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Abstract: In this work we explore the presence of antisymmetry in Portuguese ceramic tile facades, 
showing examples from different styles and different antisymmetry groups. We further present some 
experiments with school children who explored symmetry and antisymmetry in a creative way. 
Children used a particular tile design, the Truchet tile, to create specific types of symmetry and an-
tisymmetry. Truchet tiles can be found in several Portuguese facades from north to south.  
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INTRODUCTION 

Symmetry is a very important feature in visual perception of images and has been a recurring ele-

ment in art, architecture, and other artifacts of human construction for millenniums (Westphal-Fitch 

et al., 2012, pp. 2007-2008). Symmetry in itself embeds the notion of repetition, regularity, or con-

gruence. As Wade (2006, p. 1) says, symmetry is a universal principal and "it is as much interest to 

mathematicians as it is to artists and is as relevant to physics as it is to architecture". However, too 

much repetition and regularity become tedious and uninteresting and therefore it is not surprising 

that any notion of symmetry is intrinsically entangled with that of asymmetry or broken symmetry. 

One way to disturb symmetry without destroying it completely is using antisymmetry. Like sym-

metry, antisymmetry can be found in human productions since pre-historic times (Radovic & 

Jablan, 2001, p. 58). Both features can be useful when creating art works and interlacing mathemat-

ics with the arts in the classroom can be a successful way to promote the interest in mathematics. 

ANTISYMMETRY  

In geometry, a symmetry of a figure is an isometry that leaves it invariant. The set of symmetries of 

a figure 𝐹𝐹 together with the operation composition forms a group which is known as the symmetry 

group of 𝐹𝐹. A symmetry group can either be discrete or continuous. Most figures we are interested 

in have discrete groups. In the plane there are only three categories of discrete symmetry groups:  
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rosette groups (they have a finite number of symmetries which can only be rotations or reflections); 

frieze groups (they have translation symmetry in only one direction); and wallpaper groups (they 

have translation symmetry in two directions and spread over the plane). There are two types of ro-

sette symmetry groups, seven types of frieze groups and 17 types of wallpaper groups. Different 

notations may be found in the literature for these groups. In this paper, we denote by 𝐶𝐶𝑛𝑛 the rosette 

cyclic groups of n rotations by multiples of 360°/𝑛𝑛 (being 𝐶𝐶1 the identity) and by 𝐷𝐷𝑛𝑛 the rosette 

dihedral groups, consisting of the rotations of 𝐶𝐶𝑛𝑛 and of 𝑛𝑛 distinct reflections (for example, 𝐷𝐷4 is the 

symmetry group of a square). Figure 1 shows some examples of rosettes. 

 
Figure 1 Examples of rosettes with symmetry groups 𝐶𝐶𝑛𝑛 and 𝐷𝐷𝑛𝑛. 

As for the wallpaper groups, in this paper we shall use the crystallographic notation: p1, p2, pm, pg, 

pmm, pmg, pgg, cm, cmm, p4, p4m, p4g, p3, p3m1, p31m, p6, p6m. The numbers stand for the 

greater order of the rotational symmetries in the pattern. The letters m and g indicate the presence of 

certain types of symmetry: m stands for mirror (reflection symmetry) and g stands for glide-

reflection. The letters p and c have to do with the cell type (primitive or cantered).  The classifica-

tion of wallpaper patterns can be done using the flowchart proposed by Washburn and Crowe 

(1988). More details on symmetry groups may be found in Martin (1982) or in Veloso (2012). 

Antisymmetry (also known as two-color symmetry) is closely connected to the concept of sym-

metry and may occur whenever each point of a figure or object has associated a dichotomous char-

acteristic such as one of two colors, one of two electric charges, etc. An antisymmetry may be de-

fined as a symmetry coupled to an exchange of colours (or exchange of the value of the dichoto-

mous variable) that leaves the figure or object invariant. Since there are four possible types of 

symmetry on the plane, there are also four possible types of antisymmetry on the plane. The set of 

all antisymmetries and symmetries of a figure also forms a group. Antisymmetry groups can be de-

rived from the symmetry groups by coupling a permutation group with only two elements, the col-

our-change transformation (see Radovic and Jablan (2001) for more details on antisymmetry). Clas-

sification and designation of antisymmetry groups can be obtained by analysing the symmetry 

group of the uncoloured figure (only with contours), 𝐺𝐺𝑢𝑢, and the symmetry group of the colored 

figure, 𝐺𝐺𝑐𝑐. The name of the anti-symmetry group is 𝐺𝐺𝑢𝑢|𝐺𝐺𝑐𝑐. Figure 2 illustrates this process through 
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the well-known yin-yang symbol which is an example of an antisymmetric figure. The yin-yang 

symbol exhibits some sort of symmetrical appeal (given by the rotational antisymmetry) despite 

having no symmetry. Without colouring, the symmetry group is 𝐶𝐶2 while with coloring the sym-

metry group is 𝐶𝐶1. Therefore, the antisymmetry group is 𝐶𝐶2|𝐶𝐶1.  

 

               𝐺𝐺𝑢𝑢 = 𝐶𝐶2           𝐺𝐺𝑐𝑐 = 𝐶𝐶1        𝐺𝐺𝑢𝑢|𝐺𝐺𝑐𝑐 = 𝐶𝐶2|𝐶𝐶1 

Figure 2 Antisymmetry group classification procedure with the yin-yang symbol: 
left - uncoloured symbol; right - coloured symbol. 

Grunbaum and Shephard (1987, pp. 402-413) provide a description of antisymmetry groups, with 

examples for each group. These groups are more diverse than the symmetry ones: there are 17 anti-

symmetry frieze groups and 46 antisymmetry wallpaper groups. 

ANTISYMMETRY AND THE TRUCHET TILE IN PORTUGUESE FACADES 

Portugal has a long tradition in tiles, not only in artistic panels (churches and other monuments) but 

also in house facades. Some of these tiles are antisymmetric and produce antisymmetric wallpaper 

patterns. One such tile is the Truchet tile, consisting of a square divided by one of its diagonals into 

two triangles of different colours, . The name Truchet dates back to the 18th century in honour to 

a French priest, Sébastien Truchet. He explored several patterns made from this motive and did 

some counts of possible patterns. However, the motive appears in human ornamental art long before 

Truchet was born. For example, Radovic & Jablan, (2001, p. 60 and 64) give examples of friezes 

and wallpaper patterns from the Neolithic period.  

Figure 3 shows some Portuguese artistic panels/facades using the Truchet tile. The two images on 

the top of the figure are from the facade of the rectory of the University of Lisbon (1961) by Fred 

Kradolfer (on the left) and from a panel in the Students Union of the University of Coimbra (1960) 

by Alberto José Pessoa and João Abel Manta (on the right). The bottom image is from the panel 

“The Sea” (1959) by Maria Keil in Av. Infante Santo, Lisbon. Note that in the two panels of Figure 

3 the artists also use rectangular versions of the tile. 

Traditional Truchet tiles used in house facades in Portugal are usually blue and white (in Spain they 

are green and white). The Truchet tile itself has antisymmetry group 𝐷𝐷2|𝐷𝐷1. Depending on the dis-

position of the tiles, different wallpaper patterns, and hence different symmetry and antisymmetry 
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groups, may be found. In Figure 4 we show pictures of facades with antisymmetric wallpaper pat-

terns made from Truchet tiles. 

  

  

 
Figure 3 Examples of Truchet tiles from Portuguese panels/facades.  

  
𝑐𝑐𝑐𝑐𝑐𝑐|𝑐𝑐𝑐𝑐 𝑝𝑝4𝑐𝑐|𝑝𝑝4𝑔𝑔 

  
     𝑐𝑐𝑐𝑐𝑐𝑐|𝑐𝑐𝑐𝑐        𝑝𝑝4𝑐𝑐|𝑝𝑝4𝑐𝑐 

Figure 4 Four facades using ceramic Truchet tiles, three in Porto 
and one in Cabeceiras de Bastos (right-bottom), Portugal. 
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Other antisymmetric ceramic tile facades can be found in Portuguese facades. Figure 5 shows some 

examples from Aveiro.  

   

𝑝𝑝2|𝑝𝑝2 𝑝𝑝4𝑐𝑐|𝑝𝑝4𝑐𝑐   𝑝𝑝𝑐𝑐𝑐𝑐|𝑝𝑝𝑐𝑐𝑐𝑐 
Figure 5 Examples of antisymmetric tiles from Portuguese facades in Aveiro, Portugal. 

ANTISYMMETRY IN SCHOOLS: A DIDACTIC EXPERIMENT 

In the past decade several professional development courses have taken place at the University of 

Aveiro, addressing the topic of symmetry and antisymmetry with mathematics teachers of all grades 

(including elementary school teachers), Some participants explored the topic of symmetry and anti-

symmetry with their students. They observed facades, pavements, and other real word objects in the 

streets, and back in the classroom students were challenged to create figures with specific types of 

symmetry/antisymmetry. Teachers reported that this type of approach helped their students get in-

volved and motivated for the subject, and further contributed to a better understanding and assimila-

tion of the concept of symmetry. Figures 6 and 7 show some of the results, obtained during the pro-

fessional development course “Matemática de Muitas Maneiras” in 2018 (images reproduced with 

permission of the participants). Can you spot the flaw in the middle rosette of Figure 7? 

 

Figure 6 Examples of Truchet rosettes created by elementary school students, 
following particular models. 
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Figure 7 Examples of Truchet rosettes freely created by elementary school students. 

CONCLUSION 

Antisymmetry stems from symmetry by coupling to it a colour-exchange transformation. Antisym-

metric figures, like symmetric ones, have an appealing effect but with an added richness caused by 

the colouring effect. Antisymmetry can be found in many human productions such as ceramic tiles 

facades. Exploring antisymmetry with school children through the analysis of real-world patterns 

and through the creation of figures from a given module, may improve students’ motivation towards 

learning mathematics and contribute to a better understanding of symmetry. 
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