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Abstract

Let I' be a finite group acting on a Lie group G. We consider a class of group extensions
1> G — G — T — 1 defined by this action and a 2-cocycle of I" with values in the
centre of G. We establish and study a correspondence between G-bundles on a manifold
and twisted I"-equivariant bundles with structure group G on a suitable Galois I"'-covering
of the manifold. We also describe this correspondence in terms of non-abelian cohomology.
Our results apply, in particular, to the case of a compact or reductive complex Lie group G,
since such a group is always isomorphic to an extension as above, where G is the connected
component of the identity and I' is the group of connected components of G.
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Covering - Non-abelian cohomology
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1 Introduction

In this paper, we are concerned with the geometry of bundles with non-connected structure
group. For the sake of concreteness, we present our main results here in the smooth cate-
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gory, but the analogous results are also valid in the topological category (under some mild
assumptions which we will make precise), as well as in the holomorphic category.
Let G be a non-connected Lie group. This group fits in an extension of groups

16651151 (1.1)

where G is the connected component containing the identity, and I" is the group of connected
components of G. We will assume that I is finite, although some of our results apply more
generally.

Let X be amanifold and E be a principal G-bundle over X. The quotient of E by G defines a
principal I'-bundle Y over X, that is, a Galois covering ¥ — X with Galois group I". Itis very
natural to try to reduce the study of the geometry of G-bundles over X to that of G-bundles
over Y, leading to a situation where the structure group is connected. We will pursue this
here in the case in which the characteristic homomorphism § : T — Out(G) of the extension
(1.1), where Out(G) = Aut(G)/Int(G), has a lift to a homomorphism 6: I' — Aut(G).
Here Aut(G) is the group of automorphisms of G and Int(G) is the subgroup of Aut(G)
consisting of inner automorphisms. In this situation the group G is isomorphic to a group,
which we denote by G x g ) I', whose underlying set is the Cartesian product G x I', and
the group operation is given by

(g1, vD) - (g2, v2) = (g182" ¢ (y1, ¥2). v172),

where c is a 2-cocycle of I with values in the centre Z(G) of G. Here the action of I" on
Z(G) is defined by 6, but clearly only depends on 6.

By a result of de Siebenthal [29], the lift & always exists in the case in which Gisa
compact or a complex reductive Lie group—this is the situation that has primarily motivated
our work, as we will explain below. Under the assumption of the existence of the lift 6, we are
able to identify the G-bundles on Y corresponding to G-bundles on X with covering Y. These
are G-bundles on Y equipped with what we call a (6, ¢)-twisted I"-equivariant structure (see
Definition 3.5 for details). Notice that the twisting here refers to both, the fact that I" acts on
G via 0, and the presence of the 2-cocycle ¢ of I with values in the centre of G.

After establishing in Sect. 2 some facts on the structure of non-connected Lie groups and
their actions, in Sect. 3, we define and study twisted equivariant structures on principal bundles
and associated bundles. With this in hand, in Sect. 4, we establish a categorical correspondence
between principal G-bundles on X and (6, c)-twisted I'-equivariant G-bundles on a suitable
covering ¥ — X (see Proposition 4.5 and Theorem 4.11).

In Sect. 5, we analyse the problem of identifying which G-bundles over X determine
certain I'-coverings of X from the perspective of non-abelian sheaf cohomology. An answer
to this problem is given by a general result of Grothendieck [23], which identifies the set
in question with the first cohomology set of a certain non-abelian sheaf of groups. While
Grothendieck’s result does not require, in particular, the existence of a lift 6 of the character-
istichomomorphism of the extension (1.1), in the case where such a lift exists, Grothendieck’s
sheaf of groups has a particularly nice description (see Proposition 5.1).

In view of the results in Sect. 4, it seems clear that the first cohomology set of the
Grothendieck sheaf over X described in Proposition 5.1 must be related to the twisted equiv-
ariant bundles over a covering Y of X. This relation is treated in Sect. 6. We first give
a cohomological description of the set of equivalence classes of twisted I"-equivariant G-
bundles and establish the natural long exact sequences in twisted equivariant cohomology.
In particular, the long exact sequence analysis allows us to give a criterion for existence
of twisted equivariant bundles (Theorem 6.13). In Theorem 6.17 we finally establish the
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bijection between the twisted equivariant cohomology set on the Galois covering Y and the
cohomology set of the Grothendieck sheaf over X mentioned above.

It is important to point out that the notion of twisted I"-equivariant principal bundle over
a manifold X acted upon by I', given in Definition 3.5, does not require that the action of
I" on X be free (notice that here in the notation we are changing the roles of X and Y).
In fact the twisted non-abelian sheaf cohomology analysis given in Sects. 6.1, 6.2 and 6.3
is valid without the assumption of I acting freely on X. However, the relation of twisted
['-equivariant G-bundles on X with objects on the quotient Y = X /I" when I" does not act
freely is much more involved since, in particular, now Y is generally singular.

Twisted equivariant principal G-bundles have been considered in the literature in connec-
tion with the study of fixed points under the action of a finite group I' on moduli spaces of
G-bundles and G-Higgs bundles on a compact Riemann surface X, for a complex reductive
group G. When T is the group Z/2 generated by an antiholomorphic involution of X and
I' acts on G anti-holomorphically, twisted equivariant principal G-bundles coincide with
the pseudo-real G-bundles studied in [9-11]. For other groups I' these objects have been
considered in [5, 7, 8, 22].

We found out recently that twisted equivariant principal G-bundles (without the extra
twisting given by a 2-cocycle) have been studied in the topological category by T. tom Dieck
in [30]. It seems that one of his motivations was related to the notion of real holomorphic vector
bundle that had been introduced a bit earlier by Atiyah [1]. In fact the notion of pseudo-real
G-bundle mentioned above is the generalisation of Atiyah’s real holomorphic vector bundle
to the context of holomorphic principal bundles. Related objects have also appeared in the
work of Balaji—Seshadri [2] in connection to parahoric bundles, and Donagi—Gaitsgory and
others in the description of the Hitchin fibration for G-Higgs bundles in terms of generalised
Prym varieties [17]. In the process of completing this paper we came across recent work by
Damiolini [16] where a description of twisted equivariant principal G-bundles (without the
extra twisting given by a 2-cocycle) is given in terms of parahoric bundles in the algebraic
category. In Sect. 5.3 we briefly comment on the relation of our work to her approach.

This paper emerged from a plan to generalize Hitchin—Kobayashi and non-abelian Hodge
correspondences to the case in which the structure group is non-connected. While there is an
extensive literature on the connected case, to our knowledge, very little has been written when
the group is non-connected, even for the case of principal bundles over a Riemann surface.
Some work to this end is carried out in [12]. It is important to point out that even in the study
of moduli spaces where the starting structure group is connected, there are objects with non-
connected structure group that emerge naturally. This happens for example when studying
Cayley correspondences in the context of higher Teichmiiller theory [15] or in the study of
fixed points in the moduli space of bundles under the action of a finite group. Such a situation
appears when one considers a non-trivial finite order element of the set of Z(G)-bundles,
where Z(G) is the centre of a reductive group G, acting by tensorisation on the moduli
space of G-bundles. The fixed points under this action generally reduce their structure group
to a non-connected group (see [21]), and our approach in this paper has been exploited to
give a Prym—Narasimhan—Ramanan type construction of fixed points in the moduli space of
G-bundles and G-Higgs bundles (see [3, 4]). Non-connected structure groups appear also in
the study of fixed points under the action of C* on the moduli space of G-Higgs bundles, the
so-called Hodge bundles [6].

In forthcoming papers [19, 20], the theory developed here is used to give a Hitchin—
Kobayashi correspondence for Higgs pairs and a non-abelian Hodge correspondence on
compact Riemann surfaces when the structure group is non-connected. An important ingre-
dient that allows to reduce the necessary existence theorems to the connected group case is
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the fact that the bundles associated to a twisted I"-equivariant principal bundle relevant for
these correspondences acquire actually a true I'-equivariant structure and the analysis and
geometry reduce basically to a ['-invariant version of those appearing in the connected case
[18].

We thank the referee for useful comments and corrections.

2 Non-connected Lie groups and their actions
2.1 Extensions of Lie groups

A convenient reference for the material in this section is Hilgert and Neeb [24, Chap. 18].
Let G be Lie group (not necessarily connected) and let I be a discrete group. Consider
an extension
16631 -1 2.1

The adjoint action of G on the normal subgroup G defines the characteristic homo-
morphism 0: I' — Out(G) of the extension (2.1) to the outer automorphism group
Out(G) = Aut(G)/Int(G). We will assume that there is a lift of 8 to a homomorphism
0: I — Aut(G) making the diagram

r—% - Aut(G) (2.2)

S
Out(G)
commutative. We often write 6, for 6(y) and g7 = 6, (g) for the actionof y e 'on g € G.
Under the assumption of the existence of the lift 6 in (2.2), equivalence classes of exten-

sions (2.1) with characteristic homomorphism 6 are classified by the second cohomology
group Hez(l‘, Z(G)), where we recall that a 2-cochain ¢ € Cg(I‘, Z(G)) is a map

c: T xT'— Z(G)

which satisfies c(y, 1) = ¢(1, y) = 1 for all y € I' and that the subgroup Zg(F, Z(G)) of
2-cocycles consists of those ¢ which satisfy the cocycle condition

c(y1, v2)clyo, 1v2) = c(vo, yDe(voyi, v2), (2.3)
for yp, 1, y2 € I'. The extension corresponding to ¢ is G x I" as a set, with the product given

by
(g1, 1) - (g2, ¥v2) = (g1&82"" c(y1, v2), v172)- 24

We write G x (g, I for the Cartesian product with the group structure (2.4), and the extension
1-G6G—-Gxpnl'=>T—>1

is given by the obvious maps g — (g, 1) and (g, y) — y.

In order to realise a given extension (2.1) in this way, note that for y € I', the image of
the map ¢~'(y) — Aut(G) given by conjugation corresponds to the whole class 8(y) €
Out(G) = Aut(G)/Int(G). Therefore, given a lift 6 of 6, we may choose a section I' — G
of ¢ whose composition with G — Aut(G) is equal to 6. We call such a section a normalised
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section. Thus the action of 8, on G can be written

0, (g) = s(¥)gs(y) ™! 2.5)

for y € " and g € G. In other words 0, = Ad;(;): G — G.
Then the cocycle ¢ is given by

s(yDs(y2) = c(y1, v2)s(y1y2)

and there is an isomorphism
G X(0,c) r i) é

(2.6)
(g, v) > gs(y).
Under this isomorphism, the normalised section s is
s: ' > é,
2.7
y = (1y)

Note also that the cocycle ¢ measures the failure of s to be a group homomorphism. In
particular, the trivial cocycle corresponds to the split extension, i.e., the semidirect product
G = G g T defined by 6.

It is useful to note that for g € G and y € I" we have

O =@y ™Y oy =y yh (2.8)

A second useful observation is the following. Since I" acts on Z(G) via 6 and the abelian
group Z(G) is its own centre, we may use the same construction to obtain an extension

1> Z(G)—>Ty.—>T -1,

where R R
Fge=2(G) xp,nI'CG (2.9)

and we have the commutative diagram

1 Z(G) To.c r 1
l l l (2.10)
1 G G r 1.

Finally, for completeness, we recall that a 1-cochain a € 891 (', Z(G))isamapa: I' —
Z(G) and its coboundary is da € Zg(l", Z(G)) given by
Sa(yo, y1) = a(y)alyoyn) " a(y);

note that the group of 1-cocycles is precisely the kernel of §. Two extensions defined by
cocycles which differ by a coboundary da are isomorphic, the isomorphism being given
explicitly by

(& v) = (galy), v).

We define H(TI', Z(G)) = ZZ(T, Z(G))/8 BJ(I", Z(G)), the second Galois cohomology
group of I with values in Z(G). See [24, 28] for more information on this object.
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Remark 2.1 We note the obvios fact that the actio_n of I" on the centre Z(G) of G does not
depend on the choice of the lift 6, in other words, 6 defines a canonical action of I" on Z(G).
Thus objects such as I'g - and H92 (", Z(G)) defined in terms of this action really only depend
on6.

2.2 Non-connected compact and complex reductive Lie groups

We will be specially interested in the case in which G is a compact or complex reductive
Lie group with identity component Go and I' = mo(G) is the group of components. In
particular, this means that G has a maximal compact subgroup K which meets all its connected
components, and thus T is finite. By a theorem of de Siebenthal [29], the exact sequence

1 — Int(Kp) — Aut(Kp) — Out(Kp) — 1

splits. Hence, by composing the characteristic homomorphism 6: I' — Out(Kp) with a
splitting homomorphism Out(Kgp) — Aut(Kp), we obtain a lift of 0toa homomorphism
0: ' — Aut(Kp), and we can choose an associated normalised section giving us a cocycle
c. Moreover, by the universal property of the complexification of a compact Lie group,
0 can also be viewed as a lift of the characteristic homomorphism 6: T — Out(Gyp), so
that we have compatible commutative diagrams (2.2) for the groups Ko and Gg. Note that
Z(Ko) C Z(Gy), again by the universal property of the complexification and, hence, ¢ can
also be viewed as a cocycle for the I'-action on Go. We thus have the following.

Proposition 2.2 Let G be a complex reductive Lie group with identity component Gy and
maximal compact subgroup K. Then G is isomorphic to the group Go % g,c) I" for 6 and c
as above, and K can be identified with the subgroup Ko xg,¢) I'. O

Remark 2.3 Note, in particular, that the subgroup Ko C Gy is I'-invariant. This is because
the lift 6 of the characteristic homomorphism for the extension Go — G — I" comes from
a lift for the extension Ko — K — I', and is therefore compatible with it.

2.3 Actions of extensions

Our objective in this section is to describe actions of a Lie group G given as an extension as
in Sect. 2.1 in terms of what will be called (0, c¢)-twisted (I', G)-actions. For simplicity we
shall state definitions and results simply in terms of actions on sets. We leave to the reader
to make the obvious modifications for smooth actions on manifolds, holomorphic actions on
complex manifolds, linear actions on vector spaces, etc.

Let I' be a group which acts (on the left) on a group G via 6: I' — Aut(G); we write
g¥ =0,(g) where 0, = 0(y). Let Z = Z(G) be the centre of G and letc: I' x I' — Z be
a cocycle for the I'-action on Z induced by 0.

Definition 2.4 A (0, c)-twisted left (respectively, right) (G, I')-action on a set M is given
by the following data:

e a left (respectively, right) action of G on M, for g € G and m € M writtenm +— g -m
in the case of a left action, and m +— m - g in the case of a right action.

Moreover, in the case of a left action,
e amapl' x M — M, (y,m) — y - m satisfying

1-m=m, meM, Q)
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y-(g-m)y=g" (y -m), geG, yerl, (ii)

v (2 -m) =c(y1, v2) - ((y1y2) - m), meM, y,y €T, (i)
while in the case of a right action,

eamapM xI' — M, (m,y)+> m -y satisfying

m-1=m, meM, (i)
(m-g"y-y=@m-y)-g, g€G, yerl, (i)
(m-y1)-y2=(m-c(yr,y2) - (V1y2), meM, y,y el (iif)

Remark 2.5 Sometimes we shall be interested in the case when G = Z is abelian. In that case
we usually speak simply of a (6, c¢)-twisted I'-action. In particular, given a (@, ¢)-twisted
(G, I')-action, there is an associated (0, ¢)-twisted I"-action, obtained by restricting the action
of G toits centre Z. In this situation, notice that if the subgroup of Z generated by the image
of ¢ acts trivially on M, then a (0, c)-twisted I"-action is a true ["-action.

Remark 2.6 There are several equivalent ways of formulating the conditions of Definition 2.4.
For example, using condition (i7) for a twisted left action, condition (iii) can be written as

yi-(2-m) =y - (cin, y) "7 m).

Similarly, the condition (iii) for a right action can written as

(m-y1)-y2=@m-(1y2)-ciy, yz)(ywz)".

Assume now that T is discrete, and let G = G X ,c) I' be the extension of I' by G
determined by ¢ and 6 as in the preceding section.

Proposition 2.7 There is a bijective correspondence between G-actions on a set M and
(0, c)-twisted (G, I')-actions on M, given as follows:

e Given an action of G on M, the action of the subgroup G < Gon M is defined by
restriction, and the action of y € I on M is defined to be the action of (1,y) € G.

e Given a (0, ¢)-twisted (G, I')-action on M, in the case of a left action, we define the
G-action on M by

(& y) - m=g-(y-m)
while, in the case of a right action, we define
m-(g,y)=(m-g)-y.

Proof Suppose we have an action of G on M. Let us check the conditions of Definition 2.4
with the actions of G and I' defined as in the statement of the proposition. Let ¢ € G and
¥, V1, 2 € I'. Then we have identities in G,

1L,y D=E".yv)=©¢". DA, y) and
(L yD(, y2) = (c(y1, v2), v1ve) = (c(y1, v2), DL, yiy2),
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which show that the conditions for a (G, I')-twisted left action are satisfied when G acts on
the left. The same identities show that the conditions for a (G, I')-twisted right action are
satisfied when G acts on the right.

Conversely, suppose we have a (G, I')-twisted action on M, and define the action of G
as in the statement of the proposition (it is worth noting that this definition is forced upon
us by the identity (g, y) = (g, 1)(1, ¥) ). We must check that this in fact defines an honest
G-action. In the case of a left action we have, for g1, g2 € G and y1, y» € I':

(1. v1) - (82, ¥2) -m) = (g1, y1) - (82 (y2 - m))
=g1-(y1- (82 (y2-m)))
=g1- (&' - (i~ (r2-m))
=g1- (& .y - ((y2) -m))
= (818 c(y1, 1) - (Y172) - m)
= ((g1, Y1)(g2, ¥2)) - m.

We leave to the reader the analogous calculation in the case of a right action. O

Remark 2.8 Proposition 2.7 implies in particular that there is a bijective correspondence
between I"-actions on M and (6, c)-twisted ["-actions on M, where I" is given by (2.9).

Aright G-action on M can be converted into a left G-action and vice-versa in the standard
way. In the next proposition we interpret this in terms of twisted (G, I')-actions. Note the
twist in the conversion of the twisted I"-action.

Proposition 2.9 Let G =G x ©,¢) I' be as above. Suppose G acts on M on the left and define
the corresponding right G-action in the standard way by

m-(g,y)= (g, y)""-m.
Then
m-(g. )= " 1) m,
m-(Ly) =@ Ly LDy m).

Similarly, lfé acts on M on the right, then the left G-action (g, y) -m=m-(g,y)""
satisfies

g )-m=m-(g "1,
(Ly)-m=@m-(cy Ly D)y,

Proof Consider the case of a left G-action (the case of a right action is analogous). The
formula for the right action of (g, 1) follows from (g, Dl = (g~", 1) and the formula for
the right action of (1, y) follows from

Ly t=Cey Ly Ty h=e Ly hnay™h,

where we have used (2.8). ]

This proposition motivates the following definition.
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Definition 2.10 Suppose we have a (6, ¢)-twisted (G, I')-left action on M. Then the corre-
sponding (0, c)-twisted (G, I")-right action on M is defined by

mog=g_1~m,

m-y=cy Ly !

-m).

Similarly, given a (0, ¢)-twisted (G, I')-right action on M, the corresponding (6, c)-twisted
(G, I')-left action on M is defined by

g-m=m-g ',

y-m=m-cy ',y hH-yh

Definition 2.11 A map f: M — N between sets with (0, ¢)-twisted (G, I")-actions is said
to be (0, ¢)-twisted (G, I')-equivariant if it satisfies

fg-m)y=g-f(m) and f(y -m)=y- f(m), geG, yellimeM,
in the case of a left action, with the obvious modification in the case of a right action.

The following proposition shows that the correspondence of Proposition 2.7 is natural.

Proposition 2.12 A map f: M — N between sets with (0, ¢)- thsted (G, I')-actions is
(0, o)-twisted (G, I')-equivariant if and only if it is G- -equivariant for G=G X@,0) I

Proof The “if” part is clear. The “only if” part follows because the group G is generated by
elements of the form (g, 1) and (1, y). ]

We recall the following elementary fact about group actions.
Proposition 2.13 Let G bea group given as an extension
1-G—>G6G->T > 1.

Suppose G acts on a set M. Then there is an induced action of T on the orbit space M |G
and the quotient map M — M /G is equivariant for the homomorphism G — T. m}

As an immediate consequence of this and Proposition 2.7 we get the following result.

Proposition 2.14 Let G=¢G X 6,¢) I be as above. Suppose we have a (6, c)-twisted (G, I')-
action on M. Then the quotient of M by G has a patural I-action and the quotient map
M — M /G is equivariant for the homomorphism G — T. O

The following lemma will be crucial later, to prove Proposition 3.18.
Lemma2.15 Let G be a group given as an extension
1-G—>G—>T— 1.

Suppose that G acts on sets E and M on the right and that the induced G-action on E is
free. Let 5. E — M be a G-equivariant map and let s: E/G — (E x M)/G be the map
induced by the G-equivariant map (1d, s): E — E x M. Then the map § is G-equivariant
if and only if the map s is I"-equivariant.
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Proof Let § € G and write y € T for the image of ¢ under the map G — T. Then, for
e € E, we have

s(fe]-y) =s(le- &) =1[(e- &, 5(e- &)
On the other hand
s(fe]) -y =1[(e, 5]y =[(e- &, 5(e)- 2]

Now, since G acts freely on E, we see that s([e]-y) = s([e])-y ifand only if §(e-g) = §(e)-&.
O

2.4 Twisted actions for different @

Up to this point we have worked with a fixed choice of lift : I' — Aut(G) of the charac-
teristic homomorphism 6: I' — Out(G) = Aut(G)/Int(G) (see (2.2)). In this section we
show that a different choice of lift leads to essentially the same theory (see Proposition 2.16
below). )

Given another homomorphism 6’ : I' — Aut(G) lifting 0, there existsamap s : I' — G
such that 8’ = Int, 6; we may assume that s(1) = 1. Here Int, is the homomorphism of '
to Int(G) defined by Int;(y) = Int,(,). Since Int(G) acts trivially on Z, there is a natural
identification Zg(I‘, 7)) = Zg,(l’, Z) and so we talk about 2-cocycles as elements in any of
these sets indistinctly. Since 6’ is a homomorphism we have

Ints(y) Intgy(s(y/)) Oyy/ = Ints(y) Qy IntS(},/) 97// = 0}/,9;,/ = 91//1/’ = Ints(y),/) GVV/’
i.e.

Ints(y) Intgy sy = Ints(yy/) 2.11)
for every y and y’ € . In terms of Galois cohomology this means that Inty is a 1-cocycle
in Zé (I", Int(G)). Thus we may define a map

e :T =T = Z (r.y) = sy s/ Nsyy) ™"

This is in fact a 2-cocycle, since

Oy (cs(y1, v2))es (Yo, v1v2)
= Oy, SOy, (s(1))s(V172) s (10) By (s (1172))s oy yv2) ™!
= 0y (s(¥1)) Oy, (s(12))s (Y0)s (Vo1 y) !
= 5100y, (s YD)s VoY) ™ s 0¥y (s(r2)s(ov1y2) ™" = ex(vo. YD) es oy, 12)

and
es(rs D) = sy s()s() =1 =50 s()s() ' = es(1, p).

Thus the product cc; is also a 2-cocycle.
We have the following.

Proposition 2.16 Lets : I' — Int(G) be amap satisfying (2.11). LetC(0, c¢) be the category of
pairs (M, -) consisting of a set M and a (6, c)-twisted (G, T")-action on M, whose morphisms
are (8, c)-twisted (G, I')-equivariant maps. Then the categories C(0, ¢) and C(Intg 0, ccy)
are equivalent.
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Proof Set®’ := Int, 6 as above. Let M be a set equipped with a (8, ¢)-twisted (G, I')-action,
which we denote with a dot. We have a natural choice of (', ccy)-twisted I'-equivariant
action on M, namely

MxT — M; (m,y) — mxy :=ms(y)-y. (2.12)
This satisfies Definition 2.4:

(mg)*xy = (ps(¥)s(¥) "' gs(y)) -y = (ms(¥)) - v6,  (s(y) " 'gs(¥)) = m v, ' ()
and
(mxy)xy' = ms(y) - Vs -y = (m-y) -y, (s(¥)E, (s(v)
= ((me(y, y)) - yy"0,, (s(By (s(r))) = (mey, ¥ - yy0, (s (v, Y )s(ry)
= (me(y, yes (v, v sy vy = (mes(y, y) vy
foreachg € G,y,y’ €T andm € M.

A (0, ¢)-twisted (G, I')-equivariant morphism of sets f : M — M’ is also (0', ccy)-
twisted I"-equivariant. Indeed, we have

fmsy) = fms(y)-y) = fm-y)0, (s(¥)) = f(m)-y6, (s(y))
= fm)s(y)-y = f(m)xy

foreachm € M and y € T.
Finally it is clear that the functor is invertible, namely we get the - action by composing
the * action with multiplication by s(e) 1. O

3 Twisted equivariant structures on bundles

In this section we review and further develop the theory of twisted equivariant bundles
introduced in [5, 22] (see also [7-11]). We work in the smooth category for definiteness.
However, everything could equally well be done in the topological and the holomorphic
categories. Let X be a smooth manifold (a topological or complex manifold if we work in
the topological or holomorphic category) and G be a Lie group (topological or complex if
we work in the topological or holomorphic category).

3.1 Twisted equivariant bundles

Let I" be a discrete group, and let G be a Lie group with centre Z(G) = Z. As in Sects. 2.1
and 2.3 assume that I" acts on G via0: I' — Aut(G) and let ¢ € Zg(F, Z) be a 2-cocycle
for this action. Let G = G x 0,¢) I be the extension of I' by G defined by 6 and c, and write
f‘g,c for the corresponding central extension of I" by Z.

Definition 3.1 A (9, ¢)-twisted (G, I')-manifold is a smooth manifold M with a (9, ¢)-
twisted (G, I')-action such that the maps defined by each g € G and y € T are
diffeomorphisms of M.

In the case when G = Z, we simply use the expression (0, ¢)-twisted I"-manifold for a
(0, o)-twisted (Z, I')-manifold. If we want to specify whether the action is on the right or on
the left, we qualify the word “manifold” with the corresponding adjective.
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Remark 3.2 From Propositions 2.7 and 2.12 we see that the category of (6, c)-twisted
(G, T')-manifolds is equivalent to the category of G-manifolds (with the obvious notions
of morphisms).

Let X be a I"'-manifold.

Definition 3.3 A (6, ¢)-twisted I'-equivariant bundle on X is a fibre bundle F — X
with a (0, ¢)-twisted action of I" on the total space F, such that Z acts fibrewise and the
projection 7 : F — X is I'-equivariant, in the sense that, in the case of a right action,
w(f-y)=mn(f)-y, and, in the case of a left action, w(y - f) = y - w(f) for y € I" and
feF.

Remark 3.4 In view of Proposition 2.7 we see that a (0, ¢)-twisted I"-equivariant bundle on
X is the same thing as a bundle F — X with a I'g .-action on F, such that the projection is
equivariant for the homomorphism I'g . — T.

Let X be a right I"-manifold.
Definition 3.5 A (0, ¢)-twisted I'-equivariant principal G-bundle on X is a right (0, ¢)-
twisted I'-equivariant bundle £ — X with a right G-action such that
(1) the actions of G and I" make E into a (8, c¢)-twisted (G, I")-manifold, and
(2) the action of G makes E — X into a principal G-bundle.

Explicitly, the preceding definition means that there is smooth a (8, ¢)-twisted right I"-
action on the principal G-bundle E, covering the I"-action on X, and such that

(eg?) -y =(e-y)g. (3.1)
(e-y1) - v2 = (ec(y1, v2)) - (V172)- (3.2)

TR

Note that, in accordance with custom, we usually omit the
action of G on E.

in the notation for the right

Remark 3.6 In view of Proposition 2.7 we have the following alternative definition: a (6, ¢)-
twisted I"-equivariant principal G-bundle on a right I"-manifold X is a right G-manifold E
together with asmoothmap 7w : E — X which is equivariant for the homomorphism G —T,
and defines a structure of principal G-bundle on E over X.

Remark 3.7 If I acts trivially on X, a (6, c)-twisted I'-equivariant principal G-bundle on X
is the same thing as a principal G-bundle on X.

The next definition completes the description of the category of (0, c)-twisted I'-
equivariant principal G-bundles.

Definition 3.8 A morphism between (6, ¢)-twisted I'-equivariant principal G-bundles is a
commutative diagram

E *f> F
X #— Y

wherg f:X - Y is F-equiv~ariant, an~d f : E — Fis (0, c)-twisted (G, I')-equivariant,

ie., f(e-y)= f(e) -y and f(eg) = f(e)gforec E,y e"and g € G.
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Remark 3.9 In the preceding definition, in view of Proposition 2.12, we may equivalently
require f to be G-equivariant.

Remark 3.10 According to Definition 3.8, two (0, ¢)-twisted I'-equivariant principal G-
bundles on the same base X are isomorphic if there is an isomorphism between them covering
a ['-equivariant automorphism of X. Below we shall use notions of isomorphism covering
more restricted classes of ["-equivariant automorphisms of X, e.g., the identity, or the action
of Z(I).

Proposition 2.16 implies the following.

Proposition 3.11 Let s : I' — G be a map making Int; 6 : I' — Aut(G) a homomorphism.
Letcg € Zg([’, Z) be the 2-cocycle defined in Sect. 2.4. Then the category of (8, c)-twisted I -
equivariant G-bundles on is equivalent to the category of (Intg 0, ccy)-twisted I' -equivariant
G-bundles on X.

We can define the pull-back of a (6, ¢)-twisted I"-equivariant G-bundle E L Y undera
I'-equivariant map f: X — Y in the usual way and obtain a (0, ¢)-twisted I"-equivariant
G-bundle f*E — X, as follows. Recall that the pull-back can be defined as

FE={(x,0) e Xx E| f(x) =7(e)},

and this is principal G-bundle in a natural way. We define the twisted I"-action by coordinate-
wise multiplication

(x,e)-y=(x-y,e-y)

and one checks that f*E — X is indeed a (0, ¢)-twisted I"-equivariant bundle. Moreover,
the natural bundle map f*E — E covering f: X — Y is a morphism of (0, ¢)-twisted
I'-equivariant G-bundles.

Remark3.12 If f =n,: X - X, x > x - y ! corresponds to the action of y € T, then
we have a natural isomorphism of (0, ¢)-twisted I"-equivariant G-bundles

nESE

covering 7, : X — X.Note thatthe action of I on X making }; E into a twisted I'-equivariant
bundle is given as follows: an element A € T acts by x — x - (¥ ~'Ay). Composing with the
inverse of this isomorphism we see thatn,: E — E, e > e - y~! covering ny: X —> X
corresponds to an isomorphism

e

E—nE

of (0, c)-twisted I'-equivariant G-bundles covering the identity.

Definition 3.13 A smooth sections: X — F of atwisted I"-equivariant fibre bundle F — X
is said to be twisted I"-equivariant if it satisfies

s(x-y)y=sx)-y, xeX, yel

in the case of a right action, with the obvious modification in the case of a left action.
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Remark 3.14 We can make lA“g’C act on the space of sections of F' — X. For definiteness
assume that the twisted I"-action on F — X is on the right. Then we can define

(s )@ =sCx-y )y,
(s-2)(x) =s(x) -z
fory e,z € Z,x € Xands € C®(X, F). It is simple to check that this defines a

twisted right I"-action on C*° (X, F). In other words, we have a lngc-action on C*®(X, F).
Moreover, s is twisted I'-equivariant if and only if s - y = s forall y € I.

We denote the space of twisted I"-equivariant smooth sections of a twisted I"-equivariant
fibre bundle F — X by C*® (X, F)''. Of course this includes the case of a I'-twisted principal

G-bundle E 5 X.

3.2 Twisted equivariant structures and associated bundles

Let E be a principal G-bundle over X and M be any set on which G acts. In the (most
common) case, when the G-action on M is on the left, we convert it into a right action in the
standard way, by defining

m~g=g_1~m.

We denote by E (M) the orbit space (E x M)/G. In the case of a left action of G on M, we
thus have the twisted product E(M) = E xg M, which can be viewed as the quotient of
E x M by the equivalence relation

(eg,m) ~ (e, g -m) (3.3)
foranyee E,g e Gandm € M.

Remark 3.15 The smooth sections s of E(M) are in natural bijection with the smooth maps
§ : E — M satisfying the G-equivariance condition

S(eg) =5(e)-g forany e€ E and g € G. 3.4
To see this, let § : E — M satisfy (3.4). Then (Id, §): E — E x M is G-equivariant and,
therefore, descends to the quotient so that we have a commutative diagram

1d,s
E Y pem

l l

E/G —— (E x M)/G ,

ands: E/G =X — E(M) = (E x M)/G is the section corresponding to 5. Conversely,
given a section s, we can recover § by setting §(¢) = m, where s([e]) = [(e, m)]; this is
well-defined because the fibres of E — X are G-torsors.

We view E as the G-frame bundle of E(M) in the usual way: an element e € E with
7 (e) = x defines the frame

M S EM),,

m > [e, m].

(3.5)
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Proposition 3.16 Let M be a (0, ¢)-twisted right (G, I')-manifold and let m: E — X be
a (9, c)-twisted T -equivariant principal G-bundle. Then the associated fibre bundle with
typical fibre M,

EM):=E xgM — X,

[e, m] — m(e),
defined by the above construction is a I'-equivariant fibre bundle.
Proof Proposition 2.14 shows that

le,m]-y =[e-y,m-y]

defines a I'-action on E (M), and I'-equivariance of the projection is immediate from (twisted)
I'-equivariance of m: E — X. O

Remark 3.17 Note that the map (3.5) has no equivariance properties with respect to I'.

Let C®°(E, M)©T be the space of (8, c)-twisted (G, I')-equivariant smooth maps 5 : E —
M in the sense of Definition 2.11, and let C*®°(X, E(M))" be the space of I"-equivariant
sections of E(M) — X.

Proposition 3.18 With the above notation, there is a bijection

~

C®(E,M)°T S c®(x, ElM)T.

Proof The correspondence between G-equivariant maps E — M and sections of E(M) —
X is given by Remark 3.15 and the I'-equivariance statement follows from Lemma 2.15. O

Remark 3.19 Since usually the twisted (G, I')-action on M is on the left, we spell out the
correspondence in the case: there is a bijective correspondence between I"-equivariant smooth
sections of E(M) — X and smooth maps §: E — M satisfying

Seg) =g ' -5e),
Se-y)y=ciy Lyt 5.

3.3 Extension and reduction of structure group of twisted equivariant bundles

Let H be a Lie group equipped with a homomorphism 7 : I' — Aut(H).Lety: G — H be
a ['-equivariant Lie group homomorphism such that ¥ (¢(I" x I')) € Z(H), the centre of H.
Thenroc: ' xI' - Z(H) is an element of Z%(l", Z(H)). This setting allows us to include
extensions of structure group in our framework. To do this, recall that the principal H-bundle
obtained by extension of structure group of the principal G-bundle E via ¢: G — H is
F = E x¢ H, where the equivalence relation is (e, h) ~ (eg™', ¥ (g)h). Then, if E is a
twisted I"-equivariant bundle, we can define a twisted ["-actionon F = E xg H by

le.h]-y =le-y.h-yl

It is easy to check that this is well defined and makes F — X into a (t, i o ¢)-twisted
['-equivariant H-bundle such that the natural map £ — F is a morphism of twisted I'-
equivariant principal bundles.

Let E be a G-bundle over X and let H € G be a subgroup. A reduction of structure
group of E to H is a section ¢ of E(G/H). If we view E as the bundle of G-frames
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of itself, then o is a section of the bundle of H-equivalence classes of G-frames. Since
E(G/H) = E/H canonically and the quotient £ — E/H has the structure of a principal
H-bundle, the pullback E, := o*E is a principal H-bundle over X, and we can identify
canonically E = E; xpy G as principal G-bundles (this justifies saying that o gives a
reduction of the structure group of E to H).

Now assume that H € G is invariant under 6 and that E is a (6, ¢)-twisted I"-equivariant
principal G-bundle. We want to obtain sufficient and necessary conditions for the I"-action
on E to preserve E,, regarded as an H-invariant submanifold of E. Note that the section of
E(G/H) determining the reduction of structure group may be regarded as a G-equivariant
map s : E — G/H, where G acts on G/H by inverse left multiplication. This map is
determined by E,, namely ¢ € E is sent to g~' H, where g € G is such that ¢ € E,g. For
every y € I, from (3.1), we have

ey €(Eg)y=(Es-y)0,"(2)

which shows that E, = E, - y if and only if s is I"-equivariant, where I" acts on G/H on
the right via the inverse of 6. This is a -twisted right I"-equivariant action:

Proposition 3.20 Let H C G be a Lie subgroup which is preserved by the I'-action, i.e., such
thaty -h € H forall h € H. Consider the usual G-action on the homogeneous space G | H
given by g1 - (§H) = (g18)H. Then

y-(gH)=(y-gH.

defines a 0-twisted (G, T')-action on G/ H, in other words, an action of the semidirect product
G %9 I" on G/H defined by 6.

Proof Forevery g, g’ € Gand y, y’ € T we have

y-(g'gH) =0,(g'e)H =6,(8"0,(9)H =0,(g)(y - gH)

and
V- (yl <gH) = dey/(g)H = nyf(g)H = VV/ -gH,

as required. O

By Sect. 3.2 we have a right I"'-action on the space of sections of E(G/H), and we thus
have the following.

Proposition 3.21 Given a reduction of structure group o € E(G/H), the corresponding H -

bundle E; C E is T'-invariant if and only if o is T-invariant. If any of these two equivalent

conditions is met then there is an induced (0, c)-twisted " -equivariant structure on E,.
This motivates the following:

Definition 3.22 Given a (0, ¢)-twisted I"-equivariant G-bundle E over Y and a I'-invariant

subgroup H C G, a (0, ¢)-twisted I'-equivariant reduction of structure group of E to H

is a "-invariant section of E(G/H).

Remark 3.23 In view of Proposition 3.18, the map & corresponds to a I'-equivariant section
o of the I'-equivariant bundle E(G/H) — X.
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4 Twisted equivariant bundles and coverings

Let G be a connected Lie group and let I" be a discrete group. Consider a group G given as
an extension
1-G—->G—->T-—>1. “4.1)

i\s in Sect. 2.1, we will assume that there is a lift of the characteristic homomorphism
6: T — Out(G) of the extension (4.1) to a homomorphism 6: I' — Aut(G) making the
diagram

r— o Aut(G)

N

Out(G)

commutative and identify G=G xg.c .

Let X be a connected smooth manifold. In this section we relate principal G-bundles on
X with twisted I"-equivariant principal G-bundles over a covering p: Y — X with covering
group I'. We work in the smooth category for definiteness, but everything could equally well
be done in the holomorphic category.

4.1 An equivalence of categories

The goal of this section is to relate principal G-bundles on a manifold X to (@, c)-twisted I'-
equivariant principal G-bundles on a suitable covering ¥ — X. Since we wish to understand
isomorphism classes, we shall make categorical statements. In order to find the correct notion
of morphism we start upstairs.

Let Y be a connected smooth manifold equipped with a smooth I'-action I' — Aut(Y)
and let E — Y be a (0, ¢)-twisted I'-equivariant principal G-bundle. We have a canonical
isomorphism E/G = Y and aright I'-action on Y induced by the G-action on E. Moreover,
if the I"-action on Y is free and properly discontinuous, then E — X = Y /T is a principal
G-bundle (cf. Remark 3.2).

Proposition4.1 Let E — Y and E' — Y be (9, ¢)-twisted T-equivariant principal G-
bundles. Assume that the induced T-action on E/G =Y = E'/G is free and write Y —
X = Y/T for the corresponding (right) T-covering. Let ¢ . E — E' be a morphism of the
corresponding principal G-bundles on X, i.e., a é—equivariant map covering the identity on
X. Then there is a unique covering transformation ¢: Y — Y making the diagram

¢

E—— FE'

L

¢

Y — Y

L

X1—d>X

commutative. Moreover ¢ € Z(I') C T = Aut(Y /X).
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Proof Since ¢ is é-equivariant, it is also G-equivariant. Hence ¢ descends to a unique @
which, being a covering transformation, is of the form ¢(y) = y -y forafixed y € I’
Moreover, G-equivariance of ¢ implies I'-equivariance of ¢, so that for any y € I' and
yey,

Yyyr=0-r) v =001 =00y =07y =7y
We conclude that yy = yy because the ['-action is free. O

LetY — X be afixed connected I"-covering, where the discrete group I" acts on the right.

Definition 4.2 We denote by C; the category whose

e objectsare (0, c)-twisted I'-equivariant principal G-bundles £ — Y such that the twisted
"-action descends to the action of I" as covering transformations of the fixed I"-covering
E/G =Y — X, and whose

e morphisms are (0, ¢)-twisted (G, I')-equivariant maps ¢: E — E’ such that the dia-
gram

E—

L

y —% .y

commutes and the induced map ¢: ¥ — Y is a covering transformation which belongs
to Z(I").

Proposition 4.3 The category Cy is isomorphic to the category whose objects are principal

G-bundles E — X together with an identification E/G = Y — X of E /G with the fixed
[-covering Y — X, and whose morphisms are morphisms of principal G-bundles.

Proof As explained in the paragraph preceding Proposition 4.1 objects of one category can
be viewed as objects of the other, and in view of Proposition 4.1 morphisms are also the
same. O

Definition 4.4 We denote by C; the category whose

e objects are principal G-bundles on X such that there is an isomorphism E/G = Y
covering the identity on X and whose
e morphisms are morphisms of principal G-bundles.

In view of Proposition 4.3, the only difference between C; and C, is that in the latter
category we do not specify the identification E/G =Y.

Recall that a functor is an equivalence of categories if it is fully faithful and essentially
surjective. In particular, it induces a bijection on isomorphism classes of objects.

Proposition 4.5 The functor from Cy to Co which forgets the identification E/G = Y is an
equivalence of categories.

Proof Proposition 4.1 says that the functor is full (surjective on hom-sets) and faithful (injec-
tive on hom-sets). Finally, given a principal G-bundle on X such that there is an isomorphism
E/G =Y covering the identity on X, we can of course choose such an isomorphism. Hence
the functor is in fact surjective. O
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Remark 4.6 Even though an inverse functor from C; to C; can be constructed on abstract
grounds, using the axiom of choice to specify identifications E/G = Y, there is no canonical
way of doing this.

Now let C3 be the category of I'-equivariant G-bundles over Y, with morphisms being
I"-equivariant morphisms of G-bundles (note that these induce the identity on Y). Recall
that there is a natural equivalence of categories between C, and C3 given by pullback, so
that necessarily we must have a natural equivalence of categories between C; and C3. A
candidate map on objects that makes this equivalence explicit is given as follows: given a
tw1sted equwarlant G-bundle E with I'-action -, consider its extenswn of structure group
E:=E XG G to G. Note that E may be regarded as a submanifold of E, and moreover

E=||EQ.y).

yel
We may define a ["-action on E via its restriction to E: first define a product
E><I‘—>l:?; (e,y) > exy = (e~)/)(1,y)_]. 4.2)
This is G-equivariant: forevery g € G,e € Eand y € I,
(eg)xy = ((eg) VL' =(e- 1)1 (1Y) =(- )y 'g=(exyg.

Hence we may extend # to a G-equivariant I'-action * on £. This is an honest group action
since, forevery g € G,e € Eandy and Y’ € T,

(exy)xy' =(e- )L y) Hxy =e-v) ¥y A
= ((ec(r, ¥ ) - yyNA, Ay N = (- vy, (v v ey, YA, yy )™
= (e-y¥"0,, .y N yy) e,y = -y A yy) e v e, v !
=exyy.

Thus we have a map F from objects of C; to objects of C3 mapping (E, -) to (E, %).

Proposition 4.7 The map F : ob(C;) — ob(C3) induces an equivalence of categories C; —
C3 which we also call F. This fits in a commutative diagram

¢ —L >y 4.3)

b

(2,

where p 1 Y — X is the étale cover morphism and the diagonal functor is defined in
Proposition 4.5.

Proof Tt is enough to prove the commutativity of the diagram at the level of objects; indeed,
this would determine F as the composition of the diagonal functor and p*.

Letq : Eg — Y be a (9, c)-twisted I'-equivariant G-bundle over Y and let Ej :=
Ec x¢ G be the extension of structure group of Eg to G. Consider the corresponding G-
bundle over X defined by Proposition 4.5, which we call E; recall that the total spaces of E
and E¢ are equal, the projection of Eg on X is just the composition p o g and the G-action
on E is determined by the original actions of G and I" on E following Proposition 2.7. Recall
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also that p*E := E x x Y is equipped with the pullback I'-equivariant action induced by the
right action of I" on Y, which we denote with a dot.
We have a natural isomorphism of G-bundles

Eg — pE; (e,8) > (eg.q(e)). (4.4)

Recall that, if *-* denotes the I"-action on E s, we have a I'-equivariant action x on E & defined
by (4.2). To finish the proof we need to check that the I'-action on p*E induced by * and
(4.4) is precisely the pullback action. Indeed, for every e € Eg and y € I" we have

e, Dxy=C(e-y, (LY D> (e yly) g ) =(e.qle)-y) =y e qe),

where the second equation follows from the fact that the action of y on E¢ is equal to the
action of (1, y) on E, together with the ["-equivariance of g. Thus by G-equivariance of both
* and the pullback action we have, for every (e, g) € Eg andy € T,

(e, @) xy = (e, ) xy)g > (¥ (e,q(e)))g = y*(eg. q(e)),

so that x induces the pullback action as required. O
Finally, we have the following important result.

Proposition 4.8 Let E — Y be a (0, c)-twisted T -equivariant G bundle over Y and E =
E — X be the corresponding G-bundle over X. Let M be a G-manifold. Then E(M) — Y
has the structure of a I -equivariant bundle, and there is a one-to-one correspondence between
sections ofE(M) — X and I'-equivariant sections of E(M) — Y.

Proof In view of Proposition 2.12 there is a one-to-one correspondence between sections of
E (M) and twisted (G, I')-equivariant maps £ — M. The result now follows from Proposi-
tions 3.16 and 3.18. O

4.2 Coverings and monodromy

Let £ — X be a principal G-bundle (we do not assume that E is connected). We obtain a
principal I"-bundle

Y =E/GD X,

where the I' = é/G-action is induced by the G-action. Since T is discrete, p:Y —>Xisa
smooth covering of X with covering group I'. Notice that I" acts on Y on the right. Write

pE—>Y=E/G (4.5)

for the quotient map, then, since G is connected, p induces an isomorphism nOE" S Y.

Choose compatible base points in X and Y. Fundamental groups will be taken with respect
to these base points and can be identified with the corresponding covering groups of the
(common) universal covering of X and Y. Let Y’ be the connected component of Y containing
the base point. The I"-action on Y induces a I'-action on 7oY. Let I C T be the kernel of the
corresponding homomorphism I' — Aut(7rgY). Then Y’ — X is a connected I’-covering.
Moreover, we have the exact sequence

l>mY -mX 371 = 1.
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Identifying 771 X with the covering group of the universal covering X — X, the monodromy
w: m; X — I takes a covering transformation of X — X to the induced covering trans-
formation of ¥’ — X which fixes the base point in Y’. Equivalently, if [¢] € 7 X, then
w([a]) € T is the unique element relating the endpoints of the lift of the loop « starting at
the base point of Y’. We shall sometimes refer to w: 71X — I'" C T as the monodromy of
the G-bundle £ — X and to I'" as the monodromy group of E.

Prop05|tlon4 9 Let E — X be a principal G- bundle with monodromy w:mX—>T'CT.
Then E admits a reduction of structure group to G' < G, whereG' :=G xg.c [ is defined by
restricting 0 and ¢ to T'’. Moreover, the total space of the corresponding G'-bundle E' € E
is connected, and Y' = E' /G — X is a connected T''-covering with surjective monodromy
w:mX — I

Proof Let £/ = p*I(Y) where p was defined in (4.5). Then E' is connected and, by
construction, the G-action on E restricts to a G’-action on E’ which makes £’ — X into a
principal G’-bundle. O

We have the following immediate corollary.

Corollary 4.10 Let E—> Xbea principal G-bundle. Then E admits a reduction to the
connected component of the identity G C G if and only if its monodromy is trivial. O

In the study of principal G-bundles on X, the first topological invariant to fix is the
monodromy. Moreover, in view of Proposition 4.9 we may reduce to the case when the
monodromy group is I' (and the total space is connected). Putting together the preceding
results we then have the following, which transforms this study into the study of twisted
bundles with connected structure group.

Theorem4.11 Let w: m X — T be a fixed surjective homomorphism and let Y — X
be the corresponding connected covering. The category of principal G-bundles on X with
monodromy w is equivalent to the category Ci of (0, ¢)-twisted T'-equivariant principal
G-bundles on Y, defined above.

Proof This follows from Proposition 4.5. O

Let Nr(I) be the normalizer of I/ in I'. Every element y € Np(I') defines an
element (1,y) € G which acts by conJugatlon on G’ since, for every (g,y’) € G
1,y yHa,y)~ Lis equal to (x, yy'y —1) for some x € G; note that the converse is
also true, i.e. if conjugation by (1, y) preserves G’ then y € Nr(I'"). This defines an action
of Np(T”) on the set M’ of equivalence classes of G’-bundles by extension of structure
group. Moreover, this action preserves the set M’F, of equivalence classes of G’-bundles E
such that E£/G has monodromy equal to I'.

Proposition 4.12 Let M be the set of equivalence classes of G-bundles, and let Mi" be the

set of equivalence classes of G’-bundles E such that E /G has monodromy T'’. Assume that
G is connected. Then the extension of structure group morphism Mi«, — M factors through
an embedding M}//Nr (I'") = M, where Ny (I'") acts by extension of structure group.

Proof Consider a G’-bundle E and y € Nr(I"). The element s := (1, y) € G determines
an automorphism 6 := Int,—1 of G’ which defines an extension of structure group 6 (E). Let
E be the extension of structure group of E by the embedding G’ < G. Then the stabilizer
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of E under the G-bundle action is equal to G’, which implies that the stabilizer of Es C E
is equal to s~'G's = G'; in other words, Es determines a reduction of structure group of E
to G'. Moreover, the map

E — Es; e es

induces an isomorphism of G-bundles 8 (E) = E's. Indeed, recall that 6 (E) may be regarded
as the G’-bundle which has the same total space as E and G-action determined by

ExG — E; (e,g) — e6 ' (g).
But we have

eO_I(g)s = esgs_ls =esg,

which shows that the induced map 0(E) — Es is é’-equivariant. This implies that E's,
which is a reduction of structure group of Eto G , 18 isomorphic to 6 (E); in other words, E
is the extension of structure group of 6 (E) by the embedding G < G.

Conversely, let E and E’ be two G’-bundles such that the monodromies of E/G and E'/G
are both equal to T'/; since G is connected, this implies that both E and E’ are connected.
Assume that they have the same extension of structure group E to G. Note that £ has an
explicit decomposition into connected components, namely

E= || EQp,

yTer /T

where each coset in I'/ T has one and only one representative component in the union. Thus
E’ must be equal to one of these components, say E(1, y) for some y € T'. Let s := (1, y)
and 0 := Int,-1. The first observation is that, since E is the extension of structure group of E’
by the prescribed embedding of G’ in G, the group G is equal to the stabilizer of Es by the
G-bundle action. But, on the other hand, the fact that the stabilizer of E is G’ implies that the
stabilizer of Es is equal to s~ 'G’s = 6(G’); this implies that G’ = 6(G’) or, equivalently,
y € Nr(I'). Finally, as in the previous paragraph, the map E — Es given by the action of
s induces an isomorphism of G-bundles 0(E) = Es = E’, as required. O

5 Non-abelian sheaf cohomology and group extensions

Let X be a topological space. We may assume that X is paracompact and Hausdorff, since
we will be mostly interested in the case in which X is a differenciable real manifold or a
complex manifold. Let G be a topological group, or a real Lie group (respectively a complex
Lie group) if we are working on the smooth category (respectively holomorphic category).
In this section we briefly recall some basic facts on non-abelian cohomology, and how
this can be used to describe the set of equivalence classes of G-bundles over X, since we
will elaborate on this in the next section when we add twisted equivariant structures. A good
reference for this material is the paper of Grothendieck [23] (see also Hirzebruch [25]).

5.1 Non-abelian cohomology and G-bundles
A sheaf of (not necessarily abelian) groups over X is defined as a triple . = (S, X, ),

where S is a topological space and 7 : S — X is a local homeomorphism, so that the stalk
S, = 7~ (x) over every point x € X has the structure of a group, and for every a, f in S,
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the element ™! depends continuously on « and 8. Notice that the fact that 7 is a local
homeomorphism implies that the topology of S induces the discrete topology on every stalk
Sy.

Recall that if U is a open subset of X we can define the group of sections H*(U, .#’) and
in particular the group H%(X, .%) of global sections of .7.

While higher cohomology groups cannot be defined in the case of non-abelian groups, it
is nevertheless possible to define a cohomology set H' (X, .7) with a distinguished element.
In the abelian case this coincides with the usual first cohomology group of ..

To define H'(X,.%), let % = {U;};e; be an open covering of X. A % -cocycle is a
function f which associates to each order pair i, j of elements in I, an element f;; €
HO(U; N Uj, %) such that

fijfik = fix in U;NU; NUg forall i, j, k€ l.

The set of % -cocycles is denoted by Z! (%, 7). Cocycles f and f are said to be equivalent
if for each i € I there exists an element g; € H 0U;, .#) such that

ﬁ/jzgifijg;l in UiNU, forall i, jel.

The cohomology set H'(%,.7) is the set of equivalence classes of % -cocycles, and the
cohomology set H'!(X,.7) is defined as a direct limit of the sets H' (%, .#’) as % runs over
all open covering of X (see §3 of [25] for details).

A case of particular interest to us is that in which G is a group and . = (S, X, 7) is the
sheaf of germs of functions with values in G. This sheaf will be denoted by G. The set S here
is the product X x G and r is the projection onto X. If X is a topological space (respectively a
differentiable or complex manifold) and G is a topological group (respectively real Lie group
or complex Lie group), then G is the sheaf for which H*(U, G) is the group of continuous
(respectively differentiable or holomorphic) functions.

With G as above, the cohomology set H (X, G) parameterizes equivalence classes of prin-
cipal G-bundles over X, in the topological, differentiable or holomorphic category, according
to the structures considered on X and G. This can be easily seen by considering an open
covering of X and the trivializations and transition functions of a principal bundle for this
covering. The transition functions satisfy precisely the cocycle condition. In this case the
distinguished element in H'(X, G) is of course the trivial principal G-bundle over X.

5.2 Group extensions and induced exact non-abelian cohomology sequences

Let I be a finite group, and 6 : I' — Aut(G) be a homomorphism, so that the action of I"
on G defined by 0 is continuous. Let Z = Z(G) be the centre of G, and ¢ € Zg(F, Z) be a
2-cocycle. Consider the extension of groups

1 >G—>G—>T —>1 (5.1)

where the group structure of Gis givenby (2.4). Naturally, if G is areal Lie group (respectively
complex Lie group) we will require that the action of I" on G be differentiable (respectively
holomorphic).

The extension (5.1) defines an extension of sheaves

1>G—>G—>T -1, (5.2)
where the sheaves G and G are defined as in Sect. 5.1, and we denote the sheaf I' simply by

I" since I' is a finite group.
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Associated to (5.2) there is a long exact sequence of cohomology sets with distinguished
elements
H(X,T) > H'(X,G) > H'(X,6) 5 H' (X, TI). (5.3)

In Proposition 5.6.2 and following Corollary of [23], Grothendieck gives a characterization
of the inverse image by 7 of an element of H'!(X, I') when this inverse image is nonempty.

Let Er be a principal [-bundle over X and [Er] € H'(X,T) be its corresponding
equivalence class. Assume that E can be lifted to a principal G-bundle E &» implying, in
particular, that the inverse image of [ Er-] under 7 is nonempty. Notice that this is indeed the
case if the cocycle c is trivial and G is then the semidirect product. The group G acts by
conjugation on G, and we consider the bundle of groups E 5 (G) associated to the principal
bundle E via this action. Notice that in the semidirect product case, if E, is the extension

of structure group of Er via the natural embedding I' — G then E &(G) = Er(G), where
Etr(G) is the bundle associated to Er via the action of I' on G given by 8. We can also
consider the adjoint bundle of groups Er(I") associated to Et via the adjoint action of I" on
itself.

With all this in place, the answer given by Grothendieck is the following.

Proposition 5.1 With the above notation we have the identification
7 Y(Er)) = H'(X, E;(G)/H (X, Er(I)).

Sketch of the proof Throughout this proof we denote by 7 the extension of structure group
map from the set of isomorphism classes of G-bundles to the set of isomorphism classes of
I"-bundles induced by (5.1) by abuse of notation. Fix an isomorphism w(E5) = Er. Let E 2;
be a G-bundle over X such that n(Eé;) = Er, and fix such an isomorphism f : E’G = Er.
Let %4 = {U;}ies be a countable open cover of X trivializing both E¢ and Eé; Let (U;, e;)
and (U;, e]) be a system of trivializations of £ ¢ and E /G respectively whose images under
7 (composed with the chosen isomorphisms) is the same trivialization (U;, ¢;) of Er. Set
U,‘j =U; N Uj and let (U,‘j, g,'j), (Ul'j,g;j) such that ej = e gij and e;- = el/-gl{j for each
i and j € I. Then we have that glfj = h;jgij for some set of functions 4;; : U;j; — G. We
claim that (Uj;, (e;, hjj)) is a 1-cocycle in zY E;(G)). Indeed, the fact that both g;; and
g ; are 1-cocycles implies:

hij(gijhjkgi;l)gijgjk =hij&ijhjkgjk = hikgik = hik8ij8jks
thus hl-jg,-jhjkgl.;l = h;j. Hence:

(ei, hij)(ej, hjr) = (ei, hij)(eigij, hjx) = (ei, hij)(e;, gijhjkgi;l) = (e, hijgijhjkg,‘;l)
= (ei, hik),

asrequired. This identifies the trivialization (U;, el’. )of E /G withanelementof Z1 (%, E &(G)).

Another trivialization of E’G whose image under f o 7 is equal to (U;, e;) provides an
isomorphic 1-cocycle. Similarly, given a G-bundle E g , an isomorphism 7 (E é ) = Er and
an isomorphism E é; =E g whose induced automorphism of Er is the identity, E é yields an
equivalent 1-cocycle. Thus we get a bijection between equivalence classes of pairs (E ’G ,
w(E ’G ) S E r), where the equivalence relation is an isomorphism of G-bundles inducing the

identity on Er, and H 1 (X, E G(G))' If we now consider any induced automorphism of Et
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and we forget the isomorphisms f* then we get a bijection between the set of isomorphism
classes of G-bundles E’G and H'(X, EG(G))/HO(X, Er(I)), where H(X, Er (")) is the
group of automorphisms of the I'-bundle Er. O

Notice that if Er is the trivial ['-bundle—the distinguished element in H'(X, I')—then
Proposition 5.1 follows simply from the exactness of (5.3) and

7V (Er) = H'(X, G)/H (X, T).

Remark 5.2 The characterization given by Grothendieck in [23] applies in fact to any exten-
sion of topological groups and actually to any extension of sheaves of groups. Obviously
the answer in our situation is particularly simple, considering the special structure of the
extension (5.1).

The centre of G is a normal subgroup of G and we can consider the quotient group
G = G/Z. The group G fits into an extension

1—>G/Z—>é—>1"—>1

where the group structure of G is the semidirect product one. If we consider the induced
sequence of sheaves, any [Er] € H 1(X,T) can be lifted now to an element [Egl €
HY(X, Q), and the question of when this can be lifted to H(X, Q) can be analysed in
terms of the exact sequence of sheaves

1—>Z—>Q—>Q—>1.

Since Z is abelian one can define the cohomology group H>(X, Z), and this sequence induces
a long exact sequence

H'(X,6) - H'(X,G) > H*(X, 2). (5.4)

The element [E 5] can be lifted to an element [E] € HY(X, Q) if and only if o ([E]) is
the neutral element of the group H 2(X, 2).

Remark 5.3 If o (([E G]) is not the neutral element one can still lift [ £ gltoa twisted principal
G-bundle or equivalently, a torsor over a certain sheaf of groups (see [26] for example), but
we will not consider these objects in this paper.

A connected principal I'-bundle Et over X is of course the same as a finite Galois
covering Y := Er — X with Galois group I'. In view of the results in Sect. 4, and in
particular Theorem 4.11, we conclude the following.

Proposition 5.4 Let E, be a connected G-bundle over X.

(1) The cohomology set H'(X, E;(G)) is in one-to-one correspondence with the set
of equivalence classes of (6, c)-twisted I"-equivariant G-bundles on Y, where equivalence
means that the induced map on Y is the identity.

(2) The quotient HY(X, Eg (G))/HO(X, Er (")) is in one-to-one correspondence with the
set of equivalence classes of (0, c)-twisted I -equivariant G-bundles on Y, where equivalence
allows now that the induced map on Y be an element of the centre of T'.

Proof Let 7 be the extension of structure group map from the set of isomorphism classes
of G-bundles to the set of isomorphism classes of I'-bundles induced by (5.1) by abuse
of notation. By the proof of Proposition 5.1, H' (X, E &(G)) is in bijection with the set of
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equivalence classes of pairs (E /G , f imn(E /G ) 5 Er), where an equivalence between pairs

is defined to be an isomorphism of G-bundles inducing the identity on Er. By Proposition
4.1 this is in bijection with equivalence classes of (6, ¢)-twisted I'-equivariant G-bundles on
Y, where equivalence means that the induced map on Y is the identity. This proves (1).
Since E is connected, so is Er. Thus the image of the monodromy of Er is surjective,
and (2) follows from Theorem 4.11 and Proposition 5.1. ]

In the next section we will give a characterization of the set of equivalence classes of (0, ¢)-
twisted I"-equivariant G-bundles on Y in terms of non-abelian cohomology from which we
can also obtain Proposition 5.4.

5.3 Twisted equivariant bundles as torsors

Following [16] we offer a generalization of the analysis of Sect. 5.2. We work in the topo-
logical category, even though our results are true in the smooth, holomorphic and algebraic
categories (the last case is almost a direct consequence of 5.2).

Let X be a paracompact and Hausdorff topological space equipped with a finite group
of automorphisms I', and take the quotient space p : X — Y := X/I'. Note that we have
notationally changed the roles of X and Y, because the basic objects of study are now twisted
equivariant bundles on the covering X.

Let G be a topological group with centre Z and consider a homomorphism 6 : ' —
Aut(G) and a 2-cocycle ¢ € Zg(F, Z).

Definition 5.5 Given two (0, ¢)-twisted I'-equivariant G-bundles E and E’ define the sheaf
ZIsog(E, E") whose local sections are local G-bundle isomorphisms from E to E’. This
inherits a I"-equivariant structure, so we denote I"-invariant sections over a I"-invariant subset
of X with a superscript. We say that E and E’ have the same local type if Zsog (E, E') |;7, o
is nonempty foreach y € Y.

Remark 5.6 In the situation where I" acts freely, local types are all the same since the fibre of a
(@, c)-twisted I'-equivariant G-bundle over Y is isomorphic to G = G Xy, I" by Proposition
4.3.

See [16] for more properties of local types in the algebraic category.

Given a sheaf of groups G over Y as defined in Sect. 5.1, we define a G-bundle (sometimes
also referred as a G-torsor) as a sheaf of sets S with nonempty stalks such that, for every
open neighbourhood V in Y, the group G(V) acts on S(V) transitively. This implies that S is
locally isomorphism to G. An isomorphism of G-bundles is just a G-equivariant morphism
of sheaves. The set of isomorphism classes of G-bundles is parametrized by H' (Y, G) as
defined in Sect. 5.1.

Proposition 5.7 The set of isomorphism class of (0, ¢)-twisted T -equivariant G-bundles over
X with the same local type as a given twisted equivariant bundle E is in bijection with the
set of isomorphism classes of Gg = (p+Isog (E, E))' -bundles over Y. The map is given
by (psZsog(E, =)', and the inverse is p*(—) X prgp E

Proof This is identical to the proof of Theorem 3.2 in [16], after replacing E, p, Gg and
Zsog(E, —) by P, m, Hp and .¥p(—), respectively. O

Now fix a (6, c¢)-twisted I"'-equivariant G-bundle E.
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Proposition 5.8 When T acts freely on X, the sheaf of groups G is isolnorphic to the sheaf
of groups E(G) := Eg x5 G defined using the conjugacy action of G on G, where Eg is
the G-bundle obtained via Proposition 4.3.

Remark 5.9 This shows that Proposition 5.7 is a generalization of Proposition 5.4.

Proof of Proposition 5.8 Throughout the proof we regard elements of E or E indistinctly.

Let V be an open neighbourhood of Y. Recall that the sheaf Zsog (E, E) is isomorphic
to E(G) := E xg G, where G acts on itself by conjugation. Therefore a section in Gg (V)
is just a ['-invariant section of E(G)(U), where U := p~ N (V) and T acts simultaneously
on E and G (see Sect. 3.2). From such a section (e, g) : U — E(G) we obtain a section of
E(G) which is defined for each y € V as (e, g)|, forany x € p’1 (y). This is independent
of the choice of x: given y € I', by I'-invariance we have

(e. ey = (e 7.0, () = (e(1,¥). 0, (2)) = (e. 2.

It is also independent of the representative (e, g), since (eh, h’lg) = (e, g) in E(G) for
everyh € G.

Thus we have a map Gg — E(G). The group multiplication is obviously preserved,
so we get a morphism of sheaves of groups. The inverse takes a section s € E5(G)(V)
and produces a section of E(G)(U) which, at each x € U, is equal to a representative
(e, g) € E x G|y of 5 such that e € E|,. This is independent of the choice of representative
because all of them are related by the G-action, and it is I"-equivariant because

(e, @)lxy = (e(1,),6,'(8) = (e .6, (9)) forevery y € T

It is clear that this is indeed the inverse. ]

6 Twisted equivariant cohomology

Let X be a paracompact and Hausdorff connected topological space, such as a differentiable
or complex manifold. Let G be a group with centre Z; if we are working with topological
spaces G is a topological group, whereas it is a real or complex Lie group if we are in the
smooth or holomorphic category, respectively.

Let I" be a discrete group of automorphisms of X with centre Z(I"). We have an associated
right action of I" on X, given by

XxI'=> X; x— y_'(x).
Consider a homomorphism
0:T — Aut(G); y — 0,

and a 2-cocycle ¢ € Zg(l", Z). We provide a (non-abelian) cohomological interpretation
for the set of isomorphism classes of (8, c¢)-twisted I'-equivariant G-bundles over X. In
particular, this allows us to provide cohomological conditions for the existence of (0, ¢)-
twisted I'-equivariant G-bundles over X. Our method imitates the usual construction of
Cech cohomology, see for example Chapter V in [23].

Recall that we have two natural notions of isomorphisms, depending on whether they
induce the identity on X or an element of Z(I'); hence we explain the relation between
the respective cohomology sets, which are called twisted equivariant and reduced twisted
equivariant, respectively.
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We show that twisted equivariant cohomology over X coincides with usual non-abelian
cohomology over Y := X /T (see Sect. 5) when I' acts freely. Thus, twisted cohomology is
in some sense a generalization of non-abelian cohomology.

6.1 Twisted equivariant bundles and cohomology

In this section we define the (reduced) first (8, ¢)-twisted I'-equivariant cohomology set
Hll’a (X, G), where G is the sheaf of (continuous, smooth, holomorphic) functions with
values in G. This set will parametrize isomorphism classes of twisted equivariant bundles
over X.

Cochains There is a natural right action of " on the set of open covers of X. Let % :=
{U;}ic1 be a I'-invariant countable open cover of X, and set

,,,,,

First define CK(%, G) as the set of k-cochains (g;,,....ij4 1 )ij <--<igyel>» Where gi i, €
HO(Uil ,,,,, irs1» G). The group I acts naturally on CK,G)ontheleftvial' x CX(%, G) —
CKU . G): (V. @iy iti) > 87 = 8lirvoii)y © VD)

From twisted equivariant bundles to cochains Let S(% , G, T, 6, ¢) be the set of isomor-
phism classes of (6, ¢)-twisted I'-equivariant G-bundles over X such that the restrictions
of the underlying bundle to the open sets U; are trivial; the isomorphisms considered here
respect fibres over X. Take an isomorphism class [(E, -)] € S(Z, G, T, 0, ¢), together with
arepresentative (E, -) consisting of a G-bundle E and a twisted I'-action. Take trivializations
s; : Uy — E and define f;; : U;; — G such thats; f;; = s, a 1-cocycle in Hl(%,g)
as defined in Sect. 5.1. For each y € I', we define ¢, ; : U; — G to be the holomorphic
function that satisfies

sV opi=siy 6.1)

foreveryi € I, where siy =5y 0 y~!. Thus we have obtained a pair (f, ) € c\,G)x
Fun(T", C%(% , G)), where Fun denotes the group of maps between two groups that preserve
the identity.

In the following we imitate the usual yoga regarding the interplay between Cech coho-
mology and fibre bundles; see Chapter V in [23], for example.

Dependence on the choice of trivializations Another choice of trivializations is given
by s;g; for a suitable g = (g;) € o, G), and the obtained pair using these is
(g;lfijgj, gg/_lwy,iey_l(gi)). Similarly, if # : (E,-) — (E’,-) is an isomorphism of
(0, c)-twisted I'-equivariant G-bundles (we are denoting both actions with a dot by abuse
of notation), choose local sections s; and sf for E and E’, respectively, and set (f, ¢) and
(f’, ¢') to be the respective pairs as in the previous paragraph. Recall that / is an equivariant
isomorphism of G-bundles & : E — E’. Define an element g := (g;)ie; € o, G)
such that A(s;) = s/g;. Then we have f;; = g, ! fl’j g and the compatibility of the actions
translates into

h(s])pyi = h(s] @yi) = hisi-y) =h(si) -y = (sig)) -y = (s - )0, (g0) =
— —1 —
s’ @, 10, (e = h(s))gl ™ @0, (g0).
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. . - -1 _ - -1 _ .
We may identify (g7 fijgj. g ¢y.i0, (&) and (g7 f;gj. ¢ ¢),.60, ' (¢) with
(f,@)-gand (f', ¢’) - g, respectively, where - denotes the right action

(C€'(%.G) x Fun(I', C*(% , G))) x C*(%, G) = (C'(%. G) x Fun(I", C*(% , G)));
(fo9).8) > (f-8.0-8) = (8 fijgj 8] 0y.i6y (80)). (6.2)
‘Cocycle conditions’ on ¢. The (0, ¢)-twisted conditions translate into

sig vy =si-v0,'(g) and (s;-y) -y =sicy).y) (¥'y)
forevery g € G,i € I and y and y’ € T. In particular, we get

TR =slopi=si-v=Gifi) v =Gi-90, (fij) = s/ 0,.i0, (fif),

(@y.) " roy =0, (fi)- (6.3)
Moreover,
sU7 @y () = i (B v = Giey v - (') =
i vy =Gl o)y =67 08 o) =577 016, (90,
where the equality siy/ sy = siy /y<p;/l. follows from (6.1) after substituting i by i - " and
composing both sides on the right with » ~!. In other words,
Gyl €V ) = 61,07 @y ). (6.4)
Remark 6.1 Let Z; (I', CO(% , G)) be the set of maps a : T' — C%(%, G) satisfying
ayyi = ay,ify(al, ey, y")

foreach y,y’ € T and i € I. This is very similar to the definition of a 1-cocycle of " with
values in C%(%, G) of Galois cohomology, where the action of y € T is given by a >
6, (a”), with the difference of the 2-cocycle c. Equation (6.4) implies that (6, (goy,i)’l) IS
Zy (T, C, G)).

Cocycle conditions and complexes of cochains Equations (6.3) and (6.4), together with
the fact that f;; is a 1-cocycle may be codified using a map
dy: €Y%, G) x Fun(T, C° (%, G)) - C*(%, G) x Fun(T", C' (%, G))

x Fun(I' x I, C%(% , G));

(fijs or.0) = ij Fiefie s ) Fl0n 65 i~ 0] 16, (o D0 ),
where we are using Fun to denote maps between groups that preserve the identity. Let
0~1(c) € Fun(I" x I', C%(% , G)) be the map

TxT3 @, y) 6, v):X - Z,

which is a constant function (we think of this as an element of C%(%, G) by restricting
to the open neighbourhoods U;). Then we define the set of (6, c¢)-twisted I'-equivariant
1-cocycles Z}, (% .G) =d;'(1,1,07(c)) € C'(%.G) x Fun(T", C*(%, G)), equiv-
alently defined as the set of pairs (f, ¢) € CY % ,G) x Fun(l', C%(% , G)) such that f is a
1-cocycle in the sense of Sect. 5 and ¢ satisfies (6.3) and (6.4).
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Action of O-cochains and cohomology The action of C%(%,G) on CY(%,G) x
Fun(T, C%(%, G)) given by (6.2) preserves Zrec(%,g) since, for every (f,¢) €

rec(% G)and g € CO(%, G), we have
(- g);',(f (9 8y
= (& 0yt @& T gD 06y ()
=9)’_1(gi) (py,z z](pV] yl(gj)_g l(g, ft]g])—e l(f gz])

and

(- g)y, L (- 8)y)

1 —1 _
=gl 0, (8]0, (8] ¢0yi0, (8))
Yy=1_y

=8/ 70 10, 0y 0,0, (81)) = (9 - 8)yry,if, (c(¥, ).

We define the first (0, c)-twisted I'-equivariant cohomology set over 7/ with values in G
to be

Hly (U.G) =2}y (U.C)/C U, G).

We thus get amap S(%,G,T,0,c) - HII‘,G,C(%’ G). In what follows we prove that it is a
bijection.

Surjectivity Conversely, given an element (f, ¢) € le’ac(@/ , G), we may define a G-
bundle E using the 1-cocycle f, together with local trivializations s; : U; — E such that
si fij = sj. Then we define the action of I" on E by (s;g) - v = s}’<py,i0},_l(g) for every
g€ G,i €l andy €T. To see that this is well defined note that, by (6.3),

ifi)) v =57 000, (i) =] floy i =swyj=s; v

The I'-action is compatible with the action of G twisted by 6 by definition, and by (6.4) we
have

Gy v =6 o) v =570l 07 0y 0) =51 065k (e v)

= (sict/ ) - 'y,

so that the action is (0, c)-twisted. It is easy to see that the element of Hll o (%, G) cor-
responding to the class of (E, -) is equal to the class of (f, ¢), so the constructed map is
surjective.

Injectivity Let (E, -) and (E’, -) be two (0, ¢)-twisted I"-equivariant G-bundles. Take local
sections s; : Uj — E ands : U; — E’ and define (f, @) and (f', ¢') € Zrec(%,g)
as above. Assume that (f, @) = (f',¢) - g for some g € C°(%, G). Then there is an
equivariant isomorphism A : E — E’, defined by h(s;) = s/g;. This is well defined as usual,
and we need to show that it is compatible with the I"-actions:

h(si-y) =h(s] ¢yi) =hGeyi =578l oyi =570}, .0, (&) = (s]g) -y =h(si) -y,

as required.

Refinements Thus we have obtained a bijection S(%,G,T',0,c) = Hllﬂ’c(%,g).
Another countable I'-invariant open cover ¥ := {V;};cs of X is called a refinement
of % if there is amap ¢+ : J — [ such that V; C Uy for every j € J. There
are "restriction maps" C%(%, G) — C%¥,G) and CY (%, G) x Fun(T", C* (%, G)) —
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cY(¥,G) x Fun(T", C%(¥, G)) depending on ¢. Moreover, there is an induced map in
cohomology H}’a,c(%,g) — Hrlﬁ,c("//,g). It can be seen (for example, from geo-
metric arguments using the bijections) that this map is independent of ¢ and so the set
{H} , (%, G)}y is inductive.

Definition 6.2 The first (6, c)-twisted I'-equivariant cohomology set over X with values
in G, denoted Hllﬂq (X, G), is the inductive limit of the sets Hll,e, A%, G) over the system
of I'-invariant open covers %/ on X.

The map Hll,G,c(%’ G) — Hll,a,c("f/, G) induces the natural inclusionof (%, G, T', 0, ¢)
inS(¥,G,T,0,c). Using that S(X, G, T, 0, c) is the inductive limit of {S(% , G, T, 0, ¢)}%
given by these inclusions gives the following.

Proposition 6.3 Consider the notion of isomorphism of twisted equivariant bundles descend-
ing to the identity on X. Let % be a countable T -invariant open cover of X. Then there is
a natural bijection between the set of isomorphism classes of (0, c)-twisted I'-equivariant
principal G-bundles over X which are trivial on the open sets of U and HIl,e,c(%’ G). This
induces a bijection between the set of isomorphism classes of (0, c)-twisted I"-equivariant
principal G-bundles over X and Hll,e,c(X’ G).

6.2 Isomorphisms descending to Z(I") and reduced twisted equivariant cohomology

Recall from Sect. 4.1 that we also have a notion of isomorphism of twisted equivariant bundles
on X descending to an element of Z(I") (rather than the identity). We give a cohomological
interpretation of these objects and relate it to Definition 6.2.

First we define a Z(I")-action on Hll’ 9’0(% , G) as follows: the natural left action of I" on
O, G) that we have defined above determines a semidirect product cOw, G) x Z(T).
We extend the C%(%, G)-action on le",e,c(%v G) to aright CO(%, G) x Z(I')-action:

(€Y, G) x Fun(T', C* (%, G))) x (C°(%, G) x Z(T")) —
(€Y, G) x Fun(T', C*(% , G)));
(f ). (8. 1) > (f (8. )¢ (g.0) = (&) fligh. g b 05" (8.

The inclusion of Z(I') in C%(%, G) x Z(I') as a set then induces a genuine Z(I')-group
action on Hl'l‘,O,c(% , G), which we also denote with a dot.

Definition 6.4 We define the first (6, ¢)-twisted I'-equivariant reduced cohomology set
over 7%/ with values in G

Hy (U.G) =2} o (U.GC)/COU,G) x Z(T) = H\y (%, G)]Z(D).

The inductive structure on {Hfl',f),c(%’ G)}9, also makes {I:Ivllﬁ’c(?/, G)}y inductive, and
we define the first (6, c)-twisted I'-equivariant reduced cohomology set over X with
values in G, denoted Hll,g’c(X , G), to be the corresponding inductive limit.

Let §(% , G, T, 0, c) be the set of isomorphism classes of (6, c)-twisted I"-equivariant G-
bundles which are trivial over %/, where now isomorphisms induce the action of any element
of Z(I') over X. Note that g(%, G, I,0,¢c) = S(%,G,T,0,c)/Z("), the quotient of
S(%,G,T, 0, c) by the pullback action of Z(T"). Given aclass [(E, -)] € S(%,G,T,80,c),
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let [(f, ¢)] be the corresponding class in HII‘,G,L'(%’ G). It is then clear that, for each y €
Z(I'), the class of Hll,ﬁ,c(%’ G) corresponding to y* [(E, -)] is

[

This shows that the natural bijection in Proposition 6.3 induces a one-to-one correspondence
S%,G,T,0,c) = Hll 0. (%,G). As % varies, this induces a bijection

O] =101y

S(X,G.T.0,0)= Hy (X, G).
Summing up, we have the following.

Proposition 6.5 Let % be a countable T -invariant open cover of X. Then there is a bijection
between the set of isomorphism classes of (0, ¢)-twisted I"-equivariant principal G-bundles
over X which are trivial on the open sets of % and Hr b.c (% , G). This induces a bijection
between the set of isomorphism classes of (0, ¢)- twisted T- -equivariant principal G-bundles
over X and ﬁrl‘,e,c(Xv G). Here we are considering all the isomorphisms inducing the action
of elements of Z(I") on X.

6.3 Long exact sequences in twisted equivariant cohomology

In this section we use long exact sequences in twisted equivariant cohomology to test the
existence of (0, ¢)-twisted I'-equivariant G-bundles over X. In the process we give an alter-
native interpretation of these objects as lifts of certain twisted I'-equivariant G /Z-bundles
over X.

We shall henceforth drop ¢ from the notation whenever it is trivial.

Let HIQ.G(X , G) be the group of I'-equivariant holomomorphic functions X — G, i.e.
functions g : X — G such that g(y (x)) = 6, (g(x)) for each x € X.

Let G’ be a second (topological, real Lie, complex Lie) group equipped with homomor-
phisms ¢’ : ' - Aut(G')andt : G — G’ satisfying 10, = 0,7 for every y € T.
We then have induced maps Hr (X, G) — 9,(X G’) Hll (X, G) — H! Hp g/(X, G,
Hll’g(X, G) — F 9,(X G') and Hr (X, G) — F 9,(X G’) sending the class of
(f,p) € leﬂﬂ (% , G) to the class of (7(g), t(¢)). These are morphisms of pointed sets,
where the distinguished elements are the classes of pairs (1, 1); these correspond, under the
identification of Proposition 6.3, to the isomorphism classes of the respective trivial bundles
with the natural 6-twisted I"-actions.

In particular we may consider the extension

1-Z—->G—>G/Z—1;

note that 6 preserves Z, thus inducing an automorphism of G/Z which we also call 8. This
induces an exact sequence

1 - HR,(X,Z) — H2y(X, G) — HL (X, G/Z);

note that these are groups and ngﬁ (X, Z) is a normal subgroup of H})’Q(X , G) (actually
it is its centre), so that exactness in the middle term is understood in the sense that the last
homomorphism induces a group embedding HIQ’Q(X, Q)/HIQ’O (X,2Z) — ng’g (X,G/2).

In the following we emulate the usual construction of long exact sequences in Cech
cohomology, see for example [23].
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The coboundary map from sections to first cohomology To study the image of the last
homomorphism we define a right action of HIQ o(X,G/Z) on Hll ¢(X, Z) as follows: let g

be a I'-equivariant holomorphic map g : X — G/Z. Given a class in Hllﬂ (X, Z), we may
find a countable invariant open cover % = {U;};e; such that the class has a representative
(f,p) € le“,e(% , Z) and the restriction of a to U; has a lift to a holomorphic function
gi Ui — Gforeveryi € I.1f g :== (gi)iesr € C%, G) then g€ HIQ,Q(X, G/Z) sends
(f, ) to (f, ) - g, where we regard (f, ¢) as an element of leﬂ,e(%, G) and ‘-’ denotes
the action defined in 6.2.

Note that this is an element of C1(%, Z) x Fun(I', C%(%, Z)), since gjlu, = &izijluy;
for some z;; € C Y, Z) and the ['-equivariance of g implies that 0; l(gl?’ ) = giz; for
some z; € CY(%, Z). Moreover the action of C%(%, G) preserves ZIL’Q(%, G), so that
(f,9)-g€ ZIL,Q(?/, Z). The class of (f, ¢)-gin Hrl,g(?/, Z) is independent of the choice
of g: another set of lifts is given by gz for a suitable z = (z;)ies € C%% , Z), so that

Similarly, the class of ((f, ¢) -z) - g = ((f, ¢) - g) - z is equal to the class of (f, ¢) - g for
every z € CU%, Z).

Hence we get a right action of HIQ’O(X, G/Z) on Hllﬁ(X,Z) which we also call -.
Considering the action on the trivial element of Hllﬂ (X, Z) we get a coboundary map
§: HL ,(X,G/Z) — H] ,(X, 2).

Second cohomology Since Z is abelian, we may further define a second cohomology group
with values in Z: first we define a group homomorphism

dy: C* (%, Z) x Fun(T, C' (%, 2)) x Fun(T' x T, C°(%, 2)) —
C3¥,7Z) x Fun(l, C* (%, 2)) x Fun(I' x T, C' (%, 2))
xFun(T x T x T, C%%, 7));

g/j;l@;l(uijk)v,‘jvjkvizl,

_1 _ "

1 -1 vl
Yy Wy Wy s Oy Wy yyr )Wy s i (Wyry yr jw s )70

-1 -1
(u, v, w) — (”ijkuikluijl Wigy» U
Y -1
vij Qy vy ij)v

We set Z%ﬁ(%, Z) :=kerd,.

Note that the condition that the first component is equal to 1 is equivalent to u# being a 2-
cocycle, and the condition that the last component is equal to 1 is equivalent to (6}, (w, ;)
being an element of Zg(l", C%%, Z)), where I acts via 6 and its natural action on 1.
There is an action of C' (%, G) x Fun(I", C%(% , G)) on C3(% , Z) x Fun(T', CY (% , Z)) x
Fun(l x ", CY9(%, 2)), such that the result of the action of (f,9) on (u, v, w) is equal
to di(f, ¢)(u, v, w). It can be seen that d>d; is the trivial map, hence this action preserves
Z (U . 2).

Definition 6.6 We set ngﬂ(%, Z) :=kerd»/CY (%, G) x Fun(T, CY%, G)), the second
(6, c)-twisted I"-equivariant cohomology set with values in Z. We define ngy 0(X, 2) to
be equal to the corresponding inductive limit.

Coboundary map from first to second cohomology We now define a coboundary map § :
Hll’g X,G/Z) —» ng’g (X, Z) as follows: for each class in Hll’g (X, G/Z) take arepresenta-
tive (f. @) € Z{.,(%, G/Z),liftit to an element (f, ¢) of C' (%, G) x Fun(T", C*(% , G))
and calculate d;(f, ¢) (we choose the countable I'-invariant open cover %/ so that this is
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possible). This is an element of Z%’ o(% , Z) (taking the quotient by Z commutes with d; and
drd; = 1). Moreover, its class only depends on the class of (f, @).

Indeed, let (_7/, @) be another representative with a lift ( f/, ¢) in the group ", G)x
Fun(T, C%(%, G)) and consider an element g € CO(%, G/Z) with a lift ¢ € CO(%, G)
such that (7, ¢') = (f, @) - g. Then there exists ( fo, ¢o) € C°(%, Z) x Fun(T", C*(% , Z))
such that (f',¢") = ((f,¢) - 8)(fo. ¢o), which implies that di(f’, ¢") = di((f,¢) -
2)d1(fo, vo). But the components of d;((f, ¢) - g) are
di((f,9) g = gi_lﬁjg/g;lf/kgkgk_lﬁ;lgi =g ' fiificfitei = fii i £

-1 1 1 _ 1, - _

i((f0)- 82 = (& 0.0, @D el fe gl 06, ()0, (g fijg )
_ _ 1 _ -1 _ _
=0,"(g) %aﬁ, Fiev 6, (i 7'0, @) = o fijey. 6, (FID7!

and
1 '—1 — 'y—1 — _
i((f.0)- 903 =8/ " 0l.6; (816, (8] wy/ie L@@ T ey (8
y'y=1_vy
S T U e —qoy,y oy D9,

where the last equalities follow from d; (g, ¢) € le-ﬂ(?/, Z). Thusdi((f, ) -g) =di(f,p)
and so d (f, ¢) and d(f’, ¢’) are in the same class of ngﬁ(X, 7).

Proposition 6.7 The sequence
I > HR (X, Z) > H y(X,G) — H{ y(X,G/Z) 2
% HLy(X.2) - HLy(X.G) — HYy(X,G/Z) > HEy(X.Z) (6.5

is exact. Moreover, given a 2-cocycle ¢ € Zg(I‘, Z), the image of the map Hll’G’C(X, G) —>
Hll,e (X, G/ Z) induced by the quotient is equal to the preimage of the class of (1, 1,071 (¢)) €
leﬂye (X,2)in ng,e (X, Z) under the coboundary map 8. Here 0~ (¢)(y, v') := 9;,1/ (cy’,y))
is regarded as a constant function from X to Z for eachy andy’ € T.

Remark 6.8 Proposition 6.7 should be understood as follows: call Ay to the k-th term in the
sequence (Ag = 1, etc.). Then the preimage of the distinguished element of Ay, is equal
to the image of Ax. A stronger statement is proven whenever Ay is a group since in this
case, by the discussion above, there is an action of Ay on Aj41: two elements in Az have
the same image if and only if they are in the same orbit. Here the action of HIQ’ ¢(X,G) on

ng, ¢ (X, G/Z) is induced by multiplication on the left.

The long exact sequence (6.5) is a twisted equivariant version of (5.4) when I' acts freely.
In this case p : X — Y := X/TI is an étale cover and we know by Proposition 4.3
that G-bundles over Y are in correspondence with (6, ¢)-twisted I'-equivariant G-bundles
over X, whose isomorphism classes are parametrized by twisted equivariant cohomology by
Propositions 6.3 and 6.5; the group G:=G xg,¢ I is defined in Sect. 2.1. Thus, in particular,
(6.5) answers the question of existence of G-bundles over Y with associated I'-bundle equal
to X by considering them as lifts of 6-twisted ["-equivariant G /Z-bundles over X, which are
in correspondence with G := G/Z-bundles over Y. We state this more precisely.

Corollary 6.9 The set of G-bundles over Y with associated T-bundle X is nonempty if and
only if (1,1,07'(c)) is in the image of Hll,e(X! G/2) i) ngﬁ(X,Z). Here, for y and
y' €T, wedefine 0~ (c)(y,y) = 9;,]1/(6()//, ¥)).
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Proof of Proposition 6.7 Exactness at H19’9 (X, Z) isjustinjectivity, which is obvious. Exact-
ness at H19 o (X, G) follows the usual arguments: given a I'-equivariant map X — Z, its
compositiofl with the inclusion in G and the quotient G — G/Z is the trivial map. Con-
versely, a I'-equivariant map X — G with trivial image in HIQ, ¢ (X, G/Z) must come from
a ['-equivariant map X — Z.

Exactness at HIQ’Q(X, G/Z). Given an element g € HIQ’Q(X,Q) with image g €
H ,(X, G/Z), we know that (1, 1) - g is the class of (1, 1) - g = (g g, gl?/_IGle(g,')) =
(1, 1), where g; is the restriction of g to U; for each i € I. Therefore, for each g’ €
HY, (X, G/2),

8(gg) = (1,1 -g) -8 =3(@.

For the converse, it is enough to prove that the kernel of § is the image of Hﬁ ¢ (X, G) since,
if this is true, §(g) = 8(g’) implies that gg’~! is in the image of ng,e (X, G) forevery g and
g e ngﬂ (X, G/Z). Consider a I'-equivariant function g : X — G/Z such that §(g) is the
trivial class. Then there exists a I"-invariant open cover %/, alift g = (g;) € C %%, G) of g
and an element z € CO(%, Z) such that ((1,1) - g) - z = (1, 1). Hence we conclude that gz
is an element of ngﬂ (% , G) whose image in HIQ’Q(X, G/Z) coincides with g.

Exactness at Hll, 9(X, Z).Let % be a countable I"-invariant open cover and consider two
elements (f, ¢) and (f/, ¢') € le“,e(%» Z) such that there exists g € C%(%, G) satisfying
(f, @) = (f', ¢")- g. Had we proven that the image g of g in C%(%, G/Z) is a I'-equivariant
map X — G/Z then the class of ( f, ¢) would be equal to the class of (f/, ¢’) - g, as required.
But the equation g;lfi’jgj = fij on Uj; implies that the compositions of g;|y;; and g;lu;;

with G — G/Z are the same. Similarly, the equation g}’_lga;’ 0y Y(g) = @y,i implies that
the compositions of g; and 6, 1 (giy ) with G — G/Z are the same. Conversely, given two
elements (f, ¢) and (f',¢") € Z{. (%, 2), g € HL,(X,G/Z) and alift g € CO(%, G)
of g such that (f’, ¢’) - g = (f, @), it follows by definition that the classes of (f, ¢) and
(f'.¢')in H} ,(X, G) are equal.

Exactness at Hll,e (X, G). First note that the action of Hll,e (X, Z) on the set Hrl,g (X, G)
preserves the image in H117 ¢(X, G/Z). Conversely, given two elements (f, ¢) and (f', ¢') €
leﬂ (%,G)and g € C%(%.G/Z) such that (f, @) = (f', @) - g, where overlining means
taking the composition with G — G/Z, we may take a lift g € C%(%, G) of g and we have

(f.9) = ([, ")) (fo, 90), Where (fo, go) € C*(%, Z) x Fun(T', C*(% , Z)). Applying
dy on both sides we see that the fact that both (£, ) and (f', ¢)-g arein le“ﬁ (7 , G) implies

that (fo, ¢o) € le“,e(%v Z), as required.
Finally we prove that the preimage of the class [(1, 1, 0~ e)] € ng’g(X ,Z) is

equal to the image of Hllﬁy (X, G); in particular, setting ¢ = 1, this implies exactness
at H. (X, G/2). 1 (f,¢) € Z}., (%, G) and (f, @) is its image in Z[. ,(% , G/Z) then
the image of the class of (f, @) under § is represented by d; (f, ¢) = (1, 1, 6~1(c)). Con-
versely, if (f,9) € Z[,(%.G/Z) has alift (f,¢) € C'(U,G) x Fun(I", (%, 2))
and d1(f, ¢) is in the class of (1, 1,07 1(c)) then di(f, ¢) = di(f’, ¢)(1, 1,07 (c)) for
some (f', ¢') € CY (%, Z) xFun(T", C°(% , Z)). Hence d; (ff' ', p¢'~") = (1, 1,07 (c))
and (ff'71, o'~ is a lift of (f, @), so that the image of the class of (ff'~!, o¢’~1) in
Hll’g(X, G) is equal to the class of (f, @) in HFI’Q(X, G/2). u]
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Remark 6.10 A similar long exact sequence may be constructed using reduced twisted equiv-
ariant cohomology sets, namely

1— Hy(X,2) > H24(X.G) x Z(T) > HL4(X,G/Z) x Z(T) LN
S HE (X, 2) — HY (X, G) — HL y(X,G/2) > HE (X, 2)

The group ﬁlg,e(X , Z) is the quotient of H%_Q(X , Z) by a suitable Z(I")-action, and the
preimage of the class of (1, 1, 6~ (c)) under the coboundary morphism is equal to the image
of H! , (X, G) in H. o(X, G/Z).

Remark 6.11 There is a generalization of the long exact sequence (6.5) to the situation when
Z isreplaced by a normal subgroup H of G. When H is not abelian there is no second twisted
equivariant cohomology group with values in H, but we still have an exact sequence

1 - HYy(X, H) — HP o(X,G) - HL,(X,G/H) LN (6.6)
S HL (X, H) — HL (X, G) — H} ,(X, H).

Using reduced cohomology we also find the exact sequence
1 — HR (X, H) - H2 (X, G) x Z(I') - HL,(X,G/H) x Z(I") LN

S HL (X, H) — HL (X, G) — Hb 4(X, G/H).

6.4 The case when I" acts freely

In this section we assume that I" acts freely on X, inducing an étale morphism p : X —
Y := X/ T'; alternatively, p : X — Y is a principal I"-bundle. According to Sect. 4.1, there
should be a relation between the twisted equivariant cohomology over X introduced in Sect.
6.1 and the non-abelian cohomology over Y defined in Sect. 5. We establish this explicitly.
We continue to drop ¢ from the notation whenever it is trivial.

Consider the bundles of groups X(G) := X xr G and X(Z) := X xr Z over Y. Their
sections, which are defined using the continuous/smooth/complex structure on G, determine
sheaves of groups as in Sect. 5.1. A 2-cocycle ¢ € Zg(l", Z) determines a Cech 2-cocycle
in Z2(Y, X(Z)) as follows: take a good open cover ¥ = {V;} of Y trivializing X, and let
s; be alocal trivialization on V;. Then we define (c;jx) := (si, c(vij, Yjk)) € 72V, X(2)),
where y;; € I' is the unique element in I" such that s;y;; intersects s;. We check that this is
indeed a 2-cocycle:

2.3
cijkciki = i, cWij, Vir)) i, ¢ Wik, vi)) = iy cij, Vir)eWiks Yii)) =
(si5 Oy (e Wik, vk Wijs vin)) = (sj, c(Vjks via)) (siy ¢(ijs Vi) = Cjkiciji-

The class of ¢;j; in H 2(Y, X(Z)) is independent of the class of ¢ in the second Galois
cohomology group H92(F, Z) as defined at the end of Sect. 2.1: givenamapa : ' — Z, the
2-cocycle da € Zg(F, Z) as defined in Sect. 2.1 gives

Ba)ijx = (si, Oy, (@(yi)atvio) " ai) = (sj, ayj)) (i, alyip) (i, alya) ™,

which is the derivative of the Cech 1-cochain (s; lv;;» a(ij))ij- Thus we get a morphism
of pointed sets HOZ(F, Z) — HX(¥,X(Z)), and in particular a morphism Hez(l‘, Z) —

@ Springer



Geometriae Dedicata (2023) 217:27 Page37of41 27

H?*(Y, X(Z)). This depends on the choice of trivializations for X. As long as there is no
ambiguity we denote the image of ¢ in Z 2(y, X(Z)) with the same letter.

Remark 6.12 The existence of the morphism above is not surprising: let EO — BO be the
universal I"-bundle, and let ¥ — BO be the map inducing the I'-bundle X. There is an
isomorphism HGZ(F, Z) = H?(BO, E0 xZ), where Z is the group Z equipped with the
discrete topology; this is seen using the bar resolution (see [31], Section 6.7). Composing
with the inclusion EQ xrZp <> EO xrZ and pulling back by ¥ — BO provides a map
HOQ(F, Z) — H2(Y, X(Z)). The matter of whether this map is equal to the one above will
possibly be addressed in future work.

Following [26] we define the c-twisted first cohomology set HC1 (Y, X(G)):! given
an open cover ¥ = (V;)jey of Y trivializing X — Y (with trivializations s;) and
an element c;j; € Z2(Y, X(Z)), we may define the subset ch. (7, X(G)) of elements
fij € Cl(¥, X(G)) satisfying

fij fixcijk = fik (6.7)
on Ui for every i, j and k € J.If c is trivial this is the set of 1-cocycles defined in Sect.
5.1. The usual action of C°(¥, X(G)) on C1(¥, X(G)) preserves ch. (7, X(G)) and so we
may take the quotient set H! (7, X(G)) := Z (¥, X(G))/C°(¥, X(G)). Finally, varying
¥, we may define an inductive limit denoted by HC1 Y, X(G)).

Theorem 6.13 There are canonical isomorphisms

HRy(X,G) = H(Y,X(G)) and H{y(X,G)=H"'(Y,X(G)).
More generally, there are (in general non-canonical) isomorphisms

Hi g (X,G) = H!(Y, X(G)).
Moreover, the long exact sequence (6.5) induces the long exact sequence
1 - H(Y,X(Z)) - H(Y, X(G)) - H(Y,X(G/Z)) - H' (Y, X(Z))

— H'(Y,X(G)) - H'(Y,X(G/Z)) - H*(Y, X(2)). (6.8)
The preimage of [c] € H*(Y, X(Z)) under the coboundary map is precisely the image of
H}\ , (X, G) under the map H}., .(X,G) = H} (Y, X(G)) — H'(Y, X(G/Z)) induced
by the quotient G — G /Z. In particular, Hll’g’C(X, G) (or ﬁl'l‘,F),c(X’ G)) is nonempty if and
only if ¢ is in the image Olel,e (X,G/2).
Remark 6.14 Proposition 6.13 and Remark 6.9 imply that (6.8) is an alternative to (5.4) when
the associated I"-bundle X is fixed. It answers the question of the existence of G-bundles E

over Y such that E(I") = X by considering them as lifts of X(G/Z)-bundles, where E(I")
is the extension of structure group of E via the quotient G — T'.

Proof of Theorem 6.13 We define the isomorphisms, leaving the rest to the reader. The first
one is clear, since ["-equivariant sections of G over X are precisely X (G)-sections over Y.
Definition of the isomorphisms Consider a good cover ¥ = (V;) of Y trivializing X — Y,
choose a system of local trivializations (s;). Let % be the preimage of #" over X the sections
s; determine elements of %7 which we call U;, assuming for simplicity J C I. Define

! Our c-twisted 1-cocycles are actually ¢ Ttwisted 1-cocycles in [26]. We adopt this convention to simplify
notation.
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g € CO%.G)sothat gy, = and g,y = ¢.; foreachy € T.Set (f.¢') == (f.9)-g.
which is in the same class as (f, ¢) and satisfies that (p)’, ;|si-y = 1; indeed,

(@ Q)i = (8] ' 0yi05 " (8)) = (¢, }pyi) = 1.

Moreover, since (f', ¢') € le-’g (% , G) by construction, the set ((p;,’l-)yel"yie‘] determines ¢’
by (6.4): since I' acts transitively on the fibres of p, every element of [ is of the form i - y
forsome y € I'andi € J. But, foreachy’,y e T'andi € J, we have

Oy =0 =@, 00 (e 0 @, )T =0 ey (69)

In this setting the image of the class of (f,¢) in ZY ¥, X(G)) is defined to be
(sjlvi;s hij == fi/~y,-j,j)’ where y;; is the unique element of T" such that Uiy,.j is nonempty
and we have also called ,./%j, jto the composition

Vij = Ui%‘,‘ nUj ﬂ) G.
More explicitly, h;; = (p;ijl iﬁ‘Vij’j‘ Let us check that this is in ch (7, X(G)): for every three
elements i, j and k € J we have

6.3)
(s, hij)(sks hjk) = sk, Oy, (hij)hjk) = (sk, Oy, (f,-/.y,.j,j)f}.yjk,k) =
—1 ik / 6.9 -1 1 ik
6 Py iy Fioy i P Tk = Gk O Wi Vi)™ Sy Fjyet) =

(ko Sy G510 €@ Vi)™ = (s, hindeip

as required.

Well-definedness Now we show that the class of (s;, h;;) is independent of the class of
(f,p). Letg € C%% , G) and consider (f",¢") = (f, 9) - g, with corresponding cocycle
(si, h;j) e C'(¥, X(G)). Without loss of generality we may assume that Oy = (p}’,yi =1
forevery y e I'andi € J, hjj = fi.y;.j and h:, = fi/-y,-j,j' Then we have

-1 - —1,—
=g, =gl 0,0, (&) =g/ 0, (g,
which implies that g/ = 67! (g;). Therefore,
(5 i) = (5. 8y hii8) = (57,05, (800 hijg ) = (siv 800 (s, hi) (s 85),

which is isomorphic to (s;, /;;).

The class of (s;, h;j) in H Ly, X(G)) does depend on the choice of local sections for X
unless c is trivial: consider another system of trivializations s; - y;. By the previous paragraph
we may assume, after changing the representative of the equivalence class in Hll’ 0..(X, G),
that h;; = f,-.yl.j,j and (6.9) holds. From (6.3,6.9) we have

-1 Vi
v vy i

(5j - 7js Oy, i v iy 05 ), (i i) 0, (i 1)) =

(Sj )’]a‘ﬂ

(siv e ¥ Vi veWis Vi) TS iy )-
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Surjectivity Let (s, hij) € Z'(¥, X(G)). We want an element (f, ¢) € Z}. ,(%, G)
such that fi.,; j = hij and ¢, ; = 1 for every y € I' and i and j in J. Equation (6.4)
determines ¢, whereas (6.3) determines f.

Injectivity Let (f, ¢) and (f', ¢’) in le’g(% , G) such that the corresponding elements
(s, hij) and (s}, h;j) e ZY (¥, X(G)) are isomorphic, say

(sj, hi) = (siv g) " (sj, hij) (s, 8))-

/o /
We may assume that hi; = Lyt Then

—1 81
fl'/'}’ijaj :9%‘_/‘ (gi) fi-}/[/,jgj-
Thus f' = f-g’, where g’ is the extension of g determined by glf.y = Qy_l (gi) foreachi € J
and y € I. The fact that ¢’ = ¢ - g’ is checked easily using (6.9).
Refinements Finally, it can be shown that, if we replace #” by a good subcover, the bijections

are compatible with the respective restriction maps and so they induce an isomorphism
HL ,(X.G) = H (Y. X(G)). u]

Remark 6.15 The Z(I')-action on Hllﬁyc(X,Q) induces a Z(I')-action on HCI(Y, X(G)).
When c is trivial this is the one given by the Z(I")-action on the left or the right factor of
X (G). According to the proof of Proposition 4.1 the group Z(I") is equal to the group of
covering transformations H O¢y, X(I")). With this interpretation, the induced action is the
one involved in the statement of Proposition 5.1 when c is trivial and E is obtained from
the trivial 0-twisted I'-equivariant G-bundle over X (which implies £ (G) = X(G)).

Corollary 6.16 The set Hll,e,c(X’ Z) is empty unless the class of ¢ in H2(Y, X(2)) is trivial.
In other words, there are no (0, c)-twisted I"-equivariant Z-bundles over X unless [c] €
H>(Y, X(2)) is trivial.

Theorem 6.17 Let G == G xg,c I' be the twisted product defined in Sect. 2.1. There is a
(non-canonical unless c is trivial) surjection

H\ Y, X(G) - 77 1(X), (6.10)

where w : H(Y, Q) — H'(Y,T) is induced by the quotient as in Sect. 5. The composition
with the isomorphism of Proposition 6.13 induces the isomorphism

Hly (X, G)=H}y (X.6)/Z() =77 (X) (6.11)
given by Propositions 4.3 and 6.5.

Proof Let ¥ = (V;)iey be agood cover trivializing X over Y. Consider the morphism which
sends the class of (s;, h;;) € ch (7, X(G)) to the class of (h;}, y;j) € Zl(Y, G). This is
well defined: we have the cocycle condition

(hij, vij)(hji, i) = (hijOy,; (hj)cWij, Vi), vik) = (hik, Yik),
where the last equation follows from
(si5 hijby,; (hji)eij, Vi) = iy hif)(sj, hji) (sis ¢(Vijs vik)) = (iy hik).
Moreover, given (s;, f;) € CY(¥, X(G)) we have
(sis )™ (s hip)(sjo f7) = (i S hij63 (),
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whose image is equal to fi_] hij, vij) fj-
To finish the proof it is left to show that the composition

Hfy (X, G) — H!(Y,X(G)) - H' (Y, G)

induces the isomorphism given by Proposition 4.3, since this implies in particular that the
image of the second map is equal to 7 Y X). Let % = (Up)iey := p’1 (7)) and consider
an element (f, ) € Z%,e,c(% ,G). Let E be the (0, ¢)-twisted I'-equivariant G-bundle
given by Proposition 6.3, which is equipped with trivializations (e;);e; such that e; = ¢; f;;
for each i and j in /. By the proof of Proposition 6.13 we may assume that its image Ain
HY(Y, X(G)) is equal t0 (s}, fiy;.j)i.jes = (Sis Oy, (fiyy.j))» whose image in H' (Y, G)
is (6y, i ( f,-.y[/., i)s vij)- Recall that Proposition 4.3 lets us regard E as a G-bundle such that,

for every y € I, the action of an element (1, y) € G coincides with the given action of y.
With this notation,

i (Oy,; (Siyiy,j)s vij) = € (L, Vij) fiyy.j = e - Vij) fiyijj = €j-

This shows that the 1-cocycle (9,/1.]. ( fi-yfj, i) Yij) € Z Ly, é) represents the G-bundle cor-
responding to E, as required. O
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