.I;, hence,
it takes [ 4 1 iterations to cover S'. We estimate the time it takes to cover S by taking
Jo =10, |J1|], we choose m such that z,, < |J2| < z,,—1. Just as in scenario a, we have

that (m — 1) = O(|J2|7%) = O(e™ %), assuming that [ < m.

. J C L\{0,20} (or J C I;\{z(,1}) and J contains exactly one z;, [ > 2. We observe that

after [ iterations we are in scenario ¢, which ends in O(¢™®) steps. But J C [z141, 21-1]
and thus we have that ¢ < |J| < z_1 — 211 < C(I —1)~'/%, which leads to [ = O(s~%).

. JCL\{0,20} (or J C I\ {z(,1}), and J contains no z;, I > k, that is J C (2141, 2)

(or resp. J C (2], 241)). After iterating [ 4 1 times, we have that f(gH)J C (2(,1) (or

fél-i-l)J C (0,20)) or contains at least one I;,i =2,--- ,d — 1, d > 3 and after a finite
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iteration ends the algorithm and thus cover S* or in one of the cases showed above. We
estimate [ as follows: € < |J| < 21 — 2141 < 21 < C17Y/* and thus [ = O(¢~). Observe
that there is also a possibility of looping between this and J C I\ {2(, 1}, and after a
finite number of iterations, we come out of this loop by condition (s2) into one of the
previous scenarios given, since the length of J grows with time, and thus cover S! in
O(e™?) steps.

Using the previous results, we prove that the random perturbed transfer operator decays

at an exponential rate.

Proposition 3.3.10. For p € L', with [, p(z)dz =0, we have that
IPZply < (1 =)*lely,  forallk eN.

Proof. From equations (3.43) and (3.44), P.1 = L1 = £:"™1 = P.1 = 1. Now, set = S,
and define Qg ={z € Q: p(x) >0},Q; = {x € Q: P.p(z) > 0}. We observe that

/Q P.p(z)|de =2 /Q 1 P.o(z) dz.

We use the bound in equation (3.46) and (3.45) to get the following estimate

Peclh = [ IPecldr =2 [ ([ Kela)otw)dy) da
2 [ ([ kewpewdy) do -2y [ playde. (= [ ola)do=0)
:2/9 (/Ql(iCs(w,y) -) dw) o(y) dy

2/9 (A(Ke(xvy) -7) dw) e(y) dy
<2 ([ (Kela) =) de) o) dy
=2 QO(Psl —7)p(y) dy

= 2/90(1 —7)e(y) dy

= (1 =)l

IN

Iterating the above estimate, we get

IPEpll < (1= "llelh, VkeN. (3.47)
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3.3.3 Decay estimate

The success of the mechanism we shall employ depends on the decay estimate (with respect
the Lebesgue measure) of the system under consideration. The estimates in Lemma 3.3.6
and Lemma 3.3.10 will be particularly useful in proving the following result.

Lemma 3.3.11. For C; >0, o € C,1 + R, [pdx =0 and ¢ € L>®(m),

‘/¢£Z¢d$ < C1llell1[[¢lloon’ 12 (log n)'/2.

Proof. For each n = kn. + j with k € N, j < n., in order to get the required estimate, we
decompose the Perron-Frobenius operator as follows

‘ /Qpﬁggo dx

< 1¢lloo (€50 — PELIoN + IPELI] ) (3.48)
By Proposition 3.3.10,
IPECIll < (1 =" ILhell < (1 =) llellr < exp(—k)llel. (3.49)
From Lemma 3.3.5, we have that
1L — PELolh < 3 [ £+ Lo — PELI= L0
i=0

< Ckllpllie'
n _

< Clp|l1—e'e. (3.50)
Ne

From equations (3.49) and (3.50), we obtain the following estimate for equation (3.48)

n q_
[ veieda] < Ol (Cllelh 1mete + exp(-vb) )
€
n q_ n ]
< Clllliolh (Coet=e 4 exp | (= - L] )
Te Ne Mg
nog_, n
< Cllllsellglh (€2 + exp(y) exp (1 -
< Cll loollipllin'=Y/2(10g n)'/2, (3.51)
provided we take ¢ = C., ,n~/2(logn)"/. O

Define the cone
Co = {gp c CO(S1 \ {0})|¢ > 0 and ¢ is decreasing} ,

it is easy to check that Cy is invariant with respect to £,. Let k = é as defined, then

K 1
(1-— /@)/ pdr + K pdr > km(p), Ve € Cp. (3.52)
0

1—-k
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Indeed,

i+1

1 .
o(z)dz + fi/ o(z)de, ;= %,

1—-k

K d=2 .
km(p) = K . o(x)de = H/O go(:c)dx—l—/ﬁiz:l/li

since ¢(z) > 0 and decreasing, we have that x> ¢=2 fli”l () de < k(d—2) [§ p(x)dx

K 1
k(@) < (1= n) [ o) +n [ el
0 11—k
Remark 3.3.12. We have equality in equation (3.52) when d =2. ho € CoNCNCy 1, for
a1, by large enough. In addition, hy is Lipschitz.

Proposition 3.3.13. For o € (0,1), a1 and by big enough. Then

1

Na.i (C*,l(a, 1,a1,b1) N {(1 — n)/ pdxr + kK pdr > /@m(go)}) C Cia(a, (d—1),a1,b1),
0

1-k
d the number of branches and k = é. Furthermore, for any ¢ € L*(m) and ¢ € Cs1(a) + R,
with zero average, there exists C > 0 independent of o, a1, b1, such that

Cab
S T g Vllel vk 1.6€ 1),

1
/0 WL (o) do

Proof.

1

(1 —r)mNg,ip(z)) = (1 — k) /OR pdr+ (1 — k) /171{ pdx

K 1
2(1—/&)/ pdr + K pdx
0

1-k

> rkm(p) (using equation (3.52)).

Hence, m(p) < (d—1)m(Nqip(x)), we remark that when d = 2 this is an equality and we
are back to equation (3.25). By equation (3.38) and the fact that Ny jhq < hq, the invariance
of Ny, follows. Next, we show the decay of correlations at a = 0.

We fix § for any 8 € (0,1). Recall the inclusion in equation (3.28) for a parameter say
0 = 0, we then have from Lemma 3.3.5, for ¢ € C,1(53) that

18¢o max{ay,b1,1}

Ly (id —A) el < oll1e* 2.
[1£o°( el 50— B) el
we may take n. = |11§§§‘ in the proof of Proposition 3.3.6. From Lemma 3.3.11, taking

—1/a

E=n , we get the result.

O]

Theorem 3.3.14. [79, Theorem 5] Let L, be the Perron-Frobenius operator associated with

fa the circle map with parameter o € (0, 1), and hy, its density, then for all Holder continuous
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function ¢ :S* — R, ¢ € L®(m) with [@dm =1,
/ |L2(0) = hal dm =~ n'1e. (3.53)
Fora=20
Jwosedu~ [odn [van < cor, (354
0 < 1 depending only on the Hélder exponents of the observables.

Theorem 3.3.15. [6, Theorem 3.62] Let f, be the circle map with o € (0,1). Then fo has
a unique SRB measure . Moreover, lq 1s exact, equivalent to m, its basin covers m almost
all of S' and for every Holder continuous function ¢ : S* — R and 1 € L°°(m)

‘/(wOfZZ)wdﬂ— /sodu/wdu‘ S (nl/lal) (3.55)

Proposition 3.3.16. [50, Corollary 2.4.6] For all Holder function ¢ with mean zero, o € (0, 1)

and Y a bounded function which cancel each other in the vicinity of 0, we have

/<p.¢ofgdx:0(nll/a>.

For the particular mechanism we shall deploy, the rate of decay given in Proposition 3.3.16
shall play a pivotal role when 1/2 < o < 1.

Theorem 3.3.17. [50, Theorem 2.4.14] Let f, be the intermittent circle map with the
parameter a € (0,1) and ¢ be a zero average Holder function with ¢(0) = 0, satisfying
lp(z)| < Cx?, for a certain v > 0. Then

" 1
1£ ¢‘1::C)<npmﬂMAﬂ+7%ﬂ}>’

1
where A = =

Remark 3.3.18. Although the above results in [50] were stated for the LSV map, the
theorems are written in the general setting of the Young tower and applies to the circle map
with indifferent fixed points we are considering.

3.3.4 Some properties of the transfer operator

For o — Lyp(z), and ¢ : S' — R sufficiently regular, we give some properties of 9, L, that
will be particularly useful going forward.

Lemma 3.3.19. For a € (0,1), a > ga:(y), and for all x € S*\ {0},
. Xa,i(x)
fe(gai(x))’
N e e
8aga,i(x) - 7 (ga;i(ﬂj)) + Xa,z( )( 7 (gia,i(:n))g” € {1,d} (357)

oyl a,l

aagoc,i(x) = (&S {17d}7 (356)
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Proof. Since for z € S\ {0}, fa.i(9a.i(z)) = 2. Then by the chain rule, we have that

(O0gei()) £(9ai()) + Oafa(ga.i(x)) =0,

using equation (3.8), gives equation (3.56). Using the chain rule, we have that

1

/
Joi(T) = 77—~ 3.58
P e) (8.58)
Now,
/ ' 1 1
9a El(x) - gai(x> - -
I ’ ateilGatei(®)  foi(9ai(@))
! 3 oK) x " Ja &‘1/ « (3 X
_ fa/,l(g ,( ) fi + (Gate, (7)) (3.59)
fa+5,i(ga+6,i( )) ' a,z(ga Z(x»
To simplify equation (3.59), we first multiply by %, then add and subtract

fé!%’i(gaﬂ’i(x)) . f&z(gaz(x)) to the numerator, we get

fo,i(90,i(%)) = forie i(9a,i(@)) N ate,i(90,1(2) = forei(Jatei(®))

tei(Gatei(®)  fhiei(90,i(®)  foyei(90,i(®)) - flici(Gatei(®))
€ (11)

géﬂre,i(x) - 9&1(55) =

(3.60)

But 8049;71'(%) = lim._g w

Taylor’s formula, we have that

. To simplify (I) and (II) above, recall that by

ForeiW) = fai(y) + e 0afli(y) + O, (3.61)

hence, (I) simplifies to
—€ 00 fi(9a.i()) — O(?)
fc/y—i-a,i (goH—a,i (l‘)) ’ fc/y,i (ga,i (x))

lim (] _ —0afl,i(ga,i())
=0e (fl.i(ga,i(2)))?

(1) =

Since o +— fa; € C?, therefore by the definition in equation (3.8)

(D) Vhi(gai(x)  —Xg(2)
M~ (fhi(gai(2)))? &Z(gm(gj))’ (3.62)

the above follows since from (3.8), we have that

X1, (z) = LailIei®)

4 i(gai(x)) (3.63)
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Next, to simplify (II), we note that from Taylor’s formula,
f;ﬂrs,z’(goc—i—s,i(x)) = féy,z’(ga,i(x)) +5'8af&,i(ga,i(x)) +5’8ocga,i($)'fg,i(ga,i(x)) +O(52)- (3.64)

Using equation (3.61) and equation (3.64),

lim @ _ 0Goi () - gi(ga,i(x))
0 € (foi(9asi(2)))?
and by equation (3.56),
(D) Xai(x)  f3i(gai(2))
T o) Ui (o) P (359
From equation (3.62) and equation (3.65),
o X))
B ) I () A
O

Lemma 3.3.20. For ¢ € C1(S\ {0}), then for all x € S*\ {0}, a € (0,1), and i € {1,d},

Oalap(x) == Y (XaiNaip) (2). (3.66)
€{1,d}

In particular, m(0aLap(z)) = 0.

Proof. From the assumption on f, and equation (3.23),

OaLop(x) = Z OaNa,ip(x)

1e{1,d}

= 3 [0000i(®) - 9(00,4(®)) + ¢ (90i(2)) - Oai(®) - Goi(®)] -
1e{1,d}

Substituting equation (3.56) and equation (3.58) into the above,

OoLop(®) = [axg;,i(a:)-so(ga,xx))—xa,i(x»?‘W].

ie{1,d}
To simplify the right hand side of the above equation, we use equation (3.57) to get that
O, () - 9(9a,i(2)) = = X4 iNaip(x) + XaiNai(@fai/ (o)) (@)

and observe that

() - ‘Pl(ga,i(l')) _ (o (O F M
XOéﬂ( ) ( ,;,i(ga,i(l')))Z Xa,l( )Na,l((p /fa,z)( )
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Therefore,

Dalap(@) = D |~XoiNait(®) = Xai(@Nai(@'/ fo)(@) + XaiNai(oFo o/ (foi)) (@)

ie{1,d}
= > [ XhNaio(@) = Xai(@) (Nas(@/ fo,0) (@) = Nag(ofii/ (Foi)?)) ()]
1e{1,d}
= — Z Xa 1Na 'LSO )
1e{1,d}

Using integration by parts, for i € {1, d},
/0 1(Xa,i/\/a,icp)’d:c = Xoi(D)Naip(1) — Xa,i(0)Na,ip(0) = 0. (3.67)
Indeed, by equation (3.12) and for i =1, g4,1(0) = 0, from equation (3.10),
Xa1(0) = 0= Xaa(1),
for i = d, go,4(1) = 1, similarly, from equation (3.10),
Xa(0) = 0 = X a(1).
Therefore, from equation (3.66), we have that m(9,Lap(z)) = 0. O
Lemma 3.3.21. For o+ X, Nyip(z) € C3, fori e {1,d},

aiﬁa‘ro(l‘) = Z {_((aaXa,i)(Na,i‘P))/(x) + X&,z’(Xa,iNa,iQO)/(x) + Xa,i(Xa,iNa,iSO)”(x)} .

ie{1,d}
(3.68)
Proof. From Lemma 3.3.20, we have that
RLap(@) == > Oa(Xayi- Naip) (2)
i€{1,d}
== > (OalXi - Naiw + Xaq - Niio) (@)
1€{1,d}
-- > (<aa<X;,Z->Na,w X 100N ip + Oa(Xai) - Njitp + Xai - 0aNGi9)())
ie€{1l,d}
= - Z ((aa(Xé,i)NaJQ@ + 0a(Xai) 'N(;,z“P + X&,iaaNa,iSO + Xa,i- aozN’(;,iSO) (LU))
€{1,d}
== > ((OaXaiNai®) + Xt i0aNaip + Xayi - (DaNair) ) (@)
ie{l,d}
Lemmg3-3.20 - Z [((aaXoc,i Na,i()p)/ - X(;,i(Xa,iNoc,iSO)l - Xa,i ' (Xa,i/\/a,i()o)/l) (l‘)}
€{1,d}

= > [~(0aXaiNaip) (2) + (X} i(XaiNaip) ) (@) + (Xai(XaiNaip)) ()]

ie{l,d}



42 Linear response for intermittent circle maps

By the Leibniz integral rule, m(02Lap(7)) = 0am(9aLaw(z)) = 0, from Lemma 3.3.20.
O

Remark 3.3.22. The use of the Leibniz integral rule above is justified by the bound shown
in equation (3.88) that |02L,(LP177(1))| < oo.

3.4 The linear response formula

The remainder of this chapter will be dedicated to proving the linear response formula
in Theorem A, firstly for observables ¢ € L% (m), thereafter show how the result can be
extended to ¢ € L9(m). We achieve the proof in three main steps outlined as follows. Firstly,
we shall show that our claimed linear response formula is well-defined. Subsequently, we will
show that the map f— [t o fj dz is locally Lipschitz continuous at 8 =« € [0,1). Finally,
we show the linear response formula indeed holds.

3.4.1 Well-defined formula

Let ¢ € L>°(m), we show that the right hand side of equation (3.21) is well-defined. We first
recall equation (3.67),

1
/0 Z (Xoc,iNa,iSD)/dﬂU =0.

i=1,d

Next, we show that it is Lebesgue integrable, for each i € {1,d} and « € [0, 1),
||(Xa,iNa,i(hOc))/”1 = ||Xa,i(Na,i(ha))/ + X(/x,z'NOc7i(ha)||l < 0. (3-69)

Indeed, the above is true for a = 0. From equation (3.2), we have that go,(z) < Cz,
C >0 and 9oi(x) <k, k> 0. Since hg|g1 = 1 we have from equation (3.23) that
Noiho(z) <k fori=1,d,

from the above equation and equation (3.17),

/|(X0,iN0,i(ho))/| dx < /’X(/),i(iC)NO,ihO(JJ)‘ dx
<¢ [ @+ () dz, Vo e S,

whose integral is finite.

For 0 < a < 1, equation (3.5) gives the following bounds,

Nuii(ha) (@) < holz) < colz|™®,  |W(2)] < ealz| =0T, ¢y > 0. (3.70)

)

From Lemma 3.3.4, it implies that

|(Nai(ha)) (z)] < <a1 + b1> Nai(ha)(z) < 02(a1|x|_(1+a) + bylx|™%), a1,b1,c2 > 0.

. (3.71)
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Recalling equations (3.15) and (3.17), together with equations (3.70) and (3.71)

H(XadNa,i(ha))/Hl
= ”Xa,i(-/\/’a,i(ha))/ + X&,z‘Na,i(ha)”l

1. .
< [ [Claf* 1@+ () - caal~ a1 + bifa]) + Clal (L + [n(fal)) - cole] ] da

s
< C/O 1+ (a1 + bale)] (1 + | In(ja])]) dz < oo.

By the Neumann series,

(id—Ly) Zﬁ

hence, the right hand side of equation (3.21) may be written as

g1 wﬁja [ Z (Xa,i(-/\/’a,i(ha))/)] dz|.

ie{1,d}

Lbﬁj [ Xa,i(/\/a,i(ha)),)] d$

1e{1,d}

<>
§=0
(3.72)

Our next task is to show that this series is absolutely convergent for a € [0,1). We
achieve this in two parts. Firstly for a € (0,1), then for a = 0. For a € (0, 1), we check the
hypothesis of Theorem 3.3.17. We define the function

Fa)= Y, Hailailte))(@)

ie{1,d} ha(z)

the bounds for h, in equation (3.5) gives that F,,(0) = 0. By Lemma 3.3.20 we have that
[ Fohodx =0 . We also claim that F,, is in fact Lipschitz. Indeed,

Z Xa,i@)% + Z ’Wa (3.73)
i€{1,d} @ ie{1,d} @

X,; (resp. X, ;) being Lipschitz, follows from equation (3.19) (resp. (3.17)) that X[ ; (resp.
X (’“) is bounded. We simplify the second sum above using equation (3.36),

2 X&,i(x)WSmaXXg’i(x) 5 Wailka))(@)

ie{1,d) a(@) ' ie{Ld} ha(@)
_ / ' ha(y)
= max Xa,i(ff) — max Xa,i(ff) Z W
' ' yelyt@)2<i<d-1 Fila
1
We have used the fact that L,he = he in the last equation. hg(y) is Lipschitz and e

is Lipschitz, with f/ bounded. From equation (3.71), we have that the first sum in (3.73) is
also Lipschitz continuous. The product and sum of bounded Lipschitz functions is Lipschitz.
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We observe from equations (3.15), (3.17), (3.70) and (3.71) that for any € > 0, there
exists some M. > 0 such that for x € S\ {0},

[Fa(2)] < [2|® [L+ (a1 + bafz[)] (1 + [In([z])])
< ME|ZE‘Q(1_E/2).

From Theorem 3.3.17, taking v = a(1 —¢/2) > 0, then
' {1 L4y 1} L4y —1>1/a—c
min § —, — —1p=— — a—e.
a’ 7 a 7

By the duality of the Perron-Frobenius operator, we have that

el (XaiNas(h)) | de| = S v (F - b do
JZ=(:) /Sl |:i€%,:d} ] jz:;) /Sl

[, oL Fadpa
Sl

oo
=2
j=0

<l [ 4] di
=0

1
< CKa”T/)HooW- (3.74)
This series is only summable only when ¢ < é —1.
Now, for a = 0, applying Proposition 3.3.13 with 5 € (0,1) fixed, there is a constant
Cyq > 0 such that to (X ;No,i(ho)) + Cq € Ci1(B,1,a,b1). For

¢ = (Xo,;MNo,i(ho)) < C(1+|In(|z])]) € Cu1 + R,

Cab1
(1 - B)(logj)j—2t1/8 19100

< Vi =1,

/Olwﬁé{ > (XO,iNO,Z'(hO))’] da

i€{1,d}

hence, the claimed linear response formula is well-defined.
3.4.2 Local Lipschitz continuity

Next, we assume without loss of generality that [du, =0, for ¢ € L>(m). Our aim is to
show that S +— [ o fg dx is Lipschitz continuous at 8 = a. We may write the zero average
function F, as

Fy=hyo—1€C1+R, 0>0,

then apply the rate of decay result in Lemma 3.3.11 to get an estimate for the decay of

correlation

Cor(Fputvo f2) = | [ Fawo 2 do— [ Fyds o fds

<<:/ng3320>

_ ‘ / VLU, da
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= ‘/wﬁ;hgdac—/wﬁzq dx

‘/wdug [1two ) aal.

In the last equality, we use the fact that Lyh, = h, and the duality property of the

(3.75)

Perron-Frobenius operator.
Let o = a > 0, then from Lemma 3.3.11, we have that

(log m) /=

’/ (Vo £3) do| < Calllloo—gem— (3.76)

By Theorem 3.3.14, the unperturbed system, ¢ = o = 0 has the following estimate

‘/1(¢of6‘)d:r <co, 6<1. (3.77)

Suppose that g is any 8 > 0, equation (3.75) becomes

(logn)"/?

‘/wﬁﬁFB dx < C,BHinoow- (3.78)

_ ‘/wdug—/l(wOfE)dw

Choosing n large enough, depending on « and 3. Equations (3.76), (3.77), (3.78) are
o(8 — «). That is, fixing £ > 0, there is C' > 0 such that for all

— 1/(=141/ max{a,3})
n(a, 8,§) =:n>C (Cmax{a,g}(ﬁ —q) (1+£))

, (3.79)
we have that

< C(B— )t (3.80)

wora

+] [odus = [wopdo
What we want to ultimately show is that

Bﬁaﬁ—a K/@Z’dﬂﬁ—/@bdua)—(/(¢ofg)dx_/(¢ofg)dx)] =0

lim

We have that the term in the square bracket is bounded by (3.80). Suppose that
n:=n(a,(,£), and let 1 be the constant function = 1, we have by using the duality property
of the Perron-Frobenius operator and telescoping sum that for every a, 5,n

n—1
£01— L1 =" Lh(Ls — La) Lo (1),
j=0

Hence, we have that

Bia</(wof§)dx—/(wof;‘)d:v) =ﬁia/01¢(£g1—£g1)dx
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1 1 n—-1 )
- /0 " Z C(Ls — La)Lo™ 17 (1) da

—L )

_ Z/ wzﬂ( (Lria ))) dz. (3.81)

Taylor’s formula gives that for any ¢ € C? (S\ {0}),8 # o,z # 0

(L5 — La)p(x)
b — «

8
/(5-@%£W@ﬁw (3.82)

1
= 0o Lop(T) + ol

Assuming that § > a > 0, n > 1 in equation (3.81), Lemma 3.3.20 and Lemma 3.3.21
gives that

Z/w( s = 2o) (pr1-ia )dw—Z/w( (L3779 ()

1

+ 5.

[ 6 - vz ) at) da

(x;dfv;¢£g—1—j(1)y) dx

1e{1,d}

R e e P sy 1 =

An
6ﬁ_t§;/¢wﬂa2 LALE7 (1)) dad.

08—«

By
(3.83)

Case 1: We use the Theorem 3.3.17 to show that A,, and B,, are summable, for 0 < a < 1.

Summability of A, : Checking the assumptions of Theorem 3.3.17, allows us to give
conclusions about the summability of this series. By equation (3.67) (Xq Ny L27177(1))
is a zero average function. Next, (Xq,iNa L7 177(1))" is bounded. Finally, to check that

Xa iNai £3717j 1) '
Ha(l') _ Z ( ) > ( ( ))

ie{1,d} ha
an M > 0 such that

|H ()] < >

i€{1,d}

is Holder, it is sufficient to check that there exists

ha(x)(Xoc,iNaJ(ﬁgilij(1)))//(95) - (Xoc,iNa,i(’Cgilij(l)»/(w)h;

()
n2() =AM

Indeed, by equation (3.5) and the calculations below, this is bounded. Also, H,(0) = 0,
hence, same as in the calculations of equation (3.74), and the fact that we assumed that
0 < a< p <1, we have that



3.4 The linear response formula 47

n—1 n—1

_ L 1
> [ S CaiNaser =@y )|de < Calvll Y s,
=075 ie{1,d} =0

which is summable as n — oco.

Summability of B, : Now, we have that from equation (3.68), let ¢ = £L27177(1) € CNC,y,
by the invariance of the cone, for any a <t < 3, L;(LP177(1)) € C.
Claim: |02L,(L77177(1))] < oo.

Proof of claim: We find the bounds on 0, X i(7) and 0o X, ;(x). Using the chain rule,
we note from equation (3.8) that,

00X a,i(%) = (0a9a,i(@)) (U © ga,i(w)) + 92 fa © ga,i(x).
By equations (3.1) and (3.9),

O fo(2) = |2|* In(|z]),

(3.84)
02 fa() = (|20 fu ().
Hence, from equations (3.56), (3.84), (3.8)

OaXa,i(z) ~ (‘WW@(Z‘NQ +1 ) In(|ga,i(7)|) Xa,i(z). (3.85)

Using the estimate g, i(z) < Cz, equation (3.15) and (s2),
|00 Xai()] < Clz[* (1 + |In(|z])])?, (3.86)

next, differentiate equation (3.85) with respect to z, to get the following bounds

|00 X4, ()] < Clz|*(1+ [In(j])])*. (3.87)

Now, we see that since ¢ € Cy 1(a) N C, Lemma 3.3.4 implies that

2
(Nows) ()] < <z§ + bg)]\/w-go(m) < (Zj + 52> . ﬁm(cp) < 2e]2| @D (ay + bya?).

From Lemma 3.3.21, we have that

FLio(x) = > [0 X)) Neiw)) (@) + X (X iNeiw) () + X i (Xe iN i) ()]
ie{Ld} M an (1)

Now, differentiating and simplifying the terms above, we have that

(D) = — [0:X0.i(2) Wa i (@) + B X () Wisp(@))]
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(1) = (X;,;(2))* Nyisp(w) + X[ (2) Xii(w) (N io(@)),
(L) = X, 5(2) | X7 (2) Nyssp () + 2X () (Noip(@)) + Ko@) Wao(@)]

From equations (3.15), (3.17), (3.19), (3.26), (3.3.4), (3.86) and (3.87), we bound the
above as follows

O] < (Claft (1 + [1n(fa)) - 2eafel (e + brfal)m(i) )

+ (Claf 0+ ()2 - 2ealal ()

< Clz|=*(1 + |In(|z])])*[max{ay, by }(1 + |z]) + 1].

(1) < (0|x\2t<1 + n(l2]))? - 2cQ\x|—am<so>)

+ (C!wlt(l + ([ )]) - [ (1 + [n(|2])]) - 22lz| = (a1 + bllﬂfl)ﬂ”t(@))

< Cla* (1 + |In(J2[)])*[max{as, b }(1 + |z]) + 1].

(L) < 2] (1 + [In(|z])]) {!x\“(l +[In(|z])]) - 2e2|z|~ + 4Ccala["(1 + |In(J2])])-
| 7D (g + b)) + | L+ [ In(Jz2])]) - 2¢2]2] 7 (az + baa?) m ()
< Olz)*=*(1 + | In(|=|)|)?[1 + max{ay, as} + max{by, ba }|x|].
Since z € S\ {0} and 0 < a <t < B <1,
|07 Lo ()] < Cla]™*(1 + In(|2])])*[1 + max{ar, az} + max{by, ba}|z[], (3.88)

which proves our claim. Next, we check the hypothesis of Theorem 3.3.17. Firstly, observe
that just as in section 3.4.1, we can find a v > 0 such that

|07 Lo(Lo™ 7 (1)) < Cyla]?,

where C, is independent of n and j. We see also that from Lemma 3.3.21, that 97 £;(L 177 (1))
has zero mean. Define a Hélder function
OF Lo(Ly~ (1)) ()

ha(x)

Go(z) =

Indeed, it is sufficient to show that there exists M > 0 such that

ha (@) (OFL(L™ 7 (1) (@) — OFL(LE 7 (1)) (2) hig ()
2

< M.
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From the bounds we got above and the bounds in equation (3.5), to get the bounds on
|G%,(z)| < M, we only need get the bounds on (92£,(£7177(1))(z))". By the commutation
relation equation (3.13), we have to differentiate each of the three terms (I) — (III) above.
The bounds on 9, Xy, ;(7), is

0o X4 i(x) < Clz*7H (1 + [In(J2])])*. (3.89)

We have that

(1) = = [0:Xes (M) + 200X1 ; Waap)' + XL (Moo
(IT') = 2(X{;)*(Neiw) 42X, X{'iNeip + X1 Xei(Nea)” + XU Xei(Neaw)
(1) = X [X[iNo i + X (Noip) +4X] ;- Naip) + 2X]; - Naap) + Xos - Woip)”|
+ X3, {Xglz-/\/'mtp +2X;; - (M,i@),} )

which we bound as follows, taking ¢ = £2771(1) € C.1(a) N C. Using the equations (3.15),
(3.17), (3.19), (3.20), (3.86), (3.87), (3.89), there is a C' > 0 such that

[(I)] < Claf ™71 (1 + [ In(|z]))* [1 + max{as, a2} + max{b, bo}|z],
()] < Cla* 7" (1 + [In(|z)])* [+ max{ar, a2} + max{bi, bo}|z]],
|(IIT)| < Clz*~*~1 (1 4 |In(|z|)])? [1 + max{a1, az, az} + max{by, by, b3 }|z|],

forz € ST\ {0}and 0 <a<t<p <1,
(07 Lo(L5~ 7 (1))(@))'] < Cla| ™ (1 + [In(|z])])? [1 + max{ar, az, ag} +max{br, ba, bs}|]],

which is finite and thus allows us to conclude that G(z) is in fact Lipschitz continuous. Also,

G(0) = 0. Since it satisfies the assumptions of Theorem 3.3.17, we easily bound B,, as follows

BBt

n—1—j Hd’”oo |
B_QZ/wﬁj 62£t£ 1- ()))d dt< /a _t)(c’ﬁ;)']l/ﬁ_a) dt
n—1
= ¢[00 - (B — ) (C/j > W;_g) , (3.90)

Jj=0

as in equation (3.74), the term in the bracket is summable, and equation (3.90) — 0 as
B — «. In the same vein, for o € (0,1), with 8 < a, we get the same estimate as before, on
substituting

Z‘CJEB_ En]l Zﬁj £n]1

into equation (3.81). Hence, the Taylor’s formula now is for any ¢ € C?(S*\{0}),8 # a,x # 0

(ﬁa;ﬁ_ﬂﬁ)@() — 9sLppla B/ B)O2Lyp(x)dt (3.91)
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Case 2: For a = 0, the equation (3.81) can also be bounded in a similar manner, using
instead, Proposition 3.3.13. The decomposition in the Taylor’s formula can be done as thus,

n—1 n—1
Zcﬂ (Lo — Lo)Ly ™ ==>"Lh(Lo— L)Ly " (3.92)

J

Substituting o = 0 into equation (3.81),

;(/Wofﬁ)dﬂf—/(wofo dx) Z/ e ( LO)(ﬁg”u))) dz,

and make the substitution from equation (3.92), we have
1 L _j
S Jwempo— [wespar) - Z/ veh (2B o)) ) an

From equation (3.91), we have that

1

L Jwoma— [wo )= Z/ v} (9525”7 (W)

5/ BYRLLLT (1 ))dt) dz,

next, using Lemma 3.3.20 and Lemma 3.3.21 as before, we have

s([werpao— [wos)in) -- Z/ 1>

(XpaNp oLl 91 )))da:

1€{1,d}

Ang

/ Z/ wzﬂ(a% £ ))) d dt .
J=

Bu,

The summability of A,, and B, follows from Proposition 3.3.13. This shows that for
Y € L>(m) and B € [0,1), B+ [¢o fgdz is locally Lipschitz.

3.4.3 Convergence to the limit

Finally, we show the differentiability of 5 — [dug, at § = a € [0,1). The idea is to show
that as 8 — «, B, — 0 (resp. By, — 0) , and A,, (resp. A,,) converges to the claimed entity.
Recall equation (3.80), with n as in equation (3.79), setting n(5) = n(a, ,§) for small & > 0.
It suffices to check that when 8 — o™ =0,
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AL

Xa,i/va,icg—ja))’) dx

1e{1,d}

n(@)-1
AL 1¢£]<82 (Lhi( )))dazdt (3.93)

o B—a = o

converges to

WAL

the linear response formula. By the summability of B,, (see equation (3.90)), the second term
of equation (3.93)

(X0,iNai(ha)) >d:v— / ¢Z£7( > Xa,i/\/w(ha))’) dz, (3.94)

€{1,d} 1€{1,d}

/56—16”(%1/ MJ(@Q (£r1-71 )))dxdt—>0, as f — a.

Next, for a € [0, 1), fix n > 0, we can take R = R, large enough so that the tail of the
series in equation (3.94) < 7, while the tail of the first term of equation (3.93) < I uniformly
in 5. Let n > 0 (small),

2z

Xa,i/\fa,i(ha))) dz < Z,
ie{1,d}

> [z

n—1—j ! n
(Xa,i/\/a,iﬁa J(1)) > dr < 7,
ie{1,d}
since both series converges (from section 3.4.1 and section 3.4.2). Now for every fixed

0 <j < R, we show that the difference tends to 0, as 3 — at =0

;i; {/ 1 o s ie%}(xa,wa,i(zg(m—j(1))')) (o ) (%d}(Xa,z-Na,i(ha))')} da }
- i c. (3.95)
Ry

It is enough now to show that |¢| < ﬁ ieVj < R, and for 8 = B(n) = o asn — 0.
Naturally, as n — 0, 5(n) — «. So it is sufficient to show that 3 IV, > 1 so that

Z (Xa,iNa,i(Eg(l)))/_ Z (Xa,iNaJ(hoz))l

1€{1,d} 1e{1,d}

1

<

Z ((Xa,iNa,i(ﬁg(l))), - (Xa,iNa,i(ha))/)

ie{1,d}

n
——  Vn>N,. (3.96

1

Case 1: At a = 0, this holds trivially by equation (3.96) and since hg = 1.
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Case 2: «a € (0,1), fix . Now, set
O = L1(1)

By the Leibniz rule, we get

Z [(Xa,iNa,i(ﬁg(l))), - (Xa,iNa,i(ha))l]

1e{1,d}

1

= || 2 [HaiNaildn) + XaiWai(6n)) = XiiNailha) = XailNai(ha))']

ie{1,d} 1
< Z [X&,iNa,i(Gbn) - X&,iN } Z [Xa 1\ Vayi @bn)) Xa i (Na,i(ha))/}
ie{1,d} 1 llEe{id} !
< ||max X&,z’ Z Noi(n = ha) Z {Xaz a,i(Pn — hoz))/} (3.97)
’ ie{1,d} L liefray L
0y (I1)
X&Z € L*°(m), by the Holder inequality, equation (3.36), and (C2)
0 < fmax Xe| | 3 Nai(on o)
! °© ||ie{1,d} 1
< max X0 1£a(on — Rl
< CaH@L - haHI-
From Theorem 3.3.14, we have that
(I) < Con' =, (3.98)

which is only summable for a@ < 1/2. However, it tends to zero for all « € (0, 1).

Remark 3.4.1. Setting v =1 and ¢ =1 — h,, we may as well use Lemma 3.3.11 to bound
(1) above.

L. Now, same as before, we let
2R,

Since Xq,; € L*>(m) we need only show that (II) <
), by the Hoélder inequality

¢ € {1,hy}, for any 7 € ST\ {0}, n >0, X, € L®(m

> [Xoi Wai(n —ha))'

ie{1,d}

= o

1

> [Xai Wai(dn — ha))']

ie{1,d}

dz
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-,

1—
dz +

T

Z [ Xos Nai(dn — ha))']| d2

€{1,d}

(A) (B)

Z [ Xai Nai(6n = ha))']

1€{1,d}

> [Xai Wai(on = ha))']

1€{1,d}

+ dz .

!

(©)

We recall the bounds equations (3.15) and the definition of the cone equation (3.26) and
in Lemma 3.3.4 with ¢ = {hq, 1}, there exists a1, b1, ca > 0 such that

|(Nail£7(2))'(2)] < (m 1) Noi(o)(a) < cafarfal O F4bi]a] ), V> Lo € S\ (o),

§2Z/ 0i(2) Wail£()) ()] d=

<& [T el aalel 0+ bl )z, O 21
0
< ["0+ (=Dl or + blel) d

. b
<Cz |:a1 (JIn(|Z])| +2) + 12’”6‘ (2 + ‘g’)} (3.99)

The estimate for (C) is similar. We observe that equation (3.99) is small for small z. To
estimate (B), we choose n large enough, so that this is so small, and we bound it. Now, by
Holder inequality and equation (3.36)

(B) < /l—w maXXa, Z (NaiL™(1 = hy))'| dz
& ie{1,d}
= / LA~ ha)) (gaui(2))
< C, (LY = he))(2)|dz + Cy > - : dz.
/‘f ‘ yef, 1 (2),2<i<d—1 z fa(gas())
(3.100)

The second integral is ignored, of course, if it is a d = 2 branch circle map. To estimate
the first integral in the above equation, we proceed as follows. For z (resp. z{) in the

neighbourhood of the intermittent fixed point, define 2y € (0, g] and
T=ux = gihl(xo) and T’ =z = gla’d(mf)), [>1, (3.101)

we define similarly glm 4 in the neighbourhood around [—¢¢,0). This gives rise to the sequence,
(x1); (resp. (x); ). From [6, Remark 3.63],

7YY and 2 <17V for I > 1. (3.102)
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Next, for every 1 < m <mn, and [ > 1, set

Ym(z1) = giy (21) = g (gh1) (o) = g5 (20) = @pgm for 1> 1, (3.103)
ym () = gita(x]) = gitalgha)(x0) = gh1 7 (@0) = @)y, for 1> 1.
Set
gb = ¢n+1fm - hou (3.104)

with £7(1) = ¢,. Hence,
Lo(¢) = Lo (LaTT™(2) = ha) = L1~ ha),

«

and

EreN@ = ¥ e ol (U

(fa)"(y) )
fri—e &) () (fE) () \(fa)' (y) ’

((far) (w))?

taking —z = ', we see however that

x

/ e @ b)) () dz = [ P (€57 (0 = ha)) ()] a2

< || s [ = RV ()],
= || etz (£ ],
m ¢ " ol ()"
< lex (v 7y ﬁ":a (e gz ),
< Xty 191 Y|+ Xt - ot | Y 2|

M N
M < ((£2)) ™ Iyl @1

To estimate ((f))~! for some |y| > ym(x;), we use the bounded distortion property, of
fa [79, Lemma 5] on (Ym, fa(Ym)) = (Ym, Ym—1), by equations (3.2), (3.102) and (3.103)

a+1 a+1
myn—1 ~ C,fa(ym) — Ym < CSgn(ym)‘ym| _ Sgn($l+m)|xl+m’
() = O = = sgnCan) o™ sgn(an) [zl
i\ —(1+1/a)
<c, (1 + z) . (3.105)

From equations (3.71), (3.103) and (3.104)

i1, < i -l + D], < Co [ (el ) el

m (2]
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_ b ym(fEf)
<c, (msgn(y)‘ma + msgn<y>|y,aa>> < Coy® < Coll +m).
! (1—-a) Yo (1)
(3.106)
Hence, we have from equations (3.105) and (3.106) that
m -1/
M < Cal(l + l) . (3.107)
From equations (3.98), we have that
N < Comlldnsi-m — halll < Cam(n+1—m)=1/e (3.108)

where Ca,m = SUDP,y, SUP, |(f&n)/l((fgl)/)—2"

To estimate the second integral in equation (3.100), we use the change of variables, and
this gives

/  Xai(fa )L () () do

a,i (T

and then proceed as in the first integral.

We choose | > 1, such that Z is small enough to make (A) and (C) (see equation (3.99))
small, m > [ so that equation (3.107) is small and we choose /3 close enough to «, so that n(3)
is large enough to make equation (3.108) small. Which shows what we want for ¢) € L>°(m).

3.4.4 Observables in L?

In this section, we generalize the result to any ¢ € LY(m), (1 —a)™! < ¢ < oo, for a € [0,1).
Let us define a bounded function

Y (x) = min{ep(z), M},

by the Chebyshev’s inequality, for ¢» € Li(m),

111§
Leb({t/(z) > M}) < M
Letting |||/ = 1 in the above equation, we have

Leb({t)(z) > M}) < M1, (3.109)

and || — Y]l < MI797 for r > 1. Indeed,

P(z), if P(z) < M;
M, if Y(x) > M,

Yu(z) =
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From equation (3.109), we have that

v Yoo 1
1Y —¥ullr < </ dx) (/ W—ilequ) . -4 - ==,
Y(z)>M Y(z)>M p q T

< (Leb(y(z) > M)VP|l4] 4
< M (3.110)

Decomposing ¥ (x) into

() = (Y(x) = ¥u() + dar (@), (3.111)
we show that the limit is well defined (just as in subsection 3.4.1) for ¢ € LY(m). We only
need show that / VLI (Fyhg) dz| is summable.

[ L (Fata) da| = | [1(560) = s () + s (@)L (Fae) d.

If Yar(z) = 9(z), the above is trivially true. So, for ¢y (z) = M(j) := j"

I

‘ / VLI (Fuhy) dz

< ’ / (0(2) — tnr () L1 (Faha)da| + ‘ / onr (2) L3 (Fuhe) da

@ (11

by the Hoélder inequality, and from equation (3.110)
(D) < I = ually - 1l < €579,
where 1/r +1/r' =1 and F, is bounded.

We simplify (II) as in equation (3.74), using Theorem 3.3.17

(D) < 57 [ 16 (Faho)lda

. 1
S]n'KaW

1
= Kesizmer

1
(I) and (II) are summable for —— <n<1l/a—e—1.

(¢/r —1)
To extend Subsection 3.4.2 to ¢ € L4(m), we use the same decomposition of ¢ and follow
a similar calculation as above to show the summability of A4,, and B,,. In subsection 3.4.3,
we take M(n) = n', n € (0,1/a — 1). Using the decomposition of ¢ from equation (3.111)
in equation (3.95), we have that
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s _{ /5 1 [((w — 1) 0 f;;)( > (Xa,z-/\fa,xﬁz“)‘f(l))’)) ~ (@ =va) e fl)

ie{1,d}

( > (Xa,i/\/a,i(ha))’ﬂdx}Jr{ /S 1 {(¢M0fé)< ) (Xa,iNa,i(EZ(m‘j(l))’))

ie{1,d} ie{1,d}

~ a0 f)( Y Kahaalha)' )| do’

1€{1,d}
=: (I) + (II).

(D) < MO ([ X0 iNaa(LED T [l + [ XailNai(ha)) [loo ) -

Hence, choosing M (n) big enough, we can bound the above by 1/2R,,. (II) = 0as 8 — .
Now, we can choose 3 = (1, M(n)) such that |(IT)] < n/2R,,.

3.5 Example

Here, we present an example of a degree 2 circle map that satisfies the conditions (s1)-(s3) in
section 3.2. For 0 < a < 1, Let

_J2(1+2%7),
fa(lE) - {l’ B 2a(1 B l’)(a+l),

X

= O
(VAN

1
2
1.

IN A

<z

We now proceed to verify the assumptions (A1)-(A3). Indeed, for « € (0,1) and x € I,
Oafai(r) =222 In(27), and for z € Iy, Onfaz2(z) = —2% (1 — )L In(2(1 — z)). This
verifies the assumption (A1). To verify assumption (A2), observe that I = I = 1,

Oafan(3) = Oafa2(3) = 0. The assumption (A3) is easily verified.

3.6 Statistical stability for the solenoid map

Consider a solid torus M = S' x D, where D is the unit disk, F,, : M — M defined by

(@.3) > (fa(2).02(5)) = Fal,y) = (fale). 5 cos(2nz) + £y, sin(2na) + 22)  (3.112)

fa: St — S the intermittent circle map, with an ergodic SRB measure fi,.

The solenoid map contained in the solid torus M € R3, defined as a skew product between
a solid disc and a circle. Geometrically, the transformation stretches the torus to twice its
length, shrinks its diameter by a factor of 5, then twists it and doubles it over, placing the
object back into the solid torus without self-intersecting. F, an embedding into itself by
means of the a degree d = 2 circle map and intersects each disk in two smaller disks of 1/5
the diameter. At each iterate, F,, contracts volume by a factor of 2, yet there is expansion
in the x direction albeit non-uniform, since contrary to the classical solenoid attractor, the
solenoid with intermittency introduced in [13] has the intermittent map in the base dynamics.
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It is easy to see from (3.112) that there exists a semi-conjugacy between f, and F,, given
by
faom=moFy, (3.113)

with 7 : M — S, the natural projection. The next result gives the existence of a probability

measure on M.

Lemma 3.6.1. [6, Lemma 4.31] For 0 < o < 1, there exists an F-invariant Borel probability
measure Mg on M such that mene = phe. Moreover, the support of n. coincides with §2.

Where € is a compact attractor. To keep the notations simple, we drop the subscript for
lhas Mo and simply write p, 7. In what follows, we will show that the measure 1 in Lemma
3.6.1 is in fact the unique SRB measure of F. Firstly, we shall state results that enables us

to establish this claim.

Theorem 3.6.2. [6, Theorem 3.18] Let ff: Ag — Ag be an induced map for f : S — St
and po an fE-invariant probability measure. If

v=3 Fuol{R > j}).
=0

and g is ergodic, then v is ergodic.

We remark that taking Ag = S*, the circle map induced over the S! was shown to be a
weak Gibbs-Markov induced map, with return times R = n for the first and last branches
and R = 1 for the middle branches.

In the Gibbs Markov case, we have the following result.

Corollary 3.6.3. [6, Corollary 8.21] Let f : Ag — Ag be a Gibbs-Markov map and jig < m
its unique fT-invariant probability measure. If fom < m and v = 220 f(mo{R > j}) and

v s finite, then

_ 1 o ,
= SRR >].}j2:(:)f*(uo!{R > j})

is the unique ergodic f-invariant probability measure such that p < m and p(Ag) > 0.

In the next result, take M = S' x D and F to be the solenoid map with intermittency.

Theorem 3.6.4. [6, Lemma 4.9] If F : M — M has a set A with a Young structure with
integrable recurrence time R, then F' has a unique ergodic SRB measure n with n(A) > 0.

Moreover, the measure n is given by

_ 1 S -

where g is the unique SRB measure for &, and R € L' (n).

The next result shows that our claim is true for the induced system.
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Lemma 3.6.5. [6, Lemma 4.5] Let A be a set with Young structure and F : o N A — v9 N A
a quotient of the return map f%: A — A. If ny is an SRB measure for %, then

1. po = (©y)«no is the unique F-invariant probability measure such that py < mey,;
2. mo s ergodic.

Proposition 3.6.6. Suppose that p is an SRB measure and m.n = pu, then n is the unique

SRB measure.

Proof. We know that R is constant on stable disks, hence we have that
S nofR>jt =Y mf{Rom>j}=> mn{R>j}=> po{R>j} (3.114)
Jj=0 Jj=0 J=0 j=0

Let A C S be any Borel measurable set. using (3.114) From Corollary 3.6.3, Theo-
rem 3.6.4, Lemma 3.6.5, and the semi-conjugacy property of the projection map, w: M — S,
we get

mn(A) = }ZFJ mo(r (A)H{R > j})

OIUO{R >J

N 0#0{R>]}ZnOF Ty

D= ouo{R>y}Zf*”* iD= 7))

:ZJOMO{R>J}ZfJM0 J{R > i}) = u(A).

O]

Since the 7 is the unique SRB measure of F', we now show that it is statistically stable.
For any continuous ¢ : M — R, let ¢/~ : S — R defined for each z € S by

¢~ (z)= inf é(p) and  ¢T(z)= sup G(p).

per—!(z) per—t(x)

From [6, Lemma 4.31],

/¢dna = klgr&/(¢o FY)" dpa = khlilo/(qﬁ o FMY~™ dpig. (3.115)

For ease of notation, we shall write the subscript a,, simply as n and the map and measure
at ap as F' and p respectively. The density of fy, ho € LP(m).

Lemma 3.6.7. For any k > 1, we have

tim [ (60 FS) dpn = [ (00 P9 dy

n—oo
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Proof.
o r a0 Pt <

‘/(W‘)Fr'f)+ (00 FY)") dym +\/<¢0F">+dun—/<¢oFk>+du].

(4) (B)

By the Holder inequality, we have that
() < [ | @0 ) = (@0 ]| dm
1/q 1 1
< Wl [ (00 B2 = (00 P9 am) ", with 4 =1,
P q

For a fixed k, since the solenoid maps are continuous, we have that for n big enough,
(A) — 0. The linear response result in Theorem A implies statistical stability on S'. Hence,
(B) — 0 as n — oc. O

Theorem B. Jgngo/¢dnn = /gf)dn.

Proof. Given an arbitrary € > 0, take § > 0 such that d(p,q) < d = |p(p) — ¢(q)| < e, for
p,q € M. We have that each disk 7—1(z), is contracted by F,, by a factor of 1/5. There is a
ko > 1 such that for all k > ko and z € St

diam(F* (7 1(z))) < 6.
For all k£ > kg and m > 0

(po Fyt™)H(x) — (¢ o )T (f™(x)) = sup(¢p o ™| -1(4)) — sup( 0 F¥ =1 pm(ay)-

Since FFt™(n=1(x)) ¢ FF(x=1(f™(x))), this then implies that the above equation is
bounded by

sup(¢ o Fpt™ | 21(5)) = sup(¢ 0 Fy| -1 (pm(z)))
< Sup(¢ © Frlf+m|7r_1(x)) - lnf(Qs o F7§+m|7r_1(:r)) <E.

By the invariance of p,, we have that ( / (¢ o FFH™)* () d,un> is uniformly Cauchy.
k.n
Therefore,

lim lim [ (¢o F¥)*(x)du, = kl

n—00 k—o00

m lim [ (¢o FX)(2)dun,

i
—00 N— 00

and from equation (3.115) and Lemma 3.6.7

n—oo

lim / G, = lim / (60 F*Y* dp,
—00
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using equation (3.115) again, completes the proof.






Chapter 4

Holder continuity for piecewise

expanding maps

4.1 Introduction

We study the Holder continuity of the densities and the entropies of a multi-dimensional
family of piecewise expanding maps with countable domains of smoothness, under small
perturbations.

We focus on absolutely continuous invariant probability measures (ACIPs), a class of
measures that are absolutely continuous with respect to the Lebesgue measure, and often
coincide with SRB measures in the context of non-uniformly hyperbolic systems. Specifically,
we present general results concerning the Holder continuity of the densities and metric
entropies of ergodic ACIPs for certain classes of piecewise expanding maps in any finite
dimension. We achieve this by studying the spectral properties of the perturbed Perron-
Frobenius operator associated with this family. More precisely, we employ the abstract result
of Keller and Liverani in [58], which provides a powerful framework for establishing continuity
properties of dynamical quantities in systems with expanding behavior.

Our primary application of these theoretical results is focused on a particular family of
two-dimensional tent maps introduced in [67]. This family is especially interesting because
it is related to limit return maps that arise when a homoclinic tangency is unfolded by
a family of three-dimensional diffeomorphisms, as discussed in [67, 75]. The existence of
ergodic ACIPs for these tent maps was established in [68], and the continuity of the densities
of these measures, along with their entropies, was demonstrated in [14, 15]. Building on
these foundational results, we now strengthen the previous conclusions by showing that the
densities and metric entropies associated with these ACIPs vary Hélder continuously with

the dynamics.

4.2 Holder continuity of the densities

Here we present the general setting under which our main results will be obtained. Let {2 be
a compact subset of R?, for some d > 1. Consider m the Lebesgue measure on  and, for
each 1 < p < oo, the respective space LP(Q2) endowed with its usual norm || ||,. Absolute

63
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continuity will be always meant with respect to m. Let (¢¢)tcr be a family of transformations
¢¢ : Q — Q, where I is a metric space. We assume that there exists N € NU {oco}, and for
each t € I, there exists an m mod 0 partition {Rt,i}f\i}l of € such that each R;; is a closed
domain with piecewise C? boundary of finite (d — 1)-dimensional measure. Assume also that
each

bt = Dt|R, (4.1)

is a C? bijection from int(R;;), the interior of Ry ;, onto its image, with a C? extension to
the boundary of R;;. Consider the Jacobian function

Jt = ‘ det(D¢t)|,

defined on the (full Lebesgue measure) subset of points in Q2 where ¢, is differentiable. Next
we state some properties for our family of maps.

(P1) there exists oy > 0 such that for all 1 <i < N and all z € int(¢:(Ry;))

1Dg7 ! (@)l| < o.

(P2) there exists A; > 0 such that for all 1 <7 < N and all z,y € int(R;;)

1ogjz§g < A i) — 3 W)

(P3) there exist oy, 3 > 0 and, for each 1 < i < N, there exists a C! unitary vector field X;;
on 8¢t(Rt7i)1 such that:

(a) the line segments joining each x € 0¢¢(R:;) to © 4+ oy Xy ;(x) are pairwise disjoint,
contained in ¢;(Ry;) and their union is a neighborhood of d¢:(Ry ;) in ¢¢(Re;);

(b) for each z € d¢(R:;) and v € T0¢:(Ry ;) \ {0}, we have [sin Z(v, Xt ;(z))| > B,
where Z(v, X; i(z)) denotes the angle between v and Xy ;(x).

(P3) is a geometric condition which allows the extension made on [38] in [4]. This
condition is basically that the image of the domains of smoothness ¢;; should not be too
small (sizes uniformly bounded away from zero), and the angles at the border corners should
also be bounded from below.

Remark 4.2.1. For a finite number of domains of smoothness, the constant oy > 0 always
exists. The condition (P3)(a) is satisfied in the one dimensional case, when the elements in
{Rt,z‘}i]L are intervals whose images have sizes of that are uniformly bounded away from zero.
To make sense of the condition (P3)(b) in one dimension, an optimal value of By is By = 1
[15, Remark 3.2].

LAt the points z € O¢+(Ry,;) where O¢¢(Ry,;) is not smooth the vector X;;(z) is a common C' extension
of X, restricted to each (d — 1)-dimensional smooth component of d¢:(R:,;) having x in its boundary.
The tangent space at any such point is the union of the tangent spaces to the (d — 1)-dimensional smooth
components that point belongs to.
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Under the conditions (P1)-(P3), it was established in [4, Theorem 5.2] and under similar
conditions for a finite domain of smoothness [38] that each ¢; possess some ergodic absolutely
continuous invariant probability measure. Assuming the uniqueness of this measure for each
t, the continuity of the measure in relation to the parameter ¢ was proven in [15] under the

following uniformity condition:

(U) there exists £ > 1 such that ¢/ satisfies (P1)-(P3) for each 1 < j < £; moreover, there
exist 0 < 8 <1 and M > 0 such that, forallt € I and 1 < j </,

1 1 1 At
o |1+—-—1<0, o1 j|1+—— <M and A+ + 28 <M,
t’( m) ”( Br.j Y By Beg

where oy j, At j, 0u j, Bt,; are the constants in (P1)-(P3) for the map L.

We give extra conditions that allows us to establish the Holder continuous variation of
these measures and their entropies. Set for each s,t € [ and 1 <i < N

Kisi= ¢ (31(Rei) N ¢s(Rsi)) and ysi =) 0 dsil k...

Naturally, we consider vy s; only when K;s; # 0. In fact, assumptions (1)-(3) of
Theorem C below essentially mean that the sets ¢;(R ;) and ¢s(Rs;) are close to each other
and the maps ¢s; and ¢;; are close to each other. Let id denote the identity map on R,
possibly restricted to some subset of R%. Define the difference set

A={s—t:s,tel}.
Given a compact set K C R? and a function 1 : K — R, let

[¥]lo = sup [[¢ ()],
zeK

where || || is for the Euclidean norm in R?.

Theorem C. Let (¢¢)ier be a family of maps for which (U) holds and each ¢ has a unique
ergodic absolutely continuous invariant probability measure ;. Assume that there exists a
function € : A — RT such that, for all s,t € I

S -1 1/d
1. Zm <¢t,i (De(Rei) \ ¢3(R37i))) <E(t—s);
i=1
N
2. Z Vs —id|lo < E(t —s);
i=1

—1| <&t —y9).

7 Z Jtowt,s,z

Then, there exist C' >0 and 0 < n <1 such that for all s,t € 1,

S CLE@ =)

o _ de
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The factor 1/d in assumption (1) is related to an application of Sobolev and Hoélder
inequalities in the proof of Proposition 4.2.4. Notice that, in the case that N is finite, we just
need the bounds for the summands.

The main ingredient for the proof of the above theorem is the notion of variation for
functions in multidimensional spaces (see Section 2.4). Firstly, we obtain a general fact about

bounded variation functions that plays a key role in the proof of Proposition 4.2.4.

Lemma 4.2.2. If K is a compact subset of R and 1) : K — R? is a diffeomorphism onto its
image, then there exists C > 0 such that, for all f € BV (R?),

J 150 = fldm < €l ~id oV (1)

Proof. We start by proving the result for a continuous piecewise affine function f. More
precisely, suppose that the support A of f can be decomposed into a finite number of domains
Ay, ..., Ay such that the gradient Vf of f is a constant vector V,;f on each A;. Using (B1),

we obtain

[ 1gow = fldm < [ ~idlo- VAl dm < o - id oV ().
K K

The next step is to deduce the result for any C! function f. For this, we take a sequence

(fn)n of continuous piecewise affine functions such that
If — fullo— 0 and ||Df —Dfpllo—0, when n— o

(the derivatives Df, are defined only in the interior of the smoothness domains). Then,
using (2.10) and the dominated convergence theorem, we have

V() = [IDfldm =l [IDf] dm =l V(£,)

and

[ o= glam=tim [ |faow— fuldm.
K K

Using the case already seen, we get the conclusion also for f.
For the general case, we know by (B2) that given f € BV (R%) there is a sequence (f,)n
of C' maps for which

nli_}rgo/|f—fn|dm:0 and nli_)rroloV(fn):V(f). (4.2)
We have
Josov=tlam< [ \fov—fiowldm+ [ |fuov=fuldm+ [ 15— 1ldm.

Taking p = 1/| det Dy| 0 ¢!, we may write

JMwow=sowtam= [ i fl-pdm<lolo [ 15~ fldm.
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The conclusion in this case follows from equation (4.2) and the previous case. O

Next, we study the action of the Perron-Frobenius operators on the space of bounded
variation functions in Q. Let Q C R? be the common domain of the maps in the family
(¢t)ter. For each t € I, consider the Perron-Frobenius operator

Li: LNQ) — LY(Q),
defined for each f € L'(Q) by

Lif = Zf Oui

1 X¢>t R ;)

where {Rm}ij\il are the domains of smoothness of ¢, : 2 — €2 and ¢, ; are the maps introduced
in equation (4.1).

Proposition 4.2.3. Under assumption (U), there exist 0 < A < 1 and C > 0 such that, for
alltel, fe BV(Q) andn > 1, we have

1L fllBv < CA*[|fllBv + Cll -

Proof. Take £ > 1 as in (U). It is a standard fact that £f is the Perron-Frobenius operator
for #¢. By [4, Lemma 5.4], we have for any f € BV (Q)

V(L{f) < ory (1 + 51@) V(f)+ M| fllr <OV(f)+ M| fl1, (4.3)
and so
L5 fllBy < OV(f) + (M + 1)| f||h. (4.4)

Given n > 1, consider ¢ > 0 and 0 < r < £ such that n = ¢q + r. It follows from (C2) and
equation (4.3) that

V(L) < oV TV + M|l
0>V (LY fy + (6 + V)M £

A

IN

OV (f)+ (07 + 092 + -+ M| 1.

It follows that

£ oy =V(EED) + I£0 T <oV + (14 M0 ) ISl (49

>0

On the other hand,

V(Lif) < otr (1 . ) V() + M fllh < MV(f)+ M| fl- (4.6)

615,7’
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Finally, using equations (4.5) and (4.6), we get
IC sy = 1LLEfllsy
= 0IV(LIf) + (1 + MZGj) £l

320

< MV 4 (M 1g Mzej) 1.

J=0

Now, observe that
97 — e(n—r)/f _ (01/€> 0~ 'r/é (91/8) 0

Take

M .
A =0Y¢ and C’:max{e,M+1+M293}
Jj=0

and recall that V(f) < ||f|lsv. O

It follows from the previous result that £,(BV(£2)) € BV (). From here on, we assume
L; as an operator from the space BV (Q) into itself. Given a bounded linear operator
T : BV(Q2) — BV (Q), consider

Il = sup 17 £l
{7eBV©@)| fllpv<1)

Next, we show that for s,¢t € I, L; is close to L, in an appropriate topology.

Proposition 4.2.4. Under the assumptions of Theorem C, there exists C > 0 such that, for
all s,t €1,
1L = Lsll < CE(t = s).

Proof. We need to show that there exists some constant C' > 0 such that, for all f € BV (),

we have

1£ef = Lsflh < CE(E = s)|[flBv-

Indeed,
f ¢tz f ¢Sl
||‘th L le — Z/ J ¢t 1X¢t (Rei) — ¢ 1 ¢s s,i) dm
N / fod)t,i fo¢5,i
= - | dm +
i1/ o (Re)nes(Res) [Je o by, Js0 g,

@
Jt O(byzl a(Rs i)\t ( Ry, i)

(II) (111)

N

fodl
'] O¢sz

+ dm

i=1 /(bt(Rt,i)\(bS(Rs,i)
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We just need to obtain the appropriate bounds for (I), (II) and (IIT). To estimate (I),
note that by the change of variables y = ¢ ;(z), we have

fodui fodui fodiiodsi f
-1 —|am= [ e Jsdm.
$t(Re,))Nds(Rsi) | St 0 Oy Js0 g ; S 1 (01 (Rei)Ns(Re i) [ J1 0 By 0 bsi s
Set Yrsi = ¢, © b Z‘«ﬁ (61(Ro.0)0n(Roi))- Therefore,
o ¢t_7,1 QSS 7 f
Z / —’ L\ Jydm
Ktsz Jto¢tzo¢82 JS
| dm.

dm+Z/K
t,s,1

By assumption (3) of Theorem C, there exists some Cy > 0 such that, for each 1 <i < N,

Jt o wt,s,z

<
>~ ;/Kt,s,i ’fo¢t,s,z f| |J thl

I

t© wt,s %

Js

-1
Jtowtsz

<1+ sup
1<i<N

1l <.

<1+Z

toqbtsz

By Lemma 4.2.2 and the assumptions of Theorem C, we may write

N N
) <Co ) |[hrsi —idllo V(S Z
= ) J wtsz

<CE - s)fllv,

for some uniform constant C' > 0. To estimate (II), note that, by change of variables,

- /¢1(¢t<R”>\¢s<Rs ) 7l dim = / Ao\l A

t,i

fo ¢;Z1
Ji o QS;}

/qﬁt(Rt,i)\(bs(Rs,i)

Observe that, by the Sobolev inequality (B3), we have f € LP(2), with p = d/(d — 1)
and d being conjugate. It follows from Hélder and Sobolev inequalities and assumption (1) of
Theorem C that there exists some C' > 0 such that

N
(I1) = Z / Xoy 2 ouRu\as (R T 14

<Z||X¢ Vou(Rea\os (Roo lall Fllp

i=1

<cz (67161 (Re) \ du(Bo))) " £ v
< CEle v

We are done for (II). The calculations follow similarly for (III). O

The density p € BV () [15, Corollary 3.4].
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4.2.1 Spectral decomposition of L;

In the situation where 1 is the only eigenvalue of £, with modulus 1. We decompose the
Perron-Frobenius operator as follows

Ly =1I; + R

where R : BV (Q2) — BV (Q) is a bounded operator on BV () with a spectral radius strictly
less than 1, satisfying
II; R=RIl; =0,

and II; is the projection. In this setting, we have the following result.

Theorem 4.2.5. [72, Theorem 3] There exists non-negative functions ¢1,...,p, € BV (Q)
and 1, ..., € L®(Q) such that:

(a) For every f € LY(Q),
=3 [ st am. (4.7)

(b) Lipi = @i, vioT =1 fori=1,... k.
(c) Jopitbidm =i i Nbj =0=1p; Aihy as i # j; [qpidm =1 fori=1,... k.

(d) There exists measurable sets C1,...Cy C X such that ¢; = x¢;, a.e. fori=1,...,k and
X =UfCja.e.

(e) NS, T(LY) =N, T™(L™®) = span{ip1, ..., ¥x};
(f) for every f € LY(Q), f o T™ — WI*f in the o(L, BV)-topology; for every f € L>(Q),
foT™ —TII*f in o(L>, L)- topology and

H*fzzwi/QSDifdm-
=1

We remark that m is a d dimensional Lebesgue measure.
4.2.2 Proof of Theorem C

In this section we prove Theorem C. We will use the Keller-Liverani stability result in [58].
Recall that there exists C' > 0 such that, for all ¢,s € I,

KL1) I£¢ = L]l < € = s);

(

(KL2) || LP]: < C, for alln > 1;

(KL3) [I1£¢ fllsv < CX[flBv + Cllfllx, for alln > 1 and f € BV(Q);
(

KL4) 1 is an isolated eigenvalue of Ly and has multiplicity one.

Now we state a result by Keller-Liverani
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Proposition 4.2.6. [58, Corollary 1] Suppose that {P,}icr is a family of bounded operators
satisfying (KL1)-(KLA). Fiz § >0 and r € (o, M) and set n:=1— llgggﬂé If in addition, A
is an isolated eigenvalue of Ps with |A| > r and if § > 0 is such that Bs(\) N o (Ps) = {A}.

Then there are constants C' = C(3,7) > 0 and g = €¢(J,7) > 0 such that 0 < s,t < g

[T — IL|| < C[E(t —s)]"  for all s,t € 1.

Where B;s(\) is the unit open ball of radius § around A, o(FPs) the spectrum of Ps and
0a(Ps) :={z€C:|z| <a}Uo(Ps).

In fact, (KL1) is given by Proposition 4.2.4, (KL2) follows from (C2), and (KL3) is
given by Proposition 4.2.3. Regarding (KL4), notice that 1 is an isolated eigenvalue by the
theorem of Ionescu Tulcea and Marinescu [53](Theorem 2.4.2), since £; is quasicompact;
the multiplicity one holds because we assume that each ¢; has a unique ergodic absolutely
continuous invariant probability measure; recall (C3).

Since (KL1)-(KL4) hold, we conclude using Proposition 4.2.6 that there exist C' > 0 and
0 < n < 1 such that

T = T || < ClEE = 9)]", (4.8)

where II;, IT; are the projections onto the eigenspaces of the eigenvalue 1 with respect to the
operators L, Ls, respectively. By virtue of property (KL4), it follows from Theorem 4.2.5
that, for all s € I, there exists ps € BV () with ps > 0 and [ psdm = 1 such that, for every

feLl(Q),
f=p, [ fdm.

This allows us to conclude that

I = ol = o = pr [ | = ML =Tl < 1L~ L

The conclusion of Theorem C then follows from equation (4.8).

4.3 Holder continuity of the entropies
For some basic notions on entropy, we refer the reader to Section 2.2.
4.3.1 Existence of entropy formula

For the sake of completeness, in this section we present conditions under which the existence of
an entropy formula for an absolutely continuous invariant probability of piecewise expanding
maps is guaranteed, see [11, 12] for the full branch Markov maps setting. The Markovian
property was weakened in [14] to quasi-Markovian property (see [45] for a similar condition),

which is defined as follows.

Definition 4.3.1. The partition { Ry}, into domains of smoothness of ¢y : Q — Q is said
to be quasi-Markovian with respect to a measure p, if there exits n > 0 such that for
almost every x € Q) there are infinitely many values of n € N for which

m(op (R (x))) = .
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Where R}(z) is the element in {R};}, containing 2 € Q. The following important
criterion was set in order to establish the quasi-Markovian property for the partition of a

piecewise expanding map with absolutely continuous invariant probability measure.

Definition 4.3.2. The singular set of a piecewise expanding map ¢ : @ — Q is defined as

Ss. = |J OR.
ReRy

Where 0 is the boundary and the bar stands for the closure (A, is the closure of set A).

Remark 4.3.1. If N < oo, then the singular set is the finite union of (d — 1)-dimensional
submanifolds of RY.

The piecewise expanding maps ¢; behaves as a power of the distance close to Sy, if there
exists constants K, p > 0 such that

K
(S1) [[Dge(z)]| < m§
(S2) log | Dén(z) | < > dist(zx, y);

D@ (y)~ | — dist(z, Sp,)

for every z,y € M \ Sy,, M a compact manifold, with dist(z,y) < dlSt(xQ’S(bt)

In [14, Proposition 3.4], an explicit criterion to check the quasi-Markovian property for
a C'l-piecewise expanding map was given, and subsequently gave a sufficient condition for
establishing the entropy formula for such classes of maps. As a by product, the following
result gives a sufficient condition for the existence of an entropy formula for our class of maps

of interest (piecewise expanding maps with long branches).

Proposition 4.3.2 ([14]). Let ¢; : Q — Q with Q C R? be a C! piecewise expanding
map with bounded distortion and large branches for which (S1)-(S2) and (U) hold. If
log dist(-,Sg,) € LY(m) and py is an ergodic absolutely continuous invariant probability
measure for ¢; such that Hy,(Rg,) < 0o, then

i (6) = [ 1og Judus. (4.9)

4.3.2 Holder continuity of the entropies

Let ¢ : Q — Q be a family of piecewise expanding maps and P the partition of €2, it has been
established in [11, 12, 14] under different settings that for a finite entropy of the partition
H,,(P), the entropy formula for an absolutely continuous invariant probability measure fi; is,

by, (¢1) = /log Jedpu.

For each t € I, let hy,(¢;) denote the entropy of the transformation ¢; with respect to
the ¢4-invariant measure p.
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Theorem D. Let (¢¢)ier be a family of maps for which (U) holds and each ¢ has a unique
absolutely continuous invariant probability measure p;. Assume that

1. there exists a function £ : A — R such that, for all s,t € I,

log J, — log Ji||; < £(t —s) and HZ’;; - Z‘;;

< E(t—s);
1

2. hy (o) = / log J; dm, and there is M > 0 such that || log Ji|lec < M, for allt € I.
Q
Then, there exists some constant C > 0 such that, for all s,t € 1,
|he (D1) — by (¢5)] < CE(t — 5).

Proof Theorem D. For each t € I, let p; denote the density of u; with respect to m. Since
the entropy formula in assumption (2) holds, we have for all s,¢t € T

I (62) = hu(00)| = | [ 10g Judp — [ 105 J1

< | [ (tog.1. ~1og 1) dis

+‘ / log J; duts — / log J; dus

< | [ (og 1. ~ o5 1) pedm +| [ 10g T~ pi) dm).

Using Hélder inequality and the bound in assumption (2), we get

[ 108 4o = pry | < M.~ il (4.10)
On the other hand, it follows from Proposition 4.2.3 that, for all n > 1,

1£5 FllBv < CA*[|fllBv + Cllfl1,

for all f € BV(Q2) and s € I. Since ps is a fixed point for Ls with ||ps]1 = 1 and the last
inequality holds for all n > 1, we get

psllBy < C.

Taking p = d/(d — 1), it follows from Sobolev inequality that there exists a constant
C’ > 0 such that
lpsllp < C”. (4.11)

Hence, using Holder Inequality and equation (4.11) we get
[ 0.~ 10g 1) pudm| < Il g T, ~ log il < €' llog J, ~ log - (4.12)

The conclusion follows from equations (4.10), (4.12) and assumption (1). O
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4.4 Application to two dimensional tent maps

The result in this section will be obtained as an application of previous theorems to a family of
two-dimensional piecewise expanding maps introduced in [67]. Consider the triangle Q C R?

which is the union of the two triangles
Ry ={(z1,22): 0< 21 <1, 0 <22 <11}

and
Ry ={(z1,29) : 1 <1 <2, 0< 29 <2—11}.

Consider the map ¢1 : Q@ — €, given by

(x1 + 2, 11 — T2), if (x1,22) € Ry;
(2 —x1+ 22,2 —2x1 — :L’Q), if ($1,$2) € Rs.

P1(z1,22) = {

¢1(x,y) is conjugate to the one dimensional tent map f, : [—1,1] — [—1,1] defined by
fa(z) = 1 — a|z|, for a = 2 with a the rate of expansion, and hence displays some nice
properties such as the consecutive pre-images of the critical set {¢] " (C)}nen define a sequence
of partitions such that diam(¢;"(C)) — 0, as n — oo of Q, therefore, ¢; is conjugate to the
one sided shift map with two symbols, Hence, it follows that ¢; is transitive in §2. ¢ posses

an absolutely continuous ergodic invariant probability measure [69].

The family of two dimensional tent maps ¢¢ : 2 — € are defined for 0 < t < 1 by
¢ =1¢1. (4.13)

Note that R; and Rs are the smoothness domains of ¢;, separated by the common straight
line segment C = {(z1,22) € Q : 1 = 1}. These tent maps can be described geometrically as
follows: first the triangle 2 is folded through C, making Ry overlap Ri; then a flip of this
domain is made and expanded to €2, thus obtaining ¢;(2); for the other maps ¢, we apply a
final contraction by the factor .

R, R,

Fig. 4.1 The tent maps

It was proved in [68] that, for each ¢ € [r,1], with

_ 1 /
7= ﬂ(\/iJr Hi4 (4.14)
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the map ¢; exhibits a strange attractor in €, thereby extending the results obtained in [69]
only for ¢ = 1. The existence and uniqueness of an ergodic absolutely continuous ¢;-invariant
probability measure u; was obtained in [68], for each ¢ € [r,1]. Moreover, any exponent of ¢,
also possess an ACIEP which coincides with g;. In the next result we improve the conclusions
of [14, 15], on the continuity of the measures and respective entropies for this family of maps,
by showing that they in fact vary Holder continuously.

Theorem E. There exists C > 0 and 0 < n < 1 such that, for all s,t € [1,1],

‘dﬂt_dus

SCOlt=s|" and [y, (¢) = hy,(¢s)] < CJt = s]".

According to [15, Section 4], the uniformity condition (U) is satisfied with £ = 6. For the
sake of completeness, We shall show it below

(¢f)t€[7’,1]'

For ¢9, we have 64 domain of smoothness, hence {R;;}%%;, the (m mod 0) partition of (2.

1
I(De) " ()l = 56 = OLe

For each t € [1,1], 016 < 1, hence (P1) is satisfied. (P2) is satisfied with A;¢ = 0 on each
{R;;}%4,, since we have that ¢y is linear. the linearity of ¢$ on each ¢ in R;; and preserves
angles, this will allow to show the (P3) condition for the domains of smoothness instead on
their images. Since, the boundary of each domain of smoothness is formed by at most five
straight line segments having slope —1,0,1 and co, meeting at an angle at least % Then

there is a piecewise C'! unitary vector field Xt in OR;; such that
. .
Bte =: sin 3 <|sin Z(v, X¢(x))|

for every x € OR;; and v € T,,0R;; \ {0}. Next, since the {R;, }64, depend continuously on
t, so it is possible to choose a uniform « such that (P3) holds for each ¢ € [r,1]. Hence, we

have that for each t € I
1 + i L <1 + 1 > < 0
Bie)  8t6 sinw/8/) —

1 At £ 1
Ao+ = : <M.
b 0Bt Bt ¢ apesin(m/8)

Now that we have established the conditions (P1)-(P3) and (U), we are in the setting to
prove Theorem E. We achieve this by applying Theorem C and Theorem D to the family
of tent maps (¢t)te[771} presented above. We know that R; and Ry are the only domains of
smoothness of every ¢;. Therefore, for each t € [r,1] and i = 1,2, we have

Ori = bilr, Kisi= ., (0e(Ri) Nds(Ri)) and s = dp) 0 bsilk, .,
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Existence and uniqueness of an ergodic absolutely continuous ¢s-invariant probability
measure j; was obtained in [68], for all ¢ € [r,1]. Moreover, the entropy formula holds for
this family of maps, by [14, Theorem G]. We are left to verify the assumptions of Theorem C
and Theorem D with adequate estimates to deduce Theorem E. It is enough to show that

there exists some constant M > 0 such that, for all s,¢ € [7,1] and i = 1,2, we have
(2) m (%‘1 (¢¢(Ri) \ ¢S(Rz~))) < M|t — s;
(b) ||trs5 —id|lo < Mt — s;

L
Jr oy s

(d) |[log Js —log J¢||; < M|t — s|;

(c) — 1| < M|t —s|;

(e) [[log Jilloo < M.

Indeed, from equation (4.13), we easily deduce that, for all (y1,y2) € ¢¢1(R1), we have

bt (Y1, 12) = (;(yl +y2), %(yl - yz))

and, for all (y1,y2) € ¢r2(R2), we have

1 1
bra (Y1, y2) = <2t(4t — Y1 —¥y2), 27(3/1 - y2)) :

Moreover, each map ¢, is piecewise linear with

Désy(ar, 1) = ( bt )

t —t

for all (z1,22) € Ry \ C, and

-t 1
D , =
Gr(21, 22) ( I )
for all (z1,22) € R \ C. Therefore, we have
Jp = 2t2,

for all (z1,22) € Q\Cand 7 <t < 1.

Proof of (a) Observe from the dynamics of ¢, that ¢:1(R1) = ¢+ 2(R2) and, moreover the
Jacobian of ¢ is constant and equal to the Jacobian of ¢;2. Therefore, it is enough to show
the conclusion for i = 1. In fact, for ¢ > s (and for ¢ < s there is nothing to be proved, since
in that case ¢¢(R1) C ¢s(R1)), we have

m(¢y(R1) \ ¢s(R1)) < lenght(¢y(C)) [|9:(1,0) — ¢s(1,0)]|
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= V2t|(t, 1) — (s, )| = 2t(t — ). (4.15)

Since the Jacobian of ¢; 1 is constant and equal to 2t2, we deduce that the Jacobian of
qﬁt_ll is 1/(2t?), which together with equation (4.15) yields

m(CZS;Zl (qf)t(Rl)\gbs(RZ))) < (t—s) < (t—s).

t T

Proof of (b) For each (z1,22) € Ry and 7 <t <1, we have

|4hrsi—idllo = sup |l¢; ) o ds1(a1,m2) — (w1, )|

(z1,22)ER1
(i — 1) (1‘1,332)

= sup
(z1,z2)ERL

S

S ’t_‘g’u

and for each (z1,z2) € Ra, we have

Iesi —idllo=sup [l¢gs 0 @s2(z1,22) — (21, 22)]

(z1,22)ER2
= sup (i - 1) (z1—2,22)

(z1,x2)ER2

V2
T

|t — s|.

Proof of (c) For all 7 < s,t <1, we have

82

2

I
Jr ot s

1‘:

_1’:

(st)(s+t)‘§7_22’t_s"

Proof of (d) By the mean value theorem, we have that for all 7 < s,¢ <1

2 2\ o
og J, — log |l = (/Q <7_(s—t)) dm> < 2@t — 5.

T

Proof of (e) For all 7 <t <1, we have

| 1og Ji ||oe = |log(2t?)] < log 2.

Recall that the expression for 7 in (4.14) gives 1 < 272 < 2¢? < 2.






Chapter 5

Conclusion

The regularity of physical measures and their metric entropies play a fundamental role in
understanding the stability of dynamical systems, particularly those exhibiting complex or
chaotic behavior. By addressing their regularity, we aim to provide deeper insights into the
intricate relationship between the dynamics of a system and the statistical properties of its
invariant measures. Understanding this relationship is key to predicting the robustness of
complex dynamical systems under perturbations, a question that has far-reaching implications
in various fields, from mathematical theory to applied sciences. This research sheds light
on the subtle and quantitative ways in which physical measures and their metric entropy
responds to changes in the underlying system, offering a more nuanced understanding of the
stability and variability of chaotic systems. Through this investigation, we contribute to the
broader goal of characterizing the resilience of dynamical systems to fluctuations, and thus
advancing the overall theory of dynamical stability.

We now present some questions that would be interesting to study in the future. In
[34] the problem of linear response was considered for solenoidal attractors where the base
dynamics is a uniformly expanding map. An interesting problem would be to study linear
response in the solenoid map where in the base dynamics a nonuniformly expanding map
is considered, particularly the circle map with intermittency. An ultimate goal would be to
extend the result to partially hyperbolic attractors.

In the case of the one dimensional tent maps studied by Baladi and Smania (see [25, 27]),
the linear response fails under certain transversality condition of the topological class. A
recent result by Bahsoun and Galatolo shows that linear response holds if the critical point
in the one dimensional tent map is replaced by a singularity (see [20]). As a next step, an
interesting problem to tackle would be to check whether changing the dimension of the system
affects the existence of a linear response formula. In particular, it would be interesting to
investigate whether linear response holds within the higher dimensional family of tent maps

that was considered in Chapter 4.
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