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Abstract

We prove that every homeomorphism of a compact manifold with dimension one has
zero topological emergence, whereas in dimension greater than one the topological emer-
gence of a C”—generic homeomorphism is maximal, equal to the dimension of the mani-
fold. We also show that the metric emergence of a continuous self-map on compact metric
space has the intermediate value property.

1. Introduction

The topological entropy is an invariant by topological conjugation which quantifies to
what extend nearby orbits diverge as the dynamical system evolves. On a compact metric
space, a Lipschitz map has finite topological entropy. However, if the dynamics is just
continuous, the topological entropy may be infinite. Actually, K. Yano proved in [36]
that, on compact smooth manifolds with dimension greater than one, the set of homeo-
morphisms having infinite topological entropy are C°—generic. So the topological entropy
is not an effective label to classify them. Bringing together dimension and dynamics, E.
Lindenstrauss and B. Weiss [24] introduced the notion of upper metric mean dimension
of a continuous self-map f of a compact metric space (X, d), which may be thought as
a mean upper box-counting dimension. Its value is metric dependent and always upper
bounded by the upper box dimension of the space X, defined by

— I
dimg X = limsup 08 oxtE) Sx(e)
e loge

where Sx(¢) is the maximum cardinality of an e—separated subset of X (see [12, 29]
for more details). Thus, it is natural to ask what is the upper metric mean dimension
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of a C%—generic homeomorphism of X, and whether there exists a homeomorphism of
X having a prescribed value in the interval [0,dimp X] as its upper metric mean dimen-
sion. These questions were partially answered in [7], where we proved that there exists
a C°—Baire generic subset of homeomorphisms of any compact smooth manifold with
dimension dimX > 2 whose elements have the highest possible upper metric mean dimen-
sion, namely dimX; and that any level set of the metric mean dimension of continuous
interval self-maps is C°—dense.

Recently, Berger and Bochi introduced in [3] another concept to quantify the statis-
tical complexity of a system: the topological emergence of a continuous self-map of a
compact metric space X, which evaluates the size of the space of Borel f—invariant and
ergodic probability measures (cf. Subsection 1-1 for the definition and more details). To
illustrate its importance, they proved, among other equally interesting general results for
diffeomorphisms on surfaces, that within C'*® conformal expanding maps admitting a
hyperbolic basic set A the topological emergence is the largest possible, that is, equal
to the upper box dimension of A. This means that, when dimg A > 0, the number of
e—distinguished ergodic probability measures grows super-exponentially with respect to
the parameter €. Moreover, Berger and Bochi also proved that there is an open set U
of C'°°—surface diffeomorphisms and a generic subset G of U such that the Lebesgue
measure has topological emergence equal to 2 with respect to each element of G (cf. [3,
Theorem DJ).

Our first aim in this work is to characterize the topological emergence of CY—generic
homeomorphisms acting on compact manifolds.

1-1. Topological emergence

We start by recalling the concept of topological emergence which measures the com-
plexity of the space of ergodic probability measures preserved by a map. Given a compact
metric space X and a continuous map f: X — X, we denote by B the o—algebra of
the Borel subsets of X, by M;(X) the space of Borel probability measures on X, by
M(X) its subset of f—invariant elements, and by ./\/l‘;]rg (X) the subset of f—invariant
and ergodic probability measures.

Definition 1. Let X be a compact metric space, f: X — X be a continuous map and
D be a distance on the space M1(X) such that (M1(X), D) is compact. The topological
emergence map associated to f is the function

e€]0,+o0[ = Ewop(f)(e)

where Eop(f)(€) denotes the minimal number of balls of radius € in (M1(X), D) neces-
sary to cover the set M5®(X).

It is clear from the previous definition that the topological emergence depends on the
metric we consider in M (X). In what follows, we will always assume that D is one of the
Wasserstein metrics W), for some p > 1, or the Lévy-Prokhorov metric LP (both metrics
are defined in Subsection 2-1). These metrics induce in M (X) the weak*—topology (cf.
[32]).

Definition 2. The upper and lower metric orders of a compact metric space (Y, D),
defined by Kolmogorov and Tikhomirov [20], are given respectively by

log log S log log S
mo (V) = limsup loglog Sy (€) and  mo(Y) = liminf loglog Sy ()
e— 0t _logE e — 0+ —1og6
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where Sy (€) denotes the mazimal cardinality of an e—separated subset of Y. In case both
quantities coincide we simply denote them by mo(Y'), the metric order of the setY . This
notions may be extended in a straightforward way to nonempty subsets of Y.

It is worth referring that Definitions 1 and 2 are related. Indeed, given a compact
metric space Y, the minimal number of balls in Y with radius € necessary to cover a
subset A C Y is bounded from above by the maximal number of disjoint balls with
radius €/2 that intersect A, and is bounded from below by the maximal number of
disjoint balls of radius e that intersect A.

To define the next concept, we need to select either a Wasserstein metric or the Lévy-
Prokhorov metric, but its value does not depend on this choice (cf. [3]).

Definition 3. The topological emergence of a continuous map f: X — X on a compact
metric space X, which we will denote by Eop(f), is the upper metric order of the space of
Borel f—invariant ergodic probability measures on X endowed with either the Wasserstein
metric W, for some p € [1,+00|, or the Lévy-Prokhorov metric (we denote by LP).

We specify that, in what follows, loglog 1 = 0. This way, a uniquely ergodic map f is
granted a zero topological emergence, as expected.

Berger and Bochi proved in [3, Theorem 1.3]) that, if f: X — X is a continuous map
acting on a compact metric space X whose upper and lower box dimensions are dimg X
and dimp X, respectively, then for any p > 1 one has

dimp X < mo (M (X),W,) < 10 (M;(X),W,) < dimp X (1)

and that similar inequalities hold if we consider M;(X) endowed with the distance LP.
In particular, this ensures that

limsup 128108 E0p (1)) _ e x) Wy < o (M, (X), W) < Jimg X, (12
f p P

e— 07t —loge

1-2. Metric emergence

Fix a compact metric space (X, d), a continuous map f: X — X, a positive integer n
and = € X. The n**—empirical measure associated to x is defined by

|
—

1 n
-N "5
- fi(@)

~
Il
=]

where §, denotes the Dirac probability measure supported on z. We recall that, if p is an
f—invariant probability measure, then the Birkhoff’s ergodic theorem guarantees that
for p—almost every x € X the sequence (e{i (x))n ¢ converges in the weak*—topology
to a unique probability measure (cf. [35]), which we denote by ef (x) and call empirical
measure associated to x by f. For instance, given a periodic point P of period k, its
orbit supports a unique invariant probability measure, so called periodic Dirac measure,
defined by pp = + Zf;ol 8ti(p), which coincides with ef (P). Misiurewicz gives in [25]
an example of a homeomorphism f: T2 — T? of the 2—torus that is expansive, has
the specification property and such that, for Lebesgue almost every point z € T?, the
sequence (ef (x))n accumulates on the whole M ¢(T?), which in this example is very
large.

eN

Definition 4. Let (X,d) be a compact metric space, f: X — X be a continuous map and
u be a probability measure on X (not necessarily f—invariant). The metric emergence
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map of p with respect to f assigns to each € > 0 the minimal number &€,,(f)(e) = N of
probability measures i1, ..., un on X such that

. . f . < )

timsup [ | min  Dlef (). ) di(e) < . (1:3)

The metric emergence of u with respect to f is the limit, if well defined,

. loglog&,.(f)(¢e)
=1 — 14
) = Ty 2 =

The previous concepts were introduced in [2] when X is a compact manifold and p is
the Lebesgue measure, and generalized in [3]. In rough terms, &, (f) essentially evaluates
how far is p from being ergodic. If p is f—invariant then (ef (x)), e n converges to ef ()
at p—almost every x, and so (1-3) can be replaced by

i D(ef(2), pi) dp(z) < e. (15)
So, if p is f—invariant and ergodic, its metric emergence map is minimal, equal to 1.

By [3, Proposition 3.14], it is known that, if f: X — X is a continuous map of a
compact metric space X and p € My(X), then

ENE) € Eop(f)(e)  Ve>0

provided both emergences are computed using the same W, or LP metric on M (X).

1-3. Main results

Let X be either [0, 1] or S, endowed with the Euclidean metric. Denote by Homeo 4 (X, d)
the set of order preserving homeomorphisms of X with the uniform metric Dso given by

Deo(f,9) = Sup. {d(f(2). (@), d(f~(x), 97" (2))}.

The set Homeo (X,d) with this distance is a Baire space. Our starting point is the
following property of the topological emergence of these homeomorphisms.

Theorem 1. If X = [0,1] or X = S! endowed with the Euclidean metric, then every
map in Homeo, (X, d) has zero topological emergence.

Now let (X,d) be a compact connected smooth manifold X (with or without bound-
ary) of dimension at least two. We will consider both the space Homeo(X,d) of home-
omorphisms on X with the uniform metric Dco and its subset Homeo, (X, d) of those
homeomorphisms which preserve a Borel probability measure g on X. For reasons we will
explain later, we are mainly interested in QU—probability measures (so named after the
work [27] of Oxtoby and Ulam; see also [1]), which comply with the following conditions:
(C1) [Non-atomic] For every z € X one has u({z}) = 0.

(C3)  [Full support] For every nonempty open set U C X one has p(U) > 0.
(C3) [Boundary with zero measure] u(0X) = 0.

It is known that the set of QU—probability measures is generic in M;(X) (see [11]).

The next result shows that, contrary to Theorem 1, in a higher dimensional setting the
topological emergence of C°—generic conservative homeomorphisms attains its maximum
possible value.
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Theorem 2. Let X be a compact smooth manifold with dimension dimX > 2, d be a
metric compatible with the smooth structure of X and p be a QU—probability measure
on X. There are C°—Baire generic subsets R C Homeo(X,d) and R, C Homeo, (X, d)
such that

mo (M7*(X), Wp) = dimX VfeR
and

mo (M7¥(X), W) = dimX VfeR,

In the measure preserving setting, Theorem 2 is a consequence of the fact that, if
p is a OQU—probability measure on X, then a C°—generic element f in Homeo, (X) is
ergodic (cf. [27]), has a dense set of periodic points (cf. [10]) and the shadowing property
[16], and therefore satisfies the specification property (cf. [11]). This implies that the set
of ergodic probability measures is dense in M;(X), so we are left to show that the
metric order of M;(X) is equal to dimX. This is easier to prove since M ¢(X) is convex.
The argument ultimately depends on the fact that the existence of pseudo-horseshoes is
C"—generic in the conservative context (see [10] and Section 4 for more details).

The proof of Theorem 2 for dissipative (that is, non-conservative) homeomorphisms
also builds on the construction of pseudo-horseshoes, which were introduced in [36] and
redesigned in [7] to satisfy two conditions: to exist in all sufficiently small scales and
to exhibit an adequate separation of sufficiently large sets of points in all steps of their
construction. However, as the denseness of ergodic probability measures on the set of
the invariant ones is not CY—generic within Homeo(X) (cf. [17, 11, 21]), the argument
in the conservative case does not extend to the non-conservative context. To prove that
the topological emergence in this setting is C”—generically maximal we will carry out
another upgrade on the construction of the pseudo-horseshoes to guarantee that we can
find sufficiently many ergodic probability measures adequately separated with respect to
a Wasserstein metric (see Section 5 for more details).

Given a homeomorphism f: X — X, the map which assigns to each nonempty compact
f—invariant subset Z of X the topological entropy of the restriction of f to Z fails to
satisfy the intermediate value property. See, for instance, the minimal homeomorphism on
the 2—torus with positive entropy presented in [31]. A. Katok asked whether the metric
entropy map satisfies the intermediate value property. More precisely, Katok conjectured
that, for every C? diffeomorphism f: X — X, acting on a compact connected manifold X
with finite topological entropy, and for every ¢ € [0, hop(f)], there is a Borel f—invariant
and ergodic probability measure p such that the metric entropy h,(f) is equal to c. This
conjecture has been positively answered in a number of contexts (cf. [33] and references
therein). After Theorem 2, one may likewise ask if the image of the metric emergence
map of a C%—generic f € Homeo, (X) is [0, dimp X]. Supporting this question is the
fact that for every continuous self-map f of a compact metric space there exists a Borel
f—invariant probability measure p such that £,(f) = Ewop(f) (cf. [3]). Our next result
generalizes this assertion, providing a proof of the counterpart of Katok’s conjecture for
the metric emergence.

Theorem 3. Let f: X — X be a continuous map on a compact metric space (X,d).
Then:
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(a) The set

Bp(X) = {ne My(X): sup &, (f)(e) > 1}

1S convez.

(b) The restriction to By(X) of the metric emergence is quasiconvex since
Epr-to(f) = max {&,(f). & (f)} VY v €Bp(X), Vtelo1].
(c) For every 0 < 8 < Eop(f) there is p € My(X) such that E,(f) = S.

It is known that for CY—generic volume preserving homeomorphisms the Lebesgue
measure is ergodic (cf [27]), so its metric emergence map is constant and equal to one.
On the other hand, by Theorem 2, for C°—generic volume preserving homeomorphisms
on a compact manifold with dimension at least two, one has &op(f) = dimX. This
indicates that, C?—generically in the space of volume preserving homeomorphisms, the
probability measure whose metric emergence attains the maximal value Eop(f) is not
the Lebesgue measure. Yet, in the space of C" diffeomorphisms, » > 1, in any surface,
there exists a C"—open subset for whose generic maps the Lebesgue measure has metric
emergence equal to two (cf. [3, Theorem DJ).

The proof of Theorem 3 relies on the following intermediate value property for the
upper metric order map, which is of independent interest.

Theorem 4. Let (Z,d) be a compact metric space. The upper metric order function
defined on the space of subsets of Z has the intermediate value property. More precisely,
if 0 < B <m0 (Z), then there exists a subset Yz C Z such that mo (Yg) = 5.

2. Preliminary information

For future use, in this section we will recall some definitions and previous results.

2-1. Metrics on M1 (X)

Given a compact metric space (X, d) it is known that the space M;(X) of the Borel
probability measures on X is compact if endowed with the weak* —topology. Moreover,
there are metrics on M (X) inducing this topology, the classic ones being the Wasserstein
distances and the Lévy-Prokhorov distance. The former are defined by

wano) =t ([ XX[d(x,ynpdvr(x,y))l/p

m e (p,v)

where p € [1,+o00[ and II(u,v) denotes the set of probability measures on the product
space X x X with marginals ;1 and v (see [34] and references therein for more details).
The latter is defined by

LP(p,v) = inf {5 >0: VE €B V e—neighborhood V.(E) of E one has

V(E) < p(Vo(E) +¢  and  p(E) <u(Vi(E)) +e}.

The reader may find more information about this distance in [4].

Throughout the text we will say that two probability measures on a compact metric
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space X are e—apart if their supports are at a distance at least ¢ in the Hausdorff metric,
which we denote by distz; more precisely,

dist 7 (supp(y), supp(v)) > ¢

where
dist ;7 (supp(u), supp(v))

= max { sup  dist(z,supp(r)), sup  dist(y, supp(u))} (2:1)
z € supp(p) y € supp(v)
and dist(a, A) = inf {d(a,z)|z € A}.
For example, if N € N and {z1, 2, -+ ,xn} is an e—separated subset of X, then the
Dirac measures 0y, , 0z,, -+ ,05, are pairwise ¢—apart.

Remark 1. In [3, Theorem 1.6], the authors proved that, if C C M1(X) is a convex
subset and we denote by A(C,¢e) the mazimal cardinality of pairwise e—apart probability
measures in C, then

o(C P mo LLP lo B
pe[l,—‘roo[ 1 1

2-2. Pseudo-horseshoes

The main tool to prove our first theorem is a class of compact invariant sets, called
pseudo-horseshoes. Such structures were used in [36] to prove that C°—generic homeo-
morphisms, acting on compact manifolds (X, d) with dimension greater than one, have
infinite topological entropy; and later in [7] to show the existence of a C?—Baire generic
subset Ry C Homeo(X, d) where the metric mean dimension is maximal, equal to dimX.
In what follows we recall the main definitions and properties of pseudo-horseshoes on
manifolds. We refer the reader to [17, 18], where one finds other relevant properties of
the atractors and pseudo-horseshoes of generic homeomorphisms.

2-2-1. Pseudo-horseshoes in R*

Consider in R* the norm

(21, xp)l| =  ax EAp

Given r > 0 and z € RF, denote DF(z) = {y € R*: |z — y|| < r} and D =
Df((O,...,O)). For 1 < j < k, let mj: R¥ — RJ be the projection on the first j co-
ordinates. Let us now define pseudo-horseshoes with N legs (N > 2).

Definition 5. Fiz r > 0, z = (x1,--- ,2) and y = (y1,--- ,yr) in R*, and take an
open set U C RF containing DF(x). Having fized a positive integer N, we say that a

homeomorphism ¢: U — R* has a pseudo-horseshoe of type N at scale 7 connecting
to y if the following conditions are satisfied:

(i) ¢(z)=y.
(ii) @(Df(x)) cint(D’f‘l(wk_l(y))) x R.

(iii) Fori=0,1,...,[%],

@(fol(wk_l(sc)) X {xk —r+ 4%\;}) C int(fol(ﬂ'k_l(y)D X (=00, yg — 7).
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(iv) Fori=0,1,...,[~],

0 (D’:l(wk_l(z)) x {xk — W}) - int(fo’l(wk_l(y))> X (Y, 400).

(v) For each i€ {0,...,N — 1}, the intersection

Vi:fo(y) N cp(Dfl(x) X {xerri?, xkr+(21+N2)1>

s connected and satisfies:

(a) Vi N (Dt (y) x {—r}) #0;
(b) Vi (D~ y) x {r}) #0;

(c) each connected component of V; U OD¥(y) is simply connected.

FEach V; is called a vertical strip of the pseudo-horseshoe.

Fig. 1. Positive iterates of a pseudo-horseshoe on a compact manifold (top) and their geometric
representation on R¥ (bottom) using local charts which are signaled by downward arrows.

2-2-2. Pseudo-horseshoes in manifolds

So far, pseudo-horseshoes were defined in open sets of R¥. Now we convey this notion
to manifolds, where the number of legs N > 2 is determined by k& = dimX and the scale
e>0.

Definition 6. Let (X,d) be a compact smooth manifold of dimension dimX. Given
f € Homeo(X,d) and constants 0 < a« < 1,6 > 0,0 < e <4 and q € N, we say that
f has a coherent (4, e, q, «)—pseudo-horseshoe if we may find a pairwise disjoint family
of open subsets (U;)o<i<q—1 of X such that

JU:) NUi11ymod q 7 0 Vi
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and a collection (¢;)o<i<q—1 of homeomorphisms
¢;: DX c RIMX 1 c X
satisfying, for every 0 <i < q—1:
(i) (f © ¢z) (DédimX) C u(z’+1)modq'
(ii) The map
Vi = O 1ymoaq © f 0 Pi: DY — RIMA

adimX
) | at scale § connecting x = 0 to itself

has a pseudo-horseshoe of type L(%

adimX
)

with vertical strips {V; ;}; with j € {1,2,..., L(l

€

adimX
(iii) Denoting H; ; = @b;l(‘/;’j) for every j € {1,2,..., L(l) |}, which we refer

1

adimX
)

to as horizontal strips, one has for every ji1 # ja € {1,2,..., L(
min { inf{lla —b||: a € V;;,beV;,,}, inf{||z —w|: z€ H;;,, we Hi,jz}} > €.

(iv) For every0 < i< q—1 and every j1 # j2 € {1,2,..., L(é)adlmxj}, the horizontal
strip H; j, crosses the vertical strip V(;{1)mod q,j., Where by crossing we mean that
there exists a foliation of each horizontal strip H;; C D$™X by a family C; ;
of continuous curves c: [0,1] — H;; such that 1;(c(0)) € Dy™¥~1 x {6} and

Yi(c(1)) € DFmX=1 % {5},

Regarding the parameters (d,¢, ¢, «) that identify the pseudo-horseshoe, we remark
that § is a small scale determined by the size of the ¢ domains and the charts so that
item (i) of Definition 6 holds; ¢ is the scale at which a large number (which is inversely
proportional to € and involves «) of finite orbits is separated, to comply with the demand
(ii)-(iii) of Definition 6; and « is conditioned by the room in the manifold needed to
build the convenient amount of e—separated points. In [36], Yano constructed pseudo-
horseshoes of type N for every N > 2, while coherent pseudo-horseshoes were introduced
and constructed in [7].

Coherent (4, ¢, g, «)—pseudo-horseshoes have three important features. (We refer the
reader to [7] for more details.) Firstly, these pseudo-horseshoes persist under C°—small

perturbations. Secondly, every homeomorphism which has a coherent (J, €, ¢, &) —pseudo-
adimX
horseshoe also has a (g, €)—separated set with at least L(%) | elements. The third
main property of coherent pseudo-horseshoes is the following proposition.
Fix a strictly decreasing sequence (ej)ren in the interval ]0,1[ converging to zero
and let L > 0 be a bi-Lipschitz constant for the charts of a finite atlas of X. Denote
by O(ek,a) the set of homeomorphisms g € Homeo(X,d) such that g has a coherent

(6, Leg, g, a)—pseudo-horseshoe, for some 6 >0, ¢ € Nand L > 0.

Proposition 1 ([7]). For every a € 10,1 and k € N, the set O(ey, ) is C°—open.
Moreover, given K € N, the union
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is CY—dense in Homeo(X,d). In particular,

%W N U ok

0,1[NQ KEN k€EN
€101[nQ FSR

is a C°— Baire generic subset of Homeo(X,d).

Regarding the conservative setting, given a QU—probability measure p on X, the per-
turbation technics in [15] allow us to make C°—small perturbations of any y—preserving
homeomorphism in order to create coherent pseudo-horseshoes. In particular, with this
strategy, one ensures that the space O, (ey, @) of homeomorphisms in Homeo, (X, d) ex-
hibiting a coherent (4, Ley, g, o)) —pseudo-horseshoe is C°—open and dense in Homeo,, (X, d).
A detailed construction of these C®—open dense subsets O, (), a) was carried in [23,
Theorem A], leading to a result similar to Proposition 1 in the setting of volume pre-
serving homeomorphisms: the set

M= (1 (1 U Ouera)

a€]0,1[NQ KEN keN
k> K

is C°—Baire generic in Homeo,, (X, d).
2-3. Specification property

According to Bowen [6], a continuous map f: X — X on a compact metric space
(X, d) satisfies the specification property if for any 6 > 0 there exists T'(0) € N such that
any finite block of iterates by f can be d—shadowed by an individual orbit provided that

the time lag of each block is larger than the prefixed time T'(4). More precisely, f satisfies
the specification property if for any ¢ > 0 there exists an integer T'(§) € N such that for

every k € N, any points x1, ...,z in X, any sequence of positive integers ny,...,n; and

every choice of integers Th, ..., Ty with T; > T'(§), there exists a point g in X such that
d(f (o), f(z1)) <6  VOLji<m

and

d(fj+n1+T1+-~+ni_1+Ti_1(xo) ) fj($1)> <46 V2<i<k VY0<j<n;.

It is known that full shifts on finitely many symbols satisfy the specification property;
besides, factors of maps with the specification property also enjoy this property (cf. [11]).
Moreover, if p is a OU—probability measure, the specification property is C°—Baire
generic in Homeo, (X, d) (cf. [16]).

The importance of the specification property in the study of the topological emergence
is illustrated by the fact that it guarantees the denseness of the set of periodic measures in
the space of invariant probability measures (cf. [11]), together with the following result,
essentially stated by Bochi in [5].

Lemma 1. Let (X,d) be a compact metric space and f: X — X be a continuous map
such that M5®(X) = My(X). Take a sequence (en)nen of positive real numbers satis-
fying lim,, _, o €, = 0. Assume that there exist constants C, v > 0 such that, for every
n € N, there is an f—invariant finite subset F,, C X containing only periodic orbits and
satisfying the conditions:
(i) any two distinct orbits in F, are uniformly e,—separated (in the Hausdorff dis-
tance) from each other;
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(ii) the number of periodic orbits of F,, is bounded from below by C (1/e,)7.
Then
lim sup 28108 Erop (f)(€)
e 0t —loge

2.
In particular, if v = dimp X, then Eop(f) = dimp X.

Proof. Fix n € N and denote by Npe (F),) the the number of periodic orbits of F,.
Consider the set of ergodic probability measures supported on each orbit in F),, whose
distinct elements are e, —apart due to condition (i). Given ¢ > 0, take N € N such that
en < € for every n > N. Then

AMf(X),e) 2 AMs(X), en) 2 Nper(Fi) VnzN

where A(M;(X), ¢) is the maximal cardinality of pairwise e —apart probability measures
in My(X). According to Remark 1, these inequalities together with the condition (ii)
imply that

mo (My(X), W) = 7.
Moreover, by assumption, the closure of M$®(X) is M (X), so
mo (M$#(X), W) = mo (M(X),W,) > v
as claimed. This proves the first statement of the lemma.
In the particular case of v = dimp X, we conclude more, since, as a consequence of 3,
Equation 2.2, Theorem 1.3], we know that
m(/\/ljfg(X),Wp) < dimp X.

Thus, mo (M$#(X),W,) = dimp X.

3. Proof of Theorem 1

Assume that X = [0, 1]. Given f € Homeo4 ([0, 1]), it is immediate to conclude that
the non-wandering set of f, say Q(f), coincides with the set of fixed points (we denote
by Fix(f)). Indeed, each orbit by f is a monotonic bounded sequence, so it converges
and, by the continuity of f, the limit is a fixed point. In particular, one has

MEE((0,1]) = {5w: (@) :x}

hence (M5®(X),W,) is isometric to a subset of (X,d). This implies that Ewop(f)(c) =
O(e71) for every sufficiently small ¢ > 0, and so &op(f) = 0. In particular, for any
f € Homeo, ([0, 1])

0 = &op(f) = sup {dimp(p): pe MGE([0, 1)}
where

dimp () = limsup log u(B(x,¢)) M(B(x,e)).
AP T g e
If f € Homeo, (S') has rational rotation number p(f), then there is a conjugation
between the restriction of f to its non-wandering set Q(f) and the restriction of the
rotation R,y to a closed subset of S!. Thus, every non-wandering point of f is periodic
and all the periodic points have the same period (say m). Moreover, St \ Q(f) is a union
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of open intervals and each of these intervals is mapped onto itself by the iterate f™ in a
fixed-point free manner. In particular, in each of these intervals one has either f™(x) <
for every x or f™(x) > x for every x. So, the orbit by f™ of any point of each of these
open intervals converges to a periodic point of f with period m. (The proofs of the
previous assertions may be found in [26].) Thus,

m—1
/\/lj‘.rg(Sl) = {% Z (5fj(1.)l fm(l‘) :{,E}
=0

and, similarly to the context of the interval, E.op(f)(e) = O(e71) for every small € > 0.
Thus the topological emergence of f is zero.

Finally, if f € Homeo, (S') has irrational rotation number p(f) then f is uniquely
ergodic (cf. [35]), so it has zero topological emergence. This ends the proof of the theorem.

Remark 2. It is known ([30]) that there exists a C°—open and dense set of homeomor-
phisms O C Homeo (S*) such that every f € O has rational rotation number. The proof
of Theorem 1 ensures that, for every f € O,

0 = Eiop(f) = sup {dimp(u): pe M?g(Sl)}.

In case f € Homeo, (S') has irrational rotation number then its non-wandering set is
either the whole circle or a minimal Cantor set Q(f). Moreover, given 0 < 7 < 1, there
are examples of orientation preserving C'17 —diffeomorphisms of the circle with irrational
rotation number and whose non-wandering set is a Cantor set of positive box dimension
equal to T (cf. [22, Theorem 4.2]). For such a diffeomorphism f one has

0 = Eop(f) < sup {dimp(u): p€ M;rg(Sl)} < 1.

4. Proof of Theorem 2: conservative setting

Let X be a compact smooth manifold with dimension at least two, d be a metric
compatible with the smooth structure of X and p be a OU—probability measure on X.
Denote by R, the C°—Baire generic subset of Homeo,, (X, d) formed by homeomorphisms
which satisfy the specification property (cf. [16]).

Recall from Subsection 2-2 that, given a € 10, 1], a strictly decreasing sequence ()i e n
in the interval ]0, 1[ converging to zero, a bi-Lipschitz constant L > 0 for the charts of
a finite atlas of M and k& € N, we denote by O, (e, a) the set of homeomorphisms
g € Homeo, (X, d) such that g has a coherent (4, Ley, g, o) —pseudo-horseshoe, for some
0>0,g€Nand L >0.

(The constant L depends only on the fixed atlas and will be fixed throughout.)

For every K € N, define

Onrl@) = |J Oulersa).
k eN
k> K

The set O, k() is C°—open and dense in Homeo,, (X, d) (cf. [15]). Thus the intersection

Rp =R N ( ﬂ ﬂ O’hK(a)>

a€]0,1[NQ KeN

is C°—Baire generic in Homeo,, (X, d).
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Given o € ]0,1[NQ and K € N, any homeomorphism g € %R, has a coherent (9, Le, g, o) —
pseudo-horseshoe Ay, for some § > 0, ¢ € N, L > 0 and k > K. Therefore (cf. [7, Propo-
sition 6.1]), there exists a finite subset Fx C Mgy(X) formed by probability measures
supported on g—periodic orbits of period ¢ which are ex—apart from each other, and

s |(2)]

whose cardinality satisfies

Therefore, by Lemma 1, the upper metric order of M,(X) is bigger or equal to dimX,
since
mo (My(X), Wp) > adimX
and « € )0, 1[ NQ is arbitrary. Moreover, the converse inequality
mo (My(X), W) < dimX
always holds (see (1-2)). So, mo (M4(X), W,) = dimX.

We are left to deduce from the previous equality that the topological emergence is

maximal. As every g € R, satisfies the specification property, the closure of the space
MGE(X) is equal to My(X) (cf. Subsection 2-3). Thus,

mo (Mg#(X), W) = mo (My(X), Wp) = dimX
and similar equalities hold regarding the metric LP. This confirms that

Jim sup log log Eiop(g)(€)
o0t ~loge

= dimX VgeR,

and the proof of Theorem 2 for Homeo, (X, d) is complete.

Denote by Per f the set of periodic points of f: X — X. The previous proof has the
following consequence:

Corollary 1. Under the assumptions of Theorem 2, if f € R, then
gtop(f‘iPerf) = dimX.

5. Proof of Theorem 2: non-conservative setting

The argument in the previous section also shows that
mo(Mys(X), W,) = dimX = mo(M;(X), LP) Y feRo

where Ry is the CY—generic subset of Homeo(X, d) defined in Proposition 1. However,
the proof we presented for the conservative case does not entirely apply to Homeo(X, d).
Indeed, whereas a C—generic homeomorphism in Homeo, (X, d) is ergodic [27], hence
transitive, there exists a C°—open and dense set of homeomorphisms in Homeo(X, d)
which display absorbing regions (cf. [28, Lemma 3.1] or [17]), and so those maps are not
transitive. As transitivity is a necessary condition for the denseness of the ergodic proba-
bility measures in the space of invariant ones (cf. [11, 21]), a typical homeomorphism in
Homeo(X, d) does not satisfy the requirements needed to apply Lemma 1. Actually, such
a strategy cannot even be pursued within a coherent pseudo-horseshoe, since an arbi-
trarily C°—small perturbation of these structures also allows us to create open trapping
regions. Therefore we need to refine the construction of the set 9y in order to ensure the
existence of an adequate amount of ergodic probability measures at appropriate scales.
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5-1. Topological horseshoes

We start by establishing a strengthened version of Proposition 1.

Proposition 2. Fiz a strictly decreasing sequence (ex)ren in the interval 10,1[ such
that limy, _, 4 oo €, = 0. For every a € ]0,1] and k € N, there exists a C°—open subset

~

Ole, ) C O(ex, @) such that:
(i) Given K € N, the union

Ok(a) = |J Oer, )
keN
k> K

is CY—dense in Homeo(X, d).
(ii) There ezists a constant C > 0 such that, if h € O(ey, o), then:

e The map h has a coherent (8, Ley, q, o)—pseudo-horseshoe, for some & > 0,
q€Nand L > 0.

adim X

L |2 periodic orbits of period q whose

ex

e The map h has a collection of L(
supports are €f—apart in the Hausdorff metric.

o There exists a subset Ep(X) C M} #(X) whose cardinality is larger than

1 1 \adimX |q
cea(alz) ]
*P (C Ek
and such that any two distinct elements in Ep(X) are 8_%5i—sepamted in the
W, distance.

Proof. We start with the construction of the C°—generic set Ry described in Propo-
sition 1. Then, given a homeomorphism f € Ry, to overcome the lack of specification
within f we will make a small local C°—perturbation of f to obtain a homeomorphism g
whose restriction to a fixed arbitrarily small open subset U of X is a C'* —diffeomorphism
and exhibits in U a horseshoe (that is, a closed invariant set restricted to which the
dynamics is conjugate to a full shift on a finite alphabet), where the periodic specifica-
tion property is valid. Clearly we cannot expect that this horseshoe persists under small
C°—perturbations; but a well chosen finite number of its periodic points and the periodic
orbits that shadow them may be turned permanent by a C°—small perturbation.

The first main difficulty of this argument is to adjust the size of the needed C° per-
turbations with the separation rates of the strips in the horseshoe, in order to be able to
apply the combinatorial approach of [3, Theorem 1.6]. The second difficulty is to ensure
that the ergodic probability measures supported on all of these orbits are distinct and
sufficiently separated in the W, metric.

Let us briefly recall the reasoning to prove [7, Proposition 7.1]. Given d > 0, a home-
omorphism of X can be arbitrarily C°—approximated by another homeomorphism, say
f, which has both a g—absorbing disk B with diameter smaller than ¢, for some ¢ € N,
and a C%—open neighborhood Wy in Homeo(X, d) such that, for every g € Wy, the disk
B is still g—absorbing for g. Then, by extra ¢ arbitrarily small C°—perturbations, we get
a homeomorphism g € Wy exhibiting a coherent (4, €, ¢, o) —pseudo-horseshoe in the

finite union B of the domains (fj(B))O<j <y
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The previous construction is performed by an isotopy in B, so we may assume that
the homeomorphism g is C'—smooth on the open domain B and that there exists an
open subset

Q CB (5-1)
such that the maximal invariant set

A=) 9g"Q

neEz

is a horseshoe, g? has a horseshoe with

S|

strips and the Hausdorff distance between any two such strips is bounded from below by
el. Let T =T(e} /4) € N given by the specification property (cf. Subsection 2-3) for the
map ¢ restricted to A. Take an even positive integer ¢ (depending on g and ¢i,) satisfying

@=T (5-2)

and such that the diameter of each connected component of ﬂln‘ <¢29" (Q) is strictly
smaller than €.

Using the methods of [10], one can perform a finite number of arbitrarily small
C°—perturbations so that there is a C?—open neighborhood of g where a fixed finite num-
ber of periodic orbits become permanent, that is, persist under small C°—perturbations
of the dynamics. Therefore:

Lemma 2. There erists a C°—open neighborhood )7\/\9 C W, of g in Homeo(X,d) such
that every h € Wy satisfies the following conditions:

(a) The homeomorphism h has a coherent (0, Ley, q, a)—pseudo-horseshoe, for some

6>0,qeNand L > 0.
adim X
(b) The homeomorphism h has a collection Fp, of N = L(é) 19 permanent
periodic orbits of period q, and the Hausdorff distance between these orbits is

bounded from below by €.

(c) The intersection (), o5 h"(Q) is a pseudo-horseshoe, where Q is the open set sat-
isfying the conditions that follow (5-1). Moreover, the diameter of each connected
component of ﬂ‘nl <2 h™(Q) is strictly smaller than €.

(d) Assume that N is an even integer (otherwise, replace N by 2|N/2]). For any
collection
P = <P17P25 7P%)

of N/2 periodic orbits in Fp, there is a periodic orbit o = p(P) with period ¢¢N/2+
TN/2 which €} /4—shadows the pseudo-orbit

2

((Plvplu"'7pl)7 (P27P27"'7P2)7"'7(P%7P%7"'7Pﬂ)>

with a time lag of T iterates in between, that is,

disty (BT~ D(P), pHED(o(P))) < ] /4
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forevery0<l0<q, 1<s<kandl <t < L.

We define the subset O K (€, ) as the union of the previously obtained open domains
W,. By construction, this is a C°—open subset of Homeo(X, d) and, given K € N, the
union Ok (a) = Uk en O(er, ) is C°—dense in Homeo(X,d). We are left to prove

E>K

that, if h € O(ey,a), then there exists a subset Ej(X) C M{®(X) with the properties
listed in Proposition 2. For that we will apply the combinatorial estimates used in the
proof of [3, Theorem 1.6].

According to [3], every maximal & —separated set in the space

N
F= {ﬁl {1,2,...,N} — {0,1} such that ;ﬂ(z): g}

endowed with the Hamming metric, has cardinality bounded from below by D;e“¥ | for
some uniform constants D1, Cq > 0. Given h € O(eg, a), fix a N/4—maximal separated
set F’ C F and consider the space Fj(X) of ergodic probability measures defined by

1 g¢N/24+TN/2—1

W YN+ TN]2 ; B) Oni oty )

where 8 € F', Pg = (P;,, P;,,..., Py ) and B(i;) = 1 for every 1 < j < N/2. Note that
2
the cardinality of Fj(X) coincides with the one of F”.

We claim that any two probability measures in Ej,(X) are 87%5z—separated in the
metric W,. Firstly, observe that, if 81, 82 € F' are distinct, then

Bﬂl = (PilaPi PljaaP’L%) 7é Bﬁ2 = (Pk17Pk25"'7ija"'Pk?

)

0y

vz

and these two vectors differ in at least N/4 entries (that is, there are at least N/4 values
of 1 < j < N/2 such that P;; # Py,). Moreover, using item (d) of Lemma 2, we conclude
that, for any such values of j, one has

distH(ht“j‘”qé(@(ﬂﬁl))a hH_(j_l)qe(P(Bﬁz))) >ef/2 VO<t<gl

where disty stands for the Hausdorff distance defined in (2-1). Due to the choice of ¢
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(see (5-2)), given m € II(pp,, f18,) one has

[y dney = [ )P dna.)
XxX supp(pgy ) Xsupp(usy)

P 2l
> % ﬂ({(a:,y) €X xX:d(z,y) > Ek})
s g/N/4

2 gUN/2+TN)2

C
4 @¢l+T
S
8
Thus
1/p L
Wylnsons) = _pint ([ @l arn) > s
m €M (kg 18,) \J X xX

This ends the proof of Proposition 2.

5-2. Estimate of the topological emergence

It is immediate to deduce from Proposition 2 that the set

2= ) N U OCka (5-3)

a€]0,1[NnQ KeN ke N
k> K

is C°—Baire generic in Homeo(X, d). We will show that

mo (M7E(X), W,) = dimX  Vfen

The estimates in the previous subsection show that, given K € N, an integer k£ > K
and a rational number « € 0, 1], there are g, € N

and a set of cardinality
1\ adim X
s (1( 1))

€k
formed by ergodic probability measures which are 8_%5% —separated in the Wasserstein
metric W),. This implies that, for each small 6 > 0, there exists ks > 1 such that

SMff’rg(X)(S_EEZk) = exp(exp(—qx log (ex) (a dim X — §)))

for every k > ks. Therefore,

_1
log log SMjfg(X) (8" 7el") L log (ex) (e dim X — 5)
—log (87%5%) - —qy log(er) — log(87» )
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Consequently, taking lim sup as k goes to +00, we get
mo (M$5(X), Wp) > adimX — 4.
As 4§ and « can be chosen arbitrarily close to 0 and 1, respectively, we conclude that
Wo(M?rg(X), W,) = dimX

as claimed. The proof of Theorem 2 is complete.

5-3. Pseudo-physical measures

Assume that the manifold X is endowed with a volume reference measure, which we
call Lebesgue measure. Given pu € M;(X), denote by L, (x, f) the set of accumulation
points in the weak*—topology of the sequence (efl(a:))n eN of n*®—empirical measures
associated to « by f. The measure p is called physical if the set of those x € X for which
L, (z, f) = {n} has positive Lebesgue measure in X. Recall from [8] that p € M(X) is
said to be pseudo-physical if, for every € > 0, the set

A(p) = {w e X: dist(p,v) < e Vve Ly(z,f)}
has positive Lebesgue measure, where dist stands for any distance inducing in M (X) the
weak* —topology.

Remark 3. It was proved in [19, Proposition 1.2] that, if X is an infinite compact metric
space and f: X — X is a continuous map with the specification property, then there is a
residual subset Y of X such that

dimg (L (z, f)) = 00 VzeY.
When p is a QU—probability measure, as the specification property is C°—generic in

Homeo, (X, d) so is the previous equality.

Let O;(X) be the set of pseudo-physical measures of f and M} (X) be the set of
periodic Dirac measures of f. It is known (cf. [9, Theorem 1]) that, for a C°—generic f
in Homeo(X, d), one has

MTE(X) = MPT(X) = 0;(X)

where the closures are taken in the weak*—topology. Moreover, for a C°—generic f in
Homeo(X,d), the set Oy(X) has empty interior in M(X), so M(X) \ Of(X) is an
open dense subset of M (X) which does not intersect M5*(X) (cf. [9, Theorem 2]).
Therefore, in spite of Of(X) being meager,

Hl70('/\/1«]90@()(), W,) = mo (Of(X), Wy)

and similarly regarding the metric LP. Hence, from Theorem 2 we conclude that:
Corollary 2. For a C°—generic f in Homeo(X,d) one has
mo (0f(X), W,) = dimX.

6. Proof of Theorem 4

The content of this section is inspired by the intermediate value property of the upper
box dimension of bounded subsets of the Euclidean space R, £ € N, proved in [13,
Theorem 2].
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Let (Z,d) be a compact metric space and fix an arbitrary 0 < 5 < mo (2).

If B =0, we take Y3 = {z} for any z € Z; if, otherwise, 8 = mo (Z), we just consider
Y5 =Z.

Now we assume that § € ]0, mo (Z) [. We start by showing that, in order to evaluate
the upper metric order of Y, which is given by the limit

loglog S
mo (Y) = limsup D808 OVIE) r(©)
eso+  —loge

we may use balls of radius M, for j € N and any choice of 0 < X < 1. More precisely:

Lemma 3. Given X\ € |0,1[, for every subset Y of Z one has
log1 J
5 (Y) = lim sup (28108 Y ()
j— +oo —log \J

Proof. Given X € ]0,1[ and € > 0, there is a positive integer j such that M1 < e < M.
Then, as Sy (M) < Sy(e) < Sy (M ') we conclude that

log log Sy (M 1) < loglog Sy (¢) S log log Sy (M)

—log\+tl 7 —loge = —log\
Consequently,
J
lim sup 081085Y(€) _ o loglog Sy (M)
e— 0+ —loge j— +oo —log MV

This completes the proof of Lemma 3.

Let us resume the proof of the theorem when 0 < 5 < mo (Z). We start by choosing
A €]0, %[ By compactness of Z, for each k € N there is a finite open covering Uy, of
Z by balls of radius \* whose corresponding balls of radius \**1 are pairwise disjoint.
In particular, there exists a partition Py of Z made up of elements whose diameter is
bounded by A\¥ and whose inner diameter is bounded from below by A\**1.

As W6 (Z) > B, there are infinitely many positive integers k such that Sz(\F~1) is
bigger than [exp(A~#¥)|. Let k; € N be the smallest of them, which satisfies

Sy(NF =1y > lexp(APRY) | (6-1)

As the diameter of the elements of the partition Py, is smaller than A\** and 0 < A < %,
we are sure that any two \*1~!—separated points belong to different elements of the
partition Py,. Therefore, there exist at least [exp(A~7*1)| elements of the partition Py,
which intersect Z. Moreover, since the upper metric order is finitely stable (cf. [3]), that
is, for any collection {Bj}1 < j<n of subsets of Z one has

m( |J B) = max o (B;)

1<jsn

then there exists a partition element Ej, € Pk, such that

mo (Ey,) = mo (Z). (6-2)
Select a finite sample of points

}/}]ﬁ = {xl,ii 1<i< I_exp()\—ﬁkl)J} cZ
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which belong to different elements of the partition Pk, \ {E, }. Afterwards, take the set

Y, = i}]fl U Eg,.

By construction, the equality (6-2) and the finite stability of the upper metric order,
one has

(i) mo(y;) = mo(2);
(i) #{E€Py: ENYi£0} = [exp(A0)] +1;
(i) #{EcPx: ENY; #0} < |exp(APF)| for every 1 < k < k.

The last item (iii) is due to the choice of k1 as the smallest value of all positive integers
k satisfying the inequality (6-1).
By item (i), one can take the smallest integer ko > k; such that

Sy (N2 71) > [exp(A~" |

and so there are at least |exp(A~P*2)| elements of the partition P, which intersect Y;.
Thus, there exists Ey, € Py, such that

mo (Ey,) = mo (2).
Again, take a finite collection of points
Vi = {o20: 1< < Lo 7))} e

belonging to different elements of the partition Py, \ {Ek, }. Afterwards, consider the set

Y, = i}kl U Ey,
which satisfies
(v) 0(Ys) = mo(2);
(v) #{E € Pr,: ENYy # 0} = |exp(APF2)| +1;
(vi)  #{E€Pr: ENYa# 0} < |exp(APF)|  for every ky < k < k.
Proceeding recursively, one constructs a nested sequence of sets
Yn+1 cY,c...cYoCYL CZ
whose upper metric orders coincide with mo (Z) and, moreover, such that
#{Ec Py, : ENY, #0} = |exp(A\PF)] 1 (6-3)

and

#{E€Pp: ENY, #0} < lexp\NP*)] V1 <k < k. (6-4)
In particular, bringing together equations (6-3) and (6-4), and the fact that the inner

diameter of P}, is bounded from below by A**!, we conclude that the subset of Z defined
by

Y = ﬂ Y,
neN

has upper metric order mo (Y3) = . The proof of the theorem is complete.
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7. Proof of Theorem 3

Let (X, d) be a compact metric space and denote by Mj(M; (X)) the space of prob-
ability measures, defined on the Borel subsets of the space M(X), endowed with a
metric D which induces the weak*—topology. Given ¢ > 0 and a probability measure
n € My(M1(X)), the quantization number of n at scale € > 0, denoted by @, (¢), is the
least integer N € N such that there exists a probability measure ¢ € M;(M;(X)) sup-
ported on a set of cardinality N and satisfying D(n, ¢) < €. By [3, Proposition 3.2], the
quantization number Qy(e) for the 1— Wasserstein metric Wi is the minimal cardinality
N of any set

F ={b,....0n} C Mi(X)
such that
[ wie pyane) <.
M (X)

We refer the reader to [14] for more details regarding this notion which aims at evaluating
how close, in the Wasserstein or LP metric, is each n—almost every 6 € M;(X) to
measures with finite support.

Given a continuous map f: X — X, e > 0and u € My(X), one has (cf. [3, Proposition
3.12))

Eu(£)(€) = Qale) (7-1)

where 1 € M(My(X)) is the ergodic decomposition of p and Qz(e) is the quantization
number of fi for the metric Wy on M (X). This characterization of the metric emergence
map will be a crucial ingredient in the proof of Theorem 3.

We start by establishing a connection between the metric emergence maps of two
f—invariant probability measures with the corresponding emergence map of a convex
combination of them.

Lemma 4. Given p,v € My(X), let 7w = tpu+ (1 —t)v be a convex combination of p
and v for some t € ]0,1[. Then,

max { Qg (j),Qa( : )} < Qae) < 2max{Qs(e), Qole) }-

1-t¢

Proof. Consider pu,v € My(X) and 7 = tp + (1 — t)v for some t € |0,1[. Fix ¢ > 0
and let F' C M;(X) be a finite subset such that

/ W1 (0, F)d7i(0) < e. (7-2)
M (X)

By the ergodic decomposition theorem, the probability measures i and ¥ in M; (M (X))

uw = / 0o dii(6) and v = / dp dv(0)
MEE(X) MEE(X)

where M®(X) stands for the space of extremes of the convex set My(X). Or, equiva-
lently,

/cpdy:/ (/(pdﬁ)dﬁ(@) and /gadl/:/ (/wd@)dﬁ(@)
X MyE(x) N x b'e ME(x) N x

for every continuous function ¢: X — R. Therefore, the probability measure 7; on

satisfy
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M (My(X)) satisfies
T=th+ (1-t)

and so

/ W (0, F) d7:(0)
M1 (X)

—y / Wy (6, F) dii(6) + (1 —1) / Wi, F)d(). (73
M1 (X) M1 (X)

This equality together with (7-2) and the fact the three integrands above are non-negative
imply that

€
1-1¢

/ Wi (6, F) dji(8) <
M (X)

| ™

and / Wi (6, F)dv(0) <
My (X)

which ultimately yields to

max{ Qs (5). Qs ()} < Qale): (7-4)
{o:(5) 2 (+5)}

Regarding the second inequality in the statement of Lemma 4, we notice that if, for
e > 0, the sets F; C M1(X) and Fp C M;(X) are finite with minimal cardinality such
that

/ W1(0,F1) dﬁ(g) < 9 and / W1(9,F2) dﬁ(&) < 9
M1 (X) M1 (X)
then, by (7-3), the union F = F U F, satisfies
[ wierae <.
My (X)
Since #F < 2 max{#F, #F>}, we deduce that
Qn () < 2 max {Qs(2), Qsle) }-

We now resume the proof of Theorem 3.

(a) Recall that
By(X) = {ue My(X): sup Eu(N)E) > 1}

and note that, in B;(X), the limit (1-4) that estimates the metric emergence is well
defined. Moreover, since the metric emergence map

e>0 — Eu(f)(e)
is decreasing, one has

sup £,(f)(e) >1 & Fe, >0: Eu(f)(en) >1
e>0

& Je, >0 Eu(f)e)>1 VO<e<e,. (7-5)
Consider p, v € By(X), that is, f—invariant probability measures such that

sup £,(f)(e) > 1 and sup &, (f)(e) > 1.
e>0 e>0
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Let e, > 0and &, > 0 as in (7-5). Given 0 <t < 1, take
g9 = min {tg,, (1—1t)e,} > 0.

Thus, £ < ¢, and % <¢&,. By Lemma 4, if 7y = tp 4 (1 — t)v then

¢
@nten) > max{ Qs (). s (12 )}
> max{Qﬁ(fsN), Qg(gy)} > 1. (7:6)
That is, £, (e9) > 1, hence 7, belongs to Bs(X).

(b) Now we will show that, if B(X) is nonempty, then the metric emergence map is quasi-
convex on By(X). Given t € ]0,1[ and p,v € By(X), consider the convex combination
7t = tp + (1 — t)v. We claim that

5t;¢+(17t)u(f) = max {5u(f)7 5u(f)} (7:7)
Indeed, as a consequence of item (a), (7-4) and (7-1), we obtain
loglog Q7 (¢)

& _ = lims
tu+ (1 t)l/(f) gr_l}bolip “loge

loglog Qn (%)

> lims
- hsnibglip — log% —logt
= &u(f):
A similar estimate yields &, 1 (14, (f) = &, (f). Hence,
gtu+(1—t)z/(f) > max{gu(f), &N} (7-8)

Conversely, by Lemma 4, one has

Q7 (e) < 2max {Qu(e), Qu(e)}
which, by (7-1), implies

gt,qu (17t)1/(f) < max{gu(f), gu(f)} (79)
Bringing together (7-8) and (7-9), we get

gt/J,+ (17t)u<f) = max{gﬂ(f)? gl/(f)}

We observe that we have also shown that, in general, the metric emergence is not
affine.

(c) Take B € [0, Eop(f)]- The following argument is inspired by the proof of [3, Theo-
rem EJ, where the case 8 = Eiop(f) was addressed.

Assume that Eop(f) > 0 and fix 8 € [0, Eop(f)[. By Theorem 4 applied to Z =
/\/ljirg(X ), whose upper metric order mo (Z) is precisely Eop(f), there exists a subset
Y3 C Z such that mo (Y) = 8. Therefore, by [3, Theorem 3.9] we may find a probability
measure v € M;(M5#(X)) such that Go(v) = mo (Yj), where o stands for the quanti-
zation of v. Then the probability measure y = fMl(X) ndv(n) is f—invariant, so we may
apply [3, Proposition 3.12] to x and thus conclude that

gu(f) — limsup loglog gu(f)(g)

up B = i) = mo () = 4,
e —
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This proves item (c) and ends the proof of Theorem 3.
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