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POINT PROCESSES OF NON STATIONARY SEQUENCES GENERATED BY
SEQUENTIAL AND RANDOM DYNAMICAL SYSTEMS

ANA CRISTINA MOREIRA FREITAS, JORGE MILHAZES FREITAS, MARIO MAGALHAES,
AND SANDRO VAIENTI

ABsTRACT. We give general sufficient conditions to prove the convergence of marked point pro-
cesses that keep record of the occurrence of rare events and of their impact for non-autonomous
dynamical systems. We apply the results to sequential dynamical systems associated to uniformly
expanding maps and to random dynamical systems given by fibred Lasota Yorke maps.

1. INTRODUCTION

The complexity of the orbital structure of chaotic systems brought special attention to the study
of limiting laws of stochastic processes arising from such systems, since they borrow at least some
probabilistic predictability to their erratic behaviour.

The first step in this research direction is usually the construction of invariant physical measures,
which provide an asymptotic spatial distribution of the orbits in the phase space and endow the
stochastic processes dynamically generated with stationarity. Ergodicity then gives strong laws
of large numbers. The mixing properties of the system restore asymptotic independence and, in
this way, allow to mimic iid processes and prove limiting laws for the mean, such as: central
limit theorems, large deviation principles, invariance principles, among others. However, in many
occasions the exact formula for the invariant measure is not available and one has to rely on
reference measures with respect to which these processes are not stationary anymore. Loosening
stationarity leads to non-autonomous dynamical systems for which the study of limit theorems is
just at the beginning. We mention the recent works INTV18| and references

therein.

While the limiting laws mentioned so far pertain to the mean or average behaviour of the system,
in the recent years, the study of the extremal behaviour, ie, the laws that rule the appearance of
abnormal observations along the orbits of the system has suffered an unprecedented development
(JLEFET16]). This study is deeply connected with the recurrence properties to certain regions of the
phase space and was initially performed under stationarity. Very recently, in FFV1g|,
the authors developed tools to obtain the limiting distribution for the partial maxima of non-
stationary stochastic processes arising from sequential dynamical systems ([BB84, [CRO7]) and
random transformations or randomly perturbed systems ([Kal86) [Kif88]). In the case of random
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transformations, we also mention the papers RT15], where limiting laws for the
waiting time to hit/return to shrinking target sets in the phase space (which are related to the
existence of limiting laws for the maximum [Col01l [FFT10, [FFT1I]) were obtained for random

dynamical systems.

The main purpose of this paper is to enhance the study of rare events for non-autonomous sys-
tems and, therefore, in a non-stationary context, by considering the convergence of point pro-
cesses instead of the more particular distributional limiting properties of the maximum or the
hitting/return times statistics. Point processes have revealed as a powerful tool to study the ex-
tremal behaviour of stationary systems. The most simple point processes, the Rare Events Point
Processes (REPP) keep track of the number of exceedances (abnormally high values) observed
along the orbits of the system and allow to recover relevant information such as the expected time
between the occurrence of extremal events, the intensity of clustering, the distribution of the higher
order statistics such as the maximum. For stationary systems, they were studied in [FFT13]. We
will also consider more sophisticated Marked Point Processes of Rare Events (which are random
measures), studied for autonomous systems in [FFMal8| and which not only keep track of the
number of exceedances but also of their impact. In the presence of clustering of rare events, we
will be particularly interested in Area Over Threshold (AOT) marked point processes, which sum
all the excesses over a certain threshold within a cluster, and Peak Over Threshold (POT) marked
point point processes, which consider the record impact of the highest exceedance by taking the
maximum excess within a cluster. The first allows to study the effect of aggregate damage, while
the second focuses on the sensitivity to very high impacts. The potential of interest of these results
is quite transversal, but we mention particularly the possible applications to climate dynamics
where the study of extreme events for dynamical systems have proved to be very useful in the

analysis of meteorological data (see for example [SKET16, MCF17, MCB*18 [FACM*19]).

The paper is structured as follows. In Section 2] we generalise the theory developed in in
order to obtain the convergence of Marked Point Processes of Rare Events (MREPP). In particular,
we introduce the notation, concepts and conditions that allow us to state a result that establishes
the convergence of the MREPP to a compound Poisson process for non-stationary stochastic
processes, under some amenable conditions designed for application to non-autonomous systems.
We believe that formula (ZI6) which gives the multiplicity distribution of the limiting compound
Poisson process has an interest on its own. Section Bl is dedicated to the proof of the main
convergence result stated in the previous section. In Section M we make a non-trivial application
of our main convergence result to some sequential dynamical systems studied in [CRO7|, deriving
exact formulas for the limiting multiplicity distribution. In Section Bl we establish a convergence
limiting result of the MREPP in the random dynamical systems setting, where we consider fibred
LasotaYorke maps which were introduced in the recent paper [DFGTVIS].

2. THE SETTING AND STATEMENT OF RESULTS

Let Xg, Xq,... be a stochastic process, where each r.v. X; : Y — R U {+£oc} is defined on the
measure space (Y, B,P). We assume that ) is a sequence space with a natural product structure
so that each possible realisation of the stochastic process corresponds to a unique element of )
and there exists a measurable map 7 : Y — ), the time evolution map, which can be seen as the
passage of one unit of time, so that

X, 10T =X,;, forallieN.
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The o-algebra B can also be seen as a product g-algebra adapted to the X;’s. For the purpose of
this paper, Xg, X1, ... is possibly non-stationary. Stationarity would mean that P is T-invariant.
Note that X; = Xg o 7;, for all ¢ € Ny, where 7; denotes the i-fold composition of 7T, with
the convention that 7y denotes the identity map on ). In the applications below to sequential
dynamical systems, we will have that 7; = T; o ... o T} will be the concatenation of ¢ possibly
different transformations 7171, ...,T;, so that

X,=¢oT,, forallneN (2.1)

for some given observable ¢ : Y — R U {£o0}
Each random variable X; has a marginal distribution function (d.f.) denoted by Fj, i.e., Fi(z) =
P(X; < ). Note that the Fj, with i € No, may all be distinct from each other. For a d.f. F' we
let F'=1—F. We define ug, = sup{z : F;(z) < 1} and let F;(up,—) := limy,_,o+ Fi(up, —h) =1
for all 7. We will consider the limiting law of

PH,n = P(XO < un,O,Xl < Un,1y .- s XHn-1 < un,Hn—l)
as n — oo, where {uy ;,i < Hn —1,n > 1} is considered a real-valued boundary, with H € N.
We assume throughout the paper that
Frmax(H) := max{F;(up;),i < Hn — 1} = 0, asn — oo, (2.2)

and, for some 7 > 0,
hn—1

_ h
> Filuns) = 22 1 0(1) (23)
=0
for any unbounded increasing sequence of positive integers h,, < Hn. In particular, we have
Hn—1
Fryp = Z Fi(un;) — Ht, asn — oo. (2.4)
=0

The most simple point processes that we will consider here keep track of the exceedances of the
high thresholds u,, ; by counting the number of such exceedances on a rescaled time interval. These
thresholds are chosen such that

n—1
Y, = ZFZ(UM) — 7T, asmn— oo, (2.5)
i=0

so that the average number of exceedances among the first n observations is kept, approximately,
at the constant frequency 7 > 0.

2.1. Random measures and weak convergence. We start by introducing the notions of ran-
dom measures and, in particular, point processes and marked point processes. One could introduce
these concepts on general locally compact topological spaces with countable basis, but we will re-
strict to the case of the positive real line [0, 00) equipped with its Borel o-algebra Bjg, ), where
our applications lie. Consider a positive measure v on Bjg ). We say that v is a Radon measure if
v(A) < oo, for every bounded set A € Bjg ). Let M := M([0,00)) denote the space of all Radon
measures defined on ([0, o), B[O,oo))- We equip this space with the vague topology, i.e., v, — v in
M([0,¢)) whenever [t dv,, — [ dv for every continuous function ¢ : [0,00) — R with compact
support. Consider the subsets of M defined by M), := {v € M : v(A) € N for all A € By )}

and M, := {vr € M : v is an atomic measure}. A random measure M on [0,00) is a random
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element of M, i.e., let (X, Bx,P) be a probability space, then any measurable M : X — M is a
random measure on [0,00). A point process N and marked point process A are defined similarly
as random elements on M, and M,, respectively.

A point measure v of M, can be written as v = >_°, d,,, where x1, 22, ... is a collection of not
necessarily distinct points in [0, 00) and 6, is the Dirac measure at x;, i.e., for every A € Bo,00)5
we have that 6,,(A4) = 1 if z; € A and 0,,(A) = 0, otherwise. The elements v of M, can be
written as v = Y7, d;dy,, where z1,29,... € [0,00) and dy,ds, ... € [0,00).

A concrete example of a marked point process, which in particular will appear as the limit of the
marked point processes, is the following:

Definition 2.1. Let 17,75, ... be an i.i.d. sequence of r.v. with common exponential distribution
of mean 1/6. Let Dy, Do, ... be another i.i.d. sequence of r.v., independent of the previous one,
and with d.f. 7. Given these sequences, for J € By ), set

lMJy:/ﬁJd<§:Dﬁﬂ+ﬁ@>.

i=1
Let X denote the space of all possible realisations of 17,15, ... and D1, Do, ..., equipped with a
product o-algebra and measure, then A : X — M,(]0,00)) is a marked point process which we
call a compound Poisson process of intensity # and multiplicity d.f. .

Remark 2.2. When D1, Do, ... are integer valued positive random variables, 7 is completely defined
by the values 7, = P(Dy = k), for every k € Ny and A is actually a point process. If 73 = 1 and
6 =1, then A is the standard Poisson process and, for every ¢ > 0, the random variable A(]0,t))
has a Poisson distribution of mean .

Now, we will give a definition of convergence of random measures (for more details, see [Kal8G]).

Definition 2.3. Let (M, )nen : X — M be a sequence of random measures defined on a prob-
ability space (X, By,u) and let M : Y — M be another random measure defined on a possibly
distinct probability space (Y, By, v). We say that M,, converges weakly to M if, for every bounded
continuous function ¢ defined on M, we have

lim ¢@omf=/@woM4.

n—oo

We write M, £ M.

Checking the convergence of random measures using the definition is often quite hard, hence, it
is useful to translate it into convergence in distribution of more tractable random variables or in
terms of Laplace transforms. For that purpose, we let S denote the semi-ring of subsets of RS‘
whose elements are intervals of the type [a,b), for a,b € Rar . Let R denote the ring generated by
S. Recall that for every J € R there are ¢ € N and ¢ disjoint intervals I,...,I. € § such that
J =U;_11;. In order to fix notation, let aj,b; € R be such that I; = [a;j,b;) € S.

Definition 2.4. Let Z be a non-negative, random variable with distribution F'. For every y € Ra' ,
the Laplace transform ¢(y) of the distribution F' is given by

00) =B () = [,

where pp is the Lebesgue-Stieltjes probability measure associated to the distribution function F'.
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Definition 2.5. For a random measure M on Ra' and ¢ disjoint intervals Iy, Is,...,I. € § and
non-negative y1,¥s, ..., y., we define the joint Laplace transform ¥ (y1,ya2,...,yc) by

¢M(y1’y2’ - ’yg) — E (e_zzzl yZM(I€)> .

If M is a compound Poisson point process with intensity A and multiplicity distribution 7, then
given ¢ disjoint intervals 1, Io, ..., I. € S and non-negative y1, 42, ...,y we have:

¢M(y17 Y2, ... 7y<) = e_AZZ:1(1_¢(yZ))‘IZ|7

where ¢(y) is the Laplace transform of the multiplicity distribution 7.

Remark 2.6. By [Kal86, Theorem 4.2], the sequence of random measures (M,,),en converges
weakly to the random measure M iff the sequence of vector r.v. (M, (J1),..., M,(J;)) converges
in distribution to (M(J1),...,M(J)), for every ¢ € N and all disjoint Ji,...,Jc € S such that
M(9Jy) =0 as., for £ =1,...,¢, which will be the case if the respective joint Laplace transforms
Uar, (Y1, Y2, - .., yc) converge to the joint Laplace transform ¥as(y1,yo,...,yc), for all yi,...,yc €
[0, 00).

2.2. Marked Point Processes of Rare Events. Before we give the formal definition of Marked
Point Processes of Rare Events, we need to introduce some notation and definitions that will
also be useful to understand the conditions that we will introduce in order to prove their weak
convergence.

Let A € B. We define a function that we refer to as first hitting time function to A, denoted by
ra: X — NU {400} where

ra(r) =min{j € NU{+o0}: fi(z) € A}. (2.6)

The restriction of 74 to A is called the first return time function to A. We define the first return
time to A, which we denote by R(A), as the essential infimum of the return time function to A,

R(A) =essinfra(z). (2.7)

€A

In what follows, for every A € B, we denote the complement of A as A°:= )\ A.

Let A := (Ag, A1,...) be a sequence of events such that A; € 7;_18. For some s, ¢ € Ny, we define

s+0—1

Walt) = () A (2.8)

which forbids the occurrence of A; during the time interval between s and s+ ¢ — 1.

Given a set of thresholds u, ;, for each n, i and j € Ny with 7 < Hn — i, we set
0
Uy(,n),i = {XZ > um}
J
0 0 0
Q§72Lvi = U.](Jzﬂ N ﬂ( .7(7737Z+Z)C = {XZ > un7Z7XZ+1 S un72+17 "'7Xi+j S unvl—"_j}
/=1
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and define the following events, for k € N:

(k) (n 1) (k—1) (n 1)
Uj,n,i‘ ]nz \Q]nz - ]nz U nz—i—Z

J

(%) (%)
anz‘ anz m ]nz—l—é

If j =0 then Q(()?T)L’Z- = = {X; > up,;} and QOM = Ué;)’i ={ for k € N.

Onz

— U™ — 0 for all k € Ny.

Jsm, Jsm,e

For j > Hn — 1, WesetQ

Also, let U, =MNso ] n - Note that Q —yt \U D) for € Ny and, therefore,

]nz Jim,t Jim,t Jim,t

Uanz ]nz

Remark 2.7. The points in U ](n) ;, are points whose orbit represents a cluster of size at least xk + 1,
(s )

since there Will be points in each U " with &' taking values between x and 0. On the other hand,

points in Q are points whose orblt represents a cluster of size k + 1 exactly.

jmyi

For each i € Ny and n € N, let R, , ; := min{r € N : Q
exists ¢ € Ny such that:

Q] mitr 7 0}. We assume that there

7ymyi
¢ = min {j €Np: nh_)n;o Igilrrll {Rjni} = oo} . (2.9)

When ¢ = 0 then Q((](’)Rm corresponds to an exceedance of the threshold u,; and we expect no
clustering of exceedances.

When ¢ > 0, heuristically one can think that there exists an underlying periodic phenomenon
creating short recurrence, i.e., clustering of exceedances, when exceedances occur separated by at

most ¢ units of time then they belong to the same cluster. Hence, the sets Q((JO) correspond to the
occurrence of exceedances that escape the periodic phenomenon and are not followed by another

exceedance in the same cluster. We will refer to the occurrence of Qq ni 88 the occurrence of an
escape at time ¢, whenever ¢ > 0.

Given an interval I € S, € X and u,; € R, we define

Zl(o) ().

i€INNy Qains

Let i1(z) <ia(z) < ... <N, (z)(7) denote the times at which the orbit of x entered QY | We

q,n,i’

now define the cluster periods: for every k = 1,..., N, j(x) — 1 let I(z) = [ig(z), ig+1(x)) and
set Io(z) = [min 1,41 (x)) and Iy, (o) (7) = [in, ;(2) (@), sup ).
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In order to define the marks for each cluster we consider the following mark functions that depend
on the levels u, ; and on the random variables in a certain time frame I € S:

zz‘emNo (Xi — uni)+ AQOT case
my (1) := § maxjernng{ (Xs — uni)+} POT case (2.10)
Y ieInNg 1Xi>un i REPP case,

where (y)4+ = max{y,0} and when I N Ng # (). Also set m,,(I) := 0 when I NNy = 0.

Finally, we set

oy (I)(x) = My, (Ik(x)).

In order to avoid degeneracy problems in the definition of the marked point processes we need to
rescale time by the factor
vp = n/FY,

so that the expected average number of exceedances of the levels w,; for i = 0,...,n in each
time frame considered is kept ‘constant’ as n — oco. Recall that the levels w, ; satisfy 2.5] and
therefore v, ~ 2, where we use the notation A(n) ~ B(n), when lim;, % = 1. Hence, we
introduce the following notation. For I = [a,b) € S and a € R, we denote al := [aa,ab) and
I+a:=[a+a,b+a). Similarly, for J € R, such that J = J1U...UJy, define aJ := aJ1U- - - Uay

and J +a = (J1 + a)U---U(Jp + ).

Definition 2.8. We define the marked rare event point process (MREPP) by setting for every
J € R, with J = J;U...UJy, where J; € Sforalli=1,...,k,

k
An(T) =" s (vn ). (2.11)
=1

When m,, given in [2I0) is as in the AOT case, then the MREPP A computes the sum of all
excesses over the threshold wu, and, in such case, we will refer to A as being an area over threshold
or AOT MREPP. Observe that in this case we may write:

An(J) = Z (Xi — uni)+

i€vn JNNg

When m,, given in (ZI0) is as in the POT case, then the MREPP A,, computes the sum of the
largest excess (peak) over the threshold w,, ; within each cluster and, in such case, we will refer to
A, as being a peaks over threshold or POT MREPP.

When m,, given in (ZI0) is as in the REPP case, then the MREPP A, is actually a point process
that counts the number of exceedances of u,; and, in such case, we will refer to A,, as being a
rare events point process or REPP, as it was referred in [FFT13]|. Observe that in this case we

have:

i€vp JNNg

If ¢ = 0 then the AOT MREPP and the POT MREPP coincide and both compute the sum of
all excesses over the threshold u, ;. In such situation we say that A, is an excesses over threshold

(EOT) MREPP.
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Next, we will introduce the dependence conditions JI,(u,)* and I} (un,;)*, which are the anal-
ogous of conditions JIj(u,) and JI,(u,) considered in [FETI15], but designed to establish the
convergence of MREPP (AOT, POT or REPP), which allow us to state our main result. Before
we do that, we need to introduce some additional notation and definitions.

For z > 0 and k € Ny, we define the following events:

RY)(x) = Q) .1 {mu(L,) > }

Bpi(z) == | J RY)(2) u UL

rk=0

An,i (.Z') n z—l—f

|| DQ

where I,; = [i,44 .+ 1) and i, j denotes the times at which the orbit of the considered point entered
Q(H_.j) with i =, 0 <ie1 <iea <...<igj; <...<igx (see Remark 27).

q,n72 )

In particular, for x = 0 we have

MszQ%i

UQqnz qnz_Uq(,Orz,i

q
QO
A"vi ﬂ ﬂ q,n 2+Z - q n,0
/=1
and, if ¢ =0,
RV)(w) = {Xi > upgyma(fi,i +1)) > 2}, RY)(z)=0for k€N

Anji(2) = Bpi(z) = R)(2).

Condition ([, (uy;)*). We say that I, (uy, ;)* holds for the sequence Xo, X1, Xa,...iffort,n € N,
i=0,...,Hn—1, for x1,...,2¢ > 0 and any J = U;_,I; € R with inf{z: 2 € J} > i+t

S
nz xl m <$3} _]P n,i $1 ﬂ{% <$g} §’7i(nat)a

where for each n and each ¢ we have that 7;(n,t) is nonincreasing in ¢ and there exists a sequence
t* = o(n) such that ¢ Fy, max(H) — 0 and ny;(n, ;) — 0 when n — oo.

Note that the main advantage of this mixing condition when compared with condition A(u,,) used
by Leadbetter in [Lea91] or any other similar such condition available in the literature is that it
follows easily from sufficiently fast decay of correlations and therefore is particularly useful when
applied to stochastic processes arising from dynamical systems.

For ¢ € Ny given by (Z9)), consider the sequence (t}),en, given by condition [,(uy;)* and let
(kn)nen be another sequence of integers such that

kp — o0 and  knt! Fymax(H) — 0 (2.12)



as n — oo for every H € N.

Let us give a brief description of the blocking argument and postpone the precise construction of
the blocks to Section 3.1l We split the data into k, blocks separated by time gaps of size larger
than ¢, where we simply disregard the observations in the corresponding time frame. In the
stationary case, the blocks have the same size and the expected number of exceedances within
each block is ~ 7/k,. Here, the blocks may have different sizes, denoted by ¢ppn1,. .., CHn k.,
but, as in [FFVIT], these are chosen so that the expected number of exceedances is again ~ 7/k,.

Also, for i =1,...,k,, let Ly ;= 23:1 lhym,j and Lgyno=0.

Note that gaps need to be big enough so that they are larger than ¢ but they also need to
be sufficiently small so that the information disregarded does not compromise the computations.
This is achieved by choosing the number of blocks, which correspond to the sequence (ky)nen,
diverging but slowly enough so that the weight of the gaps is negligible when compared to that
of the true blocks.

In order to guarantee the existence of a distributional limit one needs to impose some restrictions
on the speed of recurrence.

Condition ([T} (uy;)*). We say that [T/ (u, ;)* holds for the sequence Xo, X1, X2, ... if there exists
a sequence (kp)nen satisfying (212 and such that, for every H € N,

kn LH n, i—1 LH n,i

Jm 37 37 Z <qn]m{X >um}> (2.13)

1= 1.7 L:H,n,z 1 T>.7

Hn—1 Hn—1

and  lim Z Z P <Q((10n] N{X, > uy, r}) (2.14)

n—oo
J=LHnk, T>J

Condition ﬂf](um)* precludes the occurrence of clustering of escapes (or exceedances, when g = 0).

Remark 2.9. Note that condition I (un;)* is an adjustment of a similar condition [T, (u,) in

[FETI5)] in the stationary setting, which is similar to condition D®*1(u,) in the formulation of
[CHMO1l, Equation (1.2)], although slightly weaker.

When ¢ = 0, observe that ﬂ;(un,i)* is very similar to D'(uy;) from Hisler, which prevents
clustering of exceedances, just as D’(uy,) introduced by Leadbetter did in the stationary setting.

When ¢ > 0, we have clustering of exceedances, i.e., the exceedances have a tendency to appear
aggregated in groups (called clusters). One of the main ideas in [FET12| that we use here is that

the events ngii play a key role in determining the limiting EVL and in identifying the clusters.

In fact, when ﬂ;(unﬂ) holds we have that every cluster ends with an entrance in Q Ay which

means that the inter cluster exceedances must appear separated at most by ¢ units of time.

In this approach, condition ﬂ;(unﬂ-)* plays a prominent role. In particular, note that if condition
i, (un,;)* holds for some particular ¢ = g € Ny, then it holds for all ¢ > go, and so (29) is indeed
the natural candidate to try to show the validity of [T/ ()"
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Now, we give a way of defining the Extremal Index (EI) using the sets Qq n.i- For ¢ € No given by
[29), we also assume that there exists 0 < 6 < 1, which will be referred to as the EI, such that

LHmn,i—1 Lpmn,i—1

lim max 0 Z F(upj) — Z P <Q((1?2L’j) =0. (2.15)

n—o0 i=1,....kn,

J=LHni-1 J=LHni 1
Moreover, we assume the existence of normalising factors a,, ; for every j = 0,1,...,Hn — 1 and
n € N, and a probability distribution 7 such that, for every H € N and = > 0,
P(A. :
lim max (Anj(x/an;)) (1—m(x))| =0 (2.16)

n—o0 j=0,1,....Hn—1 IP’(Q(O) )
q7n7-7

and in this way obtain a formula to compute the multiplicity distribution of the limiting compound
Poisson process.

Finally, assuming that both g(un:)* and I (u,;)* hold, we give a technical condition which
imposes a sufficiently fast decay of the probability of having very long clusters. We will call it
ULCy(uy, ;) that stands for ‘Unlikely Long Clusters’. Of course this condition is trivially satisfied
when there is no clustering.

Condition (ULCy(uy;)). We say that condition ULCy(uy ;) holds if, for all H € N and y > 0,

kn 0o
lim Z/ e_yx(snvﬁH,n,iﬂlH,n,i(fn/an)dﬂf =0,
0

n—oo 4

. —x .
Jim , ° ot H L (/) = 0,
—yr
an TLh—>nolo Z/ € 5”£H7ll 17£Hni_tan(x/an) ‘T_O

where a,, is such that P(A, j(z/an ;) = P(An (z/ay)) for a,; is as in @I0), 6, ¢(x) = 0 for
q = 0 and, for ¢ > 0,

1£/a]  s+0—1 sti-1
Sada) =3 3 P(RG@)+ X Y P(RIe )+ZP nete=i(@) (217
k=1 j=s+l—kq j=s k>[t/q]

is an integrable function in R™ for n sufficiently large.

Note that, by definition, condition ULCy(uy, ;) always holds. Note also that d,, s ¢(z) < &, ¢ ¢ ()
if s+¢=s"+¢ and ¢ </{'. In particular, if ULCy(uy, ;) holds then, for all H € N and y > 0,

kn 00
. —yx o
hm Z/O € 5"7£H,n,i_tH,n,i,tH,n,i (x/an)dx - 0

n—00 4

We are now ready to state the main convergence result:

Theorem 2.A. Let Xy, X1, ... be given by (2.1 and uy,; be real-valued boundaries satisfying (2.2])
and Z3). Assume that Tg(unq)*, 1 (un:)* and ULCy(un:)* hold, for some q € Ng. Assume the
existence of 0 satisfying 2.I3]) and a normalising sequence (an)nen such that P(A, j(x/an ;) =
P(A, j(x/ay)) for any j = 0,1,...,Hn — 1, where a, j are normalising factors such that (210
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holds for some probability distribution w. Then, the MREPP a,A,, where A, is given by Def-
inition for any of the 3 mark functions considered in ([2I0)), converges in distribution to a
compound Poisson process A with intensity 0 and multiplicity d.f. .

Remark 2.10. If the normalising factors a, ; don’t depend on j, then we can naturally choose
ap, = ap; for every n € N.

Remark 2.11. What is essential, about the mark function m,, considered in ([ZI0]) to define the
respective MREPP, is that it satisfies the following assumptions:

(1) my(I) >0 and m,(0) =0
(2) mp(I) <my(J)if I CJ
(3) mp(I) =mp(J) if X; <wupy,Vie (I\J)NNy

Note that, in particular, we must have m,,(I) =0 if X; < wu,;, Vi € I N Np.

As long as the above assumptions hold then the conclusion of Theorem 2. Alholds for the MREPP
defined from such a mark function m,, satisfying the three assumptions just enumerated.

3. CONVERGENCE OF MARKED RARE EVENTS POINT PROCESSES

This section is dedicated to the proof of Theorem 2.Al whose argument follows the same thread
as the one in the proof of [FFMal8, Theorem 2.A.]

3.1. The construction of the blocks. The construction of the blocks is designed so that the
expected number of exceedances in each block is the same. We follow closely the construction in

, which was inspired in [His83| [Hiis86].

For each H,n € N we split the random variables Xy,..., Xg,—1 into k, initial blocks, where
ky is given by (ZI2), of sizes g n1,..., Hnk, defined in the following way. Let as before
L = 23:1 lrn; and Ly no = 0. Assume that lg,,1,...,0g -1 are already defined. Take
Cp i to be the largest integer such that
LHni—1HlHni—1

5Ty P B FI*{

. n

J=LHni-1

The final working blocks are obtained by disregarding the last observations of each initial block,
which will create a time gap between each final block. The size of the time gaps must be balanced
in order to have at least a size ¢, but such that its weight on the average number of exceedances
is negligible when compared to that of the final blocks. For that purpose we define
e(H,n) = (t;, + 1) F) max(H) ]1" .
FH,n

Note that by (Z3)) and (ZI2)), it follows immediately that lim, . e(H,n) = 0. Now, for each
it =1,...,k, let ty,; be the largest integer such that

LH,n,i_l *

D, Fluny) <e(Hn)—==

j:‘cH,n,i_tH,n,i
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Hence, the final working blocks correspond to the observations within the time frame Lg 5, 5—1,..., LHpni—
t i ,n,;—1, while the time gaps correspond to the observations in the time frame Lg  i—tmni, - LHni—
1, foralli=1,... k,.

Note that ) <tpni < lHn,, for each i =1,...,k,. The second inequality is trivial. For the first
inequality note that by definition of ¢f,,; we have

Lmn,i—1
F* 3Ty _ _
e(H,n)—" < S Flung) < (trni+ 1) Fomax (H).
n

jZEH,n,i_tH,n,i_l

The first inequality follows easily now by definition of e(H,n).

Also, note that, by choice of {f,, ; we have

F* ﬁH,n,i—l EH,n,i_l
H - - — —
kn" < | Z F(un,j) + Funcy,..) < | Z F(un;) + Fomax(H)
J=LHni-1 J=LHmni-1
and then it follows that
‘CH n ’L_l
F§ _ : _ Fy
— = Fumax(H) < Y Fluny) < =22 (3.1)
kn it ky
=L Hmn,g—1

From the first inequality we get

kn LH n,i

F;I,n - kn nmax < Z Z F(un,j)

i= 1] EHTL’L 1

which implies that

Hn—1 kn L:H n,i
> Flung)=Fir,— > Z F(unj) < knFymax(H) (3.2)
J=LH nkn =1 =Ly ni1

which goes to 0 as n — oo by (2.12).

Proposition 3.1. Given events By, By,... € B, let r,q,s,£ € N be such that ¢ < n and define
B = (B(), Bl, . .), Ar = Br \ ngl Br—i—j and A = (AQ, Al, .. ) Then

P(#e0(B)) = P(#ep(A)] <D P (Hao(A) N (Bogemj \ Assry)) -
j=1

Proof. Since A, C B,, then clearly #; ¢(B) C #5¢(A). Hence, we have to estimate the probability
of We/(A)\ #su(B).

Let © € W 0(A)\ #5,0(B). We will see that there exists j € {1,...,q} such that x € Bsy,—;. In
fact, suppose that no such j exists. Then let K = max{i € {s,...,s+¢— 1} : x € B;}. Then,
clearly, K < s +¢ —q. Hence, if x ¢ Bj, for alli = s +1,...,5 4+ ¢ — 1, then we must have that
x € A, by definition of A. But this contradicts the fact that z € #; ((A). Consequently, we have
that there exists j € {1,..., ¢} such that € By, ¢_; and since x € #; ¢(A) then we can actually
write £ € By \ Asto—j-
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This means that 7 ¢(A) \ #s«(B) C U?:1(Bs+é—j \ Asio—j) N #50(A) and then
[P(#;,(B)) — A))| = A)\#;.4(B))

<SP {JBorrmj \ Asomi) N Hp(B) | < P (#0(A) N (Bare—j \ Asro—j))
j=1

Jj=1

as required. ]

Applying this proposition to B; = By ;(x), we have the following lemma, which says that the
probability of not entering B, ;(z) can be approximated by the probability of not entering A,, ;(z)
during the same period of time.

Lemma 3.2. For any s,{ € N and x > 0 we have

‘P(%75(Bn7i(l‘))) - P(%j(An,z(x))) | < Z P(Bn,s-l—ﬁ—i(x))
i=1

Next we give an approximation for the probability of not entering A,, ;(x) during a certain period
of time.

Lemma 3.3. For any s,£ € N and x > 0 we have

s+4—1 s+0—1 s+0—1
P(WS,Z(A”,Z($))) - (1 - Z ]P)(An,l(x))> < Z Z P <Q((1?2L7] N {Xr > un,r})
i=s j=s r=j+1

Proof. Since (¥4 4(An.i(x)))¢ = U1 A, i(x) it is clear that

s+0—1 s+H0—1 s+6—1
1= P(#o(Ani()) — > P < D D PAng(a) N Any(2))
=8 j=s r=j+1

If ¢ > 0, the result follows by the fact that A,, ,(z) C {X, > u,,} and the fact that the occurrence
of both A,, ;(z) and A, ,(x) implies an escape, i.e., the occurrence of QI(I(,)ZLJl for some j < jy <71
(otherwise, the occurrence of A, ,(z) and therefore of B, ,(x) would imply the occurrence of
By, (x) for some j + 1 < r; < j+ ¢ which would contradict the occurrence of A, ;(x)).

If ¢ = 0, the result follows immediately since A, () C {X; > up;} = QO i
U

The next lemma gives an error bound for the approximation of the probability of the process
p([s,s + £)) not exceeding x by the probability of not entering in By, ;(x) during the period
[s,5 4 ¢). In what follows, we use the notation &1t := o, ([s, s + ().
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Lemma 3.4. For any s,{ € N and x > 0 we have

s+0—1 s+0—1
P(ot! < 0) = PouBas@))| < D Y P(Q; X > wnr})
j=s r=j+1
[£/q]  s+e—1 o s4+0-1 "
+> Y P(RY@)+ > Y P(RYW@)
k=1 i=s+l—Kq i=s k>[4/q]
if ¢ >0, and in case ¢ = 0 we have
s+0—1 s+4—1
Pt < @) = PWau(Bug@))| £ D0 D0 PIX; >ty Xp > ).

Jj=s r=j+1

Proof. If ¢ > 0, we start by observing that

@) = {5 < OV (Ha(Brale))” €

s+0—1 s+0—1 s+0—1 s+0—1
U rU@u | BRO@u..u U rREYYwou U U BY@)
i=s+£—q i=s+{—2q i=s+L—[4/q]q i=s k>|/q]
since USM rq-1 R('i c {@: 1" > x} for any k < [{/q]. So
Lt/a]  s+e-1 s+0-1 %)
<3 Y E(RI@) 3 > R (RW).
k=1 i=s+l—kq i=s k>[L/q]

Now, we note that

s+0—1 s+0—1
noi@) = {75 > e uBaa@) | U @y 0 X > k.
j=s r=j+1
This is because no entrance in A,, ;(x) during the time period s,...,s+ ¢ — 1 implies that there
must be at least two distinct clusters durlng the time period s,...,s+ ¢ — 1. Since each cluster

0)

ends with an escape, i.e., the occurrence of Q g then this must have happened at some moment
je{s,....,s+0—1} Wthh was then followed by another exceedance at some subsequent instant
r > 7 where a new cluster is begun. Consequently, we have

s+0—1 s+0—1

P(B;, sé Z Z <Q((1(7)7)7,,j N{X, > un,r}>

j=s r=j+1

The result follows now at once since
P(t! < 0) = P(Wou(Bai(@)| <P ({ it <2} AW, o(Bui()))
_P( nsé( )) +P( nsf( ))
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If ¢ = 0, we start by observing that {d,f;ré <a} C #54(Bpi(x)). Then, we note that

s+0—1 s+0—1
{7t >l tuBui@) ¢ U U 155> wg} 0 (X > wnr).
j=s r=j+1
This is because no entrance in B,, ;(z) for i € {s,...,s+¢—1} implies that there must be at least
two exceedances during the time period s,...,s+ ¢ — 1.

Consequently, we have

P(e" < 2) = P (#ou(Baa@))| = P ({4t > 2} 0 #e(Bri(a))

s+0—1s+0—1
< Z Z ]P)(Xj > Upj, Xp > un,r)
j=s r=j+1
O
As a consequence we obtain an approximation for the Laplace transform of fsz%,f,‘s're .
Corollary 3.A. For any s,£ € N, y > 0 and n sufficiently large we have
ot s+0—1
E <e—yanﬂn,s > - 1- Z / ye vt ]P n](x/an])) '
s+0—1 s+4—1 o
<2y Y P(Q, N > w )+ [ v b lafan)ds
j=s r=j+1 0
Proof. Using Lemmas B2434] for every x > 0 we have when ¢ > 0
s+0—1
P(apl’ <o) - (1 - P(An,z-(x») < [P(" < @) = PO#0l(Bri(@)))|
- s+0—1
+ [P(#50(Bp,i(x)) = P(#s0(Ani(2)))| + [P(#s0(Ani(x))) — (1 - P(An,i(w)))'
s+0—1 s+0—1 1£/q]  s+e—1 sHl—1
Y Rt w)+ Y Y P(R@) Y Y P (Rw)
j=s r=j+1 k=1 i=s+l—kKq 1=s Kk>|{L/q]
sH0—1 s4+0—1 0
+ZP ns+€z Z Z P(Qén]ﬂ{X >unr})
j=s r=j+1
s+H0—1 s+0—1

=2y IP’( O X, >um}>+6nsz()

Jj=s r=j+1
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When ¢ = 0, we have

s+0—1
P(att <z) — <1 - Z P(An,i(l’))> < ‘P(«%f,# <z)-— P(%,Z(Bn,i(x)))‘

+ [P(#ee(Bni(x)) — P(#s0(Ani(2)))] +

s+0—1
P(#:.0(Ani())) - <1 - Z ]P’(An,i(w))>‘

s+0—1s+4—1 s+0—1s+4—1
<D PG g X )+ > > P(Q, N Xy >}
j=s r=j+1 j=s r=j+1
s+4—1 s+0—1
=23 NP (nggj N{X, > umﬂ}) + s ()
j=s r=j+1

Since P(djff < 0) = 0, using integration by parts we have

E (e—yanm‘) — o POR(ast = 0) + /0 h eV AP(AS T < w/ay)
= P(e/ " = 0) + lim [e—ymp(dg,gf < 2fay) — e VOP(AH < 0)] - /0 h Pt < xfan)de "
=P(ZT = 0) - P(Z1 < 0) - /Om(—ye_y””)]l”(.xz{,f;'z < z/ap)dx
= i ye_ymP(.;z{,fjé <z/ay)dx

Then, using the assumption that P(A, ;(z/an ;) = P(An j(x/ay)),

s+H—1 .o
E (e_y“””’fﬂ) — (1 - Z / yeny(An,j(:E/an,j))d:E) '
j=s 70

s+0—1 ‘

- E(&WMW) (1= / "y P(An (@ an))de
j=s 70

s+0—1

:/ ye_yx]P’(M,f7jZ§x/an)dx—/ ye Y1 — Z/ ye Y'P(A, j(x/ay)) | dz
0 0 , 0
j=s

s+0—1 s+0—1

< / ye YT |2 Z Z P <Q((]?2L’j n{X, > unr}> + 0 so(z/ay) | dx
0 j=s r=j+1
s+0—1 s+0—-1

=9 Z Z P (Qt(z(,]r)z,j N{X, > un,,«}> + /OOO ye Y6, s o(x/an)dx

j=s r=j+1

Next result gives the main induction tool to build the proof of Theorem 2.Al
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Lemma 3.5. Let s,{,t,¢ € N and consider t1 € R{, z = (z9,...,2) € (R, s+l -1+t <
a2 < by <az<... <be_j<ac<beeNy. Forn sufficiently large we have

P75 < xl,ﬂ,i"zg S o, Sag) =PI <w)P(a2, <, s, < )|

n,az2 — TrUoTTn,ag —
s+0—1 s+0—1
<am)+4 3 S P(QW, (X, > uns}) + 2000(w0)
j=s r=j+1

where

t(n,t) = SS?EII)\]Z s,m,giz ) {‘]P’(Am(xl))]?( ﬂ§:2 {.anfaj < m]}) — ]P’( ﬂ§:2 {.anfaj <z;}N Am(xl))‘} .
(3.3)

Proof. Let
Axl’l = {Mfi—;z S x17‘52{b2 < €a, .. Mb S .Z'g}, B = JZ{S:’_Z < xl}

n,az — n,ac

Axl& = 7/8 (Anﬂ(xl)) {‘Q{r?%zz < @g,.. ‘Q{r?gag < x§}7 Bﬂcl = %,Z(An,i(xl))v
DE = {2 <y, ..., % <z}

n,a n,ac

If 1 > 0, by Lemmas and [3.4] we have
]P)(Bm) - P(Bml)

< [Pk’ < @1) = PO (Builwn)| + IP(or(Bai(21))) = P(Hoo(Ani(21)))]

< [P{apstt < l’l}AWs,z(Bn,i(l’l)))‘ + [P(#s,0(An,i(21)) \ #50(Bn,i(21)))]
sH0—1 s+0—1 [4/q]  s+i-1
<Y Y R(QpnE u )+ Y Y P(R@)
j=s r=j+1 k=1 i=s+l—Kq
s+4—1
+ Z Z < 5171 ) +ZP n,s+0— z($1))
1=s k>|{/q] 1=1
s+0—1 s+0—1
= > > P(QD, X > unr}) + uselan) (3.4)
j=s r=j+1

and also

P(Aml) - ]P)(Azl)

< [P({arzt! < @1} 0 D) = B g(Buo(@1)) N D9)| 4+ [B(Hio(Ani (01)) \ i Bui 1)) 1 D)
< [B ({28! < @1} AW o(Bua(@1)) 1 DZ)| + B (Hare(Ans(@1)) \ Ware(Bus(a1))) 0 D2)|

< [Pyt < a1} AW o(Bi(@))| + [P(#se(Ani(21)) \ #i,e(Bn,i(21))))
s+0—1 s+4—1

Z Z ( anm{X >unr})+5nse(fﬂ1) (3.5)

j=s r=j+1

If 1 = 0, we notice that {fszfns,‘;é <z} = {&%SM =0} ={Xs <tung .o, Xogr1 S Upspe—1} =
Ws 1(Bn,i(0)), so estimates (3.4]) and (B3] are still valid by Lemma 3.2

Adapting the proof of Lemma B.3] it follows that

P(Asy0) = (1= S5 P(Ani(2) ) B(DE)

< Err, where
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s+0—1 s+0—1 s+0—1 s+0—1
Err =Y P(An(x) Z P(Ani(z) DY)+ > > ]P’( O n{x, >um})
1=s j:S T:j+1

Now, since, by definition of ¢(n,t),
s+£—1 s+i—-1

Z P(Ap () Z P(Ap,i(z) N D)

s+0—1
< Z IP(A, i(x))P(D%) — P(A, i(z) N D%)| < {u(n,t),

we conclude that

s+0—1 s+4—1 s+0—-1
P(Az, (1— Z P(An i ) P9 <t(nt)+ Y. Y P(QU; N {X, > uny))
j=s r=j+1
(3.6)
Also, by Lemma B.3] we have
s+L—1 s+0—1 s+0—1
P(B,, )P(D%) — <1_ 3 IP’(AM(:pl))) PO < Y Y P(Qg?)mm{xr >um}) (3.7)
1=s j=s r=j+1

Putting together the estimates (B.4)-(.1) we get

[P(As,2) = P(Ba, JB(DE)| < |P(Ap,z) — P(Ary)

~ s+4—1
+ (B ) - (1 -y P(Amxxl))) B(D%)

s+0—1
+ P(BM)P(D&) - <1_ Z ]P)(An,z(xl))> P(D_) + ‘]P) r1 _]P(B ) ]P)(Dl)
s+0—1 s+4—1 -
<t +4 Y 3 P(QW, N (X > uns}) + 20n00(w1)
Jj=s r=j+1

Let us consider a function F : (RJ)" — R which is continuous on the right in each variable
separately and such that for each R = (a1,b1] x ... X (an,by] C (R§)™ we have

,UF(R) — Z (—1)#{ie{l""’n}:ci:ai}F(Cl, o 7Cn) >0
ci€{aibi}

Such F'is called an n-dimensional Stieltjes measure function and such ur has a unique extension
to the Borel o-algebra in (]R(J)r )™, which is called the Lebesgue-Stieltjes measure associated to F.

1 ifiel

For each I C {1,...,n}, let Fr(z) := F(0121,...,0,2y), where §; = o
0 ifi¢l
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If I is an n-dimensional Stieltjes measure function, it is easy to see that F7 is also an n-dimensional
Stieltjes measure function, which has an associated Lebesgue-Stieltjes measure pp,. We will use
the following proposition, proved in [FFMal8| Section 4]:

Proposition 3.B. Givenn € N, I C {1,...,n} and two functions F,G : (R)" — R such that
F is a bounded n-dimensional Stieltjes measure function, let

G(0,...,0)F(0,...,0) forI=10
[ G(z)dur, for I #1)
where pp, is the Lebesgue-Stieltjes measure associated to Fr. Then,

o0 o0 1
// eI YT B(Vd . day = 3 / e v gy (o)
0 0

br... IC{l ..... n}

Corollary 3.C. Let s,/,t,¢c € N and consider yi,ya,...,Yc € Rar, sHL—1+t<az <by<az<
. < b1 < a¢ <be € Ng. Forn sufficiently large we have

b b, b
E <e_ylan£{7fjs>l_y2an£{n,2a2_---_y§an<‘yn,<a<> — E (e_ylafugyrfﬁs»l) E (e_yZG/nJyn,zaQ_"'_yCan n, a<> _|_ ETT

where
s+0—1 s+0—1

|Err| < lu(n,t) + 4 Z Z < ang {Xr > unr}> —I—2/ yre” V6, s o(x/ay)dx
0

Jj=s r=j+1
and t(n,t) is given by [B3).

Proof. Using the same notation as in the proof of Lemma B35, let F((zy,...,2.) = P(Az, 2),
FB)(z1) =P(B,,) and FP)(xy,...,x.) = P(D%). Then, F F®) and F(P) are both bounded

Stieltjes measure functions, with

pn(U1) = P (@05 and o ansdly,) € UL)
o) (U2) = Plan it € U) iy (Us) = P ((n o anedls, ) € Us)

where Uy, Uz and Us are Borel sets in (R]), Ry and (R )™}, respectively.

Therefore, we can apply the previous proposition and we obtain

E (e—ylanmf,t’f—yzanm??az—...—yganafﬁfag) E (e—ylanmf,t’f) E (e—yzanms?az—...—y<anm§fa<)
= E / ~XiervianTig(FAY (2. x)
Ic{1,....c}
_ E / —Yier ylanwzd( (B)) (xl) E / —2ier "hanwzd( )) (.’L’g, ey (Eg)
IC{1} Ic{2,...,

=y1...yca, / . / efyla"mlf”'fy‘a"z‘F(A)(331, cooxo)dry . dag
o Jo
oo

<ylan/ e_”w””“F(B)(:m)d:vl) ( as” 1 / / e~ Y2anT2— . ~Ysanzs (D )(;52, cox)dy . .dx§>

-Ysa / / e Y1dnT1m Tl dnTe (F(A) F(B)F(D))($1, S ,xg)d:vl L. dxg
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Hence, using Lemma, [3.5]

be b b
‘E ( lanﬂ 0 y2an=dn Jag T y(‘lnﬂnfag)) — K <e_y1an£{;70> E (e—yQU«an?tm—-~-—y§anﬁn,§ag) ‘

o0 (o]
Ly, / / oTYiam et [P( A, ) — P(B,, )P(DE)| day . .. da
0 0

s+0—1 s+4—1

< Ali(n,t)+4 Z Z IP’( ang N{Xr > unr}> +2y1an/ e Y1anTs, o o(x1)day
j=s r=j+1 0
s+0—1 s+0—1
=l(nt)+4 > Y P(ngmm{x >um}) +2/ e N8, o (x/ay)dx
j=s r=j+1
]
Proposition 3.D. Let X, X1,... be given by 1)), let J € R be such that J = \J;_, Iy where
I = a;,bj) € S, j=1,....¢ and a; < by < ag < -+ < be—1 < ac < b, let uy; be real-

valued boundaries satisfying (2Z2) and [23)), let H := [sup{z : © € J}| = [b.] and let (an)neN
be a normalising sequence, a,_j normalising factors and m a probability distribution as in ([2.A)).
Assume that Tg(uni)*, i (uni)* and ULCy(uy ;)" hold, for some q € No. Consider the par-
tition of [0, Hn) into blocks of length lpyj, J1 = [LHno, Luni), J2 = [LHn1,LHn2), -
Ji, = [ﬁann—l,ﬁann) Jkn+1 = [Lunk,, Hn). Let n be sufficiently large so that Ly, =
max{ly n;,j = Rk} < % 1nf]€{1 <Hbj — aj} and, finally, let  be the number of blocks
Jii>1 contamed mn nIg, that is,
S :#{Z S {2,...,k7n} s i C’I’LI@}.

Note that, by definition of Ly, we must have %y > 1 for every £ € {1,...,¢}.

Then, for all y1,y2,...,yc € Ra', we have

¢ i1
E<e—zzzlyean%(nu) H I1 ( —yeanmh)) ——0

=

Proof. Without loss of generality, we can assume that yi,y2,...,y. € RT, because if we had y; = 0
for some j = 1,...,¢ then we could consider J = Ug;l LU 41 Iy instead. Also, we can assume
that a; > 0. Let g :=inf{y; : j =1,...,¢} > 0 and Y = sup{y; : j =1,...,¢}. We cut each J;
into two blocks:

J = [£H7n,i—17£H,n7i — th,i) and Ji/ =Ji\J;
Note that |J| = g i — tan, and |J]| =t .
For each ¢ € {1,...,¢}, we define iy := min{i € {2,...,k,} : J; C nly}. Hence, it follows that
Jie, Jz’ﬁ-l, RN Ji(—i-yz—l C nly and

ip+Sp—1
Lot = Limig-1 =Y Lang~nll (3.8)

J=t

First of all, recall that for every 0 < x;, z; < 1, we have

‘Hl‘i—HZi §Z|$Z—ZZ (3.9)
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We start by making the following approximation, in which we use (3.9]),

E (e, o ymndnw@)) _E (e S pe it anmuj))

(1 ¢ e (a7

IN

E (1 e Xim1 yéan-Q{n(JiZflUJilJrf)”e))

< ¢KE (1 —~ e_“"””(‘”f”)) +<KE (1 - e—“n%“ie%)) :

where max{yi,...,y.} < K € N. In order to show that we are allowed to use the above approxi-
mation we just need to check that E (1 — e_“”””(‘]i)) —0asn —ooforeveryi=1,...,k, + 1.
By Corollary B.Al we have fori =1,...,k,
oS H LHmni—1 0o
E (e_“"%"(‘]i)) =FE <e_a” "'LvaW) =1- Z / e "P(A, j(x/an,;))dx + Err, (3.10)
J=LHn,i-1 0

where

LH,n,i_l EH,n,i_

1 [e.9]
|Err| <2 Z Z P <Qé?2l’j N{X, > unr}) +/ € " 0n Lo i (T/an)dz — 0
0

J=LHmni-1 r=j+1
as n — 00 by Il (un,;)* and ULCy(uy ;). Since

EH,n,i_ LH,n,i_ LH,n,i_l F*
H

1 [e.9] 1 o0
“TP(A,; nj))dr < TIP(X > upj)dr = F(up;) < —"
Z /0 e "P(Anj(x/an,;))dx Z /0 e P(X; > up,j)dx Z (un,5) T

J=LHni-1 J=LHmni-1 J=LHni-1

we get E (e_“"“y"(‘]i)) —— 1 by 23).

n—o0

If i =k, + 1 then

oy HE Hn—1 0o
E <e_“"ﬂ"(‘]@')) =FE <e " ’nyﬂH,n,kn> =1- Z e "P(A, j(x/an))dx + Err,  (3.11)
J=LHmn kn
where

Hn—1 Hn-—1

o0
0 _
|[Err| <2 E , E , P (Q[(],ZLJ N{xX, > um?“}) +/ e’ LH kA= LH ke, (z/an)dx — 0
F=LH nkn T=j+1 0

as n — oo by Il (un,q)* and ULCqy(un,;). Since, by ([B.2),

Hn—1 ) Hn—1 ) Hn—1
Z / e "P(A, j(x/an,;))de < Z / e "P(X; > upj)dr = Z F(un,j) < knFy max(H)
G=L ik ° G=L g, 0 I=LH nkn

we get E (e7@“n(Jent1)) —— 1 by [212).

n—oo
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Now, we proceed with another approximation which consists of replacing J; by J*. Using (3.9
we have

ip+Fp—1 ip+Sp—1 *
E <e— i we i anmlu@->> _E <e— i we X and (] >>

s ip+S—1

ip+ Fp—
< E <1 _ e_ 22:1 Ye Z/:tl et a’!LmIL(JZ{))

<K§:E | o T ansh () —an ()
<Ky E (1o SKY Y E(1oemn)
=1

=7

< Kf:E (1 emonhn)
=1

Now, we must show that Zf;l E (1 — e_“"ﬂ"(‘]{)) — 0, as n — 00, in order for the approximation

to make sense. By Corollary B.Al we have

Lrni—1

LH,n,i ]
/ —an. - _
E (e_“”‘%(‘]i)> =K <e ¢ "»EH,anm> =1- > / e *P(A, j(/an ;))dx + Err,
J=LHni—tHmn,; 0
(3.12)
where
LH .0 -1 LH n,i T
ICHED DD DD DI CHIIE )
7/1.7 EHTL’L tHn'LT]J"l
n 00
+ Z/ e_maﬁH,n,i_tH,n,ith,n,ivn(‘T/an)dx —0
i—1 40

as n — 00 by I (un,;)* and ULCqy(uy ;). We get, by (ZI2) as well,

kn L:H n,i fo%)

S E (1—eneht)) 5 Z / e TP(Ap (2 an ;))de

=1 =1 j= LH,n,z tH n,i 0

LH n,i -1 kn *
_ H,n . % _
< Z > Flup ) < Ze(H,n) = oty + 1) F nax (H) —— 0
i=1 .7 L:H,n,z_tH n,i =1

Let us fix now some ¢ € {1,...,¢} and i € {igy... ip+ S — 1} Let M; =y, Zzﬁy ann(J5)

j=ie
vi(n,t) and v;(n,t) is decreasing in ¢, we obtain

‘E (e—yéanﬁfn(J;;)—Mlé+1—Ll7> o E (e—yéanﬁfn(J;;)) E <e—MZ-Z+1—LZ>

and L; = Z:@_l yo St ann(JF). Using Corollary B.Cl along with the facts that «(n,t) <

< Tn,iéy
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where

Lrani-1ttamni—1Lagmni—1+ttHn,i—1

Tn,i = tH,n,i’Yi(ny tH,n,i) +4 Z Z <Q(7n] N {X > Up 7’})

J=LHmni-1 r=j+1

(o]
oY%
+ 2/0 yZe ¢ 5”7£H,7l,i717£H,7l,i_tH,7L,i (x/an)dfl}'

EHTL’L 1 L:an

<Llgnin,t,) +4 Z Z ( ging N {Xr > Un T}>

Jj= L"an 1 r=j+1

o0
+2Y / e_yxémﬁH,n,iﬂlH,n,i—tH,n,i(x/an)d$
0

Since E (e‘yéa"ﬂ"(ﬁ)) <1 forany i€ {1,...,k,}, it follows by the same argument that

(o) _E<e‘yf“"“z{"("5}’)E(&yzc‘”%("l i )E(&Miﬁ?—%)

R
—i—E(e_y‘za"%(J;é))‘E(e_Mlé“_LZ) E( —Ypan (T +1)>E(6—Miﬁ2—Lé>

< T+ Lot

Hence, proceeding inductively with respect to i € {iév ceslp+ S — 1}, we obtain
ié'f'ylz—l ié'f'ylz—l
‘EG_M%—LZ) -1 E<e—ylzantgfn(J;>>E<e—Lz)‘ < 3 T
j=i; i=i;
In the same way, if we proceed inductively with respect to le {1,...,¢}, we get
ity ¢ ip+S—1 ¢ i+ S—1
E ( -TiLwX > H 1 B(cveneon) Z T
=iy =iy

kn Lan 1 L"an

<ZTnZ§Hn%nt +4Z Z Z <qn]ﬂ{X >unr})

1= 1] EHTL’L 1 = .7+1

+2YZ/ € yxénﬁan 17£Hni_tHn1(x/an)d‘T—> 0

as n — 00, by Hg(uni)*, Z[f](um)* and ULCy(un, ;).
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Using ([B.9) again, we have the final approximation

s g+ S—1 s g+ S—1 s i+ Sp—1

H H < —Yeann(Ji) > H H < —Yen T J;‘) < KZ Z < _e—angfn(J{)>

= = i=1ip
kn

<SKY E(1-e D),
=1

We have already proved that Zf;l E <1 —e (D)) 5 0 as n — 0o, so we only need to gather

all the approximations to finally obtain the stated result.

0

Proof of Theorem R.Al In order to prove convergence of a,A, to a process A, it is sufficient to
show that for any ¢ disjoint intervals Iy, I, ..., I. € S, the joint distribution of a, A, over these
intervals converges to the joint distribution of A over the same intervals, i.e.,

(anAn(I1),anAn(l2),. .., anAn(l)) — (A1), A(L2), ..., A(1)),

which will be the case if the corresponding joint Laplace transforms converge. Hence, we only
need to show that

Dan An Y1, Y2 - Ye) = PA(Y1, Y2, ys) = E (e‘ Zz:””‘””) , asn— 00,

for every ¢ non-negative values y1,yo, - - . , Y, each choice of ¢ disjoint intervals Iy, I5,...,Ic € S and
each ¢ € N. Note that 14, 4, (y1,y2,...,%) = E <e_ i y‘f“"A"(If)> =E <e_ 2im ye“"“y"(”"lf)>
and

‘E (e_ 22:1 yﬁan'ﬁz{n(vnlﬁ)) — E (e_ 22:1 UEA(IE)) ’ S ’E (e_ ZZ:I ylan'fz{n(vnll)) — K (ef 22:1 ylan»‘z{n(%lé))‘

s g+ Sp—1

E (e~ Ziz veandn (21 ) H H IE(e yean n(Jl))

=1y

+

s g+ S—1

H H ]E( —yran n(Jl)) _E(e—zzzlym(m)

’L’Le

+

where Jy, Ja, ..., Jk, +1 are the elements of the partition of [0, Hn) given by Proposition B.D] with
J =Uj_y 11,. Since v, ~ 2, the first term on the right goes to 0 as n — co. By Proposition 3.D]
the second term on the right also goes to 0 as n — oco. Finally, by Corollary B.Al we have

LH,n,i_l %)

E <e‘yla"%("i)> =1- > / yee VP(Ay j(z/an,;))dx + Err

J=LHmni-1 0

where

[ani_l L:an

(o]
Brrf<2 Y Z P(QY); N X, > uns}) + / YIS o (fan)da
0

j L:H,n,z 1 = .7+1
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Using ([.9), we have that

¢ g+ Sp—1 s g+ Sp—1 LHni—
I I B (om0 I (- > / Yoo VB (A () an j))de
i=iy i=1y J=LHni-1
s ipt+S—1 Lami=l 0o
< Z E<e—ymnﬂn(=]z‘)> — 1= Z / yee YP(Ay, j(z/ay, ;))d
(=1 i=i, J=LHni-1 0
s Gt S—1 kn
<SS (B <Y (B
¢ i=ig i=1

=1
Ekn ‘CH,’!L,i_l ‘CH,’!L,i_l

SQZ Z Z < qn]ﬂ{X > Upp} —I—Z/ yee yex(;nEHm 1’ZHM($/&”)

1=1j=Lyni-1 r=j+1
— 0

as n — 00 by [l (un,;)* and ULCy(un ), so it follows that

s g+ S—1 s ipt+Sp—1 LHni—
H H E( Syl Jl) H H 1- Z / yee VP(Ap j(z/an,;))dx
=iy 1=y Jj= L:an 1
S t+S—1 LHni—1 0
SIDID (- 30 p(@fh) ) e - stonas
1=ty J=LHmn,i-1 0
s ipt+S—1 [fH,n,i_l B 00
20 | TR SRR ATI (RLURY A )
1=y J=LHn,i-1 0
¢ igt+S—1 L ni—1
= H I [1-00—-¢w) > Fluny)
=iy J=LHm,i-1
o S S 000 w) S Fun)

where ¢ is the Laplace transform of 7, and since we have, by (23),

Lrn,i—1 ; Lrni—1 r LHni-1—1 I
= Hmn,i = Hn,i = Hmn,i—1
Z F(un;) — ——=1| < Z F(upj) — ——=1|+ Z F(u,j) — ———7| =0
J=LHm,i-1 j=0 =0
then, by (B.3),
Z[-‘re/g 1
Z eHniN_n fz 2]
=iy
and
ig+Sp—1 Ean ip+Sp—1 L:H,n,i_l

3 Z Flung)— 1Ll < Y | Y F(un,j)—%sz,mi%o.

1=tg  j=LHmn,i-1 1=ty |j=LHmni-1
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We conclude that

E <e— Yoy yeam(vnm) -~ f[ iﬁﬁ_l E(e—yeam(m) ~ 00T (=)L — (e— Yoy yeA(Ie))
(=1 =iy,

where A is a compound Poisson process of intensity 6 and multiplicity d.f. .

4. APPLICATION TO SEQUENTIAL SYSTEMS: AN EXAMPLE OF UNIFORMLY EXPANDING MAP

In this section we will give a detailed analysis of the application of the general result obtained in
Section 2] to a particular sequential system. It is constructed with S transformations, although it
can be generalised to other examples of sequential systems presented in [FEV17, Section 3| after
making the necessary adaptations.

Consider the family of maps on the unit circle S' = [0, 1], with the identification 0 ~ 1, given by
Ts(x) = fz mod 1 for § > 1+ ¢, with ¢ > 0. Note that for many such /3, we have that Tz(1) # 1
and, by the identification 0 ~ 1, this means that T3 as a map on S 1'is not continuous at ¢ = 0 ~ 1.
For simplicity we assume that T3(0) = 0 but consider that the orbit of 1 is still defined to be
Ts(1),T, 5(1), ... although, strictly speaking, 1 ~ 0 should be considered a fixed point. In what
follows m denotes Lebesgue measure on [0, 1].

Theorem 4.A. Consider an unperturbed map Tpg corresponding to some 3 = By > 1+ ¢, with
invariant absolutely continuous probability 1 = pg. Consider a sequential system acting on the
unit circle and given by T, = Tp oo Ty, where T; = Tp,, for alli=1,...,n and |8, — 8] < n~¢
holds for some & > 1. Let X1, Xa, ... be defined by 21I), where the observable function ¢ achieves
a global mazimum at a chosen periodic point ¢ of prime period pEl (we allow ¢(¢) = +00), being
of following form:

p(x) = g(dist(z,0)), (4.1)
where the function g : [0,400) — RU {400} is such that 0 is a global mazimum (g(0) may be

+00); is a strictly decreasing homeomorphism g : V. — W in a neighbourhood V' of 0; and has one
of the following three types of behaviour:

Type 1: there exists some strictly positive function h : W — R such that for all y € R
oM s uh(s)

lim , 42
s=9(0) g7 '(s) 2
Type 2: g(0) = 400 and there exists 5 > 0 such that for all y > 0
-1
lim ¢ (sy) =y P (4.3)
S—+00 g_l(s)
Type 3: g(0) = D < 400 and there exists v > 0 such that for all y > 0
~1
. g (D B Sy) Y
l% g (D —5s) v (44)

1T5(§) = (¢ and p is the minimum integer with such property
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Let (up)nen be such that nu(Xo > u,) — 7, as n — oo for some 7 > 0.

Then, the POT MREPP a,A, converges in distribution to a compound Poisson process with
intensity 0 given by

1 — B7P, when the orbit of ¢ by Tz never hits 0 ~ 1
= du -1 dp - = (45)
ar 0)(1 =877 + g (1)(1 = 7P), when ¢ =0 ~ 1

dm

and multiplicity distribution

1 — e when g is of type 1 and a, = h(u,) "
m(x) =<1 — (14+2)7P when g is of type 2 and a, = u;,* (4.6)
1— (1 —2)7, when g is of type 3 and a, = (D — u,) ™"

and, for a, = h(u,)~" the AOT MREPP a,A, converges in distribution to a compound Poisson
process with the same intensity 0 as above and multiplicity d.f. © given by
77(517) =1- nh_g}o hn(un,q(un)x) (l‘) (47)

where gy u(z) = S5 o(g(Miz) — u) with M = BP; k = k(u,x) is the only integer such that
T € [g,w (%) s 9k (gil(“))>; and hy is a strictly monotone homeomorphism hy such that

(gt (Why ()

lim =z 4.8
u=(0) h(u) Y
Remark 4.1. Examples of each one of the three types are as follows: g(x) = —logx (in this case

D) is easily verified with h = 1), g(z) = 2~/ for some a > 0 (condition {@3) is verified with
B =a) and g(z) = D — '/ for some D € R and a > 0 (condition (@) is verified with v = «).
For these examples, the multiplicity d.f. of the compound Poisson process associated to the AOT
MREPP a, A, can be computed as shown in the following table:

Examples of g(x) | Respective distribution 7(x)

x
1+8x/log M —1 V/1+8z/log M—1
le L 2

—log(z) 1—(vM)~L P J+1
1/a —a
/e 1— (ﬂ%) (k(z)+1+2)" where k = k(z) is the only
integer such that % <k+l+z< %
o (03
D —zl/e 1-— (%) (k(z) +1 — x)® where k = k(x) is the only
integer such that % <k+1l-2< %
Remark 4.2. We point out that in this example we take w,; = u,, where (u,)nen satisfies

nuw(Xo > u,) — 7, as n — oo for some 7 > 0, where p is the invariant measure of the origi-
nal map Tp.

4.1. Preliminaries. As we said above, we let 1 denote the invariant measure of the original map
Ty and let h = j—ﬁl be its density. In what follows, let U, = {Xo > u, }.
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We will assume throughout this subsection the existance of some £ > 1 such that

a8 < . (4.9)
Also let 0 < v < 1 be such that v§ > 1. In what follows P denotes the Perron-Frébenius transfer
operator associated to the unperturbed map 7z with respect to the reference Lebesgue measure m.
Recall that II; = P;o...0 Py, where P; is the transfer operator associated to T; = T,, while P’ is
the corresponding concatenation for the unperturbed map 7. Note that by [CRO7, Lemma 3.10],

we have '

For any measurable set A C [0, 1], we have

m(T(A)) = /leTio...oTldm: /1AHi(1)dm

log i
< 128 gll v (4.10)
i i

() ~ [ gdm b

:/lAhdm—l-/lA(Hi(l) — h)dm.

By [I0), if ¢ > [n7] (recall that v¢ > 1) then we have [ |II;(1) —h|dm < Cy l(ﬁi = o(n™!), which

allows us to write:

m(T;1(4)) = p(A) + o(nY). (4.11)
4.1.1. Verification of condition ([Z3]). We want to show that Z?;Lo_l m(X; > up) = 27+ 0(1) for
any unbounded increasing sequence of positive integers h, < Hn.

We begin with the following lemma.

Lemma 4.3. We have that

hn—1 ‘ h
Z / P'(1)dm = ;nT—FO(l).
i=0 “Un

Proof. By hypothesis, for all i € N and g € BV we have P'(g) = h [ g-hdm + Q'(g), where
Q1 (9)|lse < a’llg|lBy, for some a < 1. Then we can write:

hn_l hn_1 hn—l

; / P'(1)dm = ; /h </1-hdm> 1y, dm + ; /Qi(l)lUndm
hn—1 By —1 '
- ; / hdm + ; /Q’(l)lUndm
h hn—1

= F"nu(Un) + ZZ:; /Qi(l)lUndm.

The result will follow once we show that the second term on the right goes to 0, as n — co. This
follows easily because

hn—1 hn—1 B

i i l -«
ZZ:%/Q(l)l[]nalmg ;a /lUndm: T m(Un)mo.
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Since
hn—1 hn—1 hn—1 hn—1

gmx>un Z/ dm—Z/PZ dm+2/ (1)dm,

then condition (2.5) holds once we prove that the second term on the right goes to 0 as n — oo.

Let € > 0 be arbitrary. Since £ > 1 then ) .., I(Ei < 00, so there exists N > |nY]| such that
log i n

On the other hand, using the Lasota-Yorke inequalities (see [FEV1T, Section 3|) for both IT and
P, we have that there exists some C' > 0 such that |II;(1) — P*(1)] < C, for all : € N. Let n be
sufficiently large so that CNm(U,) < €/2. Then

hnzl/ — P'(1)dm| < Z/ — Pi(1 ]dm—i—Z/ Y(1)|dm
log

i>N

4.2. Verification of condition [I,(u,;)*. We will use the following proposition, proved in

Section 3|.

Proposition 4.4. Let ¢ € BV and ¢ € L'(m). Then for the B transformations T,, = Tp, we
have that

[ ooTvo Tusdm~ [ 6o Tam [voTdn| < B¥olavlh,
for some A < 1 and B > 0 independent of ¢ and .
Remark 4.5. As it can be seen in [CRO7, Section 3|, Proposition 4] holds for any sequence
Ts,,1p,, ... of § transformations and not necessarily only for the ones that satisfy condition (4.9)).
Condition [, (uy,;)* follows from Proposition 4] by taking for each ¢ < Hn — 1,
¢i = 1p, i(a1) and Yi = 1 rer, (1—i—t)<aj}>

where for every j < Hn — 1 we define

Dy, j(z) =

)

(Tjpeo ... 0Tjs1) " (Bpo(z))°. (4.12)

T De

Since we assume that ([£9]) holds, there exists a constant C' > 0 depending on x; but not on i
such that ||¢;|| gy < C. Moreover, it is clear that |[1;]|1 < 1. Hence,

<
m | Ayi(z1) ﬂ i) <z} | —m(A,i(z1)) ﬂ{.@f ) <z}

= ‘/@ o Tihi o Tigpdm — /¢i Oﬁdm/wi O7§+tdm‘ < const A,

Thus, if we take v;(n,t) = constA! and ¢} = (logn)?, condition [l (u,;)* is trivially satisfied.
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4.3. Verification of condition I} (un;)*. We start by noting that we may neglect the first [n7|
random variables of the process X, X1, ..., where 7 is such that v > 1, for £ given as in ([€.9).

In fact, by the Uniform Doeblin-Fortet-Lasota-Yorke inequality (DFLY) used in [FEV17, Sec-
tion 3|, we have

[n7]-1
m(n([ln7],n)) < x) = m(Aa([0,n)) < 2) = m( ([0, [n7])) > 0) < Y m(X; > up)
1=0
[n7 -1
= Z /1UnHi(1)dm < Convm(Un) —>n—>oo 0.
=0

This way, we simply disregard the [n”] random variables of Xy, Xi,... and start the blocking
procedure, described in Section 3.1l in X |, by taking L0 = |nY|. We split the remaining
n — |n”] random variables into k,, blocks as described in Section Bl Our goal is to show that

kn [ani_l L:an Hn—1 Hn—1

0
S50 SHE S CLIICN) Bl Sl SEA CRIEEn)
1= 1] EHTL’L 1 T>] .7 L:ann T>.7

goes to 0.
We define for some j,n,q € Ny,
Rynj = min{r eN: Q((ZOBL]- N{Xjpr > up} # V)} ,
an =min{Ryn;, j=[n"],...,Hn -1},
Ly, :=max{lpp; i=1,..., k‘n}
L,:= max{Ly, Hn — Lk, }-

We have
Hn—1 Ln Hn—1 Ly,
0
> 3 (@)= 3 3 [ 10,50 10,0 Ty dim,
J=InY]r2Ren,; =[n7| 7>Rgn,i

where for every j < Hn — 1 we define

q
Dynj = Un N [\(Tjse0...0 Tpsr)~H(Un)". (4.13)
=1

Using Proposition 4] with ¢ = 1p,_ ; and ¥ = 1p,, and the adjoint property of the operators,
it follows that

/1Dq,n,j oT; 1y, o Tjyrdm < /1Dq,n,jﬂj(1)dm/1Unﬂj+r(1)dm + BX|1p,.,.; BV,
Using (DFLY), we have

/1Dq,n,j © 7; . 1U7L O Jj4r dm < Cgm(Un)Q + BCQ)\Tm(Un)
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for some Cy > 0 (independent of n) such that [|1p,, .||y < Ca. Hence,

Hn—1 n Ln
< > Z (CEm(Un)? + BCoA'm(Uy)) < C3HnL,m(Uy)? + BCym(Up)Hn > A"
Jg=In7| r2Rq i r>Rgn

< C2HnL,m(U,)? + BCom(U, )Hn)\Rq " T—x

Now we show that L, = o(n). To see this, observe that each ¢ ,,; is defined, in this case, by the
largest integer ¢ such that

Lni—1+0—1 1 Hn—1
Z m(X; > u,) < — Z m(X; > up).
. kn
J=LHn,i-1 j=In7]

Using ({I1)), it follows that

Hn —|n7]
kn

On the other hand, by definition of ¢, ; we must have

Crnip(Un)(1 4 0(1)) < 1(Un)(1 4 o(1)).

LHni-1HHn,i—1 1 Hn—1
Z m(Xj > Un) > k‘_ Z m(Xj > un) - m(XLH,n,i—l‘i'ZH,n,i > un)
G=LH i1 " j=In7]

Using ({I1) again, we have

(ULt o) > T @) (14 0(1)) — ()1 + 1),
Together with the previous inequality, we hnave
Honi = H”;in“m(l +o(1)) = o(n) (4.14)
for every i = 1,...,k, and
Hn—Lynk, =Hn—|n"] — Z lhpni=(Hn—|n"])o(1) = o(n)
i=1,....kn

s0 L, = o(n) follows at once. Using this estimate, the fact that limy, oo npu(U,) = 7 and h € BV,
we have C2HnL,m(U,)? — 0.

In order to prove that ,H;(um-)* holds, we need to show that qu — 00, as n — 00. To do that
we consider two cases, whether the orbit of ¢ hits 1 or not.

We will consider that the maps T}, for all i € Ny, are defined in S* by using the usual identification
0 ~ 1. Observe that the only possible point of discontinuity of such maps is 0 ~ 1. Moreover,
lim, o+ T;(xz) = 0 and lim,_,;- T;(x) = 5; — | Bi]-

4.3.1. The orbit of ¢ by the unperturbed Tz map does not hit 1. We mean that for all j € Ny we
have T7(¢) # 1.
We take ¢ = p, where p € N is such that TP(¢) = ¢ and T7(¢) # ¢ for all j < p. Let

en 1= |Blnr) — Bl (4.15)
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By (E3) and choice of 7y, we have that ¢, = o(n™!). Also let § > 0, be such that Bs(¢) is contained
on a domain of injectivity of all T}, with i > |n7].

Let J € N be chosen. Using a continuity argument, we can show that there exists C':= C(J,q) > 0
such that

dist(Tj1j0...0Ti41(¢), T9(C)) < Cep, forall j=1,...,J
and moreover U, NTyj0...0T;41(Uy,) =0, for all j < J such that j/q — [j/q] > 0.
We want to check that if z € Qt(z?zt,i for some i > [n7 ], i.e., Ti(x) € Dgn,i, then X;yj(x) < uy, for

all j =1,...,J. By the assumptions above, we only need to check the latter for all j =1,...,J
such that j/q — [j/q] =0, i.e., for all j = sq, where s =1,...,[J/q].

By definition of Qgg)w- the statement is clearly true when s = 1. Now, we consider s > 1 and let
T € Q((]?T)L’i. We have
diSt(ﬁ+sq($)y Ti—l—sq ©0...0 i+q+1(<)) > (ﬁ - €n)(s_1)qdiSt(7;+q(x)a C)

On the other hand,
diSt(]—;’J’_Sq ©...0 Ti+q+1(€)7 C) < CEn.

Hence,

diSt(’E—i-sq(x)a C) > diSt(ﬁ+sq(x)a Ti-i—sq 0...0 Ti-i-q-i—l(C)) - diSt(TH-sq 0...0 Ti-i-q-i—l(C% C)
> (8 — n) ™ Vdist(Titq(x), ) — Cep

s— m Un . 0
> (B — En)( l)q% — Ce,, since x € Qt(z,r)t,i = Xiq(2) <up & Tigg(x) ¢ Uy

, for n sufficiently large, since &, = o(n™1).

This shows that Tjysq(x) ¢ U, which means that X, s (x) < w,.

4.3.2. ¢ = 0 ~ 1. In this case we proceed in the same way as in [AFVI5 Section 3.3|, which
basically corresponds to considering two versions of the same point: (T = 0 and (= = 1. Note
that (T is a fixed point for all maps considered and ¢~ is periodic of prime period p.

As the previous case, we take ¢ = p. We observe that D, ,; has two connected components, one
to the right of 0 and the other to the left of 1, where none of the two points belongs to the set.
Let J € N be fixed as before. A continuity argument as the one used before allows us to show
that the points of the components of Dy, ; do not return to U, before J iterates, also. Note that,
the maps are orientation preserving so there is no switching as described in [AEV15] Section 3.3].

4.4. Verification of condition (Z2I5). Similarly to the previous condition, we disregard the
first |n?7]| random variables of Xg, X1,... and start the blocking procedure in X inv| by taking
L no=|n"]. We want to show that

Lrni—1 LHn,i—1

lim max 0 Z m(X; > up) — Z m <Q((1?2L7j) = 0.

n—00i=1,....kn ) .
J=LHm,i-1 J=LHmni-1
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Let €, be defined as in ([@I3) and let d,, be such that U,, = Bs, (¢). For simplicity, we assume
that we are using the usual Riemannian metric so that we have a symmetry of the balls, which
means that |U,| = m(U,) = 20y,

We also assume that ( is a periodic point of prime period p with respect to the unperturbed map
T = Tp and the orbit of ¢ does not hit 0 ~ 1. In this case, we take § =1 — 379 with ¢ = p and

check (217)).

Using a continuity argument we can show that there exists C':= C(J,q) > 0 such that

dlSt(ﬂ_i_q o0...0 Z+1(C)7C) < Cen.

We define two points &, and & of By, (¢) on the same side with respect to ¢ such that dist(&,,() =
(B —en) %0, + Cep, and dist (), ¢) = (B4 en) 90, — (B + €5,) " 9Cey. Recall that for all i > [n7],
we have that (8 —e,)? < Biy1 ... Biyg < (B+en)?

Since we are composing ( transformations, then for all i > |n? |, we have
dlSt(ﬂ_i_q o0...0 E(£U)7 Ti+q o0...0 TZ(C)) 2 5n + (/8 - En)qCSn.
Using the triangle inequality it follows that

dist(Tigg 0 - .0 Lo (64).€) = G
Similarly, dist(Tj4q0...0Ti41(&§), Tixgo ... 0 Tix1(C)) < 6, — Cey, and

dist(Tiq 0.0 Tiy1(&), ) < bn.

If we assume that both &, and & are on the right hand side with respect to ¢ and & and & are
the corresponding points on the left hand side of (, then

Hence,
1
O — (B —en) %0, — Cep, < §m(Dq,m~) <6, — (B+en) 0n+ (B+en) 1Cey,.

Since €, = o(n™!) = 0(d,) then we easily get
m(Dq,n,i) —1_ ﬁ_q
n— oo m(Un) )

Observe that by (EI1), m(Q(O) ) = m(T_l(Dq,m)) = u(Dgni) +o(n™t) and m(X; > u,) =

q,n,t i

w(U,) + o(n~1). Hence, we have that
0
m(Qc(I,r)L,z) 1 ,U(Dq,n,i)

li — 1 .
oo m(X; > ) oo 1u(Un)

The density %, which can be found in [Par60l Theorem 2|, is sufficiently regular so that, as in
[EETI5L Section 7.3|, one can see that

. M(ani) . m(ani)
lim —————% = lim ———=~.
nooo @(Un) oo m(Up)
It follows that ©
. m(Qq,n,i)
lim ———2>—

n—oo m(X; > uy)

=1-p7"
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Since, as we have seen in ([@I4), we can write {f,; = Iz—:(l + 0(1)), then the previous equation
can easily be used to prove that condition (Z.I5]) holds, with § =1 — 7.

For the case ( =0 ~ 1 the argument will follow similarly, although we have to take into account
the fact that the density is discontinuous at 0 ~ 1. By we have that

du B
%az _—ﬁ Z /Bn’

x<Tm(1

where M (S fo s<Tn(1 dm In this case, we have 6 = m(O)(l - B8 hH + %(1)(1 — p79).

4.5. Verification of condition (2I6]). Once again, we disregard the first |n” | random variables
of Xo, Xq,.... We want to show that

lim max M o) =0
S T L oy

Observing that by @II), m(Byi(z)) = m(T; *(Bno(z))) = p(Bno(z)) + o(n~') and using an

argument similar to the one of the previous condition, we have

p(Dn ()

)

1 =1 = lim ——— =10
ntoo 1M B, .i(x)) nros w(Bn,o(z)) noo m(Bn,o(z))

) ) )

m(An,i(z))

)

where

(Tjeo...0Tir1) H(Un)° (4.16)

)
3
<
|
o
—
/\
Q
;
k:
II ) <

and with the same 6 as before. Hence,

hmw_l Om(Byi(z) _ . m(Bag(z))

n—00 m(Qc(zon z) n—oo Om(X; > uy) T n—oo m(X; > up)

Let By, i(x) be the set By, ;(x) associated to the unperturbed dynamical system given by 7, = (T5)"

and X; the corresponding unperturbed random variables. Using a continuity argument we can
show that m(B,, i(z)) ~ m(Byi(x)) and m(X; > uy) ~ m(X; > uy), so that

fm P Bui@) o mBui@) o #Bui@) - i(Buo(@))
n—oo m(X; > up)  n—oo m(XZ > up) o /‘(Xz > up) w(Un)

For this unperturbed stationary process, it has been proved in [FFMal8|, Section 3| that lim,,
1 — m(x), where 7(x) is the distribution given in (£G) for the POT MREPP a, A,, and given in

@1) for the AOT MREPP a,A,. So, lim, % = 1—n(z) for that same distribution
m(x) and for any ¢ = [n"],..., Hn — 1. Hence, (m;ﬂfl”c;llows at once.

w(Un)

1(Bno(z/an)) _



35

4.6. Verification of condition ULC,(u, ;). We want to see that, for all H € N and y > 0,

n—oo 4

kn oo
. —yz -
lim Z/O € 5”7£H,7L,i717£H,n,i(‘T/an)dx =0,

o0

| . .
b i, (2 ) = 0,

an 11m Z/ € I 577/ L:Hn i— lyani_tHn z(x/a‘n)d'x - 0

n— o0

where ay, is as in 2.I6) and d,, 5 ¢(z) as in ZIT). Then, for all z € R,

[4/q] s+0—1 s+0—1 q
dnst(@® <D Y m <Q¢(fr)u) + Z >.m <Q¢(fr)u) + Zm< g5+~ J>
k=1 j=s+l—kKq Jj=s k>[£/q] j=1
(o) s+0—1 q
SZ Z m( qw) +Zm<Uc§70ns+€ ])
k=1 j=s+{—Kq j=1

hence for all z € ]R(J{ and y € R*, we have

EHTL’L q
3] RECAREETATEE o] ol SRR CED D A I
= R= 1.7 L:an j=1
o) Hn—1 q
[ hmtntaioin <3 5 m(0) +Som (00,
0 k=1 j=Hn—kq j=1

kn )
—yx
and : :/0 € 6"7£H,n,i717ZH,n,i_tH,n,i(‘T/an)dx
=1

LH n, i_tH n,i -1

—zz S Q)+ om (0 nnins)

R= 1.7 ‘CHni_tan Rq .]:1

Let Q( and U . be the corresponding sets Q( and U, (© ) assoaated to the unperturbed dy-

q,n,j q,n,j q,n,J
namical system given by 7, = (T3)". Using a continuity argument we can show that m (Q[(f,z j> ~

q,n.j q,n.j
proved in [FEFMalg| Section 3] that

A (k) w0 (77(0)
m <Qq,n7j) ~ 01 — 0)"m (qu,j) .
so we have m (Q(H) ) ~ 01— 0)"m (U( ) > Additionally, using ([EIT]) (once again neglecting

q,m,J qn,j

the first |n?| random variables), m (U(O) > = m(7}_1(Un)) ~ u(Uy,) ~ m(U,), som (Q(H) > ~

q7n7] q7n7]

m Q(H) ) and m (U m (U9 ). For this unperturbed stationary process, it has been
q7n7-]
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0(1 — 0)"m(U,) and, by ([2ZI12),

kn oo Lgni—1 q
> m (Q«(fr)u) +D m <U¢§,(2,L:H,n,i—j)
1=1 \k=1j=Lpg ni—kq j=1
~ (Z ka1~ 0)m(U,) +qm<Un>> S UAp—
k=1
Similarly,
o) Hn—1 q q
Z Z m (Qt(zﬁr)w> T2 m <Uq(,07Z,Hn—j> ~ gm(Un) — 0
k=1j=Hn—kKq j=1
and

o0 ‘CH,’!L,i_tH,TL,i_l

kn
> Y (e

Rzlj:‘cH,n,i_tH,n,i_ﬁq Jj=1

1=
3

(0)
<UQ7n7‘CH,n,i_tH,n,i —Jj

~ kn (i kqO(1 — 0)*m(U,) + qm(Un)) = @m(Un) — 0.
k=1

0 n—o0

5. RANDOM DYNAMICAL SYSTEMS

We now give another example of a non-stationary system in the form of a fibred dynamical sys-
tem constructed by taking Lasota-Yorke maps on the fibers; we refer in particular to the paper

[DEGTV1S].

Let us consider the unit interval I = [0, 1], endowed with the Borel o-algebra B and the Lebesgue
measure m. Furthermore, let

var(g) =  inf sup Z]h(sk) — h(sg—1)|-
k=1

h=g(mod m) 0=sp<s1<...<sp=1 —

the variation of the function g € L'(m). We define BV (I,m) (sometimes shortened in BV, as
the Banach space with respect to the norm

[Pl By = var(h) + [[A]]1-

For a piecewise C? function f : [0,1] — [0,1], set 6(f) = essinf,cjo | f/| and let N(f) denote
the number of intervals of monotonicity of f. Then let (2, F,Q) be a probability space and let
o : 0 — € be an invertible Q-preserving transformation. We will assume that Q is ergodic.
Consider now a measurable map w + f.,, w € § of piecewise C? maps on [0, 1] defined as above
and such that the map (w,z) — (P, H(w,-))(x) is Q X m-measurable and moreover

N :=sup N(f,) < oo, § := inf 6(f,) >1, and D :=sup |f/|s < oco. (5.1)
weN wes weN

H is any Q x m measurable function and H(w,-) € L*(m) for a.e. w € §; finally P,, denotes the
transfer (Perron-Frobenius) operator associated to f,,. For each n € N and w € Q, we set

fnganflwo"'ofw’

For next purposes, we need two more assumption.
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e First we ask that the following uniform covering condition holds: for every subinterval
JC 1,3k =k(J) st forae weQ, fHJ)=1

e Then we require the existence of N € N such that for each a > 0 and any sufficiently large
n € N, there is ¢ > 0 such that

essinf PY"h > ¢/2||h||, for every h € C, and a.e. w € Q,

where Cy :={¢ € BV : ¢ > 0 and var(¢) < a [ ¢dm}.
This cone-type condition will guarantee that the density h,, constructed below is strictly
positive, namely

essinf hy, > ¢/2, for a.e. w € (L (5.2)

The next step is to introduce the probability governing the extreme value distributions. First
of all we can associate to our collection of mappings on I, f,: I — I, w € Q the skew product
transformation 7: Q x I — Q x I defined by

T(w,z) = (ow, fu(x)). (5.3)

The preceding bunch of assumptions on the maps f,,, allows us to show that there exist a unique

measurable and nonnegative function h,: Q x I — R with the property that h, := h(w,-) € BV,
[ hodm =1, Ly, (hy) = hey for ae. w € Q and

esssup,eq || hwl| BV < 0. (5.4)

If we now define a probability measure p on Q x I by
w(A x B) = / h,d(Q xm), for A€ F and B € B, (5.5)
AxB

then it follows that p is invariant with respect to 7. Furthermore, p is obviously absolutely
continuous with respect to Q x m and is the only measure with these properties.

Let us now consider for any w €  the measures p,, on the measurable space (I,B), defined by
dp, = hydm. We recall here two important properties of these measures. First, the so-called
equivariant property: fiu., = pew. Second, the disintegration of p on the marginal Q : if A is any
measurable set in F x B, and A, = {z; (w,z) € A}, the section at w, then p(A) = [ p,(Ay)dQ(w).

The conditional (or sample) measure p, will constitute the probability underlying our random
processes, which we called P in the preceding sections.

After this preparatory work we can now state the decay of correlations result which will be used
later on. Let pu, be, as above, the measure on X given by du, = hodm for w € Q.Then there
exists K > 0 and p € (0,1) such that

‘/w frau [ odus- [ g,

for n >0, 1 € L'(m) and ¢ € BV(X, m); ||-|}1 denotes the L' norm with respect to m 3

< Kp"[[Yll - ¢l v, (5.6)

We now choose Q = Y%, where Y = (1,--- ,m) is a finite alphabet with m letters. We associate
to each letter a map satisfying the requirements given above: we call them random Lasota-Yorke
maps. The map o will therefore be the bilateral shift and @ any ergodic shift-invariant non-atomic

The result in [DEGTVI8], Lemma 4, is stated in a different manner. It requires ¥ in L>(m). Since the density
he is in L*(m) too as an element of BV (X, m), and moreover is essentially bounded uniformly in w by (G4), we
get the ||-|]1 norm on the right hand side of (5.0).
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ergodic probability measure, for instance, and it is the choice we do here, a Bernoulli measure
with weights p1,-- -, pm.

We now consider the process given by X := ¢ o f¥ k € N, where f¥ .= fu, © -0 fu,, being
wj €Y,j=1,--k, the first k& symbols of the word w. The function ¢ : I — RU {+£} achieves a
global maximum at z € I (we allow ¢(z) = +00), being of the following form: ¢(x) = g(dist(z, z),
where g : [0,4+00) — R U {+o0} is such that 0 is a global maximum (g(0) may be +o00,) and g
is a strictly decreasing bijection in a neighborhood of 0. Finally g assumes one of three types of
behavior which we recalled in the statement of Theorem LAl We now introduce the marginal
measure fiy on I as: pur(B) = [q i, (B)dQ(w), with B a measurable subset of I. As in
we consider all the boundary levels equal w, ; = uy,,7 = 1,--- ,n — 1, where u, is determined by
the marginal measure py so that

pnp =influ e R: py({x €I:¢(x) <u})>1-——}, (5.7)

-
n
for some 7 > 0. With this choice and by Lemma 9 of [RSV14] we have

Hn—1
> iz €I ¢(x) > up}) — 7, as n — oo, (5.8)
i=0

which is our equation (23)) for the fibred systems. From now on we will set U, := {x € I : ¢(x) >
uy, } which, by the choice of the function g, is an open neighborhood of the point z.

Condition [ (uy;)* with P = p,, can now be worked out easily thanks to the decay of correlations
(5.8), which takes care of observables given by characteristic functions, see the function v € L!(m)
in (5.6). We defer for the details to the second part of Proposition 4.3 in [FFV1T7] which is the

same as in the present context.

We now go the condition ILf](u;k”) We should first of all elaborate about the choice of the target
point z. Since we have finitely many maps fi each of which with finitely many branches, we could
choose the point z on a set of full m measure in such a way that it will not intersect the preimages
of any order of any of the maps fi,---, fi,. We should also remember that the statement on the
convergence in distribution for the extreme value law should hold for Q-almost all choice of w
defining the sample measure . This will be useful in the following periodicity considerations,
which will allow us to choose ¢ = 0 in the conditions [y (uy;)* and [T (u;, ;) above. We begin to
notice that three situations can occur:

e For a given w, the point z will never come back to itself, namely ffz %+ z,Vk > 1.

e For a given w there are finitely many blocks of periodicity, namely we have finitely many
sequences of type wj, ---w;, € w for which fWiL e fwilz = z.

e For a given w there are countably many blocks of periodicity like those described in the
preceding item.

We begin to observe that the set of the words with infinitely many blocks of periodicity has
measure zero. We therefore treat now the words with finitely many blocks of periodicity, the
situation in the first item being included in that one. Having fixed such an w, call n, the last
time f«z = z. The proof follows now closely that in section 4.3.1 on the paper to which
we defer for the details. We now point out the main differences arising in our framework.
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e First of all we use the quenched decay of correlations established in (5.6]) applied to the
same observable 1y, . This will produce two asymptotic terms i, (Uy) and p,,(Up),J >
i, and the exponential error term containing the Lebesgue measure m(U,,).

e The measure of pi,(U,) will appear in a sum ranging from 1 to n and therefore it will

converge to 7 by (B.8]).
e The other measure should be expressed in terms of the Lebesgue measure m in order to

compare it with the error term and to establish bounds from below and from above for
the quantity Lp, := max{Ly 4 =1, -+, k,}. Thanks to (52) and (54]), we have that
there exists two constants ¢; and co such that for Q-almost any w € €2 we have that

cam(Up) < iy, (Up) < com(Uy,), Vi > 1.

e We now come to the main difference with the analogous proof in section 4.3.1 in [FEV17].
We have to prove that if fi(z) € Uy, then fJ(x) € U,, for the next time with j growing
to infinity. We already put n, the last time flvz = z. If we now fix J € N, then

nwthy k=1, ,J, will never return to z. Since we are composing finitely many maps,
there will be an £ > 0, such that Vw € Q and k = 1,--- ,J we have dist(f,“*"2,2) > e.
Call m the integer such that diameter(Uy) < 56 —/ and Uy, does not intersect the preimages
up to order J of the family of maps fi,k =1, -, J. If we now take n > max{n,, i}, we
have that Vz € U, dist(f]z,z) > 5.

We are left with the verification of conditions 215 and 2161 By (5.8) and the definition of

Q(()?T)L’ ;= {¢po fi > uy, }, we see immediately that = 1. The computation of 2-I6 follows closely that
in the proof of Theorem 3.A in [FFEMal8|; we give the details for the type-1 observable g = — log x,
for which h = 1. We are reduced to estimate the ratio %, where Xo(-) = — logdist(-, z)

ol n

and z is chosen m-almost everywhere. We have

Poi (Xo > up +x)  m(B(z,e” ")) m(B(z,e7"")) fB(z7e*un*z) hgidm
Ui (X(] > un) m(B(z, e_“n)) m(B(Z, e_“n_w)) fB(z,e*“n) hajwdm’

where B(z,v) denotes a ball of center z and radius v. In the limit of large n the ratio on the
right hand side of the preceding equality goes to 1 by Lebesgue’s differentiation theorem, while
the first ratio on the left hand side goes to e™*. This gives the desired result with the probability
distribution m = 1 — e~ *. By generalizing we easily get the equivalent of Theorem [ Alin our case

Proposition 5.1. For the random fibred system constructed above and having chosen the observ-
able ¢(x) = g(dist(x, z)), where g has one of the three forms given in the statement of Theorem
EA] and z is chosen m-almost everywhere, the POT and AOT MREPP a,A, both converge in
distribution to a compound Poisson distribution process with intensity 0 = 1 and multiplicity
distribution

1 — e~ when g is of type 1 and a, = h(u,)™*
m(x) =<1 — (14 z)"P when g is of type 2 and a, = u;;* (5.9)

1— (1 —2x)7, when g is of type 3 and a, = (D — u,)~*
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