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corresponding results indicated that both formulations are adequate to the
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1. Introduction

Nowadays, numerical methods such as
computational fluid dynamics (CFD) are widely
used in engineering to perform a full analysis on
the flow characteristics around bluff bodies.
The CFD methods can be classified in
accordance with the used solution algorithms.
In order to choose a solution algorithm,
numerical accuracy and computation time are
important factors. Therefore, a balance of these
factors is required in any numerical simulation.
The governing equations to predict the flow
behavior around a pile are the Continuity and
the Navier-Stokes equations. One difficulty for
solving the mentioned flow equations is that
there is no explicit equation for the pressure.
Several methods have been proposed to solve
this problem, e.g., SIMPLE (Semi-Implicit
Method for Pressure Linked Equations) and
Fractional time step methods.

The SIMPLE method was firstly proposed by
Patankar and Spalding [1]. Extensions were
then added to the method: SIMPLER (SIMPLE
Revised), SIMPLEC (SIMPLE Consistent)
and PISO (Pressure-Implicit with Splitting of
Operators). A good description of the SIMPLE
method and its extensions has been presented by
Versteeg and Malalasekera [2]. Another method
to solve the flow equations is the Fractional
time step which was firstly introduced by
Chorin [3]. Then, various forms of this method
were investigated and developed by several
researchers (e.g. Kim and Moin [4] among
others). Majander and Siikonen [5] compared
two mentioned methods and noted that the
Fractional time step method is faster than the
SIMPLE method at low Reynolds number
range.

In these mentioned methods, unknown
variables are the velocity components and the
pressure (primitive variables). The flow
equations can also be written in the vorticity and
stream function form such that the pressure is
absent in the main flow equations. A good
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explanation on this formulation can be found in
[6, 71.

In the present study, two mentioned
formulations of the flow equations (velocity-
pressure and  vorticity-stream  function
formulations) were employed and their
efficiency was investigated by considering a
two-dimensional (2-D) flow around a square
pile at low laminar flow conditions.

In the following sections, firstly, the problem
geometry is defined and then the governing
equations are expressed in primitive variables
and vorticity-stream function formulations.
Afterward, the corresponding solution
algorithms are explained properly and finally,
numerical results are presented and analyzed.

2. Computational domain

In the present study, a rectangular domain
(40Dx20D) was used to simulate the flow past
a stationary 2-D square pile as shown in Fig. 1.
The computational domain was discretized into
a uniform grid with equal grid spacing (%) in
both x and y directions. The square pile was
modeled by blocking cells inside the square
geometry. The inlet boundary section was
located 10D upstream from the center of the
square and the fluid flow down from this
boundary was considered to have a specified
constant velocity (free-stream). That distance is
necessary to obtain results independent of the
inlet location for the mentioned flow conditions
[8]. Lateral boundaries were located far away
(10D) from the square pile to reduce probable
effects of the boundaries on the flow behavior
around the square. The no-slip condition was
imposed at the lateral boundaries and also at the
pile surface. Finally, the Neumann boundary
condition (NBC), du/dx = dv/dx =0, was
employed at the outlet boundary section.

It is noted that the size of the computational
domain, location of the square pile and grid
spacing are the same for both formulations.
Details of the vorticity and stream function are
presented in section 4.
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Fig. 1. Computational domain and boundary conditions.

3. Velocity-Pressure formulation (u, v-p)

The incompressible Continuity and Navier-
Stokes (or momentum) equations in the

velocity-pressure form can be written as Egs.
(1) and (2).

aui 0 (1)
axi B
aui auiuj- _ 1 ap
at  dx;  pox;
J i
U aZui (2)
p [0x;?

As mentioned in Introduction, lack of explicit
equation for the pressure is a major problem to
solve the main flow equation. Hence, in the
present study, a simple form of the Fractional
time step method was employed to solve the
flow equations. In this simple method, the
intermediate velocities are calculated by
ignoring the pressure terms in the momentum
equations. Then, the pressure values are
obtained by solving the Continuity equation for
each grid cell. Finally, the intermediate
velocities are corrected using the pressure
values.

For computing the intermediate velocities, the
second-order-explicit Adams-Bashforth
scheme, as explained in [7], was used for
treating the convection and diffusion terms of
the Navier-stokes equations. In addition, the
central difference scheme was employed to
approximate the spatial derivatives of the flow
equations. Therefore, the present algorithm is
second-order accurate in both space and time.

Since the convection and diffusion terms are
solved explicitly, stability consideration for a 2-
D convective-diffusive equation requires the
time step to satisfy [9]:

2
AtSmin(ph , 2H > 3)
dp’p W +v?)

The first term on the right-hand side of Eq. (3)
is related to the diffusion terms and the other

term is related to the convection terms.

The discretization of the flow equations was
performed on a staggered grid system such that
the velocities u are calculated on the vertical
cell interfaces, the velocities v on the horizontal
cell interfaces and the pressure (p) in the center
of each cell. In other words, the velocities and
pressure are computed at different locations. A
direct advantage of using the staggered grid
system is that the pressure boundary conditions
are not required in the calculations.

The adopted control volume definition for u, v
velocity components and the pressure are
presented in Fig. 2 (a, b and c), respectively.
Applying the Continuity equation to the control
volume related to the pressure variable results
to a relation between the pressure and the
intermediate velocities as Eq. (4):

Pi+1,j T Pi-1,j t Dij+1 T Pij-1
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Equation (4) is an implicit equation; hence, the
iterative Successive Over Relaxation (SOR)
method, as explained in [7], was employed to
solve this equation in the present study.

Applying the correct boundary conditions in the
staggered grid system is complex and requires
care, as some boundary points lie exactly on the
boundary lines while others are out of those
(Fig. 3). At the points that lie exactly on the
boundary lines, the values are directly
prescribed (such as u at the inlet section and v
at the lateral boundary lines). For other
boundary points, the average value of two
neighbor points on the boundary line should
satisfy the boundary condition. In order to
exemplify that, two points are considered below
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and above a wall boundary similar to Fig. 3. The
average value of data on these two points should
be equal to the u-velocity at the wall boundary.
For a wall with the no-slip condition, u-velocity
is equal to zero. Hence:

Ui+ Ujp

5 =0 2w = up ()

)

It is noteworthy to mention that the pressure
values are not required in the so-called ghost
cells (see Fig. 3) but the pressure equation, Eq.
(4), should be modified in the cells close to the
boundary lines according to the velocity values
at these lines.

u
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Fig. 2. Control volume for: (a) u-velocity, (b) v-velocity components, and (c) pressure.

Fig. 3. An example of the applying boundary conditions in the staggered grid system.
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4. Vorticity-Stream function formulation (-
Y)

Summing up the x- and y- direction
components of the momentum equations, each
multiplied, respectively, by (—3d/dy) and
(0/ 0x), leads to the incompressible Navier-
Stokes equations in the vorticity-stream
function form (without the pressure term) as
follows:

dw dw dw

ot Yax V%
ulo*w 0%w (6)
= olaxz Tay2

where w is the vorticity and defined as:

v du o
w=F——=
dx 0y
In accordance with the Continuity equation,
stream function () is defined as follows:

oY

"= Ty ®
0y

T )

Substituting Eq. (8) and Eq. (9) into the
definition of the vorticity, Eq. (7), leads to:

0%y N 0%
ax?  0y?

Equation (6) can be solved using an explicit or
an implicit method. In the present study, this
equation was discretized by the explicit Adams-
Bashforth scheme in time and the central
difference scheme in space. Equation (10) can
be solved by an iterative method or even by a
direct solution. In the present study, the iterative
SOR method was employed to solve the
mentioned equation. By that, Eq. (10) yields as:

1
kK _ K- K k—
Y= Zﬁ(lpiﬂl,j +l i

+l/)lk,j—1 +h2wi,j) (11)
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where 1" is the kth approximation or iteration
of 1 at each time step. The over relaxation
parameter is denoted by 8 and a good choice of
this parameter can speed up the convergence.
In order to solve the Navier-Stokes equations in
the form of the vorticity and stream function, all
variables were calculated at the intersection of
the grid lines. Initial and boundary conditions
were firstly set at all internal and cell boundary
points and then vorticity, stream function and
velocity components were computed at each
new time step (n+1), as follows:
* Calculation of the vorticity at each internal
point at time step (n+1) using Eq. (6)
* Computation of the stream function using Eq.
(1)
* Updating the velocity components through
Egs. (8) and (9)
* Updating the boundary values
The square geometry and the grid cells inside
the square are presented in Fig. 4. These cells
are blocked to model the square pile geometry
in the present study. Points A, B, C and D are
defined as square corner points.
The no-slip boundary condition was imposed at
the square faces AB, BC, CD, and AD.
Therefore, velocity components are equal to
zero at each grid points on the mentioned faces.
In order to satisfy the no-slip condition, the
stream function should be constant on the
square faces. Liu and Wang [6] noted that the
stream function is constant on the square faces
but varies with time for the calculations of the
unsteady flows. In the present study, the steady-
state case, Ppjle Was considered equal to zero.
In order to determine the vorticity (w), Taylor
series for stream function were written up to the
second order term like Eq. (12) for the face BC:

lpi,jmax+1 = lpi,jmax
d
+h <_¢)
ay i,jmax (12)
N h? <621p>
2\ gv2
2 ay i,jmax
+ ..
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Applying the no-slip boundary condition leads
to Eq. (13):

Wi jmax = ﬁ (lpi,jmax (13)
- lpi,jmax+1)
(imin , jmax) {imax | jmax)
Be ®C
Aeg oD
(imin | jmin) (imax , jmin)

Fig. 4. A part of the computational domain, -1
formulation.

In order to compute the pressure values that
may be required to compute the pressure force
acting on the square pile, the momentum
equations, Eq. (2), should be solved at the
square faces as explained in [7].

5. Results and discussion

Two computational codes (using the Finite
difference method) were developed by
employing two different formulations (u,v-p
and w-y) as explained in section 3 and section
4. The numerical codes were then run for
various Reynolds numbers (10, 20, 30 and 40)
using the same uniform grid spacing of 0.1 and
the time step size of 0.01, both dimensionless.
In both formulations, computations were
repeated at each new time step until the
maximum error (the difference between
obtained values at new time step and the
previous one) went below the convergence limit
(10, in the present study).

The pressure distribution around the square pile,
computed by u, v-p formulation, is presented in
Fig. 5. The maximum pressure is observed at
the center of face AB (stagnation point) and the
minimum values are detected close to the square
corner points A and B as pictured in Fig. 5. As
the Reynolds number increases, the pressure
value at the stagnation point decreases and
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consequently the pressure force acting on the
pile changes. One important parameter of the
flow around a square pile is the drag force
produced by the viscous (friction) and pressure
forces acting on the square pile. In the present
study, the pressure drag coefficient (Cpp) is
presented in Fig. 6 together with the
corresponding numerical results obtained by
Sharma and Eswaran [10]. They defined a
rectangular computational domain (26Dx20D)
such that the square center was located 9D from
the inlet boundary section. They also considered
the lateral boundaries 10D from the square
center (as in the present study) and noted that in
this case, the boundaries are sufficiently far
away and their presence has little effect on the
characteristics of the flow near the square.
These researchers employed the Convective
boundary condition (CBC) at the outlet
boundary section while the Neumann boundary
condition (NBC) was used in the present study.
Sohankar et al. [8] have investigated these
mentioned outlet boundary conditions and
concluded that the minimum downstream
length of the pile (Xpown) for negligible near-
body effects is much lower with the CBC than
with the NBC. As an example, on comparing
NBC and CBC, both with Re=100: CBC
essentially shows the same global results for
Xpow=10D, as the NBC for Xpow,=26D. This
may justify the difference between the length of
the computational domain used in the present
study (40D) and what was used by Sharma and
Eswaran (26D) [10].

Overall, there is a good agreement between the
numerical results (Cpp) obtained by u,v-p
formulation in the present study and those
obtained numerically by Sharma and Eswaran
[10]. Moreover, Fig. 6 also shows that the
pressure drag coefficient varies strongly with
Reynolds number in the steady-state flow
regime.

The predicted flow behavior around the square
pile is presented in Fig. 7 by drawing the
streamlines and the velocity vectors for w-y
and u, v-p formulations, respectively. At values
of the Reynolds number used in the present
study (10 < Re < 40), the flow field around
the pile is symmetric (stable pattern) and a fixed
pair of symmetric vortices which is formed
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behind the pile rises in length with increasing
Reynolds number. All the pictures in Fig. 7
indicate that the flow separates at the trailing
edge and reattaches at a short distance
downstream of the square. The stream-wise
distance from the rear face of the square to the
re-attachment point along the wake centerline is
denoted by L, (recirculation length). In order to
assess the accuracy of the obtained numerical
results, the corresponding non-dimensional
recirculation lengths (L, /D) are compared with
those obtained numerically by Sharma and
Eswaran [10] as shown in Fig. 8. Sharma and
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Eswaran presented the following expression
(Eq. (14)) to compute the recirculation length
(with a maximum deviation of 5%):

L
5’: 0.0672 X Re, 5 < Re < 40 (14)

Single point plots in Fig. 8 indicate that the
numerical predictions computed by both
formulations agree well, and also fit fairly well
with the results obtained numerically by
Sharma and Eswaran [10].

Fig. 5. Non-dimensional pressure (p Z 7) around the square pile at different Reynolds numbers.

mn

Fig. 6. Variation of the pressure drag coefficient with Reynolds number.
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Fig. 7. Flow behavior around the square pile for various Reynolds numbers; Left: w-y formulation, Right: u,v-p

formulation.

Fig. 8. Non-dimensional recirculation length for various Reynolds numbers.
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The stream-wise velocity (u/U;,) at the wake
centerline downstream of the pile is presented in
Fig. 9 for both formulations. There is a good
agreement between the results obtained by two
formulations used in the present study. The u-
velocity on the centerline is zero at the square
surface. It reaches a negative minimum value in
the recirculation zone and then increases
progressively untili a maximum value.
Furthermore, it can be observed that the u-
velocity values at the wake centerline decrease
with increasing Reynolds number because they
are influenced by the wake region, and the length
of the wake region increases with Reynolds
number. Moreover, it is observed that the u-
velocity at the outlet section is 10% higher than
the inlet velocity for Re=10. In order to justify
that difference, the u-velocity values were also
calculated by considering the free-slip condition
(v =0, du/dy = 0) at the lateral boundaries
and compared with those obtained by employing
the no-slip condition (u = v = 0) in Fig. 10 and
Fig. 11. The obtained numerical results show
that the outlet u-velocity is 20% lower than the
inlet velocity, for Re=10, when the free-slip
condition was used in the solution, although the
u-velocity values are nearly the same close to the
square for both mentioned boundary conditions
(see Fig. 11).

In the case of using the no-slip condition at
lateral boundaries, a boundary layer forms near
each mentioned boundary and its thickness
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becomes larger with decreasing Reynolds
number. Therefore, the no-slip boundary
condition at the lateral boundaries can be
effective to accelerate the velocity at the outlet
section in this case.

In the present study, the computation time (CPU
time) was also analyzed to assess the efficiency
of two formulations. At the first stage, initial
velocity components, vorticity and stream
function, were set equal to zero. The
corresponding CPU time and the number of time
steps to obtain the steady-state results are
presented in Table 1. Furthermore, in the second
stage, u-velocity was considered equal to the
inlet flow velocity only for u, v-p formulation as
the initial condition (u=U;, v=0). The
corresponding results are also presented in Table
1.

The obtained results show that the initial
condition affects the number of inner iterations
(SOR method) and also the total number of time
steps required to achieve the steady-state results
in u, v-p formulation. When initial u-velocity
was changed from zero to U, the u, v-p
formulation became approximately 1.5 times
faster, while the results were nearly the same
(less than 0.1% deviation). Nevertheless, the w-
Y formulation was still much faster than u, v-p
formulation for simulating 2-D laminar flow
based on the algorithms used in the present
study.

Fig. 9. Non-dimensional stream-wise velocity at the wake
centerline downstream of the pile (No-slip condition at lateral

boundaries).
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Fig. 10. The stream-wise velocity in the whole computational domain for different lateral boundary conditions.

Fig. 11. The stream-wise velocity at the wake centerline for different lateral boundary conditions.

Table 1. Comparison of the CPU time and number of time steps for u,v-p and w- Y formulations.

w-1 formulation

u, v-p formulation

No. Time . No. Time Steps CPU Time (s)
Re Steps CPU Time (s) u=0, v=0 u=Uin, v=0 u=0, v=0 u=Uin, v=0
10 6188 143 4579 4363 2972 2029
20 7017 142 4898 4764 3048 1978
30 6859 139 5089 5026 3191 1872
40 16552 210 5413 5316 3147 1892

Finally, in the third stage, the steady-state results

were considered as

10

initial data and two
mentioned formulations were solved just for one

time step at Re=40. In other words, the
simulations were restarted just for the one time
step after achieving the steady-state results. The
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corresponding CPU time was 3.125 X 10 and
6.25 % 102 seconds for the w- and u, v-p
formulations, meaning that, after achieving the
steady-state results, the w-y formulation is still
two times faster than the u, v-p formulation. This
can be due to the fact that in the w-y
formulation, fewer equations are solved at each
time step.

It should be noted that in a 2-D case, the
primitive variable (1, v-p) formulation requires
three unknown parameters in contrast to the
single stream function and vorticity. But in a
three-dimensional case (Re>190 for the circular
cylinder [11]), the primitive variable formulation
has four unknowns, while the w-1 formulation
has three components for vorticity and three for
vector stream function [12, 13].

6. Conclusions

In the present study, the flow behavior around a
two-dimensional square pile was simulated
employing two different formulations of the
Navier-Stokes equations, namely (i) velocity-
pressure and (if) vorticity-stream function. A
staggered grid system was used in the first
method, whereas in the latter method, all
variables (1, v, w and ¥) were calculated at the
same location (intersection of the grid lines).
Computational domain, the location of the
square pile, grid spacing and boundary
conditions were considered the same for both
formulations.

Using the Finite difference method, two
mentioned formulations were solved for various
Reynolds numbers (10~40). Both formulations
could present nearly the same results. Moreover,
both formulations were shown to be adequate to
study the present 2-D case with a reasonable
accuracy. Performed simulations did also show
that the vorticity-stream function formulation is
faster than the velocity-pressure formulation.
Nevertheless, the pressure term is absent in the
vorticity-stream function formulation and that is
often required in engineering studies.
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