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ABSTRACT

The Stallings construction for f.g. subgroups of free groups is generalized by in-
troducing the concept of Stallings section, which allows an efficient computation of
the core of a Schreier graph based on edge folding. It is proved that those groups
admitting Stallings sections are precisely f.g. virtually free groups, through a con-
structive approach based on Basse-Serre theory. Complexity issues and applications
are also discussed.

Introduction

Finite automata became over the years the standard representation of finitely generated
subgroups H of a free group F4. The Stallings construction constitutes a simple and efficient
algorithm for building an automaton S(H) which can be used for solving the membership
problem of H in F4 and many other applications. This automaton S(H) is nothing more
than the core automaton of the Schreier graph (automaton) of H in F4, whose structure can
be described as S(H ) with finitely many infinite trees adjoined. Many features of S(H ) were
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(re)discovered over the years and were known to Reidemeister, Schreier, and particularly
Serre [17]. One of the greatest contributions of Stallings [19] is certainly the algorithm to
construct S(H): taking a finite set of generators hi, ..., h,, of H in reduced form, we start
with the so-called flower automaton, where petals labelled by the words h; (and their inverse
edges) are glued to a basepoint go:

ho

\

hlﬁu

B

Then we proceed by successively folding pairs of edges of the form g+—p—=sr until no more
folding is possible (so we get an inverse automaton). And we will have just built S(H). For
details and applications of the Stallings construction, see [1, 6, 13].

Since S(H) turns out to be the core of the Schreier graph of H < Fy, this construction
is independent of the finite set of generators of H chosen at the beginning, and of the
particular sequence of foldings followed. And the membership problem follows from the
fact that S(H) recognizes all the reduced words representing elements of H, ... and the
reduced words constitute a section for any free group.

Such an approach invites naturally generalizations for further classes of groups. For
instance, an elegant geometric construction of Stallings type automata was achieved for
amalgams of finite groups by Markus-Epstein [12]. On the other hand, the most general
results were obtained by Kapovich, Weidmann and Miasnikov [7] for finite graphs of groups
where each vertex group is either polycyclic-by-finite or word-hyperbolic and locally quasi-
convex, and where all edge groups are virtually polycyclic. However, the complex algorithms
were designed essentially to solve the generalized word problem, and it seems very hard to
extend other features of the free group case, either geometric or algorithmic. Our goal in the
present paper is precisely to develop a Stallings type approach with some generality which
is robust enough to exhibit several prized algorithmic and geometric features, namely in
connection with Schreier graphs. Moreover, we succeed on identifying those groups G for
which it can be carried on: (finitely generated) virtually free groups.

Which ingredients shall we need to get a Stallings type algorithm? First of all, we need
a section S with good properties that may emulate the role played by the reduced words
in the free group. In particular, we need a rational language (i.e. recognizable by a finite
automaton). We may of course need to be more restrictive than taking all reduced words,
if we want our finite automaton to recognize all the representatives of H <;, G in S. To
get inverse automata, it is also convenient to have S = S~!

Second, the set S, of words of S representing a certain g € G must be at least rational, so
we can get a finite automaton to represent each of the generalized petals. Third, the folding
process to be performed in the (generalized) flower automaton (complemented possibly by
other identification operations) must ensure in the end that all representatives of elements of
H in S are recognized by the automaton. And folding is the automata-theoretic translation
of the reduction process w — w taking place in the free group. So we need the condition
Sg1gs € Sg,5g,, to make sure that the petals (corresponding to the generators of H) carry
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enough information to produce, after the subsequent folding, all the representatives of
elements of H. And this is how we were led to our definition of Stallings section.

It is somewhat surprising how much we can get from this concept, that turned out to be
more robust than one would expect. Among other features, we can mention independence
from the generating set (so we can have Stallings automata for free groups when we consider
a non canonical generating set!), or closure of rational sets with respect to computation of
normal forms. We present some applications of the whole theory, believing that many others
should follow in due time, as it happened in the free group case.

The paper is structured as follows. In Section 2 we present the required basic concepts.
The theory of Stallings sections is presented in Section 3. In Section 4, we discuss the
complexity of the generalized Stallings construction in its most favourable version. In
Section 5 we use Muller and Schupp’s Theorem and Basse-Serre theory to prove that those
groups admitting a Stallings section are precisely the finitely generated virtually free groups.
In Section 6, we show that we can assume stronger properties for Stallings sections with an
eye to applications, namely the characterization of finite index subgroups.

2 Preliminaries

Given a finite alphabet A, we denote by A* the free monoid on A, with 1 denoting the
empty word. A subset of a free monoid is called a language.
We say that A = (Q, qo, T, E) is a (finite) A-automaton if:

e ( is a (finite) set;
e g @and T C Q;
e FCQxAXQ.

A nontrivial path in A is a sequence

ai a2 an

Po—P1—>  —Pn
with (p;_1,a;,p;) € E for i = 1,...,n. Its label is the word a1 ---a, € AT = A*\ {1}. Tt is
said to be a successful path if pg = qo and p, € T. We consider also the trivial path p—p
for p € Q. It is successful if p = gy € T'. The language L(.A) recognized by A is the set of all
labels of successful paths in A. A path of minimal length between two vertices is called a
geodesic, and so does its label by extension.

The automaton A = (Q, qo, T, E) is said to be deterministic if, for all p € @ and a € A,
there is at most one edge of the form (p,a,q). We say that A is trim if every ¢ € @ lies in
some successful path.

Given deterministic A-automata A = (Q, qo, T, F) and A" = (Q', ¢}, T', E'), a morphism
p: A— A is a mapping ¢: Q — Q' such that

® qop =qyand Tp C T,
e (pp,a,qp) € E' for every (p,a,q) € E.

It follows that L(A) C L(A’) if there is a morphism ¢: A — A’. The morphism ¢: A — A’
is:



e injective if it is injective as a mapping ¢: Q — Q';

e an isomorphism if it is injective, 7" = T'y and every edge of E’ is of the form (pyp, a, qp)
for some (p,a,q) € E.

The star operator on A-languages is defined by

L=z,

n>0

where LY = {1}. A language L C A* is said to be rational if L can be obtained from finite
languages using finitely many times the operators union, product and star (i.e. admits
a rational expression). Alternatively, L is rational if and only if it is recognized by a
finite (deterministic) A-automaton A = (Q,qo, T, E), see [3, Section III]. The definition
generalizes to subsets of an arbitrary monoid M in the obvious way.

We denote the set of all rational languages L C A* by Rat A*. Note that Rat A*,
endowed with the product of languages, constitutes a monoid.

In the statement of a result, we shall say that a rational language L is effectively con-
structible if there exists an algorithm to produce from the data implicit in the statement a
finite A-automaton A recognizing L.

It is convenient to summarize some closure and decidability properties of rational lan-
guages in the following proposition (see, e.g., [3]). The prefix set of a language L C A* is
defined as

Pref(L) = {u € A" |uA* N L # 0}.
A rational substitution is a morphism ¢: A* — Rat B* (where Rat B* is endowed with the
product of languages). Given L C A*  we denote by Ly the language Uyecrup C B*. Since
singletons are rational languages, monoid homomorphisms constitute particular cases of
rational substitutions.

More generally, a mapping 7: A* — 287 is called a transduction. Its graph is defined by

Ar = {(u,v) € A" x B* | v € ur}.

The transduction 7 is rational if A, is a rational subset of the monoid A* x B*. Rational
substitutions constitute a particular case of rational transductions. Rational transductions
are most commonly defined through rational transducers, i.e. finite automata with edges
labelled by elements of A x Rat B*.

The inverse transduction T—1: B* — 247 is defined by

vl ={ue A" |veur)
It is well known (see [3, Section III.4]) that rational transductions are closed under inversion.
Proposition 2.1 Let A be a finite alphabet and let K, L C A* be rational. Then:
(i) KUL,KNL,A*\ L,Pref(L) are rational;
(ii) if T2 A* — 2B" is a rational transduction, then LT is rational;

(iii) if p: A* — M is a monoid homomorphism and M is finite, then X p~*

every X C M.

1s rational for



Moreover, all the constructions are effective, and the inclusion K C L is decidable.

The class of context-free languages (see [3, Chapter II] for details) constitutes the next
level in the classical Chomsky’s hierarchy above rational languages. We have also the
following closure property (see [3, Corollary I11.4.2]):

Proposition 2.2 Let 7: A* — 28" be a rational transduction and let L C A* be context-
free. Then LT is context-free.

Given an A-automaton A and L C A*, we denote by A L the A-automaton obtained
by removing from A all the vertices and edges which do not lie in some successful path
labelled by a word in L.

Proposition 2.3 Let A be a finite A-automaton and let L C A* be a rational language.
Then AL is effectively constructible.

Proof. Write A = (Q,qo, T, E) and let A" = (@', ¢{,, T, E’) be a finite A-automaton recog-
nizing L. The direct product

= (Q X Ql7 (QO7Q(,))7T X T,7E”)

is defined by
"={((p.p),a,(¢,4)) | (p,a,q) € E, (p,a,¢) € E'}.

Let B denote the trim part of A” (by removing all vertices/edges which are not part of
successful paths in A”; this can be done effectively). Then, AT L can be obtained by
projecting into the first component the various constituents of 5. [

Given an alphabet A, we denote by A~ I the set of formal inverses of A, and write
A=AUA"1 We say that A is an involutive alphabet. We extend ~1: A — A~ 1 Jar>a"l,
to an involution on A* through

(@ '=a, (w)l'=vw! (€A uved).

An automaton A over an involutive alphabet A is involutive if, whenever (p,a,q) is an
edge of A, so is (¢,a!,p). Therefore it suffices to depict just the positively labelled edges
(having label in A) in their graphical representation.

An involutive automaton is inverse if it is deterministic, trim and has a single final
state (note that for involutive automata, being trim is equivalent to being connected). If
the latter happens to be the initial state, it is called the basepoint.

The next result is folklore. For a proof, see [1, Proposition 2.2].

Proposition 2.4 Given inverse automata A and A’, then L(A) C L(A’) if and only if
there exists a morphism ¢: A — A’. Moreover, such a morphism is unique.

Given an alphabet A, let ~ denote the congruence on A* generated by the relation

{(aa™",1) | a € A}. (1)

The quotient Fy = g*/w is the free group on A. We denote by 0: A* = F4 the canonical
morphism u — [u].



Alternatively, we can view (1) as a confluent length-reducing rewriting system on Z*,
where each word w € A* can be transformed into a unique reduced word w with no factor
of the form aa™'. As a consequence, the equivalence

u~v S U=70 (u,v € A¥)

solves the word problem for F'4. We shall use the notation R4 = A*.
We close this section with the following equivalent version of Benois Theorem, relating
rational languages with free group reduction:

Theorem 2.5 (Benois [2]) If L C A* is rational, then L is an effectively constructible
rational language.

3 Stallings sections

Let G be a (finitely generated) group generated by the finite set A. More precisely, we
consider an epimorphism 7: A* — G satisfying

aln = (am)! (2)

for every a € A. A homomorphism satisfying condition (2) is said to be matched. Note
that in this case (2) holds for arbitrary words. For short, we shall refer to a matched
epimorphism 7: A* — G (with A finite) as an m-epi.

We shall call a language S C A* a section (for 7) if ST = G and S~! = S. For every
X C G, we write

Sx=Xn"1nS§.

We say that an effectively constructible rational section S C R, is a Stallings section

for 7 if, for all g, h € G:

(S1) Sy is an effectively constructible rational language;
(52) Sgh < %'
Note that (S2) yields immediately
Suran C S 5y )

for all gi1,...,9n, € G. Moreover, in (S1) it suffices to consider S, for a € A. Indeed, by
(3), and since S~ = S and Sy = g for every g € G, we may write

Sturanyr = S Barn S (4)

and S, 1= Sa_i}r for all a; € A. Then, by Proposition 2.1 and Theorem 2.5, S; is a rational
Ianguazge for every g € G; furthermore, it is effectively constructible from Sy, x,...,S¢,x-
Note that if S is a Stallings section, then S U {1} is also a Stallings section. Indeed,
it is easy to see that conditions (S1) and (S2) are still verified: namely, if gh = 1, then
1€ 8,8, = 5,5, and so Sy, U {1} C S, S}, as required.
The next result shows that the existence of a Stallings section is independent from the
finite set A and the m-epi 7: A* = G considered:
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Proposition 3.1 Let 7: A 5 G and 7 AT = G be m-epis. Then, G has a Stallings
section for w if and only if G has a Stallings section for 7.

Proof. Let S C R4 be a Stallings section for w. There exists an m-epi ¢: A* 5 A" such
that on’ = m. Write S’ = S¢. By Proposition 2.1(ii) and Theorem 2.5, S’ is an effectively
constructible rational subset of R4/. We claim that

Sé = Sgp (5)

holds for every g € G.

Indeed, let u € S;. Then u = @ for some v € S and vrr = vpr' = Vo1’ = ur’ = g.
Hence v € S, and so S;, € Sy¢.

Conversely, let v € S;. Then 75 € Sp = 5" and 17’ = vpr’ = v1 = g, hence vp € S
and so (5) holds.

Since

(8)7 = (Sp) = (Sp)1=85"lp=5p=9,

it follows from (5) that S’ is a section for 7’. Moreover, (S1) is inherited by S’ from S by
Proposition 2.1(ii) and Theorem 2.5. Finally, for all g, h € G, we get

Sgn = Sgnp € M@
= (Sg) (Snep) = (Sg) (Snep) = S4Sy,

hence (S2) holds for S” and so S’ is a Stallings section for 7/. By symmetry, we get the
required equivalence. [

Proposition 3.2 Free groups of finite rank and finite groups have Stallings sections.

Proof. Let A be a finite set and consider the canonical m-epi 0: A* S F 1. Let S= Ry =

/~1*, which is rational by Theorem 2.5. Since S, = {g} for every g € Fj, it is immediate
that S is a Stallings section for 6. B

Assume now that G is finite and 7: A* — G is an m-epi. We show that S = R4 is a
Stallings section for w. For every g € G, we have S, = gn ' N R4 = gn—1. Since both
gt and R, are effectively constructible rational languages, so is their intersection and
so (S1) holds. Finally, let u € Sy, and take v € S,. Then (wv™!)m = ghh™! = g and so

w~t € gn=! = S;. Hence u = uwv—tv = wv=lv € 545, and (S2) holds as well. Therefore
R4 is a Stallings section for w. [J

Given an m-epi 7: A* — G and H < G, we define the Schreier automaton I'(G,H, )
to be the A-automaton having:

e the right cosets Hg (g € G) as vertices;
e H as the basepoint;

e edges Hg—2>Hg(ar) for all g € G and a € A.



It is immediate that I'(G, H, ) is always an inverse A-automaton, but it is infinite unless
H has finite index in G. Moreover, L(I'(G, H,7)) = Hr 1.

We will prove that I'(G, H, 7)1 .S is an effectively constructible finite inverse automaton
when S is a Stallings section for 7. The following lemmas pave the way for the construction
of '(G,H,m)M S:

Lemma 3.3 Let m: A* — G _be an m-epi. Let A be a trim A- automaton and let p——q be
an edge of A for some a € A. Let B be obtained by adding the edge q—>p to A. Then
(L(B))m S {(L(A))).

Proof. Write A = (Q, qo, T, E). We can factor any u € L(B) as u = uga ‘uy ---a " ‘uy,
where a~! labels each visit to the new edge. We show that ur € ((L(A))r) by induction on

n. The case n = 0 being trivial, assume that n > 1 and the claim holds for n — 1. Writing

v =wuga 'uy - -a tu,_1, we have a path in B of the form

qoi>qa—71>puﬁnt eT.
Since A is trim, we also have a path
Go—=p-—sqg-—t' €T
in A. By the induction hypothesis, we get (vz)m € ((L(A))7) and so
ur = (va" up) T = ((v2) (27 ta ™l ™ (wuy ) )7 € (L(A))7)

as claimed. OJ

Lemma 3.4 Let m: A* — G be an m-epi. Let A = (Q,q0,T,E) be a trim A-automaton
and let B be obtained by identifying qo with some t € T'. Then (L(B))m C ((L(A))m).

Proof. Let u € L(B). We can factor it as u = uy - - - ,,, where p;—¢; is a path in A with
Di, ¢ € {qo,t} (i=1,...,n). In any case, there exist paths

W0—5pi, Gt eT

in A with v, w; € L(A) U {1}. Since v;u;w; € L(A), we get w;m = (Ufl(viuiwi)wi_l)w €
((L(A))7) for every i and so um € ((L(A))m) as well. O
Lemma 3.5 Let : A* — G be an m-epi. Let A be an involutive A-automaton and let

p—=3q be a path in A with wr = 1. Let B be obtained by identifying the vertices p and q.
Then L(A) C L(B) and (L(B))m = (L(A)).

—1
Proof. The first inclusion is clear. Since A is involutive, we have also a path ¢—p in A
and w™!7 = 1. Clearly, every u € L(B) can be lifted to some v € L(A) by inserting finitely
many occurrences of the words w, w1, that is, we can get factorizations

u=uguy - -uy € L(B), v=wugw™uy-- - wru, € L(A)

with e1,...,e, € {—1, 1}. Since um = v, it follows that (L(B))m C (L(.A))m. The opposite
inclusion holds trivially. [



Since (aa~!)m = 1 for every a € g, this same argument proves that:
Lemma 3.6 Let m: A* — G be an m-epi. Let A be a finite involutive A-automaton and
let B be obtained by successively folding pairs of edges in A. Then, L(A) C L(B) and
(L(B))m = (L(A))m.

The next lemma reveals how the automaton I'(G, H, 7) M .S can be recognized.
Lemma 3.7 Let S C R4 be a Stallings section for the m-epi m: A* = G,andlet H <;,4 G.
Let A be a finite inverse A-automaton with a basepoint such that

Sy C L(A) C Hrn 1, (6)

there is no path p—sq in A with p # q and wr = 1. (7)
Then (G, H,m)MS=AMNS.

Proof. Since A and I' = T'(G, H, ) are both inverse automata with a basepoint, and
L(A) € Hr~! = L(I), it follows from Proposition 2.4 that there exists a morphism ¢: A —
I'. Suppose that pp = gy for some vertices p, q in A. Take geodesics

Q—=p,  Go——q

in A, where qq denotes the basepoint. Since py = gy, we have uv~! € Ll(F) = Hr ! Let
80 € Saw-1)r € Su. Then so € L(A) by (6) and so there is a path p—%¢ in A. Since
(utsgv)T = (v tuv~tv)T = 1, it follows from (7) that p = ¢q. Thus ¢ is injective.

It is immediate that ¢ restricts to an injective morphism ¢': AMS — I'MS. It remains
to show that every edge of I' 1S is induced by some edge of A S. Assume that H—»H
is a (successful) path in T' with s € S. By (6), we have s € L(.A) and the path gy—-qo
is mapped by ¢ onto H—+H. Since every edge of I' 1S occurs in some path H—=H, it

follows that ¢’ is an isomorphism. [J

Lemma 3.8 Let S C R4 be a Stallings section for the m-epi m: A* G, andlet H <yq4 G.
Let A be a finite inverse A-automaton with a basepoint such that Sy C L(A) C Hr~ L. It
is decidable, given two distinct vertices p,q of A, whether or not there is some path p—>q
in A with wr = 1.

Proof. Let p,q be distinct vertices of A and let gg denote its basepoint. Take geodesics
go—p and gp—q, and let s € S(uv-1)x- We claim that there is a path p—>q in A with
wm =1 if and only if s € L(A).

Indeed, assume that p—+¢ is such a path. Then uwv~! € L(A) and so st = (uv™')7 =
(uwv™H)7 € H. Thus s € Sy C L(A). »

Conversely, assume that s € L(A). Then there is a path p——>%¢ in A. Since
(utsv)r = (v luv~lv)r = 1, the lemma is proved. [J
Theorem 3.9 Let S C Ry be a Stallings section for the m-epi m: A* = G and let H <fg.
G. Then I'(G,H,m) N S is an effectively constructible finite inverse A-automaton with a
basepoint such that

Sy C L(T'(G,H,7)nS) C Hr*. (8)
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Proof. Assume that H = (h1,...,hp). Fori=1,...,m, let A; = (Qs,q;, 1, E;) be a finite
trim A-automaton with a single initial and a single terminal vertex satisfying

Sp, € L(A;) C hyr? (9)

(in the next section we shall discuss how to define such an automaton with the lowest
possible complexity). Let By be the A-automaton obtained by taking the disjoint union of
the A; and then identifying all the ¢; into a single initial vertex qg.

Suppose that ¢;—sg; is a path in A;. Take v € L(A;). Then uv € L(A;) C hyn~! and
so um = (wov™ 1)1 = h;h; b = 1. Tt follows easily that (L(Bo))r C (Sp, U---U Sy, )7 C H.

Let B; be the finite, trim, involutive A-automaton obtained from By by adjoining edges
(¢,a™L,p) for all edges (p,a,q) in By (a € A). It follows from Lemma 3.3 that (L(B;))r C
(LBo)m) CH.

Next, let By be the A-automaton obtained from B; by identifying all terminal vertices
with the initial vertex go. By Lemma 3.4, we get (L(B2))m C ((L(By))7) C H.

Finally, let B3 be the finite, inverse A-automaton with a basepoint obtained by complete
folding of By. By Lemma 3.6, we have (L(Bs))m = (L(Bz))m € H and so L(B3) C Hrn L.
Moreover,

Sh1 U---u Shm - L(.A1> Uu---u L(Am) - L(Bo) - L(Bg)
and S~! = S yield

(Sp, U---USy, U Shfl U---u Sh%l)* C L(B3)
since Bg is involutive and has a basepoint, and therefore

(Sh1 U---USp,, U Shl—l J---u Sh:nl)* C L(B3)

since Bs is inverse (the language of an inverse automaton is closed under reduction since
a word aa~! must label only loops). In view of (3), it follows that S C L(Bs) for every
h € H and so Sy C L(B3). Therefore, (6) holds for Bs.

However, (7) may not hold. Assume that the vertex set Q" of Bs is totally ordered. By
Lemma 3.8, we can decide if that happens, and find all concrete instances

J=1{(p,q) € @ x Q| p < q and there is some path p—q in Bz with wr = 1}.

Let By be the finite inverse A-automaton with a basepoint obtained by identifying all pairs
of vertices in J followed by complete folding. Since the existence of a path with label in
17! is preserved through the identification process, it follows from Lemmas 3.5 and 3.6
that By still satisfies (6). )

Suppose that there exists a path p'—¢’ in By with p’ # ¢’ and w'r = 1. We can lift p’
and/q’ to vertices p and ¢ in Bs, respectively. It is straightforward to check that the path
p'—=¢ can be lifted to a path p—q in B3 by successively inserting in w’ factors of the
form:

e aa~! (a € A) (undoing the folding operations):;
e z ¢ 177! (undoing the identification arising from r—s ).

Since w'm = wrr, it follows that either (p,q) € J or (¢q,p) € J, and so p’ = ¢/, a contradiction.
Therefore By satisfies (7). Now the theorem follows from Proposition 2.3 and Lemma 3.7.
O
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We call I'(G, H, ) M S the Stallings automaton of H (for a given Stallings section 5).
Note that I'(Fa, H,0) T R 4 is the classical Stallings automaton of H <y, F4 when we take
R4 as Stallings section (for the canonical m-epi 6).

Stallings automata provide a natural decision procedure for the generalized word prob-
lem:

Corollary 3.10 Let S C Ry be a Stallings section for the m-epi m: A* = G and let
H <4 G. Then the following conditions are equivalent for every g € G

(a) g € H;
(b) Sy C L(I'(G,H, 7)1 S);
(¢c) SgNL(T(G,H,m)NS) # 0.

Furthermore, the generalized word problem is decidable for G.

Proof. For (a) = (b), observe that if ¢ € H then S, C Sy C L(I'(G,H, 7)1 S) by
Theorem 3.9. (b) = (c) is immediate since Sy # () due to S being a section. And (c) = (a)
is true because Sy N L(I'(G, H,7) N S) C gn~' N Hr~!. Finally, decidability follows from
(S1) and Theorem 3.9. OJ

We can also prove the following generalization of Theorem 2.5:

Theorem 3.11 Let S C R4 be a Stallings section for the m-epi m: A* = G and let L C A*
be rational. Then S is an effectively constructible rational language.

Proof. Let ¢: A* — Rat A* be the rational substitution defined by ap = Sgr, for a € A
(note that 1o = {1} and, for u =a;---a, (a; € g), wp is not Syx but just Sgyx -+ Sa,r)-
We claim that

Sur = SNup (10)

holds for every u € L\ {1}. Let u = a; ---a, € L (a; € A). Then by (3) we get

S’uﬂ‘ = S(a17r)---(an7r) g Sa17r oo San7r = (alsp) “e e (angp) = W

and so Syr C S Nup.

Since apm = Syxm = aw holds for every a € ;L the inclusion S Nup C S, follows from
upm = uwpm = un. Therefore (10) holds.

Now it becomes clear that

Stw =8N (Uuertp) = SN Ly

if 1 ¢ L and
St = (SOLTP)USl

if 1 € L. And Ly is an effectively constructible rational language by (S1) and Proposi-
tion 2.1(ii), and so is Ly by Theorem 2.5. Since S and S; are rational, it follows from
Proposition 2.1(i) that S is rational and effectively constructible. [
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A natural question to ask at this stage is if we can identify a Stallings automaton for a
given Stallings section S. In the classical case of a free group F4 with § = R4 this is an
elementary thing to do: in this case, an A-automaton A is of the form [(Fyq,H,m)MR4 = Su
for some H <y, Fa if and only if A is inverse, has a basepoint, and has no vertex of
outdegree one except possibly the basepoint.

Proposition 3.12 Let S C Ry be a Stallings section for an m-epi m: A* = G. It is
decidable, given a finite A-automaton A, whether or not A = I'(G,H,w) M S for some

Proof. We may assume that A is inverse and has a basepoint. Write A = (Q, qo, g0, F)-
The equality A = AT S is an obvious necessary condition, decidable by Lemma 2.3. Thus
we may assume that A = .A4M S (in particular, A is trim).

Since S C R4 and A is trim, it follows that only the basepoint may have outdegree 1,
and so A = S(K) = T'(Fa,K,0) M R4 for some K <j,4 Fa, see [1, Proposition 2.12]: the
standard algorithm [1, Proposition 2.6] actually computes a finite subset X C R4 projecting
onto a basis X0 of K. Let K’ = (X7) <74 G. We claim that A =T(G,H,7) NS for some
H <;4 G ifand only if A=T(G, K',7)NS, a decidable condition in view of Theorem 3.9.

The converse implication being trivial, assume that A = I'(G, H, 7)M.S for some H <y
G. Since words of 17! can only label loops in I'(G, H, ), it follows from Lemma 3.7 that
we only need to show that

Sk € L(A) C K'n ™t (11)

Since A = T'(Fy4, K,0) M Ry, it follows from Theorem 3.9 that
XCRyNKO ' CL(A) CKo L.

Since KO~ C K'n=!, we get L(A) C K'7—!. Finally, X C L(A) C Hr ! yields X7 C H
and so K’ < H. Hence,
Sk C Sy C L(.A)

by (8) and so (11) holds. Thus A = T(G, K’,7) M .S and we are done. [J

4 Complexity

In this section we discuss, for a given Stallings section, an efficient way (from the viewpoint
of complexity) of constructing the automata A; in the proof of Theorem 3.9 and compute an
upper bound for the complexity of the construction of the Stallings automata I'(G, H, 7)I15S.

We say that an A-automaton is uniterminal if it has a single terminal vertex. It is easy
to see that there exist rational languages which fail to be recognized by any uniterminal
automaton (e.g. Ry, since regular languages recognizable by uniterminal automata and
containing the empty word must have a basepoint and so they are submonoids). However,
we can prove the following:

Lemma 4.1 Let S C Ry be a Stallings section for the m-epi m: A* = G and let ge€a@q.
Then there exists a finite trim uniterminal A-automaton Cy satisfying

Sy C L(Cy) C gnt.
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Proof. Let C = (Q,4,T, E) be the minimum automaton of S, (or any other finite trim
automaton with a single initial vertex recognizing S;) and let C4 be obtained by identifying
all the terminal vertices of C. Clearly, C4 is a finite trim uniterminal automaton and S, =

L(C) C L(C,) yields S, = S; C L(Cy). It remains to prove that (L(Cy))m = g.
Let u € L(Cy). Then there exists a factorization u = ugu; - - - uy such that

. u u
Z——2+t0, 81——l+t1, R Sk——£+tk

are paths in C with s;,¢; € T'. Take a path iimj in C, for j = 1,...,k. Then vj,vju; €
L(C) and so v;m = (vjuj)m = g. Hence, ujm = (Uj_l’l)ju]‘)ﬂ' =g lg=1andsour =

(upuy - - - ug)m™ = upm = g since ug € L(C) = S,. Thus, (L(Cy))m = g and so L(C,) C gr*
as required. [

We introduce next a multiplication of (finite trim) uniterminal automata: given (fi-
nite trim) uniterminal A-automata A = (Q,i,t, E) and A" = (Q',7, 1, E’), let Ax A’ =
(Q",i,t', E") be the (finite trim) uniterminal A-automaton obtained by taking the disjoint
union of the underlying graphs of A and A" and identifying ¢ with .

Lemma 4.2 Let S C Ra be a Stallings section for the m-epi 7: A* G, and let g,¢' € G.
Let A and A’ be finite trim uniterminal A-automata satisfying

Sy CL(A) Cgrt, Sy CLA)Cgr

Then
Sgg © L(Ax A') C (ggl)ﬁ_l-

Proof. Since L(A)L(A") C L(Ax A’), we get in view of (S2)

Sgg € SgSq © LIA)L(A') € L(A* A').
Now let u € L(A* A"). Then u labels a path in A x A" of the form
Ukg—1 Uk

. uQ U1 u2 /
1—p—p— -+ —p—>1,

where we emphasize all the occurrences of the vertex p obtained through the identification of
t and 7. Now it is easy to see that there exist paths i—>¢ in A and ¢/ —3¢' in A’. Moreover,

for each j = 1,...,k — 1, there exists either a path t-stin Aor a path i3 in A, Now,
in view of (L(A))m = ¢ and (L(A’))m = ¢’, we can use the same argument as in the proof
of Lemma 4.1 to show that u;m = 1 for j = 1,...,k — 1. Hence ur = (upuy ---up)m =

(uoug)™ = gg’ and so L(Ax A’) C (gg')m~! as required. O

In view of the preceding two lemmas, we can now set an algorithm to construct the
automata A; in the proof of Theorem 3.9. All we need for a start are the minimum automata
of Syr for each a € A (or any other finite trim automaton with a single initial vertex
recognizing S,; this can be effectively constructed by (S1)). Following the argument in the
proof of Lemma 4.1, we may identify all the terminal vertices to get finite trim uniterminal
A-automata Cyr satisfying

Sur € L(Cur) C amm L.
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Note that, since S~' = S, we get finite trim uniterminal A-automata C,-1, satisfying
So-1x € L(Cy-1,) C a lon !

by exchangmg the initial and the terminal vertices in C,, and replacing each edge p—>q by
an edge g—p.

Now, given h; € G, we may represent it by some reduced word a; - --a,, (a; € A), and
may compute

A = (( o (CGIW * Ca27r) * Casw) ke ) * Can7r~

By Lemma 4.2, A4; is a finite trim uniterminal A-automaton satisfying
Shy € L(A;) C hyr .

What is the maximum size of A; relatively to |h;|? What is the time complexity of
the algorithm for its construction? Note that we start with only finitely many “atomic”
automata Cor (a € A). Hence the number of vertices (edges) in 4; is a bounded multiple
of |h;|, therefore is O(|h;|), and the time complexity of the construction (disjoint union
followed by identification of two vertices, |h;| — 1 times) is also clearly O(|h;|). This is why
we gave ourselves (and the reader) the trouble of constructing the 4; this way instead of
just taking the minimum automaton of Sy, whatever that may be!

But what is the time complexity of the full algorithm leading to the Stallings automaton
I'(G, H,7)MS? It is also useful to discuss the complexity of the important intermediate B3
in the proof of Theorem 3.9 since Bs suffices for such applications as the generalized word
problem: indeed, since Bs satisfies (6), we may replace I'(G, H, w)MS by Bs in Corollary 3.10.

Let n = |hi|+- -+ |hpm|. It follows easily from our previous discussion of the time com-
plexity of the construction of the A; that By (and therefore B; and By) can be constructed
in time O(n). Since we get to Bs through complete folding, the complexity of constructing
Bs is that of the classical Stallings construction in the free group.

The Ackermann hierarchyis a sequence (Ayg)y of transformations of N defined by A4 (n) =
n and Ag(n) = A} (1) for k£ > 1 (where A}_, denotes the n-fold composition of Ak 1)
Following Nivatsch [15], we can define the Ackermann function A: N — N by A(n) = A,(3).
The inverse Ackermann function «: [0, 4+00[— N is then defined by

a(x) =min{n € N | A(n) > z}.

The inverse Ackermann function grows extremely slowly.

Using a famous result of Tarjan on Union-Find [20] (see also [4]) Touikan proved in [21]
that such complexity is O(na(n)), i.e. very close to linear. Therefore Bs can be constructed
in time O(na(n)).

We shall now discuss the complexity of the construction of the Stallings automata:
Theorem 4.3 Let S C Ry be a Stallings section for the m-epi m: A* = G and let H =
(h1,... hm) <pg G. Then T(G,H,w) S can be constructed in time O(n3a(n)), where
n=|hil+-- + |kl

Proof. We go back to the proof of Theorem 3.9, starting at Bs.
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The number of vertices of B is O(n) and therefore we have O(n?) candidate pairs to J.
For each one of these pairs, we must decide whether or not they belong to J. This involves
bounding the complexity of the algorithm described in the proof of Lemma 3.8.

Let p, ¢ be distinct vertices of Bs and let go denote its basepoint. Take geodesics go—sp
and go——q. Clearly, g = (uv™")7 can be represented by a word of length O(n). Tt follows
from the previous discussion on the complexity of the construction of A; that we may
construct a finite trim uniterminal A-automaton Cy satisfying

S, CL(G) C g

in time O(n). Performing a complete folding on C, (in time O(na(n))), we get a finite
inverse A-automaton D, satisfying

S, C L(D,) C gn™t.

Since S is a constant for our problem, we can compute an element s € SN L(Dy) = S in
time O(n) and check if s € L(Bs3) in time O(n). Therefore, by the proof of Lemma 3.8, we
can decide whether or not (p,q) € J in time O(na(n)). Since we had O(n?) candidates to
consider, we may compute .J in time O(n?a(n)). It is very likely that this upper bound can
be improved.

Since By is obtained from Bs by identifying the pairs in J followed by complete folding,
and B3 has O(n) vertices, then By can be constructed in time O(n?a(n)) in view of Touikan’s
bound.

For the last step, we must discuss the time complexity of the algorithm in the proof of
Proposition 2.3. Note that By has O(n) vertices and therefore (since the alphabet is fixed)
O(n) edges. Since S is a constant for our problem, we can build the direct product of By
by some deterministic automaton recognizing S in time O(n) and compute its trim part
in time O(n) (we have O(n) vertices and O(n) edges), and the final projection can also be
performed in linear time. Therefore I'(G, H, ) .S can be constructed in time O(n3a(n)),
which means very close to cubic complexity. [

We should stress that the above discussion of time complexity was performed for a fixed
Stallings section of a fixed group. But the computation of a Stallings section for a (virtually
free) group can be in itself a costly procedure, particularly if it is supported by Bass-Serre
theory as in the present case. This will become more evident throughout the next section.

5 Virtually free groups

A group is virtually freeif it has a free subgroup of finite index. Some recent papers involving
virtually free groups include [5, 9, 10, 18].

Next we recall the concept of graph of groups, central in Bass-Serre theory [17]. In
Serre’s viewpoint, a graph is a structure of the form I' = (V, E, 7,7), where:

e V' is a nonempty set (vertices);

e F is a set (edges);
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e 7: £ — V is a mapping (target mapping);
e : I/ — FE is an involution without fixed points.

Concepts such as cycle, connectedness, tree or subgraph are defined in the obvious way. If
I' is connected and T' C E defines a subtree of I' connecting all the vertices, we say that T'
is a spanning tree of .

We write v——w if er = w and ér = v. This allows us to view I' as an E-automaton
whenever convenient. Note that v——w if and only if w——v.

A (finite) graph of groups over a (finite) connected graph I' is a structure of the form

g = ((Gv)UEV’ (Ge)eEEa (Te)eeE)a (12)

where:
e G, is a group for every v € V (vertex groups);
e G. is a group for every e € E satisfying Gz = G, (edge groups);
e 7.: G¢ = Gy is a monomorphism for every e € E (boundary monomorphisms).

Let P(G) denote the quotient of the free product (x,evG,)* Fr by the normal subgroup
generated by the elements of the form

e(gre)é(gre)™" (e € B, g € G = Go).

Note that ee arises from the particular case g = 1.
Serre presents two alternative constructions for the fundamental group of G:

The cycle construction. Fix vg € V. Let C(G,vp) denote the set of all closed paths of
the form

€1
Un =00 —>U1
o N
Un—1<—""""" <— V9

€n—1 €3

in I' (including the trivial path).

The fundamental group m1(G,vp) of the graph of groups (12) with respect to vg € V
is the subgroup of P(G) consisting of the following elements: for every closed path of the
above form, (G, vg) contains all the elements of the form

goeigi - - - engn, with g; € Gy, fori=0,...,n. (13)

We shall use the notation (goei1g1 - - engn)é = €1 - en.

The spanning tree construction. Let 7" be a spanning tree of the graph I". The
fundamental group m1(G,T) is the quotient of P(G) by the normal subgroup generated by
the edges in T'.

Serre shows that the canonical projection P(G) — m1(G,T) induces an isomorphism from
71(G,v9) to m1(G,T), which implies in particular that both constructions are independent
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from the choice of vg and T. Therefore, we can benefit from the best of both worlds:
m1(G,T) provides a nice canonical generating set, while 7 (G, vg) provides the concept of
reduced word (S-reduced in this text (S from Serre), to avoid confusion with free group
reduced), which will make us prefer most of the time the cycle construction.

A word of the form (13) is said to be S-reduced if the following two conditions hold:

e if n =0, then go # 1;
o if 1 <i<nand e = ¢, then g; ¢ Ge,Te,.

S-reduced words play a major role in the theory of graphs of groups due to the following
two well-known properties:

e cvery element of m1(G, vp) \ {1} can be represented by some S-reduced word;
e no S-reduced word represents the identity in P(G) (nor m1(G,vp)).

It follows that G, (and therefore all vertex groups) are naturally embedded into 71 (G, vp).
HNN extensions and amalgamated free products arise as important particular cases of
graphs of groups, by taking graphs with two edges, respectively of the form

e
— —
G :
’\_/
e

Moreover, whenever I is finite, the fundamental group 71 (G, vg) can be built from the vertex
groups using a finite number of HNN extensions and amalgamated free products, where the
associated /amalgamated subgroups are of the form Gere.

The nature of 7m1(G, vp) is conditioned by the nature of the vertex and edge groups. By
a well-known theorem of Karrass, Pietrowski and Solitar [8] (see also [16, Theorem 7.3]), a
finitely generated group is virtually free if and only if it is the fundamental group of a finite
graph of finite groups. This important result provides the key to our main theorem:

Theorem 5.1 A finitely generated group admits a Stallings section if and only if it is
virtually free.

Proof. Let G be a finitely generated group. Assume that S is a Stallings section for the
m-epi 7: A* — G. We will show that the word problem submonoid 17~ is context-free. By
Muller and Schupp’s Theorem [14], this is equivalent to G being virtually free.

By the remark following the definition of Stallings section in Section 3, we can assume
that 1 € S;. Let 6: A* 5 F '4 denote the canonical morphism, as usual. We show that

ap---ap, €lrt & Sy -8y, N(A07Y) # 0 (14)

holds for all a1,...,a, € A. Indeed, since 1 € S, if and only if g = 1, we have a1 ---a, €
17~ if and only if 1 € S(ar--an)r- By (4), this is equivalent to 1 € Sg, -+ S,, ie.,
Say +++Sa, N (1071) # 0. Therefore (14) holds.

We define now a transduction 7: A* — 24° by

(a1 an)T = Say -+ Sa

n
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for ay,...,ay € A and 17 = 1. Since

Ar={{a} x Sy | a € A}
is clearly a rational subset of A* x A* then 7 is a rational transduction, and so must be
-1

Let L = 16~'. By Muller and Schupp’s Theorem [14], L is context-free and so L7~ 1 is
also context-free by Proposition 2.2.
By (14), we have

T

al---ane17r71<:)>(al'-‘an)TﬂL#@<:>a1-~anGLT*1

for all aq,...,a, € A. Since 1 € 1771 n Lt~ it follows that 17—! = L7—! and is therefore
context-free. By Muller and Schupp’s Theorem, G is virtually free.

Conversely, assume that G is virtually free. By the theorem of Karrass, Pietrowski and
Solitar, we may assume that G = 71(G, vg), where

g= ((Gv)ve\/a (Ge)eEEa (Te)EGE)

is a graph of groups over a finite connected graph I' = (V, E, 7,7), with finite vertex and
edge groups.
For every v € V, consider an alphabet A, = G, \ {1} and take A to be the disjoint union

A=FEU (UpevAy).

We shall consider the involutive alphabet g, hence it is convenient to set e~'7 = ér for
every e € F. For every v € V, let ¢, ;4\;* — G, be the canonical m-epi. Fix a spanning
tree T of " and vy € V. We have a canonical m-epi ¢: A* = 71(G,T). Composing with the
canonical isomorphism 71 (G, T) — 71(G, vo), we obtain an m-epi A* — m1(G, vo) which, by
abuse of notation, shall also be denoted by .

We define S C Ry to be the union of R4, with the languages of the form

(9090, )€1 (9100, ) - €5 (gnon,) N Ra,
where ¢; = +1 and efiT =wv; fori =1,...,n, and goei'g1 - €5 gy is an S-reduced word of
the form (13). We shall prove that S is a Stallings section for the m-epi ¢: A* — 71(G, vp).
Since every element of m(G,vg) can be represented by an S-reduced word, it follows
easily that S¢ = m1(G,v0). Since S-reduced words are well known to be closed under

inversion, then S~! = S. Thus S is a section for ¢.
We may view I' as an E-automaton (V,vg,vg, E') by taking

E' ={(éer,e,er) | e € E}.

The language of this automaton is precisely the set of closed paths with basepoint vy, i.e.,
C(G,vp). We define now a rational transducer (V,vg,vo, E”) by replacing each label e in
the edges of E' by {e} x {e,e '} A% (note that we must admit the double representation
of edges when we go from F to E) This defines a rational transduction n: E* — 24", By
Proposition 2.1(ii), (C(G,v))n is a rational language. Now it is easy to check that

S = (A (C(G,v0))n \ L) N Ra,
18



where L denotes the language of all words in A* having some factor of the form
eue™ ! or eue, with u € (Gero)po

for some e € E. Note that the languages (G.7.)p. are rational by Proposition 2.1(iii).
Since R4 is also rational, it follows easily from Proposition 2.1(i) that S is a rational section
for . Moreover, the construction of S is effective.
Let g € m1(G,vp). We must show that S, is an effectively constructible rational language.
If ¢ # 1, then it is well known that all the S-reduced words representing g arise from the
same closed path
el €2 en
Vo——V1— - —Up = Vg.

Since vertex groups are finite, it follows that there exist only finitely many S-reduced words
representing g. Adapting in the obvious way the transduction built to prove the rationality
of S, we deduce that Sy is a finite union of rational languages, hence rational. If g = 1, we
get S1 = 190,;01 N Ra,,, also rational in view of Proposition 2.1. All the constructions are
effective, so Sy is an effectively constructible rational language for every g.

Finally, let g, h € m1(G,v9). We must show that Sy, € S;Sp. Note that the mapping &
defined above for S-reduced words extends naturally to .S, taking values on the free monoid
on E (identifying e~! with ).

Fix u € Sy and w € S},. We can compute some word (uw)i) € Sgp, by successively lifting
the substitutions

e(gre)e—rg1e (e € E, g € G = Gg).

Note that (uw)v is not unique, so we fix one of the possible choices. We may write ué = u'p,
wé = p~lw' and (uw)yé = u'w' for some ', w’, p. Indeed, we may assume that ¢: Sx.S — S
is a mapping defined in the above terms.

Without loss of generality, we shall assume that «/, w’ # 1. The remaining cases consti-
tute mere simplifications of this general case.

Let z € Sgp. Then 2§ = v'w'. If we compute (zw~1)4), this implies that we must remove
precisely |w'¢| edges from each of the words z and w™!, hence the prefixes of z and (zw 1)y
ending at edge number |u’| must coincide. Denote it by z; and write (zw™!)1) = z1s1.
Similarly, the suffixes of z and (u~'2)1 starting at edge number |w'¢| (counting in reverse
order) must also coincide. Denote it by 2o and write (u™12)Y = s220. Now (zw™H)9€ = u/p
and (u™'2)Y¢ = p~lw', hence on computing z = ((zw™1)Y(u=12)Y)1h € Sy, we must cancel
p edges from each word. It follows that so& = (51£)~! and the words z and z differ at most
in the factor between the occurrence of edge number |u’| and the next edge.

Write z = z1q2z2. Note that, since every element of a vertex group has finite order and
we have at our disposal an involutive alphabet, we can always, if necessary, replace the last
vertex component of s; by an equivalent word so that sl_lq is reduced.

Let y = Sl_quQ. We have

| (=11 _ -1 _ _
yo = (51 qz2)p = (s1 21 2)p = (wz™ 2)p = wp = h.
Since w € S}, arises from an S-reduced word, then |w&| is minimum possible among {|¢{] | te
ho~t} and so

|Y€] = Jwé| = (™ 2)| = [s2€] + |22€] = |57 €] + [ 226 = |,
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whence |y¢| = [w¢]. Tt follows from minimality that y must arise from an S-reduced word.
Since y € R4 by our preprocessing of s; (recall also that the first letter of z9 is in E), it
follows that y € S and so y € Si. Therefore

2= 21qz = zlslsflng = ((zw YY)y € 545

and so Sgp, € SySp,. This completes the proof that S is a Stallings section for ¢. [

6 Sections with good properties

Having established that finitely generated virtually free groups are precisely the groups
with a Stallings section, we discuss now the possibility of imposing stronger conditions on
their Stallings sections, with the purpose of allowing further applications of the Stallings
automata I'(G, H,7) 1 S.

We start with the concept of extendable Stallings section, which will turn out to be
useful to characterize finite index subgroups. B

Let S be a Stallings section for the m-epi 7: A* — G. We say that S is extendable if,
for every u € S, there exists some w € R4 such that vw* C S and

u € Pref(S(yuny—1)r) (15)

for almost all n € N.

Proposition 6.1 Fvery finitely generated virtually free group has an extendable Stallings
section.

Proof. Let G be a finitely generated virtually free group. Assume first that G is finite. Let
m: A* = G be an m-epi. By the proof of Proposition 3.2, we may take S = R4 and w =1
for every u € S. Hence uw* C S. We have Sy = gr—! for every g € G. Next we show that
Pref(Sy) = Ra.

Let z € Ry and take a € A such that za € R4. Since G is finite, there exists some
m € N such that every element of G can be represented by some word of length < m. In
particular, there exists some z € R4 such that ((a=™z !)7)g = o7 and |z| < m. Hence
(za™x)m = g and so za™x € gn—1 = S,. Since za™ € R4 and |z| < m, we get z € Pref(S,)
and so Pref(S,) = Ra.

Therefore (15) holds and so Ry is an extendable Stallings section for m: A* — G when
G is finite. Let us assume from now on that G is infinite.

By the theorem of Karrass, Pietrowski and Solitar, we have that G = m1(G, vy), where

G = ((GU)U€V7 (Ge)eeEa (Te)eEE)

is a graph of groups over a finite connected graph I' = (V, E, 7,7), with finite vertex and
edge groups. Moreover, we may assume that none of the boundary monomorphisms 7, is
surjective. Indeed, if 7. would be surjective, then G, = G, would embed in Gz, and we
might replace our graph of groups by a graph of groups with isomorphic fundamental group
and one less vertex.
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We consider the same m-epi : A* = @ of the proof of the opposite implication in
Theorem 5.1 and the same Stallings section S.

Let u € S. If u ¢ Ra,,, write u = vw'e“u” with u” € R4, . Then there exists some
T € Ry,, such that u'z € Ra,, \GeTes(p,;Ol. This follows from our assumption on the
nonsurjectivity of the boundary maps, and also from the fact (remarked in the proof of
Theorem 5.1) that we can always change the first/last letter of a representative of an
element of a vertex group. On the other hand, let y € Ra___ \GeTe—ago;lsT and write
w = xe yeu”. It is routine to check that uww* C S and (15) holds (only finitely many of
the edge letters can be affected by multiplying by u~! on the right).

IfueRr Ayy s WE proceed with a straightforward adaptation of the preceding case, using
any edge of the form vy——wv; (I' must have edges since we are assuming G to be infinite).

Therefore S is extendable as claimed. [

We can now derive the following application of the concept of extendable Stallings
section:

Theorem 6.2 Let S be an extendable Stallings section for the m-epi 7: A* = G and let H
be a finitely generated subgroup of G. Then the following conditions are equivalent:

(a) H has finite indezx in G;
(b) S C Pref(Su);
(c) every word of S labels a path out of the basepoint of I'(G, H,m) M S.

Proof. (a) = (b). Suppose that u € S\ Pref(Sg). Since S is extendable, there exist some
v € Ra and m € N such that uv* C S and u € Pref(S(,ny-1)r) for n > m. We claim that

H(uwv?)mw # H(uv')m if j > i +m. (16)
Indeed, assume that j > i +m. If H(uv/)7 = H(uv")m, then (uv/~*u=1)7 € H and so
u e Pref(S(uvj—iu—l)ﬂ.) - Pref(SH),

a contradiction. Therefore (16) holds and so H has infinite index in G.

(b) = (¢). Since Sy C L(I'(G, H,w) M S) by Theorem 3.9.

(¢) = (a). Assume now that every word of S labels a path out of the basepoint ¢y of
A=T(G,H,7)MS. Let @ denote the (finite) vertex set of A. For every ¢ € @, fix a path
qoﬂn]. We claim that

G = U H(wgm). (17)
q€Q
Indeed, let g € G, and take u € Sy. Then there is a path in A of the form go—q for some
q € Q. Hence uw,' € L(A) C Hr~! by Theorem 3.9 and so g = ur € H(wgm). Thus (17)
holds and so H has finite index in G.
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A natural question to ask is whether or not one could replace condition (S2) in the
definition of Stallings section by the stronger condition

(S27) Syn = 84Sy, for all g, h € G.

However, we can prove that this condition can only be assumed in the simplest cases:

Proposition 6.3 The following conditions are equivalent for a group G:
(a) there exist an m-epi T: A* = G and a Stallings section S for © satisfying (52°);
(b) G is either finite or free of finite rank;
(¢) Ry is a Stallings section for some m-epi T: A* 5 G.

Proof. (a) = (b). Let S be a Stallings section S for 7: A* — G satisfying (S2). Then
Sl_l = S = 5% and so we can view (S1,0) as a subgroup of (R4,0) =& F4, where uov = uv.
The same holds for (S, 0) since S~! = § = §2, and (i, 0) is then a subgroup of (S, 0). Now
(S,0) must be free by Nielsen’s Theorem. Since S, being a Stallings section, is rational,
so is (5, 0) (a rational expression for S as a subset of A* translates through reduction to a
rational expression for S as a subset of (R4,0)). The same happens with Sy, so it follows
from Anisimov and Seifert’s Theorem [1, Theorem 3.1] that both (S5,0) and (S;,0) are
finitely generated groups. Hence (S, 0) is a free group of finite rank.
For every u € .S, we have

uS1u~t C SyrS1S,-1, = S,

hence (S1,0) is a finitely generated normal subgroup of the free group (S,0). By [11,
Proposition 3.12], (S1,0) is either trivial or has finite index in (S,0). On the other hand,
we claim that

uS, = vS] & ur =vw (18)

holds for all uw,v € S. The direct implication follows from Si7 = 1. Conversely, assume
that um = vm. Then v—1u € Sy—1,Sur = S1 and so u € vS; and uS; C vS;. By symmetry,
we get uS; = vS] and so (18) holds.

It is now straightforward to check that

(S,0)/(S1,0) = G

uS1 — U

~

is a group isomorphism. Hence either G = (S,0) is a free group of finite rank, or G =
(S,0)/(S1,0) is a finite group.

(b) = (c). Immediate from the proof of Proposition 3.2.

(c) = (a). Assume that S = R, is a Stallings section for the m-epi 7: A* — G. Let
u € Sg and v € Sy, for some g,h € G. Since uom = (uv)T™ = gh, we get uv € Sy, and so
SySh C Sgn. Therefore Sy, = 5,5y, and so Ry satisfies (S27). O
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