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Abstract. Certain nonlinear recurrence relations (of the real line) can
be studied within the framework of cluster algebra theory. For this
type of relations we develop the tools of Poisson and pre-symplectic
structures compatible with a cluster algebra, in order to understand
how these structures enable to reduce the recurrence relation to one of
lower order. Several examples are worked in detail.

1. Introduction

Cluster algebras have been introduced by Fomin and Zelevinsky in [FoZe02]
in order to create an algebraic and combinatorial framework to study total
positivity in matrix groups. Since then the theory of cluster algebras has
been applied to a wide range of subjects such as: representation theory
of quivers; commutative and non-commutative algebraic theory; discrete
dynamical systems, etc. In the recent monograph [GeShVal()] the authors
survey the advances made in the last decade on the interplay between some
cluster algebra structures and Poisson/pre-symplectic structures.

In this work we use the notions of Poisson and pre-symplectic structures
compatible with a cluster algebra to reduce the order of (nonlinear) recur-
rence relations which fit in the framework of cluster algebras. Notably, we
address the question of reducing the order of recurrence relations (of order
N) of the form

TpiNTpn =AT+ A7, n=12,... (1)
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where A" and A~ are monomials in the variables z; (with ¢ € I) and x;
(with j € J) respectively, where IUJ = {n+1,... ,n+N—1} and INJ = 0.
Moreover, the (nonnegative) exponents of the monomials A™ and A~ form
an (N — 1)-tuple which is required to be palindromic. In the theory of
cluster algebras the initial vector x = (z1,x9,...,2y) is called an initial
cluster and the x;’s are the cluster variables.

Examples of recurrence relations which can be treated in the context
of cluster algebra theory are the following famous Somos-4 and Somos-5
sequences

) _ 2 .
® Somos-4: Ty 4Tn = Tui1Tni3 + T o)
® Somos-5: Ty 15T, = Tni1Tntd + TntoTnis.

These sequences are obtained by iterating a map, which in the case of the
Somos-5 sequence is

XToXs + X374
T '

(V2R ($1,ZE2,ZE3,ZB4,$5) = (332,2173,2174,!175,

There are advantages to study the Somos-4 and 5 sequences using clus-
ter algebra tools. A well known property of these sequences is that they
are sequences of integers whenever the N initial points are all equal to 1.
Although this property was noticed without using the cluster algebra ma-
chinery, it follows as a simple corollary of the famous Laurent phenomenon
for cluster algebras (any cluster variable is expressed as a Laurent polyno-
mial of the initial cluster variables with integer coefficients, see [FoZe02al).
Also, using the procedure of reduction of order which will be developed
here, it is easy to see that the Somos-5 iteration map can be reduced to
a 2-dimensional iteration map belonging to the QRT family of integrable
maps (see [QRT] and [Duist10]).

In this work we study recurrence relations of the type ([Il) using Poisson
and pre-symplectic structures compatible with the respective cluster alge-
bra. In particular, we are interested in the question of reducing the order of
a given recurrence using either the Poisson approach or the pre-symplectic
approach. As we will see, besides the existence of compatible Poisson/pre-
symplectic structures with the cluster algebra associated to the sequence,
one needs also to take into account the iteration map. The comparison
between the Poisson and the pre-symplectic approaches (when both are
available) is addressed as well.

The plan of the paper is as follows. In Section ] we review the essential
notions of cluster algebras needed in the following sections. The next two
sections are devoted to the study of Poisson and pre-symplectic structures
compatible with a given cluster algebra A(B). We suggest [LibMal] as a
general reference for Poisson and pre-symplectic structures. In Section Bl we
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characterize, in Proposition [l Poisson structures compatible with a cluster
algebra A(B) defined by a skew-symmetric matrix B. This proposition ex-
tends Theorem 4.5 of [GeShVal(] (see also [GeShVa03]) to the case where
the matrix B is not of full rank. Propositions B and B] establish the main
results needed to reduce the order of a recurrence relation via Poisson struc-
tures compatible with the cluster algebra associated to the recurrence. We
then apply these results to reduce the order of several recurrence relations
of order 6 (Example H). Pre-symplectic forms compatible with a cluster
algebra are characterized in Proposition Hl of the following section, where
we obtain a similar result to that in [GeShVa05] (see also Theorem 6.2

of [GeShVal(]). We then use the constructive proof of a theorem of Elie
Cartan to explicitly reduce the order of recurrence relations.

2. Preliminaries

A cluster algebra (of geometric type) is described by a pair (B, x), called
a seed, where:

(1) B = [bjj]isan N xn (n > N) matrix whose left N x N block By is a
left-skew-symmetrizable matrix (i.e. there exists an N x N diagonal
matrix D such that DBy is skew-symmetric). The matrix By is
called the exchange matriz and B the extended exchange matrix;

(2) The vector x = (z1,...,xy) is called a (initial) cluster and x =
(1,...,xy,) an extended cluster;

(3) Both B and x are subject to cluster transformations py (or muta-

tions in direction k). These transformations are defined, for each
k=1,...,N, by

b —bg;
,Uk(fl}'z) = Z'; = Hj:bkj>0 xjkj + Hjlbkj<0 x] " i = k (2)
, =K.

Tk
and the transformed matrix B’ = ug(B) = [b;j] is given by
y — i (k—i)(I—k)=0 )
Y bij + % (|bik|brj + bix|brj]) , otherwise.

Also, if one of the products in (@) is taken over an empty set, then
its value is assumed to be 1. We note that py, is an involution (i.e.

k(i (B)) = B and pu(pr(x)) = x);
(4) The variables zn41,...,2, are not transformed by ux, and so are
called frozen, or stable, variables.

Given an initial seed (B,x) we can apply a transformation py to produce
another seed, and then apply another transformation to this seed to produce
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another, etc. A cluster algebra (of geometric type) A(B) is a subalgebra of
the field of rational functions in the cluster variables x1,...,z,, generated
by the union of all clusters.

In this work, the matrix B is assumed to be skew-symmetric (so n = N).
In particular we are not considering the existence of frozen variables, that
is we are only considering what is called a coefficient free cluster algebra.

An N x N skew-symmetric matrix B may be seen as representing a
quiver (oriented graph) @ with N nodes without loops and 2-cycles, being
its entries b;; equal to the number of arrows from 7 to j. For instance, the
following matrix

0 -r s s -7
r 0 —r(l+s) —s(r—1) s
B=|-s r(1+s) 0 —r(l+s) s (4)
—s s(r—1) r(1+ys) 0 —r
r —s -5 r 0

represents the quiver in Figure [l

FIGURE 1. Quiver corresponding to the matrix @) and to
the recurrence relation ([I0).

In terms of the diagram representing the quiver ), a mutation at the node
k corresponds to reversing all the arrows that either originate or terminate
at the node k, and all the other arrows are transformed as follows: suppose
that in @) there are r arrows from a node ¢ to node j, p arrows from node
i to node k and ¢ arrows from node k to node j, then in Q" = ui(Q) we
add pqg arrows going from node ¢ to node j to the r arrows already there,
removing at the same time any two-cycles which might have been created.
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Here we consider a particular type of quivers representing recurrence
relations of the real line. These quivers were studied in [FoMal and are
designated by quivers of period 1 (or 1-periodic). A quiver @ is said to be
of period m if it satisfies the following chain of mutations

Q) S Q2) B QEA)--- " Qm) ™ Qm + 1) = pQ(1),
where p: (1,2,...,N) — (N,1,2,..., N —1). We remark that if a quiver
with N nodes is a period 1 quiver, then it is preserved by the composition
PN - opg, ie pyo---ou(Q) = Q.
The matrices B representing quivers of period 1 were classified in [FoMal,

where it is shown that B is determined by its first row (or column, since B
is skew-symmetric) according to the following:

1. The first row (0, by2, b13, ..., b1n) of B must be palindromic, that is

b17p+1 = b17N_p+1 for p= 1, ...N— 1; (5)
2. The other entries of B are given recursively from the entries of the
first row by
bij = bi_1j-1+¢€-15-1, foralli <j (6)
1
€ij =75 (01,41 (b1 ] = [b1,i41] b1j41) 5 (7)

3. The matrix B is symmetric with respect to its anti-diagonal.

The matrix B representing a period 1 quiver with N nodes, also repre-
sents a recurrence relation of order N. More precisely, B represents the
sequence
TppNTn = AT+ A7, with AT = H xfllfm, A™ = H a;;fg;l",

m:b1m, >0 m:b1m <0
(8)

whose iteration map is

9)

x1

At (&) + A (2
e L T e e

with & = (z2,...,zN).
For instance, the matrix B in (H) satisfies all conditions ([H)-([@d) and so

the quiver in Figure [ is of period 1. Therefore, this quiver (and so the
respective matrix B) represents the recurrence relation

_ T ‘s S S
Tnt5Tn = TpiaTnil T TnioTnys. (10)

This sequence is precisely the Somos-5 sequence when r = s = 1.
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Example 1. Examples of recurrence relations of sixth order corresponding
to 1-periodic quivers are:

_ P :
) Tni6Tn = Ty 5Th 3Ty + Ty 0T, 4 With 7,5,p € N,

_ P :
b) Tni6Tn = (TnisTni1)” + Tp 07, 325 4 With 7, 5,p € N,

Using ([@)-([@), the matrix B associated to these sequences is

0 —r s —p s —r
r 0 —r(l+s) s —p—sr s
_|=s r(1+49) 0 —r+s(p—r) s —p
B= D —s r—sp—r) 0 —r(l+s) s (11)
—s p+sr —s r(1+s) 0 —r
r —s P —s r 0
b)
0 - s D s -7
T 0 —r(l4+s) s—pr p—sr s
g | r(l1+s) 0 —r(l+s) s—pr P (12)
T |-p —s+pr r(1l+s) 0 —r(l+s) s
—s —p+sr —s+pr r(l+s) 0 —r
r —s —p —s r 0

3. Compatible Poisson Structures

Poisson structures compatible with a cluster algebra were introduced in
[GeShVa03] (see also [GeShVal(]) and have been applied, for instance, to
Grassmannians in [GeShStVal, to directed networks (in [GeShVa(9] and
[GeShVal2]) and even to the theory of integrable systems (Toda flows in
GL,) in [GeShValll.

A Poisson structure is compatible with a cluster algebra if in any set of
cluster variables, the Poisson bracket is given by the simplest possible kind
of homogeneous quadratic bracket.

Let (B, x) be an initial seed, where B is an N x N integer skew-symmetric
matrix and x = (z1,...,zy). A (nontrivial) Poisson bracket {,} is com-
patible with A(B) if:

e it is of the form

{zi,xj} = cijzizm; (13)
with C' = [¢;;] a (nontrivial) integer skew-symmetric matrix; and
for x' = (2,...,2]) given by (@), one has again

{al,af) = dyta
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with C” = [c};] an integer skew-symmetric matrix.

Note that any skew-symmetric matrix C' defines a Poisson bracket through
([@3). The matrix C is called the coefficient matriz of the bracket with re-
spect to the variables (z1,...,zN).

In the cluster algebra literature, a Poisson bracket of the type (3 is
known as a log-canonical Poisson bracket (or the cluster variables are re-
ferred to as a log-canonical system of coordinates), since in coordinates
z; = log x; the Poisson bracket has the canonical form

{zi, 25} = cij.

Poisson brackets compatible with a cluster algebra A(B) were character-
ized in Theorem 4.5 of [GeShVal()] (see also [GeShVa03]) for the case of full
rank matrices B. The next proposition extends this theorem to any skew-
symmetric matrix B. We remark that singular matrices B are particularly
relevant in recurrence relations whose order can be lowered.

Proposition 1. Let (B,x) be an initial seed, with B an N x N integer
skew-symmetric matriz and x = (x1,...,zN). Then a Poisson structure
(given by a matriz C') is compatible with the cluster algebra A(B) if and
only if BC' is a diagonal matriz D.

In particular, if B is invertible then C' can be chosen to be invertible.

Proof. Consider a Poisson structure given by ([3) and a mutation in any
direction k. In the mutated variables (zf,...,2y) the Poisson structure
must satisfy

{al,a}) = dyata

which is clearly true (with ¢}; = ¢;;) if 4,/ are both different from k. If

i =k (and j # k), then 2, = z; and z} = 7} = Mﬁ%}m, with

at@= I et a@= [I a

mM:bgn >0 m:bgy, <0
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and Z = (z1,...,2%k-1,ZTk+1,---,2ZN). Then

- (£ )

:——(A+( )+ A7 () {zk, 25}

3
1 bkl N bkl ~
| Y Hat@e et - Y 2A @) o)
l:bg; >0 ! 1:bg; <0 !
/o
_—Ck-I;c:E/-—l- T3k Z bricri — 7(.@/) Z bricij| -
J J A+(il)+A_( J J
1:bg; >0 I:br; <0

Therefore, {z},2}} = ¢} ;23.2} if and only if

> ey =— Y bucy <= (BC)kj — ey = 0.
1:by,; >0 I:b,; <0

As B is skew-symmetric, the above condition is equivalent to (BC)y; = 0,
for j # k. Since k is arbitrary, this amounts to BC' = D with D a diagonal
matrix.

If B is invertible then the condition BC' = D is equivalent to C = B~'D,
with D diagonal. In particular we can choose D to be invertible and so will
be C. O

Remark 1. If the matrix B is singular, a compatible Poisson structure
might not exist. For instance, it is easy to see that the cluster algebra
defined by the matrix

B =
1 -1 0

(corresponding to a cyclic quiver of three nodes), does not admit a nontriv-
ial compatible Poisson structure.

0o 1 -1
-1 0 1] (14)

Example 2. A cluster algebra A(B) can admit compatible Poisson struc-
tures of different ranks. For instance, for the following matrix B we get a
two parameter family of Poisson brackets with coefficient matrices Cy .

0 0 10 0 0 a 0
0 0 0 1 0 0 0 b
B=1_1 0 0o/ Gb=|_4 0 00 (15)
0 -1 0 0 0 —b 0 0

We also remark that the above matrix B corresponds to a quiver of
period 1, more precisely to what is called a primitive quiver (such quivers

Sao Paulo J.Math.Sci. 6, 2 (2012), [0
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were used in [FoMal as the building blocks of 1-periodic quivers). This
matrix B represents the sequence

TpidTp = Tpyo + 1. (16)

3.1. Reduction of Order by Compatible Poisson Structures. For
the purpose of reduction of () to a lower order recurrence relation, it is
important to consider a special kind of compatible Poisson structures.

Let ¢ be the iteration map (@) corresponding to the recurrence relation
@®). To reduce ) to a recurrence relation of order k& < N it is important
to find a set of k functions, y1, ..., yr, which is invariant under @, meaning
that

yio(p:F’i(y17"'?yk)7 izl?""k'
This can be achieved if:

e o is a Poisson map, i.e, for all functions f and g

{fop,gopt={f g}ow
e cach y; is a Casimir, that is its bracket with any other function

vanishes:
{yi, f} =0, i=1,... k.
In such case the set of Casimirs will be invariant under .

The next proposition characterizes compatible Poisson structures with
the cluster algebra A(B) for which the iteration map ¢ is a Poisson map.

Proposition 2. Consider the recurrence relation (8) and the matriz B
representing it. Let

{zi, 25} = cijuix;
be a Poisson bracket which is compatible with the cluster algebra A(B) (i.e.,
BC' is diagonal). Then the iteration map ¢ in [@) is a Poisson map if and

only if:

o C = [¢ij] is a band matriz (in the sense ¢;jj = ¢iy1,+1)
e C satisfies

Gin =criv1— » bucyipr, i€{l,...,N—1} (17)
l:b11>0

Proof. ¢ is a Poisson map if and only if
{zs,zjtop={xiop,x;op}, Vi,je{l,...,N}.
If i 2 N and j # N then
{wi, x5} oo = (cijzizj) 0 = CijTip1T541

{Ziop,xj00} ={rif1, 7541} = cit1j1Ti412511,

Sao Paulo J.Math.Sci. 6, 2 (2012),
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so necessarily ¢;; = ¢jy1;41 for all 4,5 € {1,..., N — 1}. This means that
C is a band matrix.

If j = N, then we must impose
{zi,en}op={z;0op,znyop}, ie€{l,...,N—1}. (18)
In this case A+( Jia
)+ A (Z
{zi,xNn} oo = einTita ( ),

x
whereas
AT (2)+ A (2
{ziop,zno0p} = {wm, M}
T
AT (@) + A (@
- ADFA@ ey
L7
1 AT (2 A= (2
+— Z b1k (){$i+1,$k}— Z b1k (){»’Ci+1,$k}1
x k:b1x >0 Tk k:b1k <0 Lk
AT () + A (2
= —Ci+1,1$i+1M
KA
Zq A —/a
+ ;1_1 A+(CC) Z blkci-i-l,k_A (CL‘) Z blkci+1,k‘|
L k:b1p >0 k:b1k <0
AT (2)+ A (2
= —Ci+1,1$i+1M
Z1
Zq N /A
+ + —A+(I) Z blkck,iJrl_A (:E) Z blkck,i+1]-
1| k:b1j, >0 Kby >0

In the last identity we used skew-symmetry of C' and the fact that BC
is diagonal, which translates into

E bikCrit1 = — E b1kCh i1

k:b1,<0 k:b1>0
Finally (I¥) holds if and only if
Gin =cris1— » buckis, i€{l...,N-1} (19)
k:b1k>0

O

We remark that the condition of ¢ being a Poisson map imposes strong
conditions on the number of Poisson structures compatible with A(B). For
example, for the recurrence relation (IH), ¢ is a Poisson map for C,; in
(@) if and only if a = b.

Sao Paulo J.Math.Sci. 6, 2 (2012),
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Example 3. Consider the recurrence relation ([[) with » = s = 1, corre-
sponding to the Somos-5 sequence. The corresponding matrix B has rank
2 and there is just one (up to a constant) compatible Poisson bracket for
which the iteration map is Poisson. The respective coefficient matrix of
this bracket is

0 1 2 3 4
-1 0 1 2 3
C=1[-2 -1 0 1 2. (20)
-3 -2 -1 0 1
—4 -3 -2 -1 0

Example 4. Consider the recurrence relations given in Example [

al) The matrix B in Example[lla) with p = 4,7 = 2 and s = 6 has rank
two, and there are two compatible Poisson brackets for which the
map ¢ is a Poisson map. These brackets are given by the matrices

0 -1 0 1 0 -1 0 0 -1 -3 —7 —18
1 0 -1 0 1 0 00 0 -1 -3 -7
0O 1 0 -1 0 1 100 0 -1 -3
=121 0 1 0 -1 0> %“=|3 1 0 0 0 -1
0 -1 0 1 0 -1 73 1 0 0 0
1 0 -1 0 1 0 87 3 1 0 0

(21)

a2) The matrix B in Example[lla) with p = 4,7 = 2 and s = 3 has rank
four, and there is only one compatible Poisson bracket for which the
map ¢ is a Poisson map. The coefficient matrix for this bracket is
C defined in ).

bl) In Example [}b) with p = 4,7 = 2 and s = 2, the matrix B has
rank two, and there are two compatible Poisson brackets for which
the map ¢ is a Poisson map. The respective coefficient matrices

are:
0 1 0 3 4 9 0 0 1 1 3 6
10 1 0 3 4 O 0 o0 1 1 3
, lo -1 0 1 0 3 , =1 0 0 0 11
Ci=123 0 -1 0 1 ol ©@=|-1 -1 0 0 0 1| @®@
4 -3 0 -1 0 1 3 -1 -1 0 0 0
9 -4 -3 0 -1 0 6 -3 -1 -1 0 0

Summarizing, for the recurrence relations

al) Tpi6Tn = ($n+5$n+1)2$ﬁ+3 + ($n+2$n+4)6
32) Tn+6Ln = (xn+5xn+l)2xfl+3 + (xn+2xn+4)3
bl) Zpi6tn = (TnisTni1)” + (xn+2xn+4)2xi+3

we have

Sao Paulo J.Math.Sci. 6, 2 (2012),
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rank B rank C
al) [rank B =2 | rankC] = 2 | rankCy = 4
a2) |rank B =4 rank C = 2
bl) [rank B =2 | rankC] =4 [ rank C) =4

To lower the order of a recurrence relation one should now find Casimirs
for the compatible Poisson brackets. Laurent monomials which are Casimirs
can be computed directly from the matrix C' as stated in the following
proposition.

Proposition 3. Let v = (vy,...,oy) € ZY and x¥ = z}*z3? - 23¥. Then
xV is a Casimir of the Poisson bracket

{zi, 25} = cijuix;

if and only if v € ker C.

Proof. For any i € {1,..., N} we have
N N
{z;,xV} = Z VpCikX T = X' T4 Z Cirvp = X" (Cv), .
k=1 k=1

Thus xV is a Casimir if and only if Cv = 0. U

Example 5. For the Somos-5 recurrence relation, the kernel of the matrix
C in ([20) is
ker C' = ((1,-2,1,0,0),(0,1,-2,1,0), (0,0,1,—2,1)),

giving the following Casimirs

xr1T3 T2y T3T5
N=—>=, Y= Ys = —5.
z3 z3 z3

These Casimirs satisfy the relations y; o ¢ = y;41 for ¢ = 1,2 and

14y
Ysop = ——"5-5-,
Y1Y2Y3

showing that the fifth order recurrence relation can be reduced to a third
order relation whose iteration map is

14—y2y3> . (23)

&(y1,Y2,y3) = <y27y3,
Y1Y3Y3

Sao Paulo J.Math.Sci. 6, 2 (2012),
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Example 6. For the coefficient matrices in Example Hl we have

ker Cy = ((1,0,1,0,0,0), (0,1,0,1,0,0), (0,0,1,0,1,0), (0,0,0,1,0, 1))
(24)
ker Cy = ((1,-3,2,-3,1,0),(0,1,—-3,2,-3,1)) (25)
ker C = ((1,-1,-2,-1,1,0),(0,1,—1, -2, -1, 1)) (26)
ker C%) = ker C7. (27)

al) Casimirs for the Poisson structure defined by C; are

Y1 = 2123, Y2 = T2x4, Y3 = T3T5, Y4 = T4T6. (28)
These Casimirs are such that y; o p = y;41 for i = 1,2,3 and

Y3
mow =" (v3y3 +v3) -

This shows that the sixth order recurrence relation can be reduced
to a fourth order relation whose iteration map is

Y3ysys + i >
Y1

Using the Poisson structure defined by C5 instead of C we have
the Casimirs:

@(y17y27y37y4) = <y27y37y47 (29)

. $1x§$5 . :Egl‘?ll‘ﬁ
= x3x3 2= xdxd
204 3T5
As z1 0 = z9 and
1+ 23
Zpop=—72",

the reduced relation is now a second order relation whose iteration
map is given by

~ 1425
21, 29) = | 23, . 30
) = (22 ) (30
a2) Casimirs for C; are given in (28), but now the reduced iteration
map is
2, .2 | .4
. Yay3ys +y
go(ylay27y37y4) = <y27y37y47 %) . (31)
bl) Finally, the Casimirs for both Poisson structures defined by C] and
CY are
15 ToXg
1= 5 5 Y2 = 2 -
ToT3Ty T3TyT5

Sao Paulo J.Math.Sci. 6, 2 (2012),
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The reduced relation has iteration map given by

. 1+y3

P(y1,y2) = <y2, 2) : (32)
Y1Y2

Remark 2. It is worth noting that the fourth order relation ([Z9) could be

further reduced to the second order relation B0). In fact, considering the

projection

_ [ Y1Y3 Y2y4
71-(3/173/27y37y4) - <—37—3>
Yo Y3

we have
Top=Qor.

4. Compatible Pre-symplectic Structures

Compatible pre-symplectic structures with a given cluster algebra can
also be used to reduce the order of recurrence relations of the form (8). They
were introduced in [GeShVa05) (see also [GeShVal()]) as an alternative tool
when there are no (nontrivial) Poisson structures compatible with A(B),
such as the case in Remark [M

Let (B,x) be an initial seed, with B an N x N integer skew-symmetric
matrix and x = (21,...,zy). A closed 2-form w (i.e., a pre-symplectic
structure) is compatible with A(B) if:

e it is of the form

dr; dx;
w= E Wij =3, (33)
1<j i
for some integers wj;;
o for x' = (z,...,2y) given by (I?]), one has again
/
T
W= -
” x’- :17’ ’
1<jJ v J

s /
for some integers wy;.

Such a pre-symplectic form is usually given by the integer skew-symmetric
matrix © = [w;;], which is called the coefficient matriz of the form with re-
spect to the variables (z1,...,2zN).

Just as in the Poisson situation, a pre-symplectic form of the type (B3)
is known as a log-canonical pre-symplectic structure since in coordinates

Sao Paulo J.Math.Sci. 6, 2 (2012), [0
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= log x; it has the canonical form
w = Zwijdz,- VAN de.
1<J

The next proposition characterizes pre-symplectic forms compatible with
a cluster algebra. The contents of this proposition coincide with that of
Theorem 6.2 in [GeShVal(] when the matrix B has no zero rows.

Proposition 4. Let (B,x) be an initial seed, with B an N x N integer
skew-symmetric matriz and X = (x1,...,TN).

Then a pre-symplectic structure (given by a skew-symmetric integer ma-
triz Q) is compatible with the cluster algebra A(B) if and only if the k™
row of 2 is a multiple of the k" row of B, whenever the latter is nonzero.

In particular, if there is one row of B with N — 1 nonzero entries, then
Q is a multiple of B.

Proof. Let w be a pre-symplectic form given by (B3]) and consider a muta-

tion in any direction k. Then, with & = (z1,..., 251, Zk+1,-..,2N) and
A+(j:) = H xlr)rlimv A~ (2) = H xr_nbkm7
m:bgy, >0 mM:bgy, <0

dx;  dx!
we have — -

ZT; l’i
dzy, dz),
Tk ),

(07
1 dx!
+ - Z bkm _(33/) Z bkm o )
(5 - /
A (.Z' ) +4 ( m:bgy, >0 m m:bgy, <0 Lm
so that
dx; d:nj dwk
Zw”:vi > wmx,fA—,JrZw,k Z/\ ——+a +
1<j k#i<j#k v J i<k
dz d$
+ > wy (——’“ +a> A—2.
j>k

If w is compatible with A(B) then:

o for i < k: wk— —Wik
o for j > k: wk] —Wgj

Sao Paulo J.Math.Sci. 6, 2 (2012),



16 I. Cruz and M. E. Sousa-Dias

o for i < j<k:

At (wikbrj—wjrbri)
At+A- )

if by; > 0, bkj >0

A~ (Wikbkj —wjkbri)
o AT A= )

if bg; <0, bkj <0
ng =wi; +
A+Wikbkj+A7wjkbki

At+A- ’

if by; <0, bkj >0

AT wibg i+ A Wby
AT +A- ’

it by; >0, by; <0
These conditions define integers ng if and only if
wikbk; —wikbp =0, i<j<k
o for i < k < j:

At (Wikbkj +wp ;i)
AF 1A= ,

if by; > 0, bkj >0

AT (wikbrj+wijbrs )
At+A- ’

if by; <0, bkj <0
/

A+w'kbk:—A7wk:bM .

- Aﬁi—i—A* =, if by

<0, b; >0

A wibri— At wy b
At+A- ’

if by; >0, br; <0
This amounts to the conditions
wikbpj + wiibp =0, 1<k <y
o for k < i< j:

At (—wpibrj+wr;bes)
AT+A- )

if by; > 0, bkj >0

A~ (wpibrj—wijbri)
At4+A- ’

if by; <0, bkj <0
w;j = wi; +
At wpibr+ A" Wi b

AT+A- ’

if by < 0, bkj >0

Aiwkibkj +A+wkjbki
At+A- )

if by; > 0, bkj <0
In this last case we have the conditions

w;ﬂ-bkj — wkjbki =0, k<i<].

Sao Paulo J.Math.Sci. 6, 2 (2012),
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To conclude the proof we observe that, if the k" row of B is nonzero
then there is m # k such that by, # 0. In this case conditions (B&4), (B5)
and (Bl guarantee that, for all i € {1,..., N}

Wri = \ebp; with A\ = —ka
bkm
(the cases i = k and ¢ = m are trivially satisfied). This is equivalent to the

k" row of Q being a multiple of the k*" row of B.

If the k' row of B is zero then the k*" row of Q is arbitrary because

B2), BH) and B4l hold trivially.

Finally observe that, if the k' row of B has only one zero entry (i.e.
bk ), then the skew-symmetry of both B and €2 assure that \; = \; for all
1 # k and therefore Q) = AB.

O

Remark 3. Contrary to the Poisson situation, a pre-symplectic structure
compatible with A(B) always exists since we can choose 2 = B. This
choice for w will be referred to as standard pre-symplectic structure. For
example, if B is the matrix ([d]) in Remark [ then

dx dx dx dx dx dx

Pl et At st O Wik hasiat: 4

€1 ) € xrs3 T2 3

is the standard pre-symplectic structure compatible with A(B).

Example 7. Consider the matrix

0 00 1
0 00 0
B=109 00 0
100 0

is compatible with A(B), for all a,b € Z.

4.1. Reduction of Order by Compatible Pre-symplectic Structures.
Like in the Poisson approach, compatible pre-symplectic structures can be
used to lower the order of the recurrence (). Again, in order to lower the
order of the recurrence it is important to find 2k < N functions y1, ..., Yok
which form an invariant set under .

In [EoHol1] and [FoHolI2], the standard pre-symplectic structure has
been used to lower the order of recurrence relations of the form () in the
case B has rank two. Here, however, we will follow a different strategy,

Sao Paulo J.Math.Sci. 6, 2 (2012),



18 I. Cruz and M. E. Sousa-Dias

which applies easily to the case where B has rank 2k > 2. To be more
precise we observe that, if

e  preserves w, i.e., P*w = w;
® yi,...,Ys are such that

w=dyy Ndyz + -+ + dya—1 N dyox,

then the set of functions ¥, ..., ysx is invariant under ¢. The first of these
conditions is guaranteed to hold in the case w is the standard pre-symplectic
structure, by Lemma 2.3 in [FoHoI2]. The existence of yi,...,yr comes
from the following theorem of E. Cartan, whose constructive proof can be
found, for instance, in [LibMal.

Theorem 1 (E. Cartan). Letw be a 2-form on a linear vector space V' such

that rank(w) = 2p. Then, there are linear coordinates f*,..., f?P € V* such
that

= FAf et A &

Proof. Let {e1,...,en} bean arbitrary basis for V and denote by {e!, ..., eV}
the linear coordinates on this basis. Then

1 . . )
w= 3 g wije' N e, with  wj; = —wi;.
Z"j

Reordering if necessary the elements in the original basis we can assume
that wio # 0. Define

1 XN N
fr=—=wnet, 2= wye, (38)
wi2 15 =1
so that
N N
YA 2 =wipet Ae? + th-el Aet+ Zw2j62 Ael + o
i=3 j=3
with o depending only on {e3,... e},
The 2-form

O=w—fAf?
is a 2-form on the (/N —2)-dimensional vector space with basis {es,...,en}.
Furthermore rank(w) = 2p — 2.

If rank(w) = 2 then @ = 0 and the proof is finished since w = f' A f2.
Otherwise, the previous procedure is repeated now for @ instead of w. The
decomposition will be obtained in p steps. O

Sao Paulo J.Math.Sci. 6, 2 (2012),
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Remark 4. The decomposition ([B1) is clearly not unique. For example, if
w= f'A f?, then also w = f' A (f2 +af1) , a € R. This fact will be used
in the reduction of the recurrence relations.

Example 8. Let us consider the Somos-5 sequence defined by the matrix
B in @) with r = s = 1. That is,

0 -1 1 1 -1
1 0 -2 0 1
B=|-1 2 0 -2 1
-1 0 2 0 -1
1 -1 -1 1 0

Consider the (standard) pre-symplectic form = B. Using [B8) we get
directly from the 1st and 2nd rows of B:

w=d|z—23—z4+25 | ANd | 21 — 223 + z5
—_——
1 12
Replacing f2 by f? — f1, we obtain
w=d(zo—23— 24+ 25) Nd (21 — 20 — 23+ 24) .

Written in terms of the x;-coordinates we have

w = dlog <%> A dlog <x1:174> .
T34 ToI3

T1T4 XT2T5

Taking

) Y2 = )
ToI3 T34
the reduced iteration map is

. 1T+ yo
Sﬁ(yl,yz) = | Y2, .
Y1y2

We remark that ¢ belongs to the QRT family of integrable maps (see
[QRT]). This same reduced iteration map has been obtained in [FoHolT]
by following a different procedure.

Example 9. Consider again the recurrence relation of Example Hal),
where

0O -2 6 -4 6 -2

2 0 -—-14 6 -16 6

-6 14 0 10 6 —4

4 -6 —-10 0 -14 6

-6 16 -6 14 0 -2

2 -6 4 -6 2 0

Sao Paulo J.Math.Sci. 6, 2 (2012),



20 I. Cruz and M. E. Sousa-Dias

We consider the pre-symplectic form Q = %B which is compatible with
A(B). This form is given in coordinates z; = log z; by

b
w= Z %dzi N dzj,
1<j

and has rank 2. Using (B8]), the 1st and 2nd rows of 2 give again

w=d|2z0—323+224 —325+25 | Nd | 21 — Tz3+ 324 — 825 + 325 | ,
It f?
or, replacing f2 by f2 —3f%:
w=d(z9—323+224 — 325 + 26) Nd (21 — 322 + 223 — 324 + 25) .

Written in terms of the x;-coordinates this amounts to

2 2
ToX5T T1X5T

w:dlog( 23436>/\dlog< 13335>,
L3T5 Loy

producing, as in (B), a reduced recurrence relation whose iteration map is
the symplectic map

2
O(y1,92) = <y2, H—?)
Y1y,
where
- $1x§$5 - :Eg:l??ll‘ﬁ
N gl BT el

This reduced relation has also been obtained in [FoHolT].

The recurrence considered in Example Blbl) is treated in a completely
analogous way, using the pre-symplectic form Q = %B. The respective
reduced iteration map is precisely (B2).

We proceed with an example where B has rank four, as this situation
requires going one step further in Cartan’s decomposition.

Example 10. Consider the recurrence relation in Example Bla2) given by

0o -2 3 -4 3 =2
2 0 -8 3 -10 3
-3 8 0 4 3 -4
4 -3 -4 0 -8 3
-3 10 -3 8 0 -2
2 -3 4 -3 2 0

Sao Paulo J.Math.Sci. 6, 2 (2012),
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Consider the pre-symplectic form €2 = 2B which in coordinates z; = log x;
is the form

w = Z 2b2]d22 VAN de.
1<j
Using (BY) we arrive at

3 3
dfl :d<22 — 5234-224— §Z5+Z6> ,

df* = d (421 — 1623 + 624 — 2025 + 62) .
Because rank(w) = 4 we need to compute w, which gives
O = w—df 'Ndf? = —15dz3Ndzy—15dz3Adz6+15dzy Adzs—15d 25 Adzg. (39)

This 2-form has rank 2, and so using again ([BY]) we obtain

w=d|z4+2z5 | Nd| 152z3 + 1525
—— —_——
f3 f4
Finally, the decomposition for w is
w = d(229 — 323 +424 — 325 + 226) Nd (221 — 823 + 324 — 1025 + 326) +
+d (24 + 26) Nd (1525 + 15z25) .

The corresponding set of invariant functions is obtained by recovering
the z;-coordinates

24,2 2,.3,.3

_ LaTyTg _ T1TyTe _ _ 1515

Y1 = 33 Y2~ —gq5, Y3 = Take, Ya = T3 Ty .
L3T5 L3T5

However, the reduced recurrence can be improved by considering the new
set of invariant functions:
1/2 1/3 1/2 1/10
o yz/ y4/ o y1/ y4/ ;. 1/15 ;o
Wi=—"3p > Ye=—7""7—"—""> WB=YU » Ya=1Ys
Y3 Y3

In fact the iteration map for the reduced relation is given in these variables
by

 YLYRYL + ys“)
7 ;
Y1

QY1 Y5, Y3, Ys) = (yé,yé,,y4,
which is (BI).

Sao Paulo J.Math.Sci. 6, 2 (2012),
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5. Conclusions

We used both compatible Poisson structures and compatible
pre-symplectic structures to reduce the order in recurrence relations of the
form (B). In the cases we considered these approaches produced equivalent
reduced relations, nevertheless we want to point out that:

(1) Compatible pre-symplectic structures always exist but compatible
Poisson structures may fail to exist if B is singular.

(2) If B has rank 2 then the pre-symplectic approach will produce a
reduced relation of order 2, which is the best we can expect.

(3) The Poisson approach can reduce the same recurrence to different
orders (which can not happen with the pre-symplectic approach). In
the example we studied (see Remark B), the higher order reduction
can be seen as an intermediate step to the final reduction, which is
an interesting fact.
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