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Chapter 1

Introduction

Matroids were introduced by Whitney in 1935 [54] to generalize to an ab-
stract setting the concept of independence originated in linear algebra. One
of the strongest features of matroid theory is its rich geometric theory, but
the classical representation theory of matroids is not entirely successful: it is
well known that not all matroids admit a field representation [38]. Attempts
have been made to replace fields by more general structures such as partial
fields [48] or quasi fields [17], but they still failed to cover all matroids.

The main goal of this monograph is to propose a new representation
theory in a generalized context going beyond matroids, where the latter
become representable in all cases, and still rich enough to allow geometric,
topological and combinatorial applications.

Throughout the text, we shall give evidence of the geometric potential of
these new ideas. They extend in many aspects the known geometric theory
for matroids, but they also raise new perspectives in the matroid world. In
particular, we believe that our results and techniques may be of interest in
connection with several of the famous conjectures and constructions for ma-
troids. See Chapter 9 on open questions for details, particularly Questions
9.1.4 and 9.1.5. We note also that our theory extends to finite posets, see
Sections 3.2 and 9.5.

Matroids are of course particular cases of (abstract) simplicial complezes
(also known as hereditary collections) H = (V, H). In the topological (re-
spectively combinatorial) terminology,

e clements of H are called simplezxes (respectively independent);

e maximal elements of H, with respect to inclusion, are called facets
(respectively bases);
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e the dimension of a facet X is |X| — 1 (the rank of a basis X is | X]|).

We adopt the topological terminology in this text.

Matroids are defined through the axiom known as the exchange property
(EP), and a weaker condition we consider is the point replacement property
(PR) (see page 38). However, (PR) appears to be too weak to induce a rich
geometric or representation theory, so we are in fact proposing an alterna-
tive third axiom which will be fully explained in this text and informally
explained below in this Introduction,

(BR) H is boolean representable over the superboolean semiring SB,

an axiom strictly stronger than (PR) (Proposition 5.1.2 and Example 5.2.12)
but strictly weaker than (EP) (Theorem 5.2.10 and Example 5.2.11(iii)).
Thus all matroids satisfy (BR) and so results on (BR) apply to matroids.
See page 8 for further discussion of the axioms.

Therefore the reader may have two viewpoints on these new ideas:

e to consider them as a source of new concepts, techniques and problems
for matroid theory;

e to consider the new class of boolean representable simplicial complexes
as a brave new world to explore (we believe many of the theorems in
matroid theory will extend to boolean representable simplicial com-
plexes).

We have tried to suit both perspectives.
In 2006 [24] (see also [30]), Zur Izhakian had the seminal idea of consid-

ering independence for columns of a boolean matrix, arising in the context of
(super)tropical semirings (tropical geometry). In 2008, due to the prevalence
of boolean matrices throughout mathematics, the first author saw massive
applications of this idea to various areas, more specifically combinatorial
geometry and topology, combinatorics and algebra. Many of the results go
through for infinite posets, lattices and boolean matrices, but we limit our
exposition here to the finite case due to length considerations.

The foundations of the theory were formulated and developed by Izhakian
and the first author in [27, 28, 29]. Subsequently, the theory was matured
and developed by the present authors in this monograph and the paper [41],
devoted to applications to graph theory.

The well-known boolean semiring B can be built as the quotient of the
semiring (N, +,-) (for the standard operations) by the congruence which



identifies all n > 1. The superboolean semiring SB is the quotient of the
semiring (N, +, -) by the congruence which identifies all n > 2, having there-
fore 3 elements: 0, 1 and “at least 2”. So the world has successively witnessed
the plain 1 +1 = 2, Galois’s 1 +1 = 0, Boole’s 1 + 1 = 1 and now finally
1+ 1 = at least 2!

We call G = {0,2} the ghost ideal of SB. According to the concept of
independence for supertropical semirings adopted by Izhakian and Rowen
[24, 30, 32], n vectors C1,...,C, € SB™ are independent if

MCL+ ..+ N0, egm implies A\ =...= X, =0 (1.1)

forall A\1,..., A\, € {0,1}. As we show in Proposition 2.2.5, this is equivalent
to saying that the corresponding m x n matrix has a square n x n submatrix
M congruent to some lower unitriangular matrix, i.e. by independently
permuting rows/columns of M, one can get a matrix of the form

1 0o 0 ... 0
? 1 0 ... 0
? ? 1 0 (1.2)
T

Moreover, M satisfies the above property if and only if M has permanent
1, where permanent denotes the positive version of the determinant (and
therefore suitable for operations on semirings, and in particular for the SB
semiring).

Then the rank of a matrix, i.e. the maximum number of independent
columns, turns out to be the maximum size of a square submatrix with
permanent 1. Notice the similarity to the classical situation in matroid
theory, where the matrix has coefficients in a field F' and permanent 1 is
replaced by determinant # 0. Note also that in the field case the number
of rows can always be chosen to be the rank of the matroid, but not in the
boolean case (see Proposition 5.7.12 for an example).

We note that the notion of rank of a matrix we adopt is one of a number
in the literature. For alternative notons, the reader is referred to [14].

Following Izhakian and Rhodes [27], we can define the class BR of boolean
representable simplicial complexes as the set of all simplicial complexes H =
(V, H) for which there exists, for some n > 1, an n X |V| boolean matrix M
such that, for every X C V, we have X € H if and only if the columns of M
corresponding to the elements of X are independent as defined in (1.1). This
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is equivalent to saying that M admits, for some R C {1,...,n}, a square
submatrix M[R, X| congruent to (1.2), i.e. with permanent 1.

As a matter of fact, Izhakian and Rhodes proved in [27] that every sim-
plicial complex ‘H = (V, H) admits a representation over SB (the entries may
be 0, 1 or 2). This is of course too general a class to allow the development
of an interesting geometric theory in matroid style, but the restriction to
boolean matrices proved to be a much more interesting bet.

The relationship between boolean matrices and finite lattices is one of
the cornerstones of this monograph, which we explain now.
Let M = (ai;) be an m x n boolean matrix. Write C' = {1,...,n}. For
i=1,...,m, let
Zi:{jEC’CLZ'j:O}

be the set of positions of the 0’s in the ith row (why we take the 0’s instead
of the usual 1’s will be explained below). We define

Since F1 M is closed under intersection, it is a A-semilattice, and becomes
then a (finite) lattice with the determined join (see 3.4), termed the lattice of
flats of M. This terminology is inspired by the lattice of flats of a matroid,
which happens to be an important particular case of FI M as we shall se
later on.
For j € C, define
Yy =n{Zi|ai; =0},

which may be viewed as the closure of {j}. If we assume that M has no
zero columns, it turns out (Proposition 3.4.1) that F1M is V-generated by
the subset

Y(M)=A{1,...,Y,}.

Conversely, if L is a finite lattice V-generated by A (so that we can
assume that the bottom element B is not in A), we define the boolean
representation of (L, A) to be the matrix M (L, A) = (my,) defined by

— 0 ifx>a
@71 1  otherwise

for all x € L and a € A. The reasons for this placement of 0 and 1 are
explained below.

We show in Section 3.5 that under mild assumptions the operators
M — (FIM,Y(M)) and (L, A) — M (L, A) are mutually inverse, therefore



we may view boolean matrices and finite V-generated lattices as alterna-
tive perspectives of the same object. We now wish to see what boolean
independent X columns of M (L, A) correpond to in (L, A), and conversely.
Let L be a finite lattice V-generated by A. We define c-independence
in (L, A) in terms of independence for the corresponding vector columns of
M(L,A). In Proposition 3.6.2, we show that X C A is c-independent as a
subset of L if and only if X admits an enumeration z1, ...,z such that

(x1V...Vaxg) > (z2 V... Vag) > ...> (21 V 21) > T) (1.3)

Notice that, for any lattice L, we may set A = L\ {B} and use (1.3) to
get a notion of independence for L. This idea has been used for geometric
lattices, and we extend it here to arbitrary finite lattices.

Furthermore, using the closure operator Cly, on (2A, C) induced by L, we
show also that c-independence (and therefore (1.3)) are also equivalent to X
being a transversal of the successive differences for some chain of F1 M (L, A).
See below (3.10) and Proposition 3.6.2 for details.

We prove also (Proposition 3.6.4) that the rank of M(L, A) equals the
height of the lattice L.

Now the relationship between boolean matrices and finite lattices opens
new perspectives on boolean representability. Note that independence and
rank can be understood omiting any reference to SB and can be considered
as purely combinatorial properties of boolean matrices and finite lattices.

The concept of flat, defined for an arbitrary simplicial complex, plays a
major role in boolean representation theory. In matroid theory, there are
plenty of equivalent definitions, but they are not necessarily equivalent for
an arbitrary complex. We choose the generalization of the definition which
uses the independent sets in the matroid setting: given a simplicial complex
H=(V,H) and X CV, we say that X is a flat if

VIce HN2X VpeV\X TU{p}eH.

It is immediate that the intersection of flats is still a flat. Hence the flats of
‘H constitute a lattice under the determined join, denoted by F1 H.

Let M be a boolean matrix representation of a simplicial complex H =
(V,H) (so M has column space V). We often assume that all columns are
nonzero and distinct so that H is simple (all sets of two or less elements are
independent). In each row of M, the positions of the zeroes define a flat of

‘H, so by closing under all intersections F1 M constitutes a A-subsemilattice
of F1 H.
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Now the (F1#H) x V boolean representation Mat H = (mx)) defined by

[0 ifpex
XP =1 1 otherwise

is the canonical (“biggest”) boolean representation of H (if H is boolean
representable) in some precise sense (see Theorem 5.2.5). Note that the roles
of 0 and 1 are reversed with respect to the standard representation practice.
Due to the notation 0° = 1, 1° = 0, we have adopted the terminology
c-independence and c-rank in this sense to avoid any possible confusion.

But Mat H is far from being the most economical representation, and
smaller matrices M lead to smaller lattices F1 M representing H, even in the
matroid case. Thus we establish the concepts of lattice representation and
lattice of all boolean representations of a (boolean representable) simplicial
complex, which includes all matroids. This provides a representation theory
comprised of all boolean repesentations of H. The role played by lattices in
the whole theory explains why we need to develop a theory of boolean rep-
resentations of V-generated lattices prior to engaging on the representation
of simplicial complexes. In fact this theory can be extended to arbitrary
(finite) posets, with the help of the Dedekind-MacNeille completion.

Each lattice representation (L, V') of H = (V, H) induces a closure oper-
ator Cl on 2", and using the representation theory developed for lattices,
we get the following (see Theorem 5.4.2): for every X C V', we have X € H
if and only if X admits an enumeration 1, ...,z such that

CIL(JZl, .. .,xk) D) CIL(.TQ, . ,a:k) D...D ClL(.CCk) D) CIL((Z))

This equivalence is of course valid when we take L = F1 H. Then Cly(X) =
X denotes the smallest flat containing X for every X C V.

The advantage of lattice representations over matrix representations for
a given complex H is that they can be quasi-ordered using the concept of
V-map, which in our context replaces the strong/weak maps from matroid
theory. Adding an extra element to become the bottom and identifying
isomorphic V-generated lattices, the lattice representations of H become a
lattice of their own, denoted by LRy H (Theorem 5.5.5). The top element
is the canonical representation by the lattice of flats F1 H.

Understanding the structure of this lattice is important, identifying in
particular the atoms (which are the minimal lattice representations) and
the sji (strictly join irreducible) elements. The join operator is “stacking
matrices”, see Corollary 5.5.8, and every boolean representation is the stack



of some sji representations. Together with computing the minimum degree
(number of rows) of a matrix representation (mindeg), these constitute most
challenging problems for a (boolean representable) simplicial complex, new
even in the matroid case. In Section 5.7, we perform these computations for
some interesting particular cases which include the tetrahedron matroid T3,
the Fano matroid F7 and the uniform matroids Us ,, for n > 5. The next task
is to perform these calculations in more sophisticated matroid examples, see
Section 9.1 and Question 9.1.3.

In more general terms, progress has been achieved in the case of paving
simplicial complexes, namely in the case of low dimensions. A simplicial
complex H = (V, H) of dimension d is called paving if H contains every
d-subset of V.

We focus our attention on the class BPav(2) of boolean representable
paving simplicial complexes of dimension 2. Indeed, we develop geometric
tools for computing the flats in BPav(2), giving insight into the boolean
representation theory. We propose two approaches:

The first approach involves the concept of partial euclidean geometry
(PEG), an (abstract) system of points and lines where each line has at least
two points and intersects any other line in at most one point. Given a
matrix representation M of H = (V, H) € BPav(2), we can build a PEG
Geo M = (V, L)) as follows: for each nonzero row having at least 2 zeroes,
we take the correponding flat of M to be a line. Using the concept of
potential line (a set with at least two points whose addition to a PEG results
in a PEG, see page 100) we can compute both H and F1 H from Geo M
(Lemma 6.3.3 and Theorem 6.3.4). We note that this approach may be
generalized to paving simplicial complexes of higher dimensions, considering
also geometries of arbitrary dimension. A hint of this is given in Subsection
5.7.4, devoted to Steiner systems. See also the open questions in Section
9.3.

The second approach is graph-theoretic and relies on the definition of
a graph I'M to pursue similar objectives (Theorem 6.3.6 and Proposition
6.3.7). Concepts such as anticliques and superanticliques play a key role in
this approach.

The particular case of the canonical representation M = Mat H is of
utmost importance: we go deeply into the study of the graph of flats I'F1 H
=I'Mat H = (V, E) defined by

p — q is an edge in F if and only if pg C V

for all p,q € V distinct (where pg is the smallest flat containing pq).
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The graph of flats plays a major role in the topological applications of the
theory (homotopy type of the simplicial complex H). We can also compute
mindeg H if I'F1 H is disconnected (Theorem 6.5.1).

One of the main topological applications of our theory is the determina-
tion of the homotopy type making use of the concept of shellability for non
pure complexes, introduced by Bjorner and Wachs [5, 6]. They prove that
the existence of a shelling for a simplicial complex H (an enumeration of
the facets of H satisfying favorable conditions) implies that the geometric
realization || H || of A is homotopically equivalent to a wedge of spheres,
and the Betti numbers are easy to compute.

Using the graph of flats I'Fl ‘H, we succeed on identifying the shellable
complexes H € BPav(2): they are precisely those complexes such that I'F1 H
contains at most two connected components or contains exactly one nontriv-
ial connected component (Theorem 7.2.8). These are also the sequentially
Cohen-Macaulay complexes of BPav(2) (Corollary 7.2.9). We also prove that
every finite graph is isomorphic to the graph of flats of some H € Pav(2),
except in the case of a disjoint union K, LI K, U K7 of complete graphs with
r,s > 1 (Theorem 7.3.1).

The class BR of boolean representable simplicial complexes is not closed
under the most common operators, except for restriction and isomorphism,
see Chapter 8. Those who seek closure under contraction and dual must
restrict to matroids and use the representation theory for a fixed matroid.
As it turns out, if all the contractions of a simplicial complex satisfy (PR), it
must be a matroid (Proposition 8.3.6). Moreover, every simplicial complex is
the contraction of a boolean representable simplicial complex (Proposition
8.3.7). Thus the concepts of minor and minor-closed subclass, so impor-
tant in the contexts of graphs (Robertson-Seymour Theorem [15, Chapter
12]) and matroids (see [20]), cannot be directly applied in our generalized
context. However, we can get away with restriction and isomorphism only,
introducing the concept of prevariety of simplicial complexes: a class of
simplicial complexes closed under restriction and isomorphism.

A prevariety is finitely based if it can be defined through a finite set ¥ of
forbidden restrictions (basis). Bounding the dimension of the complexes in
the prevariety is important to get finitely based, so if V is a prevariety, we
denote by V; the prevariety formed by the complexes in V with dimension
< d. We can prove that Vy is finitely based for the most natural prevarieties
of simplicial complexes.

The maximum number of vertices of a complex in ¥ is the size of the basis
>’ and the size of a prevariety V, denoted by siz V), is the minimum size of such



a basis. Among other results, we show that siz PBy = (d+1)(d+2) for every
d > 2, where PB denotes the prevariety of boolean representable paving
simplicial complexes (Theorem 8.5.2(ii)). We also show that sizBR; <
(d+1)%2d?? + d + 1 (Theorem 8.5.4(iii)).

Part of the material contained in this monograph (and other things as
well) can be found under a slightly different perspective in our arXiv preprint
[42]. We have sought to extend to this new boolean setting many of the
results found in Stanley’s monograph [50].

We should remark that boolean representable simplicial complexes are
just one of the natural ways of generalizing matroids. Another natural
generalization, built over a different property, leads to the concept of gree-
doid (see the survey by Bjorner and Ziegler [8]). In the case of boolean
representable simplicial complexes, we have the means to characterize in-
dependence through chains in a lattice (which may be assumed to be the
lattice of flats), similarly to matroids; in the case of greedoids, the exchange
property of matroids is kept but hereditarity is not required (so a greedoid
is a simplicial complex if and only if it is a matroid). It turns out that
in both cases matroids can be viewed as the commutative case, and one of
the topics of our near future research is to establish all the relationships (of
algebraic, combinatorial, geometric and syntactic nature) between boolean
representable simplicial complexes, matroids, greedoids and the important
subclass of interval greedoids.
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Chapter 2

Boolean and superboolean
matrices

We introduce in this chapter the superboolean semiring SB and the core
of the theory of (boolean) matrices over SB, with special emphasis on the
concepts of independence of vectors and rank. These matrices are used
to represent various kinds of algebraic and combinatorial objects, namely
posets and simplicial complexes, especially matroids.

2.1 The boolean and the superboolean semirings

A commutative semiring is an algebra (S,+,-,0,1) of type (2,2,0,0) satis-
fying the following properties:

(CS1) (S,+,0) and (S,-,1) are commutative monoids;
(CS2) a-(b+c¢) = (a-b)+ (a-c) for all a,b,c € S;
(CS3) a-0 =0 for every a € S.

To avoid trivial cases, we assume that 1 # 0. If the operations are implicit,
we denote this semiring simply by S.

If we only require commutativity for the monoid (S, +,0) and use both
left-right versions of (CS2) and (CS3), we have the general concept of semir-
mng.

Clearly, commutative semirings constitute a variety of algebras of type
(2,2,0,0), and so universal algebra provides the concepts of congruence,

11
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homomorphism and subsemiring. In particular, an equivalence relation o
on S is said to be a congruence if

(acb A d'ob) = ((a+ad)o(b+b) A (a-d)o(b-V)).
In this case, we get induced operations on S/o = {ac | a € S} through
ac +bo = (a+b)o, aoc-bo=(a-b)o.

If o is not the universal relation, then 1o # 0o and so (S/o, +,,00,10) is
also a commutative semiring, the quotient of S by o.

The natural numbers N = {0,1,2,...} under the usual addition and
multiplication provide a most important example of a commutative semiring,.
For every m € N, we define a relation o,, on N through

aocmb ifa=0borab>m.
Then oy, is a congruence on N and

now. — {n} ifn<m
™ {m,m+1,...} otherwise

Hence {0,...,m} is a cross-section for N/o,.
We can define the boolean semiring as the quotient

B =N/o;.

As usual, we view the elements of B as the elements of the cross-section
{0,1}. Addition and multiplication are then described respectively by

0 1 .
0 1 0
1 1

1
0
1 1

= o4+
o oOlo

Similarly, we can define the superboolean semiring as the quotient
SB = N/os.

We can view the elements of SB as the elements of the cross-section {0, 1,2}.
Addition and multiplication are then described respectively by

+ |
0
1
2

N = OO
N DN |
DN DN NN
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Since 1 + 1 takes different values in both semirings, it follows that B is not
a subsemiring of SB. However, B is a homomorphic image of SB (through
the canonical mapping nog — noy).

For an alternative perspective of SB as a supertropical semiring, the
reader is referred to Section A.1 of the Appendix.

2.2 Superboolean matrices

Given a semiring S, we denote by M« (S) the set of all m x n matri-
ces with entries in S. We write also M, (S) = Mpxn(S). Addition and
multiplication are defined as usual.

Given M = (ajj) € Mpmxn(S) and nonempty I C {1,...,m}, J C
{1,...,n}, we denote by M|[I, J] the submatrix of M with entries a;; (i €
I, jeJ). Forallie {l,...,m} and j € {1,...,n}, we write also

M[Zuﬂ :M[{l,,m}\{z},{l,,n}\{]}]

Finally, we denote by M[i, ] the ith row vector of M, and by M][_, j] the
jth column vector of M.

The results we present in this section are valid for more general semirings
(any supertropical semifield, actually, see [24, 30] and Section A.l in the
Appendix), but we shall discuss only the concrete case of SB.

Let S, denote the symmetric group on {1,...,n}. The permanent of a
square matrix M = (m;;) € M,,(SB) (a positive version of the determinant)

is defined by
n
Per M = Z l_Im”7r

TeSy i=1
Note that this formula coincides with the formula for the determinant of a
square matrix over the two-element field Zy (but interpreting the operations
in SB). The classical results on determinants involving only a rearrangement
of the permutations extend naturally to SB. Therefore we can state the two
following propositions without proof:

Proposition 2.2.1 Let M = (m;;) € M,,(SB) and letp € {1,...,n}. Then
per M = Zmpj(per M[p,j]) = Zmip(per M{i,p]).
j=1 i=1

Proposition 2.2.2 The permanent of a square superboolean matriz remains
unchanged by:
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(i) permuting two columns;
(ii) permuting two rows;
(#ii) transposition.

Next we present definitions of independence and rank appropriate to the
context of superboolean matrices, introduced by Izhakian in [24] (see also
[27, 30]). For alternative notions in the context of semirings, see [14]. We
need to introduce the ghost ideal

G ={0,2} CSB

(see Section A.1 for more details on ghost ideals).

Let SB" denote the set of all vectors V' = (v1,...,v,) with entries in SB.
Addition and the scalar product SB x SB™ — SB" are defined the obvious
way.

We say that the vectors VD, ... V(™) e SB" are independent if

MV 4+ 0,V ™ e g7 implies Aq,... Ay =0

for all A1,..., Ay € {0,1}. Otherwise, they are said to be dependent. The
contrapositive yields that v . V) are dependent if and only if there
exists some nonempty I C {1,...,m} such that > ,., V® € g".

The next lemma discusses independence when we extend the vectors by
one further component:

Lemma 2.2.3 Let X = {VD . V)Y CSB" andY = (WO, ... W}
C SB™! be such that V) = (’UY), .. .,vﬁf)) and W@ = (a(i),vgz), .. ,vnz))
forie{l,...,m}. Then:

(i) if X is independent, so is Y;

(ii) if oV, ..., a"™ € G, then X is independent if and only if Y is inde-
pendent.

Proof. (i) Assume that X is independent. Let Ay, ..., A, € {0,1} be such
that MW 4.+ X, W0 € G"+L Then A VW ...+ 1, V™ € G" and
SO A1 =...= Ay, = 0 since X is independent. Thus Y is independent.

(ii) The direct implication follows from (i). Assume now that Y is inde-
pendent. Let Ay, ..., Ay € {0,1} be such that A,V ...+ X, V™) € gn,
Since a(l),...,a(m) € G, we get )\1W(1) + ...+ )\mW(m) e G" and so
Al =...= Ay, =0since Y is independent. Thus X is independent. [J
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We start now to address independence in the context of a matrix. Two
matrices M and M’ are said to be congruent and we write M = M’ if we
can transform one into the other by permuting rows and permuting columns
independently. A row of a superboolean matrix is called a marker if it has
one entry 1 and all the remaining entries are 0.

Lemma 2.2.4 [27, Cor. 3.4] Let M € M,,,xn(SB) be such that the column
vectors M| _, j] (j €{1,...,n}) are independent. Then M has a marker.

Proof. Let M = (a;;). By independence, we must have

> M5 ¢ 6"

j=1

Hence a;1 + ...+ aj, = 1 for some i € {1,...,m} and so the ith row of M
is a marker. [

The following result discusses independence for the row/column vectors
of a square superboolean matrix. The equivalence of the three first condi-
tions is due to Izhakian [24] (see also [30]), the remaining equivalence to
Izhakian and Rhodes [27]. Recall that a square matrix of the form

1 0 0 0
? 1 0 0
? ? 1 0
ot

is called lower unitriangular.

Proposition 2.2.5 [24, Th. 2.10], [27, Lemma 3.2] The following condi-
tions are equivalent for every M € M, (SB):

(i) the column vectors M[_,j] (j € {1,...,n}) are independent;
(i) the row vectors Mli, ] (i € {1,...,n}) are independent;
(iii) Per M =1;

(iv) M is congruent to some lower unitriangular matriz.
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Proof. (i) = (iv). We use induction on n. Since the implication holds triv-
ially for n = 1, we assume that n > 1 and the implication holds for n — 1.
Assuming (i), it follows from Lemma 2.2.4 that M has a marker. By permut-
ing the rows of M if needed, we may assume that the first row is a marker. By
permuting columns if needed, we may assume that M[1, | = (1,0,...,0).
Let N = M]J1,1]. Then the column vectors N[_,j] (j € {1,...,n—1})
are the column vectors M[_,j] (j € {2,...,n}) with the first coordinate
removed. Since this first coordinate is always 0, it follows from Lemma
2.2.3(ii) that the column vectors of N are independent. By the induction
hypothesis, N is congruent to some lower unitriangular matrix N’, i.e. we
can apply some sequence of row/column permutations to N to get N'. Now
if we apply the same sequence of row/column permutations to the matrix M
the first row of M remains unchanged, hence we obtain a lower unitriangular
matrix as required.

(iv) = (iii). If M = (my;) is lower unitriangular, then the unique 7 € S,
such that H?Zl m; i is nonzero is the identity permutation. Hence Per M =
[1;-, mi; = 1. Finally, we apply Proposition 2.2.2.

(iii) = (i). We use induction on n. Since the implication holds trivially
for n = 1, we assume that n > 1 and the implication holds for n — 1. Note
that, by Proposition 2.2.2, permuting rows or columns does not change the
permanent. Clearly, the same happens with respect to the dependence of
the column vectors.

Suppose first that M has no marker. Since M cannot have a row consist-
ing only of zeroes in view of Per M = 1, we have at least two nonzero entries
in each row of M. Since Per M = 1, we may also assume, (independently)
permuting rows and columns if necessary, that M has no zero entries on the
main diagonal.

We build a directed graph I' = (V, E') with vertex set V = {1,...,n} and
edges i—j whenever m;; # 0. By our assumption on the main diagonal, we
have a loop at each vertex i. Moreover, each vertex ¢ must have outdegree
at least two, each of the nonzero entries m;; in the ith row producing an
edge i—j. It follows that I' must have a cycle

g—i1—> ... — = 1o

of length £ > 2 and so S, contains two different permutations m, namely
the identity and (ig iy ...ik—1), such that m;r # 0 for every i € {1,...,n}.
Hence Per M = 2, a contradiction.

Hence we may assume that M = (m;;) has a marker. Permuting rows
and columns if necessary, we may indeed assume that M[1,_] = (1,0,...,0).
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Let N = M[1,1]. Then Proposition 2.2.1 yields Per N = Per M = 1. By the
induction hypothesis, the column vectors of N are independent. Suppose
that

MM _ 1)+ ...\ M[_,n] € g"

for some Aq,..., A\, € {0,1}. Since M1, _]is a marker, we get A\; = 0. Since
the column vectors of N are independent, we get Ao = ... = A, = 0 as well.
Thus the column vectors of M are independent.
(i) < (iii). Let M denote the transpose matrix of M. By Proposition
2.2.2(iii), we have
PerM =1 < PerM!=1.

On the other hand, (ii) is equivalent to the column vectors M'[_,j] (j €
{1,...,n}) being independent. Now we use the equivalence (i) < (iii). O

A square matrix satisfying the above (equivalent) conditions is said to
be nonsingular.

We consider now independence for any arbitrary nonempty subset of
column vectors. Given (equipotent) nonempty I,J C {1,...,n}, we say
that I is a witness for J in M if M[I, J] is nonsingular.

Proposition 2.2.6 [24, Th. 3.11] The following conditions are equivalent
for all M € Miypsn(SB) and J C {1,...,n} nonempty:

(i) the column vectors M[_,j] (7 € J) are independent;
(ii) J has a witness in M.

Proof. (i) = (ii). We use induction on |J|. Since the implication holds
trivially for |J| = 1, we assume that |J| > 1 and the implication holds for
smaller sets.

Applying Lemma 2.2.4 to the matrix M’ = M[{1,...,m}, J], it follows
that M’ has a marker. In view of Proposition 2.2.2, (independently) per-
muting rows and columns does not compromise the existence of a witness,
hence we may assume that M'[1, ] = (1,0,...,0) and j; is the element of
J corresponding to the first column of M’. Let N = M’[1,1]. Then the col-
umn vectors N|[_,j] (j € {1,...,]J| — 1}) are the column vectors M'[_, j]
(7 € {2,...,|J]}) with the first coordinate removed. Since this first coordi-
nate is always 0, it follows from Lemma 2.2.3(ii) that the column vectors of
N are independent. By the induction hypothesis, J \ {j1} has some witness
I'in N. Write P = N[I,J\ {ji1}]. Then M[I U{1},J] is of the form

()
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and so Per M[I U {1}, J] = Per P = 1. Hence I U {1} is a witness for J in
M.

(ii) = (i). Assume that I is a witness for J in M. Let N = M|[I, J]. By
Proposition 2.2.5, the column vectors N[ _, j| (5 € {1,...,|J|}) are indepen-
dent. Thus the vectors M[_, j| (j € J) are independent by Lemma 2.2.3(i).
(|

We can deduce a corollary on boolean matrices which will become useful
in future chapters:

Corollary 2.2.7 Let M € Myxn(B) and let M' € M1 1)xn(B) be 0b-
tained by adding as an extra row the sum (in B) of two rows of M. Then
the following conditions are equivalent for every J C {1,...,n}:

(i) the column vectors M[_,j] (j € J) are independent;

(ii) the column vectors M'[ _, j] (j € J) are independent.

Proof. (i) = (ii). By Lemma 2.2.3(i).

(ii) = (i). By Proposition 2.2.6, J has a witness I in M’. It is easy to
see that if a marker w is the sum of some vectors in B¥, then one of them
is equal to u. Therefore, if the sum row occurs in M'[I, J], we can always
replace it by one of the summand rows and get a nonsingular matrix of the
form M[K,J]. O

We are now ready to introduce the notion of rank of a superboolean
matrix:

Proposition 2.2.8 [24, Th. 3.11] The following numbers coincide for a
given M € M, xn(SB):

(i) the mazximum number of independent column vectors in M ;

(ii) the mazimum number of independent row vectors in M ;
(i1i) the mazimum size of a subset J C {1,...,n} having a witness in M;
(iv) the maximum size of a nonsingular submatriz of M.

Proof. Let My, ..., Mt4 denote the integers defined by each of the condi-
tions (i) — (iv) for M, respectively. The equality Mtz = M4 follows from
the definition of witness, and M, = M3 follows from Proposition 2.2.6.
Finally, My = M'1y = M%,. Since M'iy = My in view of Proposition
2.2.2(iii), we get M1y = M. O
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The rank of a superboolean matrix M, denoted by rk M, is then the
number given by any of the equivalent conditions of Proposition 2.2.8.

If M is a boolean matrix, we can still define rk M as its rank when viewed
as a superboolean matrix. We note also that this notion of rank for boolean
matrices does not coincide with the definition used by Berstel, Perrin and
Reutenauer in [2, Section VI.3].
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Chapter 3

Posets and lattices

We study in this chapter boolean representations of posets, paying special
attention to the case of lattices. Indeed, by considering V-generated lattices,
we succeed in establishing a correspondence between boolean matrices and
lattices which will be a cornerstone of the theory of boolean representations
of simplicial complexes.

3.1 Basic notions

For the various aspects of lattice theory, the reader is referred to [21, 22, 43].

All the posets in this book are finite, and we abbreviate (P, <) to P if
the partial order is implicit.

Let P be a poset and let a,b € P. We say that a covers b if a > b
and there is no ¢ € P satisfying a > ¢ > b. We may describe P by means
of its Hasse diagram Hasse P: this is a directed graph having vertex set P
and edges a—b whenever b covers a. If P is simple enough, it is common
to draw Hasse P as an undirected graph, when the orientation of the edge
a—b is expressed by the fact that a is placed at a lower level than b in the
picture.

For instance, if we order {1,...,10} by (integer) division, we obtain the

21
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Hasse diagram

4 10

=

1

The height of P, denoted by ht P, is the maximum length of a chain in
P, i.e. the maximum number of edges in an (upward) path in Hasse P. For
instance, the poset of the preceding example has height 3.

Given a poset P, we say that X C P is a down set if

a<beX = aelX
holds for all a,b € P. Dually, X is an up set if
a>beX = aecX

holds for all a,b € P. The principal down set and up set generated by a € P
are defined by

al={z € P|zx<a},

at={z€P|zx>a}.

A finite poset L is a lattice if there exist, for all a,b € L, a join and a
meet defined by

(aVpb) =min{zx € L |z > a,b},
(a A, b) =max{xr € L |z < a,b}.

We drop the subscripts L whenever possible.

Since our lattices are finite, it follows that a lattice L has a minimum
element B and a maximum element 1. We refer to B as the bottom element
and to T as the top element of L. We shall assume that 7" # B in every
lattice. A lattice is trivial if B and T are its unique elements.

Note also that finite lattices are always complete in the sense that

VS =min{zx € L | z > s for every s € S},
ALS =max{x € L | x < s for every s € S},
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are defined for every S C L. In particular, V) = B and AQ = T. Another
consequence of completeness is that the conditions

there exists a V b for all a,b € L (3.1)

and
there exists a A b for all a,b € L (3.2)

are equivalent. Indeed, if (3.1) holds, then we have
(anb)=V{zx e L|x<a,b}. (3.3)

We say that the meet (3.3) is determined by the join. Similarly, (3.2) implies
(3.1), and
(avb)=NzeL|x>a,b}. (3.4)

gives the determined join.
Given S C L, we say that S is a sublattice of L if

SL1) (aVpb) € S for all a,b € S;
(aApb) € S for all a,b € S;

Note that the first two conditions express the fact that S under the induced
partial order is a lattice in its own right, with (a Vg b) = (a Vr b) and
(aNsb)=(aAnLb)foralla,be S.

If we only require conditions (SL1) and (SL3), we say that S is a V-
subsemilattice of L. Since L is finite, this is equivalent to saying that VX €
S for every X C S.

If we only require conditions (SL2) and (SL4), we say that S is a A-
subsemilattice of L. Since L is finite, this is equivalent to saying that Ay X €
S for every X C S.

If we require conditions (SL2), (SL3) and (SL4), we say that S is a
full A\-subsemilattice of L, and dually for (SL1), (SL3), (SL4) and a full
V-subsemilattice.

We denote the set of all V-subsemilattices (respectively A-subsemilattices,
full A-subsemilattices) of L by Suby L (respectively Suba L, FSubaL).

Let A be a finite set and consider 24 ordered by inclusion. Then 24
becomes a lattice with

(XVY)=XUY, (XAY)=XnY,
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T =Aand B =0. Given Z C 24, it is easy to see that
Z={nX|XC 2}

is the smallest A-subsemilattice of 24 containing Z, i.e. the A-subsemilattice
of 24 generated by Z. Considering the determined join

(XVY)=n{ZeZ|XUY C 7},

(ZA , C) becomes indeed a lattice. However, Z is not in general a sublattice
of 24 since the determined join X V 2 Y needs not to coincide with X UY,
and the bottom element NZ needs not to be the emptyset.

We introduce also the notion of Rees quotient of a lattice, borrowed from
semigroup theory (see [11]). Given a lattice L and a proper down set [ C L,
the Rees quotient L/I is the quotient of L by the equivalence relation ~j
defined on L by

rz~yy if z=yorx,yel.

The elements of L/ are the equivalence class I and the singular equivalence
classes {z} (x € L\ I), which we identify with .

Proposition 3.1.1 Let L be a lattice and let I be a proper down set of L.
Then L/I has a natural lattice structure.

Proof. The partial ordering of L translates to L/I in the obvious way,
with I as the bottom element. Clearly, L/I inherits a natural A-semilattice
structure, and then becomes a lattice with the determined join. [

Note that the canonical projection L — L/I is a homomorphism of A-
semilattices, but not necessarily a lattice homomorphism.

Many important features and results of lattice theory can be unified
under the concept of closure operator, which will play a major role in this
monograph. Indeed, closure operators on the lattice (2", C) will constitute
an alternative to boolean matrices, as we shall see in Section 5.4.

Given a lattice L, we say that & : L — L is a closure operator if the
following axioms hold for all a,b € L:

(C1) a < a&;
(C2) a<b = af<b

(C3) af = (ag)€.
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A subset X C L is closed (with respect to §) if X = X.

As we show in Section A.2 of the Appendix, closure operators are in
some precise sense equivalent to other important lattice-theoretic concepts
such as A-subsemilattices or V-congruences.

We also introduce the following definitions, which we use throughout the
monograph:

Let L, L' be finite lattices. Following the terminology of [43], we say that
a mapping ¢ : L — L' is a:

e V-morphism if (a V b)p = (ap V bp) for all a,b € L;
o A-morphism if (a A b)p = (ap A bp) for all a,b € L;
(

o V-map if (VX)p = V(X) for every X C L;
o A-map if (AX)p = A(Xy) for every X C L.

It is easy to see, separating the cases of X being nonempty and empty,
that ¢ is a V-map if and only if ¢ is a V-morphism and By = B. Similarly,
@ is a A-map if and only if ¢ is a A-morphism and Ty =T

An equivalence relation ¢ on a lattice L is said to be a

e V-congruence if acb implies (a V ¢)o(bV ¢) for all a,b,c € L;
o A-congruence if acb implies (a A ¢)o(b A ¢) for all a,b,c € L.

Given a mapping ¢ : X — Y, the kernel of ¢ is the equivalence relation
on X defined by

Kero = {(a,b) € X x X | ap = byp}.

Next we import to the context of finite lattices a concept originated in
semigroup theory with the purpose of decomposing V-maps. Such results
will be applied later, namely in Section 5.5.

Let L be a finite lattice. An element a € L is said to be strictly meet
irreducible (smi) if, for every X C L, a = AX implies a € X. This is
equivalent to saying that a is covered by exactly one element of L. Similarly,
a is strictly join irreducible (sji) if, for every X C L, a = VX implies a € X.
This is equivalent to saying that a covers exactly one element of L. We
denote by smi(L) (respectively sji(L)) the set of all smi (respectively sji)
elements of L.

An atom of a lattice is an element covering the bottom element B.
Clearly, every atom is necessarily sji. We denote by at(L) the set of all
atoms of L. Dually, a coatom is covered by the top element 7', and is neces-
sarily smi.
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3.2 Representation of posets

We introduce now the boolean representation of posets as defined by Izhakian
and Rhodes in [29].

Given a poset P, let M(P) = (myq) denote the boolean (P x P)-matrix
defined by

_J 0 ifp>gq
Mpg = { 1 otherwise (3.5)

Notice that this is not the standard boolean representation of posets, where
mpq = 1 if and only if p < ¢. In our definition, the pth row is the character-
istic vector of the complement of the down set generated by p.

Furthermore, we shall view the boolean matrix M (P) as a particular case
of a superboolean matrix for the purpose of independence and rank. Since
our concepts differ from the standard ones, we shall call them c-independence
and c-rank to avoid any possible confusion. The letter ¢ refers to the boolean
operator 0¢ = 1, 1¢ = 0, since the roles of 0 and 1 in our representation are
reversed with respect to the standard case (if we transpose the matrix).

In practice, we must of course agree on some fixed enumeration of the
elements of P to make the correspondence with rows and columns. In most of
our examples, this enumeration corresponds to the usual ordering of natural
numbers.

More generally, if P/, P” C P, we denote by M(P’, P") the P' x P”
submatrix of M (P).

In the next example, P is described by means of its Hasse diagram, and
we consider the standard enumeration:

HasseP: 3 4 5 (3.6)
X

M(P) =

_ o O = O
_—0 O O =
— O = =
— O =
O = = =

Let P be a poset and write M = M (P). We say that p1,...,px € P are c-
independent if the column vectors M| _,p;] (i € {1,...,k}) are independent
(over SB). The c-rank of P, denoted by c-rk P, is the maximum cardinality
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of a subset of c-independent elements. By Proposition 2.2.8, this is precisely
the maximum size of a nonsingular submatrix of M (P).
Applying Proposition 2.2.5, it is easy to check that the c-rank of the

poset of (3.6) is 4. Indeed, the 4 x 4 submatrix M5, 5] is nonsingular, but
M itself is not since it has no marker.

3.3 V-generating subsets of lattices

We say that a (finite) lattice L is V-generated by A C L if L ={VvX | X C
A}. Note that we may always assume that B ¢ A since B = V() anyway.
Similarly, L is A-generated by A if L ={AX | X C A}.

It is immediate that sji(L) (respectively smi(L)) constitutes the (unique)
minimum V-generating set (respectively A-generating set) of L.

We denote by FLg the class of all ordered pairs (L, A), where L is a
(finite) lattice V-generated by A C L\ {B}. We say that (L, A), (L, A’) €
FLg are isomorphic and we write (L, A) = (L, A") if there exists a lattice
isomorphism L — L’ inducing a bijection A — A'.

The following lemma is simple but important:

Lemma 3.3.1 Let (L, A) € FLg and let x,y € L Then:
(i) x=V(zl NA);
(i) © <y if and only if | NACyl NA.

Proof. (i) Since z > a for every a € x| NA, then z > V(x| NA). On the
other hand, since L is V-generated by A, we have x = VX for some X C A.
Hence X Cz] NAand soz =VX <V(z] NA).

(ii) The direct implication is obvious, and the converse follows from (i).
O

Lemma 3.3.1 unveils already one of the advantages procured by V-gene-
rating subsets: the possibility of reducing the number of columns in boolean
representations. Some other advantages will become evident later on.

Let (L,A) € FLg and let M (L) be the boolean representation defined
in Section 3.2. We define the boolean representation of (L, A) to be the
|L| x |A| submatrix M (L, A) = (myq) of M(L).

Hence
— 0 ifz>a
@71 1 otherwise

for all z € L and a € A.
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3.4 The lattice of flats of a matrix

Adapting results from Izhakian and Rhodes [28], we associate in this section
a lattice with a given boolean matrix.

Let M = (a;;) be an m xn boolean matrix and let C' = {1,...,n} denote
the set of columns of M. For i € {1,...,m}, write
Zi={je{l,....,n} |a;; =0} €2¢ (3.7)
and define

Z(M)={Z,...,Zn} C 2.

The lattice of flats of M is then the lattice FIM = Z(M) defined in Section
3.1, having as elements the intersections of subsets of Z(M). This termi-
nology is inspired by the applications to simplicial complexes and matroids
(see Chapter 5): if M is a boolean matrix representing a matroid H, then
the flats of M are flats of H in the usual sense (Lemma 5.2.1). But the
converse needs not to be true, since F1 H is far from being the unique lattice
representing H.

Now assume that M has no zero columns. This is equivalent to saying
that ) € FIM. For j € {1,...,n}, define

Yj ={Z;| a;; =0}
and let
Y(M)={Y1,...,Y,} CFIM.
Note that Y; = N{Z; | j € Z;} and so j € Y] for every j.
Proposition 3.4.1 Let M = (a;;) be an m x n boolean matriz without zero

columns. Then (FIM,Y(M)) € FLg.

Proof. First note that Y; can never be the bottom element () since j € Yj.
Hence it suffices to show that

Zz'lﬁ...mZik:\/{Y}’jEZilﬂ...ﬂZZ‘} (38)

holds for all i1,...,i; € {1,...,m}.

Indeed, take j € Z;; N...N Z;,. On the one hand, we have a;,; = ... =
aj,j =0andsoY; C Z; N...NZ;,. Thus V{Y; | j€ Z;;N...NZ; } C
Zilﬁ...ﬂZik.

On the other hand, since j € Y} for every j, we get

Zin...NZy, C WY;ljeZ,n...0n%Z}
- \/{}/]‘jEZ“ﬂﬁZZk}

and so (3.8) holds as required. O
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Hence M — (F1M,Y(M)) defines an operator from the set of boolean
matrices without zero columns into FLg.

3.5 Matrices versus lattices

In this section, we relate the operators defined between lattices and boolean
matrices in Sections 3.3 and 3.4. We begin with the following remarks and
we use all the notation from the preceding two sections:

Lemma 3.5.1 Let (L, A) € FLg and let M = M (L, A) = (mga). Then, for
all x,y € L:

(i) Zy =x] NA;
(ii) x =\ Zy;
(111) x <y if and only if Z, C Z,.
Proof. (i) We have
Zy={a€A|my=0}={acAla<z}=z] NA
(ii) and (iii) follow from part (i) and Lemma 3.3.1. O

Next we show how we can recover (L, A) € FLg from the lattice of flats
of its matrix representation.

Proposition 3.5.2 Let (L, A) € FLg and let M = M(L,A). Then:
(1) Y(M) ={Za | ac A};
(i) (F1M,Y(M)) = (L, A).
Proof. (i) Write M = (my,). For every a € A, we have
Yo={Zy | maa =0} ={Z, |a <z} =12,

by Lemma 3.5.1(iii).
(ii) Let ¢ : L — F1 M be defined by ¢ = Z,. By Lemma 3.5.1(iii), ¢ is
a poset embedding. On the other hand, a < (z Ay) if and only if a < z and
a <y, hence Z, N Z, = Zyp, for all z,y € L. This immediately generalizes
to
Zyy N .N Zyy = Zyin.. Ay, (3.9)

for all z1,...,x; € L. Since A = Zp, it follows that ¢ is surjective. Thus ¢
is an isomorphism of posets and therefore of lattices. [J
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We shall refer to FIM (L, A) as the lattice of flats of (L, A) € FLg and
we write FI(L, A) = FIM (L, A). As we shall see later, F1(L, A) can be in
particular cases the lattice of flats of a matroid.

Corollary 3.5.3 Let (L, A) € FLg. Then
FI(L,A) ={Z; |z e L} ={z] NA|xz € L}.

Proof. The first equality follows from (3.9) and A = Zr, the second from
Lemma 3.5.1(1). O

In an effort to characterize the boolean matrices arising as representa-
tions of some (L, A) € FLg, we now consider five properties for a boolean
matrix M.

M1) the rows of M are all distinct;

M2) the columns of M are all distinct;

M4

(M1)

(M2)

(M3) M contains a row with all entries equal to 0;
(M4) M contains a row with all entries equal to 1;
(Ms)

M5) the set of row vectors of M is closed under addition in B4,

Let M denote the set of all boolean matrices satisfying properties (M1) —
(M5).

Given a boolean matrix M without zero columns, we write
M" = M(F1M,Y(M)).

In general, M* needs not to be congruent to M, as it will become apparent
after Proposition 3.5.5. But we obtain better results for matrices in M:

Proposition 3.5.4 Let M € M. Then M* = M.

Proof. Assume that M = (a;;) is an m x n matrix in M. By definition,
the elements of F1 M are of the form NW for W C {Z,...,Zy}. Since M
satisfies (Mb), {Z1,...,Zn} is closed under intersection. In view of (M3),
we have also N0 € {Z;,...,Z,}, hence FIM = {Z;,...,Z,}. By (M1),
these elements are all distinct. Note that, by (M4), M has no zero columns
and so (F1M,Y(M)) € FLg by Proposition 3.4.1.

Therefore M* = (a’Ziyj ) is also a boolean matrix with m rows. To

complete the proof, it suffices to show that a/Zin =ay; foralli e {1,...,m}
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and j € {1,...,n}. In view of (M2), M* is then an m X n matrix in M and
we shall be done.

Indeed, aZY = 0 if and only if Y; C Z;. Since j € Yj, this implies
j € Z. Conversely, J € Z; implies Y; C Z; and so
Therefore alZin =a;; and so M* = M. O

We can now prove the following:

Proposition 3.5.5 The following conditions are equivalent for a boolean
matrix M :

(i) M = M(L,A) for some (L, A) € FLg;
(ii) M € M.

Proof. (i) = (ii). Write M = (my,). Property (M1) follows from Lemma
3.5.1(iii).

Let a,b € A be distinct. We may assume that a £ b. Then my, = 1 #
0 = mp. Hence the columns corresponding to a and b are different and

(M2) holds.
Property (M3) follows from M|T, _] being the zero vector. Since B ¢ A,
we get M[B,_]=(1,...,1) and so (M4) holds.

To prove (M5), let x,y € L. It suffices to show that mynye = My +myq
holds in B for every a € A. This follows from the equivalence

"’nav/\y,a:0 < GS(CB/\y)@(agxandagy)
~ (mx,azoand my7a:0)<:>mx7a+my7a:0.

Therefore M € M.
(ii) = (i). By Propositions 3.4.1 and 3.5.4. [

Now it is easy to establish a correspondence between the set FLg/ 2 of
isomorphism classes of FLg and the set M /2 of congruence classes of M:

Corollary 3.5.6 The mappings

M — Flg and FLg — M

M s (FIM,Y(M)) (L.A) = M(L,A)
induce mutually inverse bijections between M /= and FLg/=.

Proof. It follows easily from the definitions that the above operators induce
mappings between M /2 and FLg/ 2. These mappings are mutually inverse
by Propositions 3.5.2(ii) and 3.5.4. O
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Example 3.5.7 Let M be the matrizx

Omitting brackets and commas, and identifying the elements Y1,...,Ys of
V(M), the lattice of flats F1 M can be represented through its Hasse diagram:

12345 = Y;
23>/<24><345Y5
2=Y; 3=Y; 4=,

~—

Finally, M* is the matriz

— O R R e
_ O =, O, OO
O, O, OO+
— OO,k OO
— O R == O ==

The above example illustrates a simple remark: if all the columns of M
are distinct and nonzero, if all its rows are distinct, then M* can be obtained

from M by adding a zero row and any new rows obtained as sums of rows
of M in BIFI,

3.6 c-independence and c-rank

Let L be a lattice and M = M(L). As defined in Section 3.2, the elements
Z1,...,T, € L are c-independent if the the column vectors M[_,x1],...,
M][_, xy] are independent (over SB). Note that, if (L, A) € FLg and 1, ...,
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xp € A, this is equivalent to saying that the column vectors M'[_, x1],...,
M'[ _,x] of M' = M(L, A) are independent (over SB).

We can use the lattice of flats FI(L, A) to define an operator on the
lattice (24, C): given X C A, let

ClLX =n{Z € FI(L,A) | X C Z}.

Lemma 3.6.1 Let (L,A) € FLg. Then Cl is a closure operator on
(24,9).

Proof. By construction, FI(L, A) is a N-subsemilattice of (24, C), and
Clp = (FI(L, A))®'
is a closure operator by Proposition A.2.4 in the Appendix. O

Recall the notation Z; introduced in (3.7) for a boolean matrix M. If
M = M(L, A), we claim that

ClLX =Zy,x =AN (VLX) | (3.10)

holds for every X C A.
Indeed, we have X C Zy,, x € FI(L, A), and the equivalence

XCZ, & VeeXz<y & ViX<y & Zy,xCZ

follows from Lemma 3.5.1, hence Cl X = Zy, x. Lemma 3.5.1 also yields
Zy,x =AN(VX)l, hence (3.10) holds.

The successive differences of a chain Yy O ... D Y} in 24 are the subsets
Yo\ Y1,...,Ye 1\ Yi. If Yo = A and Yj, = 0, they constitute an (ordered)
partition of A. We say that X = {z1,..., 2} C A is a transversal of the
successive differences for the above chain if each Y;_1 \ Y; contains exactly
one element of X. A subset of a transversal is a partial transversal .

By adapting the proofs of [28, Lemmas 3.4 and 3.5], we can prove the
following:

Proposition 3.6.2 Let (L,A) € FLg and X C A. Then the following
conditions are equivalent:

(i) X is c-independent as a subset of L;
(ii) X admits an enumeration x1, ...,z such that

(x1V...Var) > (xaV...Vxg) >...> (xp—1 Vo) >zr; (3.11)
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(i) X admits an enumeration x1,. ..,z such that

Clp(x1,...,2x) D Clg(za,...,xx) D ... D Clp(zk);

(iv) X admits an enumeration x1,...,xy such that
v Olp(@ipn, ) (=1, k= 1)

(v) X is a transversal of the successive differences for some chain of
FI(L, A);

(vi) X is a partial transversal of the partition of successive differences for
some mazimal chain of F1(L, A).

Proof. (i) = (ii). If X is c-independent, then X admits an enumeration
x1,...,x such that M (L) admits a lower unitriangular submatrix M’, with
the columns labelled by x1,...,z; and the rows labelled, say, by v1, ..., Y.
Let i € {1,...,k—1}. We have z; £ y; and z;11,...,2 < y; since M’ is
lower unitriangular. Hence (x;41 V...V xg) <y; but (z; V... Vzg) £ y; in
view of x; £ y;. Thus (x; V...V xg) > (241 V... Vi) and (3.11) holds.

(i) = (iii). By Lemma 3.5.1(iii) and (3.10).

(iii) = (iv). If =, € Clp(zit1,...,x), then Clp(xg,...,zx) =
Clp(mix1,. .., o).

(iv) = (ii). Clearly, (z; V...Vxg) > (xi41V... V), and equality would
imply CIL(xi, e ,xk) = CIL(HZZ'_H, e ,a:k) by (310)

(ii) = (i). If (3.11) holds, we build a lower unitriangular submatrix of
M (L) by taking rows labelled by y1,...,yx € L, where y; = (241 V...V xy)
(1=1,...,k).

(v) = (iv). We may assume that there exists a chain

YoD...DY;

in FI(L, A) and an enumeration 1, ...,z of the elements of X such that
x; € Yio1 \ Y for i =1,... k. Since Clp(zit1,...,25) CY;, it follows that
€Ty ¢ CIL(JZH_l,...,xk) for i = 1,...,k— 1.

(iii) = (v). It is easy to see that X is a transversal of the successive
differences for the chain

Clp(z1,...,2x) D Clp(xe,...,2k) D ... D Clp(zk_1,2k) D Clp(zg) DO

in FI(L, A).
(v) & (vi). Immediate. O
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It is easy to characterize c-independence for small numbers of elements:

Corollary 3.6.3 Let (L,A) € FLg and let X C A with |X| < 2. Then X
s c-independent as a subset of L.

Proof. The case |X| < 1 is immediate in view of B ¢ A, hence we may
assume that X = {x1,29} and x; £ z3. Then (z1 V x2) > 22 and so X is
c-independent by Proposition 3.6.2. [

We end this section by discussing the c-rank. The second equality is due
to Izhakian and Rhodes [28, Theorem 3.6].

Proposition 3.6.4 Let (L,A) € FLg. Then rk M(L,A) = ¢tk L = ht L.

Proof. Since M(L,A) is a submatrix of M(L), we have rk M (L, A) <
crk L.

Suppose that ht L = k. Then there is a chain yo > y1 > ... > yi in L.
Since A V-generates L, for each i € {1,...,k} there exists some a; € A such
that a; < y;—1 but a; £ y;. It follows that

(aix1 V... Vag) <y 2 (a; V... Vayg)
and so
(a1 V...Vag)>(a2V...Vag)>...> (ag—1VxK) > ag.

By Proposition 3.6.2, {ai,...,ar} is c-independent and so rk M (L, A) >
ht L.

Now ¢tk L =rk M (L) =1k M (L, L \ {B}) because the omitted column
corresponding to B contains only zeros and is therefore irrelevant to the
computation of the c-rank. By Proposition 3.6.2, every c-independent subset
X of L\ {B} with k elements produces a chain in L with length k& — 1, which
can be extended to a chain of length k£ by adjoining the bottom element B.
Hence c-rtk L < ht L <rk M (L, A) < c-rk L and we are done. [

In Section A.4 of the Appendix, we use the results in this section to
produce results on c-independence and c-rank for posets (Propositions A.4.3
and A.4.3) using the concept of lattice completion.
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Chapter 4

Simplicial complexes

Simplicial complexes can be approached in the most abstract way, as combi-
natorial objects, and under this perspective they are often called hereditary
collections. Matroids constitute a very important particular case.

They can be also approached under a geometric perspective (say, as
objects in some euclidean space), and this leads to the concept of geometric
simplicial complex.

The two definitions turn out to be equivalent in some sense. In this
monograph, we shall favor the combinatorial perspective on most occasions,
but we shall also use the geometric perspective for some results. We note
that all our simplicial complexes are assumed to be finite.

In this chapter, we focus on the combinatorial perspective and discuss
the fundamental concept of flat, which generalizes the well-known concept
of matroid theory and is bound to play a major role in the upcoming theory
of boolean representations.

The geometric perspective is discussed in some detail in Section A.5 of
the Appendix.

4.1 The combinatorial perspective

Let V be a finite nonempty set and let H C 2V. We say that H = (V, H) is
an (abstract) simplicial complex (or hereditary collection) if H is nonempty
and closed under taking subsets. Two simplicial complexes H = (V, H) and
H'= (V' H') are isomorphic if there exists some bijection ¢ : V' — V' such
that

XeH&XpeH

holds for every X C V. We write then H=H'.

37
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A nonempty element I € H is called a simplez or a face. Its dimension
is dim 7 = |I| — 1. A maximal face of # (under inclusion) is called a facet.
We denote by fct H the set of all facets of H.

We use the convention dim () = —1. Then the dimension of H is defined
by

dim H = max{dim X | X € H}.

For every k > 0, we write
P(V)={XCV||X]|=k} and P(V)={XCV||X|<k}.

We may on occasions identify P;(V') with V. We shall refer to their elements

as points. We adopt also on occasions the terminology n-set (respectively

n-subset) to refer to a set (respectively subset) with n elements. To simplify

notation, we shall often represent an n-set {x1,xo,...,2,} as x122. .. 2y,
A simplicial complex H = (V, H) is:

pure if all its facets have the same dimension;

trim if P,(V) C H;

simple if P,(V)) C H;

paving if Py(V') C H for d = dim H;

uniform if H = P<gy1(V).

A simplicial complex H = (V, H) satisfies the point replacement property
if:

(PR) forall I,{p} € H\{0}, there exists some i € I such that (I\{i})U{p} €
H.

4.1.1 Matroids

A simplicial complex ‘H = (V, H) satisfies the exchange property if:

(EP) For all I,J € H with |[I| = |J| + 1, there exists some i € I\ J such
that J U {i} € H.

A simplicial complex satisfying the exchange property is called a matroid.
Note that every matroid is necessarily pure. Moreover, (EP) implies the
more general condition
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(EP’) For all I,J € H with |I]| > |J|, there exists some i € I \ J such that
JuU{i} € H.

Indeed, it suffices to apply (EP) to J and I’ for some I’ C I such that
|\I'| = |J| + 1.

There are many other equivalent definitions of matroid. For details, the
reader is referred to [38, 39, 53]. The concept of circuit is very important. A
subset C' C V is said to be a circuit of # = (V, H) if C' ¢ H but all proper
subsets of C' are in H.

4.1.2 Graphs

We can view (finite undirected) graphs as trim simplicial complexes of di-
mension < 1. If H = (V, H) is such a complex, we view V (identified often
with P;(V')) as the set of vertices and E = P»(V) N H as the set of edges.
However, we shall use the classical representation (V, E) to denote a graph.
Note that this definition excludes the existence of loops or multiple edges,
so we are meaning graphs in the strictest sense of the word.

Graphs will be present throughout the whole monograph, and we collect
here some of the concepts and terminology to be needed in future sections.
We assume some familiarity with the most basic concepts such as subgraph,
isomorphism, path, cycle and degree.

Let I = (V, E) be a (finite undirected) graph. The girth of G, denoted
by gthT), is the length of the shortest cycle in I' (assumed to be oo if ' is
acyclic). Note that gthI" > 3 since there are no loops nor multiple edges. A
graph of girth > 3 is said to be triangle-free.

The graph I' is connected if all distinct v,w € V can be connected through
some path of the form

V=09 — U — ... — Up = W,

where v;_1v; € E for every i € {1,...,n}. Such a path is said to have length
n.

We shall use the expression connected component of I' to denote both a
maximal connected subgraph of I" and its set of vertices. We say that a con-
nected component is nontrivial if it has more than one vertex (equivalently,
if it has an edge).

If T is a connected graph, we can define a metric d on V' by taking d(v, w)
to be the length of the shortest path connecting v and w. The diameter of
I" is defined as

diamT' = max{d(v,w) | v,w € V}.
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If I is not connected, we define diamI' = oco.
We say that X C V is a

e clique if pg € E for all distinct p,q € X;
e anticlique if pg ¢ E for all distinct p,q € X.

Anticliques are more usually called independent sets, but we want to avoid
overloading the word “independent”. An (anti)clique with n elements is said
to be an n-(anti)clique. A 1-(anti)clique is said to be trivial.

Given a vertex v € V, the neighborhood of v is defined as the set nbh(v)
of all vertices adjacent to v in I'. The closed neighborhood of v is defined as
nbh(v) = nbh(v) U {v}.

We denote by maxdegI' the maximum degree reached by a vertex in I',
i.e. maxdegI' = max{|nbh(v)| | v € V}.

The complement I' = (V, E€) of I is the graph defined by E¢ = Py(V)\
E.

We introduce next the concepts of superclique and superanticlique for a
graph I' = (V| E). We say that a nontrivial clique C' C V is a superclique if

nbh(a) N nbh(b) = C

holds for all a,b € C distinct. In particular, every superclique is a maximal
clique. Dually, a a nontrivial anticlique A C V is a superanticlique if

nbh(a) Unbh(b) =V \ A

holds for all a,b € A distinct. In particular, every superanticlique is a
maximal anticlique.

Proposition 4.1.1 Let I' = (V, E) be a graph and let X C V. Then the
following conditions are equivalent:

(i) X is a superanticlique of T';

(i) X is a superclique of T'°.

Proof. Indeed, it is immediate that cliques on I' correspond to anticliques
in I'® and vice-versa. For the rest, we compute the complements. Clearly,
nbhr(p) = V \ nbhre¢(p), and nbhre(p) N nbhre(¢) = X if and only if
nbhr(p) U nbhr(q) =V \X. O
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Given graphs I and I, we denote by I' UT" their disjoint union.

Given n > 1, we denote by K,, the complete graph on n vertices, i.e.
we take |V| = n and E = P»(V). Given m,n > 1, we denote by K,
the complete bipartite graph on m + n vertices, i.e. we consider a partition
V = V1 U Vs such that |Vi| =m, |Va] =n and

FE = {Ulvg | v1 € Vi,v9 € Vz}

4.2 Flats
Let H = (V, H) be a simplicial complex. We say that X C V is a flat if
VIcHN2X YpeV\X Tu{p}eH.

The set of all flats of H is denoted by F1 H.
An alternative characterization is provided through the notion of circuit:

Proposition 4.2.1 Let H = (V, H) be a simplicial complex and let X C V.
Then the following conditions are equivalent:

(i) X is a flat;
(ii) if pe C C X U{p} for some circuit C, then p € X.

Proof. (i) = (ii). Suppose that there exist a circuit C and p € C C X U{p}
such that p ¢ X. Then C = I U {p} for some I C X. It follows that
I€¢ HN2X and p € V'\ X, however I U {p} ¢ H. Therefore X is not a flat.

(ii) = (i). Suppose that X is not a flat. Then there exist I € HN2% and
p € V' \ X such that I U {p} ¢ H. Let Iy C I be minimal for the property
IoU{p} ¢ H. Since Iy € H due to Iy C I € H, it follows that Iy U {p} is
a circuit by minimality of Iy. Thus condition (ii) fails for C' = Iy U {p} and
we are done. [

Note that condition (ii) is one of the standard characterization of flats
for matroids.
The following result summarizes some straightforward properties of F1 H.

Proposition 4.2.2 Let H = (V, H) be a simplicial complez.
(i) Ve F1H.
(i) If Y C FIH, then NY € FIH.
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(111) If P<p(V) C H for k> 1, then P<;_1(V) C FIH.

(i) If H is simple, then the points of V are flats.

Proof. (i) Trivial.

(ii) In view of part (i), it suffices to show that X, Xy € F1 H implies
X1NXy eFlH.

Let I € HN2X17X2 and p € V'\ (X1 N X3). We may assume that p ¢ X7.
Since I € H N 2%t and X; is a flat, it follows that I U {p} € H. Thus
Xi1NXy eFlH.

(iii) Immediate from the definition.

(iv) By part (iii). O

By part (ii) of the preceding proposition, F1 H is a N-subsemilattice of
(2V,C), and so we may define a closure operator on 2" by

ClX=n{ZeFIH|XCZ}

(i.e. Cl = (F1 H)®', see Proposition A.2.4 in the Appendix). We shall
also use the notation X = C1X. Note that X C V is closed if and only if
ClX = X if and only if X is a flat. We shall also refer to flats as closed
subsets.

We can also make the following remark:

Proposition 4.2.3 Let H = (V, H) be a simplicial complex and let X CV
be a facet. Then C1X =V.

Proof. Suppose that p € V' \ C1X. Since X € HN2°¥ and Cl1X is a flat,
we get X U {p} € H, contradicting X being a facet. Thus C1X =V. O

We can obtain F1 H as closures of faces.

Proposition 4.2.4 Let H = (V, H) be a simplicial complex. Then F1 H =
{CIX | X € H}.

Proof. Let F € F1H and let I € H N2 be maximal. By maximality of I,
we have I U {p} ¢ H for every p € F'\ I. Thus every flat containing I must
contain F' and so F' = ClI. By Proposition 4.2.3, we get I ¢ fct H and the
direct inclusion. The opposite inclusion is trivial. [
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The matroid case allows for a more constructive computation of the
closure. Given a simplicial complex H = (V, H) and let X C V', we define

X6=XU{peV\X|IU{p}¢H for some I € HN2%}.

In the matroid case, § defines the closure. In the general case, we have to
iterate.

Proposition 4.2.5 Let H = (V, H) be a simplicial complex and let X C V.
Then:

(i) ClX = Up>0 X6";
(i) if H is a matroid, then C1X = X§.
Proof. (i) It is easy to see that
X5 CClX (4.1)

holds for every X C V:

Let p € X6\ X. Then I U {p} ¢ H for some I € HN2X C H 201X,
If p ¢ ClX, this contradicts Cl1 X being closed, hence p € ClX and so
X6 CClX.

We show that X" C Cl X holds for every n > 0 by induction. The case
n = 0 being trivial, assume that Xé6* C C1X. Then X&**! C CI(X4%) by
(4.1) and so X6k C Cl X since X% C C1X. Therefore Un>0 X0™ C C1 X.

It remains to be proved that Y = U,>0 Xd" is closed. Let p € V\'Y
and let I € HN2Y. Since X C X§ C X62 C ... and I is finite, we have
I € HN2X% for some m > 1.

Suppose that I U {p} ¢ H. Since p € V \ Xd™, then p € X§m*!,
contradicting p € V'\'Y. Thus I U {p} € H and so Y is closed. Therefore
ClX =Y.

(ii) For every Z C V, let H(Z) denote the set of all faces of H contained
in Z with maximum possible dimension. We start by proving that

Xo=XU{peV\X|JU{p} ¢ H for every J € H(X)}. (4.2)

Indeed, let p € X5\ X. Then I U {p} ¢ H for some I € HN2X. Since we
may replace I by any I’ € H N 2% containing I, We may assume that I is
maximal with respect to I € H N 2% and TU {p} ¢ H.

Take J € H(X) and suppose that J U {p} € H. Since |J U {p}| > |I|
and U {p} ¢ H, it follows from (EP’) that T U{j} € H for some j € J\ I.
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Hence T U {j} € HN 2% and I U {j,p} ¢ H, contradicting the maximality
of I. Thus J U {p} ¢ H and so

XoCXU{peV\X|JU{p} ¢ H for every J € H(X)}.

The opposite inclusion being trivial, it follows that (4.2) holds.

Since X C X6 C C1X by part (i), it suffices to show that X¢ is closed.
Let K € HN2X% and p € V'\ X§. We must show that K U{p} € H. Suppose
not. Since we may replace K by any K’ € H N 2%% containing K, we may
assume that K is maximal with respect to the properties K € H N 2X°
and K U {p} ¢ H. Suppose that K ¢ H(X0). Take K’ € H(X¢). Since
|K'| > |K|, by (EP’) there exists some k' € K’ \ K such that K U{k'} € H.
Hence KU{k'} € HN2%X% and KU{k',p} ¢ H, contradicting the maximality
of K. Thus K € H(XJ).

On the other hand, by (4.2), p ¢ X implies that p ¢ X and JU{p} € H
for some J € H(X). Suppose that |K| > |J|. By (EP’), we have JU{k} € H
for some k € K\ J. Since J € H(X), we get k ¢ X and so k € X¢ \ X.
Thus (4.2) yields J U {k} ¢ H, a contradiction. Thus |K| < |J| and so
|K| < |JU{p}|. Since K U{p} ¢ H, by (EP’) we get K U{j} € H for some
j € J\ K, contradicting K € H(Y). Therefore K U{p} € H and so X0 is
closed as required. [

The next example shows that Proposition 4.2.5(ii) cannot be generalized
to arbitrary simplicial complexes (even if they are boolean representable, cf.
Example 5.2.11(iii)):

Example 4.2.6 Let H = (V,H) with V = {1,...,4} and H = P<3(V) U
{123,124}. Then C1X = X fails for X = 13.

Indeed, in this case we get X = 134 which is not closed since 34 €
H N 2% but 234 ¢ H.



Chapter 5

Boolean representations

In this chapter we begin the main subject of this monograph, boolean rep-
resentations of simplicial complexes. In view of the correspondences estab-
lished in Sections 3.4 and 3.5, lattices play a major role.

5.1 Superboolean and boolean representations

Given M € My, xn(SB), the subsets of independent column vectors of M,
as defined in Subsection 2.2, include the empty subset and are closed under
taking subsets, and constitute therefore an example of a simplicial complex.

Given a simplicial complex H = (V, H), a superboolean representation
of H is a superboolean matrix M with column space V such that a subset
X C V of column vectors of M is independent (over SB) if and only if
X € H. The following theorem by Izhakian and Rhodes shows that the
above example is indeed very important:

Theorem 5.1.1 [27, Theorem 4.6] Every simplicial complex admits a su-
perboolean representation.

Proof. Let H = (V,H) and assume that V = {1,...,m}, with the usual
ordering. Let H' = H \ {#}. We define an H' x V superboolean matrix
M = (mxp) by

1 if p=minX

mxp =14 0 ifpe X\ {minX}

2 ifp¢ X

We claim that M is a superboolean representation of H.
Let X C V. We may assume that X # (). We write X = x1 ...z, with

1 < ...< Zp-

45
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Assume first that X € H. Write X; = z;...x, for every i € {1,...,n}.
Then X1, ..., X,, € H and it follows from the definition that M [X7, ..., X,;
X] is a lower unitriangular submatrix of M. Hence X has a witness in M

and so the column vectors M[_,x;] (i € {1,...,n}) are independent by
Proposition 2.2.6.
Conversely, assume that the column vectors M[_,z;] (i € {1,...,n})

are independent. By Proposition 2.2.6, there exists some Y C H’ such that
MY, X]| is nonsingular. It follows that M[Y, X] is congruent to a lower
unitriangular matrix and has therefore a marker. If the row M[X’, X] is a
marker, then X C X’ € H' and so X € H as required. [

Thus superboolean representations cover the full range of simplicial com-
plexes. However, we can get more interesting properties by restricting the
type of matrices which we are willing to admit.

Given a simplicial complex ‘H = (V, H), a boolean representation of H
is a boolean matrix M with column space V such that a subset X C V of
column vectors of M is independent (over SB) if and only if X € H. Note
that independence is considered in the superboolean semiring SB, not in the
boolean semiring B!

Similarly to the case of posets, we say that X C V' is c-independent (with
respect to some fixed matrix M with column space V) if the column vectors
M|[_,z] (x € V) are independent. Therefore a boolean representation of H
is a boolean matrix with column space V for which X is c-independent if
and only if X € H.

Obviously, we can always assume that the rows in such a matrix are
distinct: the representation is then said to be reduced. Note also that by
permuting rows in a reduced representation of H we get an alternative re-
duced representation of H. The number of rows in a boolean representation
M of H is said to be its degree and is denoted by degM. We denote by
mindeg H the minimum degree of a boolean representation of H.

A simplicial complex is boolean representable if it admits a boolean rep-
resentation.

The following result, due to Izhakian and Rhodes, implies that not all
simplicial complexes are boolean representable:

Proposition 5.1.2 [27, Theorem 5.3] Every boolean representable simpli-
cial complex satisfies (PR).

Proof. Let H = (V, H) be a simplicial complex with a boolean represen-
tation M. Let I,{p} € H \ {0}. By Proposition 2.2.6, there exists some
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nonsingular submatrix M[J, I|. Permuting rows and columus if necessary, we
may assume that M[J, I] is lower unitriangular. Let M[j1,. .., jn; %1, - -, in]
be the reordered matrix.

Since {p} € H, the column vector M|[_,p] is independent. By Lemma
2.2.4, it must be nonzero. We consider now two cases.

Assume first that M|[J, p] is not nonzero. Let

r=min{k € {1,...,n} | my, = 1}.

We claim that (I'\{i,})U{p} € H. Indeed, it suffices to show that the matrix
obtained by replacing the i, column in M|.J, I| by the p column is still lower
unitriangular. This is equivalent to saying that mj;,, = ... = m; _,, =0
and mj,, = 1, and all these equalities follow from the definition of r.

We may therefore assume that M|[J, p] contains only zeroes. Since M| _, p|
is nonzero, there exists some entry mg, = 1. It is immediate that the

matrix M[j1,...,Jn—1,4;%1s--,in—1,p| is still lower unitriangular. Thus
(I\ {in}) U{p} € H and H satisfies (PR). O

We shall see in Example 5.2.12 that not every simplicial complex satis-
fying (PR) is boolean representable.

Using Proposition 5.1.2, we produce a first example of a non boolean
representable simplicial complex:

Example 5.1.3 Let H = (V,H) with V = {1,...,4} and H = P<3(V) U
{123}. Then H is not boolean representable.

Indeed, H fails (PR) for 123,{4} € H.

In the above example, H is a paving simplicial complex of dimension
2. For every d > 2, we denote by Pav(d) the class of all paving simplicial
complexes of dimension d.

Boolean representable paving simplicial complexes play a major part in
this monograph. We denote by BPav(d) the class of all boolean representable
paving simplicial complexes of dimension d.

5.2 The canonical boolean representation

We show in this section that, whenever a simplicial complex is boolean
representable, the lattice of flats provides a canonical representation.

Given an R x V boolean matrix M = (m,,) and r € R, we recall the
notation Z, = {z € V' | my, = 0} introduced in Section 3.4.
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Lemma 5.2.1 Let H = (V,H) be a simplicial complez and let M be an
R x V boolean matriz. If M is a boolean representation of H, then Z, €
FIH for every r € R.

Proof. Let r € R. Let I € HN2% and p € V \ Z,. Since M = (m,,) is a
boolean representation of H, then [ is c-independent and so by Proposition
2.2.6, there exists some lower unitriangular submatrix M[J, I], for a suitable
ordering of I and J. Since I C Z,., the row vector M |[r, I| contains only zeros.
On the other hand, since p ¢ Z,, we have m,, = 1 and so M [{r}UJ, {p}UI]
is also lower unitriangular and therefore nonsingular. Thus I U {p} is c-
independent. Since M is a boolean representation of H, it follows that
IU{p} € Handso Z, e F1H. O

Let # = (V, H) be a simplicial complex. In view of Proposition 4.2.2(ii),
we may view (F1 H, C) as a lattice with (X AY) = XNY and the determined
join

(XVY)=n{Z€FIH|XUY CZ}=Cl(XUY).
Let
Vi={z eV |{z} € H}.

The top element of F1 H is V' by Proposition 4.2.2(i). We compute now its
bottom element.

Proposition 5.2.2 Let H = (V, H) be a simplicial complex. Then:
(i) N(F1H) =V \V
(it) if H is trim, then N(F1H) = (.

Proof. (i) Write X = V\V*. Let I € HN2%X and p € V' \ X. Tt follows
that I = and p € V*, hence I U {p} € H and X is closed.

Now let Y € F1 H be arbitrary. Suppose that p € X\Y. Since ) € HN2Y,
we must have ) U {p} € H, contradicting p ¢ V*. Hence X C Y and so
X =nF1H).

(i) If H is trim, then V' =V. O

For every simplicial complex H = (V, H), we define a (F1 ) x V boolean
matrix Mat H = (mxp) by

0 ifpeX
MXp =1 1 otherwise
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If H is simple, we may identify € V with {z} and V with P;(V), and
then it follows from Proposition 4.2.2(iv) that V' C F1 ‘H. Moreover, we
may write (F1 #,V) € FLg. Indeed, for every X € Fl H, we have X =
V{{z} | x € X}. Thus, if H is simple, Mat H coincides with the matrix
M(F1 H,V) defined in Section 3.3 as the boolean representation of a V-
generated lattice. We shall see in Theorem 5.2.5 that Mat H consitutes
somehow the canonical unique biggest boolean representation for H (when
H is boolean representable). However, there exist many smaller boolean
representations, even in the matroid case.

Lemma 5.2.3 Let H = (V, H) be a simplicial complex and let X C V be
c-independent with respect to Mat H. Then X € H.

Proof. We use induction on | X|. The case | X| = 0 being trivial, we assume
that |X| = m > 0 and the claim holds for | X| =m — 1.

By Proposition 2.2.6, X has a witness Y in M = M (F1 H,V). We may
assume that X = {z1,..., 2}, Y ={Y1,...,Yn} and M[Y, X] is lower uni-

triangular, with the rows (respectively the columns) ordered by Yi,...,Y,,
(respectively z1,...,zy,). The first row yields z1 ¢ Y7 and z9,..., 2z, € Y7.
Now, since X’ = {z9,..., 2y} is c-independent, it follows from the in-

duction hypothesis that X’ € H. Together with X’ C Y; € F1 H and
x1 ¢ Y1, this yields X = X' U {x1} € H as required. O

Given matrices M7 and Ms with the same number of columns, we define
M @y Ms to be the matrix obtained by concatenating the matrices M; and

Ms by

M,

M,
and removing repeated rows (leaving only the first occurrence from top to
bottom, say). We refer to this matrix as M; stacked over M.

The following proposition gives a first glimpse of how we may operate
within the (finite) set of reduced boolean representations of #:

Proposition 5.2.4 Let H = (V, H) be a simplicial complex.
(i) If My and Ms are reduced boolean representations of H, so is My @&y M.

(ii) If M is a reduced boolean representation of H and we add/erase a row
which is the sum of other rows in BV, we get a matriz M’ which is
also a reduced boolean representation of H.



50 CHAPTER 5. BOOLEAN REPRESENTATIONS

Proof. (i) Since M; and My have both column space V, the matrix M =
My @ M> is well defined and has no repeated rows by definition. Let R be
the row space of M and let X C V. We show that

X is c-independent with respect to M < X € H (5.1)

by induction on |X|. The case |X| = 0 being trivial, assume that |X| > 0
and (5.1) holds for smaller values of | X|.

Suppose that X is c-independent with respect to M. By permuting rows
of My @y My if necessary, and using the appropriate ordering of V', we may
assume that there exists some P C R such that M [P, X] is lower unitriangu-
lar. Let p; (respectively x1) denote the first element of P (respectively X)
for these orderings, so M [P\ {p1}, X \ {z1}] is the submatrix of M[P, X] ob-
tained by deleting the first row and the first column. Since reduced boolean
representations are closed under permuting rows, we may assume without
loss of generality that the row M[p;, V] came from the matrix M;. On the
other hand, since X \ {x;} is c-independent with respect to M, it follows
from the induction hypothesis that X \ {x1} € H and so (since M; is a
boolean representation of H#) X \ {x;} is c-independent with respect to Mj.
Hence M; has a singular submatrix of the form M;[P’, X \ {z1}]. Now
Mi[P" U {p1}, X] is still a nonsingular matrix because the unique nonzero
entry in the row M;[p1, X] is Mi[p1,x1]. Hence X is c-independent with
respect to M7 and so X € H.

Conversely, if X € H, then X is c-independent with respect to M; and
so X is c-independent with respect to M by Lemma 2.2.3(i). Thus (5.1)
holds and so M is a reduced boolean representation of H as claimed.

(ii) By Corollary 2.2.7. O

Proposition 5.2.4(i) immediately implies that if % admits a reduced
boolean representation, then there exists a unique maximal one (up to per-
muting rows). The main theorem of this section provides a more concrete
characterization.

Theorem 5.2.5 Let H = (V, H) be a simplicial complex. Then the follow-
ing conditions are equivalent:

(i) H has a boolean representation;
(i) MatH is a reduced boolean representation of H.

Moreover, in this case any other reduced boolean representation of H is con-
gruent to a submatriz of Mat H.
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Proof. (i) = (ii). Write M = Mat H. Suppose that H has a boolean
representation N = (n,,). Then we may assume that the R x V matrix N
is reduced. By Lemma 5.2.1, we have Z, € F1 H for every r € R. For every
x € V, we have

Ny =02€Z, < {z}yCZ, < M[Z.,z] =0,

hence N is (up to permutation of rows) a submatrix of M.

We claim that M is also a boolean representation of H. Indeed, let
X CV. If X € H, then X is c-independent with respect to IV since N is a
boolean representation of #, hence X is c-independent with respect to M by
Lemma 2.2.3(i). The converse implication follows from Lemma 5.2.3, hence
M is a boolean representation of H. Finally, it follows from its definition
that M is reduced.

(ii) = (i). Trivial. O

In the next theorem, we explore the potential of Mat H to characterize
the faces of a simplicial complex:

Theorem 5.2.6 Let H = (V, H) be a boolean representable simplicial com-
plex and let X C V. Then the following conditions are equivalent:

(i) X € H;
(ii) X is a transversal of the successive differences for some chain of FIH,;

(ii) X is a partial transversal of the successive differences for some maxi-

mal chain of FIH;

(iv) X admits an enumeration x1,...,xy such that

Cl(z1,...,2x) D Cl(za,...,zx) D ... D Cl(zx) D CLD);

(v) X admits an enumeration x1,...,x such that

.Z‘iifCl(.%'i_;_l,...,mk) fO?“iZl,...,k.

Proof. (i) = (ii). Assume X € H. By Theorem 5.2.5, X is c-independent
with respect to M = Mat H. By Proposition 2.2.6, we may assume that
M has a lower unitriangular submatrix M[Y, X]. Let Y = {Z1,...,Zx}
and X = {z1,...,z;} be the corresponding enumerations of ¥ and X. For
i€ {l,...,k}, let Z = Z1n...N Z;. By Proposition 4.2.2(ii), we have
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Z! € F1 1. Moreover, x; € Z!_ \ Z! for i > 1 and z; € V' \ Z], hence X is
a transversal of the successive differences for the chain

V2OZIDZyD...DZy_ 1D 7

of F1H.
(ii) = (i). Assume that X is a transversal of successive differences for
the chain

20D Z1D7Z9yD...D 74

of F1 H. Then X admits an enumeration 1, ...,z such that z; € Z;_1\ Z;
for every i € {1,...,k}. It follows easily that M[Zy,..., Zy;x1,...,zk]
is lower unitriangular, hence X is c-independent with respect to M and
therefore X € H by Lemma 5.2.3.

(ii) < (iv). Assume that X is a transversal for the successive differ-
ences of the chain Fy O ... D Fj in F1 H. Take xz; € X N (F;—1 \ F;) for
i €{l,...,k}. Then Cl(xiy1,...,zx) C F; for every i € {1,...,k} yields
Cl(xz, ceey J}k) D Cl($i+1, . ,xk).

(v) & (iv) = (ii) < (iii). Straightforward. O

We can now prove another characterization of boolean representability:

Corollary 5.2.7 Let H = (V, H) be a simplicial complex. Then the follow-
ing conditions are equivalent:

(i) H is boolean representable;

(ii) every X € H admits an enumeration x1,. ..,y satisfying

Cl(z1,...,25) D Cl(za,...,zk) D ... D Cl(zx) D CL(D); (5.2)

(1ii) for every mnonempty X € H, there exists some x € X such that x ¢

CIX N\ {z}).

Proof. (i) = (iii). By Proposition 5.2.6.

(iii) = (ii). By induction on |X].

(ii) = (i). Let X € H. Inview of (5.2), we can use the flats Cl (x5, ..., zg)
as a witness for X, hence X is c-independent with respect to Mat H. Lemma,
5.2.3 yields the reciprocal implication and so Mat H provides a boolean rep-
resentation of H. O
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Other immediate consequences of Theorem 5.2.6 are the following;:

Corollary 5.2.8 Let H be a boolean representable simplicial complex of di-
mension d. Then tF1H =d + 1.

Corollary 5.2.9 A boolean representable simplicial complex is fully deter-
mined by its flats.

The important subcase of boolean representations of matroids was stud-
ied in [27, 28] and the following fundamental result was proved for simple
matroids by Izhakian and Rhodes [28, Theorem 4.1]. The general case can
now be easily deduced from Corollary 5.2.7:

Theorem 5.2.10 Let H be a matroid. Then Mat H is a boolean represen-
tation of H.

Proof. Let X € H, say X = {x1,...,zr}. We claim that (5.2) holds. Sup-
pose that Cl(x,...,z;) = Cl(xiy1,...,2x) for some i € {1,...,k}. Then
x; € Cl(%it1,...,zr) and it follows from Proposition 4.2.5 that there exists
some I C {x;y1,...,2x} such that I € H and I U {x;} ¢ H. However,
I'u{z;} C X € H, a contradiction. Thus (5.2) holds and so A is boolean
representable by Corollary 5.2.7. Therefore Mat H is a boolean representa-
tion of H by Theorem 5.2.5. [J

We consider next as examples the tetrahedron compleres. For n €
{0,...,4}, we denote by T,, = (V,H) a simple simplicial complex of di-
mension < 2 having precisely n faces of dimension 2 and satisfying |V| = 4.
We can think of 7;, as a complete graph on 4 points (the skeleton of a
tetrahedron) with n triangles adjoined.

Example 5.2.11 (i) Ty, T3 and Ty are matroids and therefore boolean
representable.

(ii) T\ does not satisfy (PR) and so is not boolean representable.

(iii) Ty is not a matroid but it is boolean representable.

Indeed, it is easy to check that T}, is a matroid for n € {0, 3,4}, hence T,
is boolean representable by Theorem 5.2.10. The case 17 has already been
discussed in Example 5.1.3.

For Ty, assume that V = {1,...,4} and 123 and 124 are the 2 faces of
dimension 2. Since T5 fails (EP) for I = 123 and J = 34, then T5 is not
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a matroid. However, since F1Ty = P<1(V) U {12,V }, it follows easily from
Corollary 5.2.7 that T3 is boolean representable.
In fact, in this case the lattice of flats can be depicted as

SN

\/

and so there exist maximal chains) €1 C 12 C V and ) C 4 C V of different
length. Hence F1T, does not satisfy the Jordan-Dedekind condition and so
is not semimodular by [22, Theorem 374]. We recall that a lattice L is said
to be semimodular if there is no sublattice of the form

"\

On the other hand, L is atomistic if every element is a join of atoms
(B being the join of the empty set). It is said to be geometric if it is both
semimodular and atomistic. It is well known that a finite lattice is geometric
if and only if it is isomorphic to the lattice of flats of some (finite) matroid
[38, Theorem 1.7.5].

Hence the above example shows that properties such as semimodularity
or the Jordan-Dedekind condition, which hold in the lattice of flats of a
matroid, may fail in the lattice of flats of a boolean representable simplicial
complex, even though it is simple and paving.

We end this section by providing an example of a non boolean repre-
sentable simplicial complex satisfying (PR):

with d covering e.
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Example 5.2.12 Let V ={1,2,3,4,5} and
H = Py(V) U {123,124, 135,145}
Then H = (V, H) satisfies (PR) but it is not boolean representable.

Indeed, it is straightforward to check (PR) for #.

On the other hand, since 125 ¢ H, we get 5 € 12 and so 12 contains the
facet 25, yielding 12 = V' by Proposition 4.2.3.

Similarly, we get 4 € 13 and we get 4 € 23 and so 13 = 23 = V since 34
is a facet.

Hence condition (iii) in Corollary 5.2.7 fails for X = 123, and so H is
not boolean representable.

5.3 Low dimensions

It is very easy to characterize boolean representability for simplicial com-
plexes of dimension < 1:

Recall the notation V* = V N H from Section 5.2. Given a simplicial
complex H = (V, H) of dimension > 0, we define a graph

TH = (V' Py(V')\ H).

Proposition 5.3.1 The following conditions are equivalent for a simplicial
complex H of dimension < 1:

(i) H is boolean representable;

(ii) the connected components of I'H are cliques.

Proof. (i) = (ii). Assume that I' H contains a connected component C
which is not a clique. Then there exist distinct edges a — b — ¢ in C' such
that a is not adjacent to ¢ i.e. ac € H. Since a € H and ab ¢ H, we get
b€ a. Since b€ H and bc ¢ H, we get ¢ € a. Similarly, a € ¢ and so it
follows from Corollary 5.2.7 that # is not boolean representable.

(ii) = (i). Assume that the connected components of I' H are cliques.
Given a € V*, let C, denote the vertices in the connected component of a.
We claim that, for every z € V,

AN itag Vv
| (V\VYUC, otherwise
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Indeed, it follows from Proposition 5.2.2 that § = V \ V*, hence also T =
V\ V* when z € V '\ V*. Assume now that = € V*. Since zy ¢ H for every
y € Cy\{z}, we get (V\V*)UC, C Z. Suppose that p € V\ (V\V)UCy)
and I C (V \ V*)UC;, is such that I € H. We may assume that I # ()
and since C,, is a clique in I'H it follows easily that I = y for some y € C,.
Hence p belongs to some other connected component of I'H and so xy € H.
Hence (V\ V*)UCy is closed and so 7 = (V \ V) U C,.

Now, if ab € H, then a and b belong to different connected components
and so b ¢ @. Since ¢ ¢ ) for every ¢ € V*, it follows from Corollary 5.2.7
that H is boolean representable. [

Corollary 5.3.2 FEvery simplicial complez of dimension < 0 s boolean rep-
resentable.

Proof. If dim H = —1, then (V, H) is represented by a zero row matrix.
If dim H = 0, then I' H is a complete graph and H is boolean repre-
sentable by Proposition 5.3.1. [

5.4 Lattice representations

The correspondences established in Sections 3.4 and 3.5 between boolean
matrices and V-generated lattices lead us naturally to the idea of lattice
representations of a simplicial complex H = (V, H).

We say that (L, V) € FLg is a lattice representation of H if the matrix
M(L,V) is a boolean representation of H. Our main goal in this section
is to relate the closure operator Cl defined in Section 4.2 with the closure
operator induced by a representation. Given a lattice representation (L, V')
of H, we denote by Cly, the corresponding closure operator on 2 as defined
in Section 3.6.

Lemma 5.4.1 Let H = (V,H) be a simplicial complez and let (L,V) be a
lattice representation of H. Let X C V. Then:

(i) C1X C Cl X

(ii) C1X = Cl; X if L = FIH.
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Proof. (i) We have C1X = N{Z € F1 H | X C Z} and in view of (3.10)
and Lemma 5.2.1 also

ClLX =Z,,x €FIH.

Since X C Clp X, we get C1 X C Clp X.
(ii) f L=F1H, then Cl, X =2y, x = Zo1x =ClX. O

Now, a straightforward adaptation of the proof of Theorem 5.2.6 yields:

Theorem 5.4.2 Let H = (V, H) be a simplicial complex and let (L,V') be a
lattice representation of H. Let X C V. Then the following conditions are
equivalent:

(i) X € H;

(ii) X is a transversal of the successive differences for some chain of

FI(L,V);

(iii) X is a partial transversal of the successive differences for some maxi-
mal chain of FI(L,V);

(iv) X admits an enumeration x1,...,xx such that

Clg(x1,...,2x) D Clg(ze,...,xx) D ... D Clp(zx) D ClL((Z));

(v) X admits an enumeration x1,...,x such that

x; & Clp(xig1, ... xg)  fori=1,... k.

The next result shows how to associate a lattice representation to a
matrix representation in the simple case.

Proposition 5.4.3 Let H = (V, H) be a simple simplicial complex and let
M be a boolean representation of H. Then:

(i) we may view V as a \V-generating set for F1 M ;

(i) (F1M,V) is a lattice representation of H.
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Proof. (i) Write M = (m;p). Since H is simple, all the columns of M are
distinct and nonzero. By Proposition 3.4.1, we have (F1M,Y(M)) € FLg,
where Y(M) ={Y, |p eV} and Y, = N{Z; | m;, = 0}.

Assume that p,q € V are distinct. Then mj, # mj, for some j. As-
suming without loss of generality mj, = 0, it follows that j € Y, \ Y,
and so Y, # Y,. Therefore we can identify V with the V-generating set
V(M) CFIM.

(ii) Let M" = M(F1M,V). Then M’ can be obtained from M by succes-
sively inserting a row of zeroes (corresponding to the fact that V' € F1 M)
and sums of rows of M in BIVI (corresponding to intersections of the Z;).
Since we may assume M to be reduced, the claim follows now from Propo-
sition 5.2.4(ii). O

5.5 The lattice of lattice representations

We show in this section that we can organize the lattice representations of
a simple simplicial complex into a lattice of their own.

We define a quasi-order on FLg by (L, A) > (L', A) if there exists some
V-map ¢ : L — L’ such that ¢|4 = 14. Note that such a ¢ is necessarily
onto: if 2’ € L', we may write 2’ = (a1 V...V ag) for some ay,...,a; € A,
hence
¥ = (a1 Vp ...V ag) = (a1 Vi ... Vi agp)

= (a1 V...V ak)go € L.

Recalling Corollary 3.5.3, we prove next the following alternative character-

ization of the above quasi-order:

Proposition 5.5.1 Let (L, A),(L',A) € FLg. Then the following condi-
tions are equivalent:

(i) (I, A) < (L, A);
(i) FI(L', A) CFI(L, A).
Proof. (i) = (ii). There exists some (onto) V-map ¢ : L — L’ such that

©la = 14. We claim that
Doy = Zv(x/w—l) (5.3)

holds for every 2’ € L. Let a € Z,. Then a < 2/. Write z = V(2/p1).
Since ¢ is a V-map, we have xp = /. Moreover, (xV a)p = (xp Vi ap) =
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Land so (z Vv a) < max(z'p~t) = .

(@' Vi a) =2/, hence (x Vi a) € 2'¢p~
Thus a < x and so Z, C Z, = Zv(wq).

Conversely, assume that a € Z,. Then a < V(2'¢~!) andsoa = ap < 2.
Hence Z, C Z, and so (5.3) holds. Therefore F1(L', A) C FI(L, A).

(ii) = (i). We define a map ¢ : L — L’ as follows. For every x € L, let
TP =N Zy.

For every a € A, we have ap = Vp{b € A|b <y a}. Since a <y, a, we
get a <p ap. Write Z, ={bec A|b<pa}and Z, ={be A|b <y a}.
We have Z!, = Z, for some x € L since FI(L’; A) C F1(L, A). Tt follows that
a € Z,and so Z, C Z, = Z!. By Lemma 3.5.1(ii), we get ap =V Z, <ps
Vi Zl = a and so ap = a.

In view of Lemma 3.5.1(iii), ¢ is order-preserving. Hence, given z1, x93 €
L, we have x;p < (z1 V 22)p for i = 1,2 and so

(1 V x2p) < (21 V 22)00. (5.4)

Since FI(L', A) C FI(L, A), we have Z, ovaspe = Zy for some y € L. We
claim that
(x1Va2) <wy. (5.5)

Let a € Z,,. Since ¢ is order-preserving, we get
a=ap < zip < (219 V 229),

hence Z,, C Zy,pvasp = Zy and so z; < y by Lemma 3.5.1(iii). Thus (5.5)
holds.
Now by Lemma 3.5.1 and (5.5) we get

(xl V 332)(;0 = \/L’Zx1VJ:2 < \/L’Zy = \/L’legoVazgap = (1'190 \% 1'290)-

Together with (5.4), this implies that ¢ is a V-morphism. Since By = B, ¢
is actually a V-map and so (L', A) < (L, A). O

Recall that, if A" = {Z, | a € A}, it follows from Proposition 3.5.2 that
(FI(L,A),A") = (L, A) holds for every (L, A) € FLg. We identify A’ with A
to simplify notation.

Let H = (V, H) be a simple simplicial complex. We denote by LR # the
class of all lattice representations of H. We restrict to LR H the quasi-order
previously defined on FLg. Note that (F1 H,V) € LR H by Proposition
5.4.3.

If (L,V) € LR H and M = M(L,V), then by Lemma 5.2.1 we have
Z, € F1 H for every x € L. Thus Proposition 5.5.1 yields (F1 H,V) > (L, V).
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If we consider the set of full A-subsemilattices FSub,F1 H ordered by
inclusion, we have a poset closed under intersection, hence a A-semilattice
and therefore a lattice with the determined join

(Fl \Y Fg) = ﬂ{F € FSub F1 H | FLUF, C F}
It is easy to check that

0:(LRH,<) — (FSubsFlH,<)
(L,V) ~— FIL,V)

is a well-defined map. Indeed, let (L,V) € LR H. Then FI(L,V) C F1 H
by Lemma 5.2.1, and it is closed under intersection by (3.9). Note that
(L,V) € FLg implies V C L\ {B}. Since ) = Zp and V = Zp, it follows
that F1(L, V) € FSub,F1 H and so 6 is a well-defined map.

Our next goal is to build an isomorphism from 6. A first obstacle is the
fact that 6 is not onto: not every F' € FSub,F1 H is rich enough to represent
H.

Before characterizing the image of 6, it is convenient to characterize
which lattices provide boolean representations.

Proposition 5.5.2 Let H = (V, H) be a boolean representable simple sim-
plicial complex and let (F1 H,V) > (L,V) € FLg. Then the following
conditions are equivalent:

(i) (L,V) e LRH;
(ii) every X € H admits an enumeration x1, ..., satisfying

CIL(.%'l, ce ,xk) > ClL(xQ, R ,J}k) D...D ClL(a:k) > C]L<®)

Proof. (i) = (ii). By Proposition 5.4.2.

(ii) = (i). Let X C V. We must show that X € H if and only if X is
c-independent with respect to M (L, V).

Assume that X € H. Since Cl Y = VN (VLY) = Zy,y for every
Y C V by (3.10), it follows from (ii) that the rows Cl(x;,...,x%) act as a
witness for X in M(L,V) and so X is c-independent.

Conversely, assume that X is c-independent. By Proposition 5.5.1, we
have FI(L, V) C F1 H and so M (L, V) is a submatrix of M (F1H, V). Hence
X is c-independent with respect to M (F1(V, H), V) by Lemma 2.2.3(i) and
so X € H by Lemma 5.2.3.
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To characterize the image of §, we associate a closure operator on 2V to
every F' € FSubsF1 H by

ClpX =n{ZeF|XC Z}.

(i.e. Clp = F®', see Proposition A.2.4 in the Appendix). Note also that F
is a A-semilattice and therefore a lattice with the determined join.

Corollary 5.5.3 Let H = (V,H) be a boolean representable simple simpli-
cial compler and let F' € FSubsF1 H. Then the following conditions are
equivalent:

(i) F € Im0;
(ii) every X € H admits an enumeration x1, ...,z satisfying

Clp(xl, .. .,xk) D Clp(xg, c ,a:k) D...D Clp(xk) D) ClF(@).

Proof. (i) = (ii). Assume that F = FI(L,V) for some (L,V) € LR H.
Then Clp = Cl, and (ii) follows from Proposition 5.5.2.

(ii) = (i). As noted before, since F' is a N-subsemilattice of F1 H, it
constitutes a lattice of its own with intersection as meet and the determined
join

(XVY)=Clp(XUY) (X, Y€EF).
Identifying V' with {Clp{z} | z € V'} (note that the closures are distinct in
view of (ii) and H being simple), we can take L = F to define (L, V) € FLg.
Now, in view of Proposition 3.5.2(ii), Clg coincides with the closure Cly,
and so (L,V) € LR H by Proposition 5.5.2. Therefore F' € Im6§. O

Next, we claim that
FSubsF1 H \Im 6 is a down set of FSub,F1 # . (5.6)

Indeed, every F' € FSubsFl H, being a N-subsemilattice of F1 H, con-
stitutes a lattice of its own right with the determined join. In view of
Proposition 2.2.6, the condition F' € Im 6 reduces to whether the matrix
M(F,V) produces enough witnesses to recognize all the faces of H. There-
fore, if F/ O F, every witness arising from M (F, V) can also be obtained
from M(F’, V) and so (5.6) holds.

Let Lat H denote the Rees quotient (see Section 3.1) of FSub,F1 H by
the above down set. Then Lat H= Im #U{B} has a natural lattice structure
(see Proposition 3.1.1).
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On the other hand, adding a (new) bottom element B to LR H, we get
a quasi-ordered set LRy H = LR ‘H U{B} and we can extend 6 to an onto
map 6y : LRg H— Lat H by setting By = B.

Proposition 5.5.4 Let ‘H be a simple simplicial complex and let R,S €
LRg H. Then
R<S  if and only if ROy < S6y.

Proof. If R, S # B, the claim follows from Proposition 5.5.1. The remain-
ing cases are trivial [

Let pp be the equivalence in LRy H defined by py = (< N >). Clearly,
two lattice representations (L, V), (L', V) are pp-equivalent if and only if
there exists some lattice isomorphism ¢ : L — L’ which is the identity on V.
Then the quotient LRy H /po becomes a poset and by Proposition 5.5.4 the
induced mapping o : LRg H /po — Lat H is a poset isomorphism. Since we
have already remarked that Lat # is a lattice (with the determined join),
we have proved the following theorem:

Theorfm 5.5.5 Let H be a boolean representable simple simplicial complex.
Then 6y : LRo H /po — Lat H is a lattice isomorphism.

The atoms of LRy H determine the minimal lattice representations of
‘H, and the sji elements of LRy H determine the sji lattice representations.
Clearly, meet is given by intersection in Lat H, collapsing into the bottom
B if it does not correspond anymore to a representation of 2. But how is
the determined join characterized in this lattice?

Proposition 5.5.6 Let H = (V, H) be a boolean representable simple sim-
plicial complex. Let F,F' € LatH. Then:

(i) (FVF)Y=FUF U{ZNZ' |Z€F, Z € F'};

(ii) if (L,V)0 =F, (L',V)0 = F' and (L",V)0 = (FVF’), then M(L", V)
is the closure of M(L,V) @y, M(L', V) under row sum in BIV!.

Proof. (i) Clearly, the right hand side is the (full) N-subsemilattice of F1 H
generated by FF'U F’.

(ii) Recall the isomorphism from Proposition 3.5.2(ii). The rows rz of
M(L,V) (respectively M (L', V), M(L",V)) are determined then by the flats
Z in F (respectively F', F'V F’). Tt is immediate that rznz = ry + rgz
in BIYI, hence M(L",V) must be, up to permutation of rows, the stacking
of M(L,V) and M(L',V), to which we add (if needed) rows which are the
sum in B!VI of rows in M(L/,V) and M(L",V). O
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Next we introduce the notion of boolean sum in LR H. Given (L,V),
(L',V) € LR H, let (L,V) @ (L', V) denote the V-subsemilattice of the
direct product L x L’ V-generated by the diagonal

Ay ={(p,p) | peV}CLxL.

Taking the determined meet, and identifying Ay with V' as usual, it follows
that (L, V)@, (L', V) € FLg. In fact, since the projection (L, V)&, (L', V) —
(L, V) is a V-map which is the identity on V, it follows easily that (L, V') &
(L', V) € LR H. But we can prove more:

Proposition 5.5.7 Let H = (V, H) be a simple simplicial complex and let
(Lv V)7 (Lla V) S LRH Then:

(i) (L,V)pV (L', V)p= (L, V)& (L',V))p holds in LRy H /p;

(1) M((L,V)pV (L', V)p) is the closure of the stacking matriz M (L, V)&
M (L', V) under row sum in BIV!.

Proof. (i) By the preceding comment, we have (L, V) < (L, V) &, (L', V)
and also (L', V) < (L, V) @, (L', V), hence

(L’ V)p v (le V)p < ((Lv V) Do (L/v V))IO

Now let (L”,V) € LR H and suppose that (L, V), (L, V) < (L",V). We
must show that also (L, V) @ (L', V) < (L", V).

Indeed, there exist V-maps ¢ : L” — L and ¢’ : L” — L’ which fix V.
Let ¢" : L — L x L' be defined by z¢" = (xp, x¢"). Tt is easy to check that
¢" is a V-map which fixes the elements of V. Since V V-generates L”, it
follows that Im¢” C (L, V) @ (L', V') and we may view ¢” as a V-map from
L" to (L, V)@ (L', V). Hence (L, V) @& (L', V) < (L",V) and (i) holds.

(ii) By Proposition 5.5.6(ii). O

Since every element of a lattice is a join of sji elements, we can now state
the following straightforward consequence:

Corollary 5.5.8 Let H = (V, H) be a boolean representable simple simpli-
cial complex. Then:

(i) every lattice representation of H can be decomposed as a boolean sum
(equivalently, stacking matrices and closing under row sum) of sji rep-
resentations;
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(ii) this decomposition is not unique in general, but becomes so if we choose
a maximal decomposition by taking all the sji representations below.

Examples shall be provided in Section 5.7.

Remark 5.5.9 Given a simple simplicial complex H = (V,H) and (L,V),
(L', V) € LRH, it is reasonable to identify (L,V) and (L', V') if some bijec-
tion of V induces an isomorphism L — L', and list only up to this identifi-
cation in examples. However, for purposes of boolean sum decompositions,
the bijection on V must be the identity.

Thus we shall devote particular attention to minimal/sji boolean repre-
sentations of H. How do these concepts relate to the flats in FSub F1 H
and to the matrices representing them? We start by a general remark.

Proposition 5.5.10 Let (L,A) € FLg and let M = M(L,A) = (mga).
Then:
smi(FI(L, A)) = {Z, | x € smi(L)}.

Proof. Indeed, since meet in FI(L, A) is intersection, the smi elements are
precisely those which cannot be expressed as intersections of flats. In view
of Proposition 3.5.2 (and particularly (3.9)), these are precisely the flats of
the form Z, for z € smi(L). O

If we transport these notions into M (L,V'), then smi(F1(L,V’)) corre-
sponds to the submatrix M (L,V) determined by the nonzero rows which
are not sums of other rows in BIVl. By Proposition 5.2.4(ii), M\(L, V) is still
a boolean representation of H. We have just proved that:

Corollary 5.5.11 Let H = (V,H) be a simple simplicial complex and let
(L,V) e LRH. Then M(L,V) = M(smi(FI(L,V)),V) is a boolean repre-
sentation of H.

Note that, if we consider B ordered by 0 < 1 and the product partial
order in B!VI, then the rows in M (L, V') are precisely the sji rows of M(L, V)
for this partial order.

Since every onto V-morphism of lattices is necessarily a V-map, we shall
follow [43, Section 5.2] and call an onto V-map a V-surmorphism. We say
that a V-surmorphism ¢ : L — L' is a maximal proper \-surmorphism
(MPS) of lattices if Ker ¢ is a minimal nontrivial V-congruence on L. This
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amounts to saying that ¢ cannot be factorized as the composition of two
proper V-surmorphisms.

Finally, for (distinct) a,b € L, we denote by p, the equivalence relation
on L defined by

o {a,b} fz=aorx=0>
Pab = {z} otherwise

Proposition 5.5.12 Let H = (V, H) be a simple simplicial complex and let
(L, V), (L',)V) € LRH. Then the following conditions are equivalent:

(i) (L,V)p covers (L', V)p in LRo H;
(i1) there exists an MPS ¢ : L — L' fizing the elements of V ;
(i) FI(L', V) = FI(L, V) \ {Zp} for some b € smi(L) \ {B}.

Proof. (i) = (ii). If (L,V)p covers (L', V)p in LRy H, then the (onto)
V-map ¢ : L — L' cannot be factorized as the composition of two proper
(onto) V-maps, and so ¢ is an MPS.

(ii) = (iii). By Proposition A.3.1, Ker¢ = p,; for some a,b € L such
that a covers b and b is smi. Therefore we may assume that L' = L/p, .
Since (L,V) > (L', V), we have FI(L', V) C FI(L,V) by Proposition 5.5.1.
Clearly, Z,yp = Z, and so (5.3) yields FI(L', V) = FI(L, V) \ {Z}.

Finally, suppose that b = B. Since V V-generates L, we get a € V
and so a = B in L', contradicting (L', V) € LR H C FLg (which implies
V C L'\ {B}). Therefore b # B and (iii) holds.

(iii) = (i). By Proposition 5.5.1, there is a V-map ¢ : L — L’ fixing the
elements of V. It follows easily from (5.3) that Ker ¢ has one class with two
elements and all the others are singular, hence |L'| = |L| — 1 and so (L, V)p
covers (L', V)pin LRg H. O

This will help us to characterize the minimal lattice representations of
‘H in terms of their flats:

Proposition 5.5.13 Let H = (V, H) be a simple simplicial complex and let
(L,V) € LRH. Then the following conditions are equivalent:

(i) (L,V') is minimal;
(i1) for every MPS ¢ : L — L' fizing the elements of V, (L', V) ¢ LRH;

(iii) for every b € smi(L)\ {B}, the matriz obtained by removing the row b
from M(L,V) is not a matriz boolean representation of H;
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(i) for every b € smi(L) \ {B}, FI(L,V)\ {Zy} ¢ Im¥.

Proof. (i) < (ii) & (iv). By Proposition 5.5.12.

(i) = (iii). Let b € smi(L) \ {B} and let a be the unique element of L
covering b. By Proposition 5.5.12, L’ = L/p, is a lattice and M (L', V) is
precisely the matrix obtained by removing the bth row from M(L,V). If
M(L',V) is a boolean representation of H, then (L,V)p covers (L',V)p in
LRy H and so (L, V) is not minimal.

(iii) = (iv). Suppose that FI(L,V)\ {Zy} € Im 6 for some b € smi(L) \
{B}. Then FI(L,V)\ {Zy} = FI(L',V) for some (L',V) € LR H. It is
straightforward to check that M (L', V') is the matrix obtained by removing
the bth row from M (L,V). Thus (iii) fails. O

We get a similar result for the sji lattice representations:

Proposition 5.5.14 Let H = (V, H) be a simple simplicial complex and let
(L,V) € LRH. Then the following conditions are equivalent:

(i) (L,V) is sji;

(i1) up to isomorphism, there is at most one MPS ¢ : L — L' fizing the
elements of V' and such that (L', V) € LRH;

(iii) there exists at most one b € smi(L) \ {B} such that the matriz ob-
tained by removing the bth row from M (L, V) is still a matriz boolean
representation of H;

(iv) there exists at most one b € smi(L) \ {B} such that FI(L,V)\ {Zy} €
Imé.

Proof. Clearly, (L, V) is sji if and only if (L, V')p covers exactly one element
in LRy H. Now we apply Proposition 5.5.12, proceeding analogously to the
proof of Proposition 5.5.13. [

5.6 Minimum degree

Given a boolean representable simplicial complex H, the computation of
mindeg H constitutes naturally a major issue. An interesting question is
whether mindeg H is achieved on minimal (sji) lattice representations.

We start by considering the following minimality concept. We call a
reduced boolean representation M of H rowmin if any matrix obtained by
removing a row of M is no longer a boolean representation of .
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Proposition 5.6.1 Let H = (V, H) be a simple simplicial complex and let
(L,V) € LRH be minimal. Then M(L,V) is rowmin.

Proof. By Proposition 5.5.13, we cannot remove from ]\/4\(L, V) a row cor-
responding to some b € smi(L)\{B}. Suppose now that B is smi. Then B is
covered in L by a unique element a, necessarily in V since L is V-generated
by V' and so the unique 1 in the ath column of ]\/Z(L, V') occurs at the Bth
row. Since the ath column is independent due to H being simple, it follows
that the Bth row cannot be removed either. [J

However, we shall see in Subsection 5.7.1 that the converse is far from
true: there may exist boolean representations of minimum degree which do
not arise from minimal lattice representations.

To help us to approximate mindeg H, we introduce the following notation
for a lattice L:

L=1\({B.T}Uat(L)),

La = |smi(L)|, LB =Ll

Lemma 5.6.2 Let (L,V),(L',V') € FLg and let ¢ : L — L' be a V-
surmorphism. Then L3 > L'3.

Proof. Let 2/ € L. Since ¢ is onto, we have =’ = zp for some z € L. We
may assume x to be maximal. Since ¢ is onto, it follows that x #* B,T.
Suppose that x € at(L). Since 2’ ¢ at(L’), we have 2/ >y > B for some
y' € L'. Write ¢ = yp. Then
(zVy)e=(rp V yp) = (' Vy') =2’

and so y < x by maximality of x. Since z € at(L), we get y =z or y = B,
contradicting a;’~ > y'~> B. Hence z € L. Since 2’ — z defines an injective
mapping from L' to L, we get L3 > L'3. O

Given a boolean representable simplicial complex H = (V, H), we define

Ha = min{La| (L, V)€ LRH is minimal},
HB = min{LB|(L,V) € LRH is minimal}.

Proposition 5.6.3 Let H be a boolean representable simplicial complez.
Then:

(1) mindegH < Ha;
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(ii) if H is simple of dimension < 2, then mindegH > H[3.

Proof. (i) Let X = (V,H). Assume that H o = Lo for some minimal
(L,V) € LR H. Let M = M(L,V). Clearly, we may remove from the
matrix the row of zeroes corresponding to 7. On the other hand, the row
of & Ay is the sum of the rows of z and y in BVl so successive appli-
cation of Proposition 5.2.4(ii) implies that M [smi(L), V] is still a boolean
representation of H. Hence mindeg H < |smi(L)| = La = Ha.

(ii) Assume that mindeg H = ¢ and is realized by some {1,...,q} x V'
boolean matrix representation M = (m;,) of H. By Proposition 4.2.2(ii)
and Lemma 5.2.1,the lattice L = F1 M is contained in F1 H. We claim that

Ll <q. N
Indeed, let z € L. For i € {1,...,q}, we have Z; = {p € V | m;, = 0}.
Since z # T, we have x = Z;, N...N Z;, for some (distinct) 41,...,i, €

{1,...,q}. Since z ¢ {B} U at(L), there exists some y € L such that
x >y > B. Hence
T>Z,>x>y>DB (5.7)

is a chain in F1 M, hence also in F1 H. Since ht F1 H < 3 by Corollary 5.2.8,
(5.7) yields # = Z;, and so cach = € L determines a row of M. It follows
that |L| < ¢ as claimed.

Now by Proposition 5.4.3 we may view (L, V') as a lattice representation
of H, which does not need to be minimal. However, we can always find a
minimal one, say (L',V), such that (L,V) > (L', V). In particular, there
exists a V-surmorphism ¢ : L — L’ and it follows from Lemma 5.6.2 that

HB<L'B<LB=]|L| <q=mindeg H .
O
Immediately, we obtain:

Corollary 5.6.4 Let H be a boolean representable simple simplicial complex
of dimension < 2.

(i) If Hoo = H 3, then mindegH = Ha = H 5.
(ii) Ifdeg M = H 3 for some boolean representation M of H, then mindeg H
=Hp.

An example of application of this Corollary is given in Proposition 5.7.12.
Next, we make some remarks on the connections with dimension, paying
special attention to the case of uniform matroids.
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Lemma 5.6.5 Let H = (V, H) be a boolean representable simple simplicial
complez of dimension d. Then

d
max{d + 1,1logy |V|} < mindeg H < |H \ fct H | < Z <|‘z/|>
i=0
Proof. Let » = mindeg H and let M be a boolean representation of mini-
mum degree of H. Clearly, since dim H = d, we need at least d + 1 rows in
M in order to have d + 1 independent columns. Hence r > d + 1.

On the other hand, we have 2" possible column vectors. Since H is
simple, all the column vectors of M must be distinct, hence |V| < 2" and so
r > log, |V|.

Now, since a row of zeroes has no place in M, we have FIM C F1H \{V}
and Propositions 4.2.3 and 4.2.4 yield r < |H \ fct H |. Finally, since every
face of dimension d of H is necessarily a facet, we get |H \ fct H | <

Y (. O

Given m,n € N with m < n, Up,,, = (V, H) denotes the uniform sim-
plicial complex (a matroid, actually) such that |V| = n and H = P<,,(V).
We shall assume that V' = {1,...,n}. It follows from Propositions 4.2.2(iii)
and 4.2.3 that

FlUppn = P<pm—1 (V) U{V}.

In order to illustrate the ideas of this section, we perform some calculations
on the minimum degree of uniform matroids.

Theorem 5.6.6 Let 1 < m < n. Then

1 -1
— " < mindegU,, , < " .
m\m—1 ’ m—1

Proof. Suppose that P = (p;j) € M,xn(B) is a boolean representation of
U, of degree r = mindeg Uy, ,,. By Lemma 2.2.4, for every X € P, (V) C
H there exists some Y € FIMNP,,_1(V) such that Y C X. Now |P,,(V)| =
() and each Y € Pp,_1(V) is contained in n — (m — 1) elements of P, (V).
It follows that

P> e () = e )

_ 1
For the second inequality, let ' = P,_1({1,...,n —1}). Write M =

Mat H and N = M[F,V]. Since |F| = (g;_ll), it suffices to show that N is
a boolean representation of Uy, .
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Let X C V be c-independent with respect to IN. Since each row of N
has precisely m — 1 zeroes, it follows from Lemma 2.2.4 that X € P<,, (V).

Conversely, we must show that every X € P<,, (V) is c-independent with
respect to N. We may assume without loss of generality that | X| = m and
write X = x1...2%, with zo,... 2y £ n. Fori=2,...,m, let y; = z1 if
x1 # n; if x1 = n, choose y; € V' \ X.

Write X1 = zo... 2. Fori=2...,m,let X; = (X \ {z1,z:}) U{yi}.
It is immediate that X; € F for every i € {1,...,m}. Moreover, after
permuting rows and columns according to the given enumerations, we have

1 0 0 0
710 0
N[Xla"'aXm;lila'--amm}: 701 0
700 1

Thus is c-independent with respect to IN. The converse implication follows
from N being a submatrix of Mat H and Theorem 5.2.5. [

We can now get a result on the asymptotics of mindegU,, . Given
k € N, the complexity class ©(n*) consists of all functions ¢ : N — N such
that
AK, K’ > 03ng € NVn > ng KnF <np< K'nk.

Corollary 5.6.7 Letm > 1 be fized and consider mindeg U,y ,, as a function
of n for n > m. Then mindegU,,,, € O(n™1).

Proof. By Theorem 5.6.6, we have

mindeg U > 5 (,") = sy

n(n—1)...(n—(m—2))

m!
1
For large enough n, we have nf(:@fQ) < 2m-T1 and so
m—1 -1
1 m
mindeg Uy, », > < nl > —_n .
Qm—1 m! 2m/!

Theorem 5.6.6 yields also

. n—1 nn—1)...(n—(m-1)) nm—1
mindeg Uy, ,, < <m B 1) = (m— 1), <

Therefore mindeg Uy, , € O(n™1). O
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5.7 Examples

We present now some examples where we succeed in identifying all the min-
imal and sji lattice representations, as well as computing mindeg.
5.7.1 The tetrahedron complexes 75 and 715

Write 75 = (V, H) for V. ={1,...,4} and H = P<3(V) \ {123}.

It is routine to compute F1T5 = P<; (V) U {14, 24, 34,123,1234}. Which
F € FSub,F1T3 correspond to lattice representations (i.e. F' € Im#)? We
have the following lemma.

Lemma 5.7.1 The following conditions are equivalent for F' € FSub,F1T3:
(i) F €imé;
(ii) one of the following conditions is satisfied:
123 € F and |{1,2,3} N F| > 2, (5.8)
{14,24,34} N F| > 2. (5.9)

Proof. (i) = (ii). Assume that F' € Im 6 and [{14, 24,34}NF| < 1. Without
loss of generality, we may assume that 24,34 ¢ F. Since 234 € H, it follows
from Corollary 5.5.3 that there exists an enumeration x,y, z of 234 such that

Clp(zyz) D Clp(yz) D Clp(z).

The only possibility for Clg(yz) in F is now 123. Hence Clg(z) € {2,3}. By
symmetry, we may assume that 2 € F. On the other hand, since 13 € H,
there exists an enumeration a, b of 13 such that

Clp(ab) D Clp(b) = 123.

The only possibilities for Clp(b) in F' are now 1 or 3, hence (5.8) holds.

(ii) = (i). In view of Corollary 5.5.3, it is easy to see that any of the
conditions implies F' € Im @ (note that 4 € F' in the case (5.9) since it is the
intersection of two 2-sets). O

We consider now the minimal case.

Proposition 5.7.2 The following conditions are equivalent for F €
FSub F17T5:
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(i) F=(L,V)0 for some minimal (L,V) € LRT5;

(i) F = {V,123,4,5,0} or F = {V,i4,j4,4,0} for some distinct i,j €
{1,2,3}.

Proof. By Proposition 5.5.13, (i) holds if and only if removal of some Z €
smi(F) \ {0} takes us outside Im 6. It follows easily from Lemma 5.7.1 that
this corresponds to condition (ii). O

The F' in Proposition 5.7.2 lead to the lattices
%

VaN

123

7N\ 4
. |

Note that, if we wish to identify the V-generating set V' in these lattices, we
only have to look for Clpp for each p € V. For instance, in the first lattice,
the top element corresponds to the generator 4, and (permuting the first
three columns if necessary) we get the matrix representation

__ 0 O O
—_ o = O O
— == O O
— === O

Following Remark 5.5.9, we can count the number of minimal lattice
representations,

e up to identity in the V-generating set V: 3 4+ 3 = 6;
e up to some bijection of V' inducing a lattice isomorphism: 14 1 = 2.

We remark also that the second lattice, being non atomistic, is not geo-
metric, hence matroids can be represented by non geometric lattices!
We identify next the sji representations.
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Proposition 5.7.3 The following conditions are equivalent for F €
FSub F17T5:

(i) F = (L,V)0 for some non-minimal sji (L,V) € LRT3;
(ii) F is
(V,123,4,5,4,01 or {V,123,i4,4,5,0} or {V,id,jd,k 4,0} (5.10)

for some i,j,k € {1,2,3} with i # j.

Proof. (i) = (ii). It follows from Proposition 5.5.14 that (L,V) € LRT} is
sji if and only if there is at most one Z € smi(F') \ {0} whose removal keeps
us inside Im#. Assume that F' corresponds to an sji non minimal lattice
representation. Suppose first that F' satisfies (5.8). If none of the 2-sets k4
is in F', then F must contain precisely three singletons to avoid the minimal
case, and one of them must be 4 to avoid having a mutiple choice in the
occasion of removing one of them. This gives us the first case in (5.10).

Hence we may assume that i4 € F' and so also ¢« = 123 Ni4. If j4 € F
for another j € 123, then also j € F and we would have the option of
removing either 74 or j4. Hence F' contains V, 123, 14,14, (), and possibly any
other singletons from {1,2,3}. In fact, it must contain at least one in view
of (5.8) but obviously not both. Thus F is of the second form in (5.10) in
this case.

Finally, assume that F' satisfies (5.9) but not (5.8). Assume that 4, j4 €
F for some distinct 4,5, € {1,2,3}. Then 123 ¢ F, otherwise i,j € F
and we can remove either i4 or j4. Clearly, a third pair k4 is forbidden,
otherwise we could remove any one of the three pairs. Thus F' contains
V,i4,74,4 = i4 N 74,0 and possibly any other singletons. In fact, it must
contain at least one to avoid the minimal case but obviously not two, since
any of them could then be removed. Thus F' is of the third form in (5.10)
and we are done.

(ii) = (i). It is immediate that the cases in (5.10) lead to (L, V') non-
minimal sji, the only possible removals being respectively 4, i4 and k. [

In the third case of (5.10), we must separate the subcases k = ¢ and
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k ¢ {i,j}. Thus the sji non minimal cases lead to the lattices

/\ N\
NN
z‘4/V\j4 734/;\k
o~

| %
NN

0 0

Note that the first lattice is atomistic but fails to be semimodular, but
represents a matroid.

Following Remark 5.5.9 as in the minimal case, the number of sji lat-
tice representations in both counts (which includes the minimal ones) is
respectively 6 +3+6+64+3=24and 1+1+14+1+4+1=5.

It is easy to see that
F1T5 = {V,123,34,2,3,0} U{V,14,24,1,4,0}

provides a decomposition of the top lattice representation F1735 as the join of
two sji’s. In matrix form, and in view of Proposition 5.5.7, this corresponds
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to decomposing the matrix

M(F1T3,V) =

=== O = =IO OO
— = = O R =) OO0
== O = = O = OO0
— O, P OOORFO

as the stacking of the matrices

= = =0 O
__ 0 = O O
_ o = O O O
— = O = O
—__ 0O = O O
—_ = O = O
e e e =)
_ o = O O O

Note that the maximal decomposition of F175 as a join of sji’s would include
24 factors!
We can compute also mindeg 75:

Proposition 5.7.4 mindegT; = 3.

Proof. Take the minimal representation defined by F = {V,14,24,4,0}.
By Corollary 5.5.11, we can discard the row of M(F,V) corresponding to
4 = 14N 24 as well as the useless row of zeroes corresponding to V' to get

the matrix
0 1 1 0

M(F,V)=(1 0 1 0| €LRTs.
1 1 1 1

We cannot do better than this since H contains 3-sets. Therefore
mindeg73 = 3. [

The next example shows that the converse of Proposition 5.6.1 does not
hold.
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Example 5.7.5

1 0 1 1
M=10 1 1 0
0O 0 0 1

is a boolean representation of Ts of minimum degree (therefore rowmin) but
M # M(L,V) for any minimal (L,V) € LRT5.

Indeed, by Proposition 5.7.3, F' = {V,123,14,1,2,(} defines an sji rep-
resentation. Since M = M (F,V), then M is a boolean representation of T3
by Corollary 5.5.11. It has minimum degree by Proposition 5.7.4. However,
a straightforward check of the minimal cases described in Proposition 5.7.2
shows that M does not arise from any of them.

Now write Ty = (V, H') for H' = P<o(V) U {123,124}. It is routine to
compute F1T5 = P<; (V) U {12,1234}. We have the following lemma.

Lemma 5.7.6 The following conditions are equivalent for F' € FSubsF1T5:
(1) F €im0;
(ii) 12,i,j € F for some i € 12 and j € 34.

Proof. (i) = (ii). Since 123 € H’, it follows from Corollary 5.5.3 that there
exists an enumeration z,y, z of 123 such that

Clp(zyz) D Clp(yz) D Clp(2).

The only possibility for Clp(yz) in F is now 12 and so Clp(z) € {1,2}.
Analogously, 34 € H' implies 3 € For4 € F.
(ii) = (i). Easy to check in view of Corollary 5.5.3. O

‘We consider now the minimal case.

Proposition 5.7.7 The following conditions are equivalent for F €
FSub F1T5:

(i) F=(L,V)8 for some minimal (L,V) € LRT5;
(1) F ={V,123,1i,j,0} for somei € 12 and j € 34.

Proof. By Proposition 5.5.13, (i) holds if and only if removal of some Z €
smi(F) \ {0} takes us outside Imf. Now we apply Lemma 5.7.6. O
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The F' in Proposition 5.7.7 lead to the lattices

/\
S

]

0

Following Remark 5.5.9, we can count the number of minimal lattice
representations,

e up to identity in the V-generating set V: 4;
e up to some bijection of V' inducing a lattice isomorphism: 1.

These are all the sji representations. Indeed, by Proposition 5.5.14,
(L,V) € LRT; is sji if and only if there is at most one Z € smi(F) \ {0}
whose removal keeps us inside Im6. If 1,2 € F or 3,4 € F, this choice is
not unique and our claim follows.

Finally, we compute mindeg T5:

Proposition 5.7.8 mindeg 75 = 3.

Proof. One can check directly that

is a boolean matrix representation of 7o We cannot do better than this since
H' contains 3-sets. Therefore mindeg Ty = 3. [

5.7.2 The Fano matroid

Let F7 = (V, H) be the Fano matroid defined by V' = {1,...,7} and H =
P-3(V)\ {125,137, 146,236,247, 345, 567}. We note that £ = P<3(V)\ H
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is precisely the set of lines in the Fano plane (the projective plane of order
2 over the two element field):

The Fano plane is an example of a partial Euclidean geometry (PEG).
PEGs are studied in generality in Section 6.3.
Given p € V, write

Ly={LeL|peL} and L,={LeLl]|p¢L}
We list a few of the properties of Fy:
(F1) Any two distinct lines intersect at a single point.
(F2) Every point belongs to exactly three lines.
(F3) Any two points belong to some line.
(F4) If K consists of 5 lines, then K D £;, for some p € V.
(F5) If p,q € V are distinct, then [£, N L} | = 2.

Indeed, (F1) — (F3) are immediate. Then we note that (F4) follows from
(F1) since the two lines not in K must intersect at some point p, hence
L), C K. Finally, it follows from (F1) and (F3) that |£, N £L,| = 1, and in
view of (F2) we get

|['\([';m£2~,)|:|£pU£q|:|£p|+|£q|_|£pm£q|:3+3_1:57

thus [£, N Ly| =7 — 5 =2 and (F5) holds.
It is easy to check that

FIF; = Py (V)ULU{V}.
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Indeed, the lines are obviously closed, the 2-subsets are not, and every 4-
subset of V' contains some facet and has therefore closure V' by Proposition
4.2.3.

Lemma 5.7.9 The following conditions are equivalent for F' € FSubaF1 Fy:
(i) F €im8;
(i) L, C F for somep € V.

Proof. (i) = (ii). Assume that F' € Im#@. If |[FF N L| > 5, we are done by
(F4), hence we may assume that [F'N L] < 4.

Given X1, Xs, X3 € L distinct, we claim that there exists some X4 €
L\ {X1, X9, X3} such that E;, Z {Xy, Xo, X3, X4} for every p € V: indeed,
there is at most one p € V' such that X, Xo, X3 € L, by (F5), so it suffices
to choose any X4 € £,. Since Im#6 is an up set of FSub,F1 H by (5.6), we
may restrict ourselves to the case when |F'N L| =4 and L}, Z F for every
peV.

Then F N L, # 0 for every p € V. Since |F'N £| = 4 implies 37_, |F N
L;| = 12, there exist distinct p,q € V such that |[FNL,| = [FNLy| = 1. Let
L (respectively L’) be the unique line in F N L, (respectively F N L,). By
(F5), we have L # L', and |[LU L'| =5 by (F1). By (F1), there is a unique
r € V such that pgr € £. Take s € V' \ (LU L U{r}). By (F1), we have
pgs € H. Tt is easy to check that Clgp(pg) = Clp(pr) = Clp(gr) =V, hence
by Corollary 5.5.3 we reach a contradiction. Therefore (ii) holds.

(ii) = (i). Let X = zyz € H. By (F3), we may write z'yz, xy'z, zyz’ € L
for some z’,1/, 2’ € V. We claim that

{z'yz,xy'z, xy2'} N L, # 0. (5.11)

Indeed, if z = p, then z'yz € E;, and the cases y = p or z = p are similar.
Finally, if x, y, 2 # p, then 2/ = ¢ = 2’ = p would contradict (F5). Therefore
(5.11) holds.

We may assume that 2'yz € £, C F' and so Clp(yz) = z'yz. On the
other hand, in view of (F1), y belongs to precisely one line in £,, hence
y belongs to at least two lines in F' and so y € F since F is closed under
intersection. Thus

Clp(0) =0 C Clp(y) =y C 2'yz = Clp(yz) C V = Clp(zyz)

and so F' € Im 8 by Corollary 5.5.3. [
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Proposition 5.7.10 The following conditions are equivalent for F &
FSubaFl1 Fr:

(i) F = (L,V)0 for some minimal (L,V') € LR Fy;
(i) F'= L, U{V}UP(V\{p}) for somepec V.

Proof. (i) = (ii). Similar to the proof of Proposition 5.7.2, the lattice
(L, V) is a minimal lattice representation if and only if removal of any Z €
smi(F)\{0} takes us outside Im ¢. By Lemma 5.7.9, we must have FNL = L],
for some p € V. Similar to the proof of Lemma 5.7.9, we get ¢ € F for every
q € V\ {p}. Since 0,V € F necessarily and p € F would be removable, (ii)
holds.

(ii) = (i). If (ii) holds, then we can remove no line (by Lemma 5.7.9)
and we can remove no point either since all the points in F' occur as inter-
sections of lines in F', and a A-subsemilattice of F1 F7 must be closed under
intersection. [J

Writing F N L = {P,Q, R, S} and denoting by XY the intersection of
X, Y € FN L, we see that the minimal boolean representations are, up to
isomorphism, given by the lattice

S

R

PQ @
\ @
Up to congruence, the matrix representation M (F, V) (where we may remove

all the rows of M (F,V) corresponding to non smi elements of F') is then of
the form

RS

0011011
0110101
1001101 (5.12)
1100011

Following Remark 5.5.9 as in Subsection 5.7.1, the number of minimal
lattice representations in both counts is respectively 7 and 1.
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Proposition 5.7.11 The following conditions are equivalent for F €
FSubpFl1 Fr:

(i) F = (L,V)0 for some non-minimal sji (L,V) € LR Fr;
(i) F satisfies one of the following conditions:
F=L,U{V}UP(V) for somepeV; (5.13)
IFNL| =5 and |F NP (V)| = 6. (5.14)

Proof. The non-minimal sji cases are naturally divided into two categories:
those which admit a (unique) removal of a 3-set, and those which admit a
(unique) removal of a 1-set.

By Lemma 5.7.9, in the first category we must have |FFN L] = 5. By
(F5), this implies F'N L = £, U{X} for some X € L. As remarked before,
this implies P (V' \ {p}) C F, but the point p might be removable. Thus the
first category corresponds precisely to the condition (5.14).

In view of Lemma 5.7.9, in the second category we must have I’ = E;
for some p € V, and by Proposition 5.7.10 it must correspond precisely to
the condition (5.13). O

The lattice corresponding to (5.13) must be of the form

Up to congruence, the matrix representation M (F,V) is then of the form

0011011
0110101
1001101
1100011
1111110
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In the case (5.14), write £, = {P,Q, R, S} and FN L = £, U{Z}, with
Z = pab. Since every x € V' \ {p} is intersection of lines in £, and in view
of (F1), we may assume that a = PN .S and b = Q@ N R. We get the lattice

AR

Z P Q R S

\ @ /

Up to congruence, the matrix representation M (F,V) is then of the form

Vv

0011011
0110101
1001101
1100011
1111000

Following Remark 5.5.9 as in the minimal case, the number of sji lattice
representations in both counts is respectively 7+7+21 = 35 and 1+1+1 = 3.
It is easy to see that

FIF, = {V,125,146,236,345,567,1,2,3,4,5,6,0}
U {V,137,146,236,247,567,1,2,3,4,6,7,0}

provides a decomposition of the top lattice representation F1 F7 as the join of
two sji’s. In matrix form, and in view of Proposition 5.5.7, this corresponds
to decomposing the matrix

0011011
0101110
N 0110101
MFIF,V)=|1 00 1 1 0 1
1010110
1100011
1111000
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as
0011011 01 01110
0110101 01 10101
100110 1]®|1 001101
1100011 1010110
1111000 1111000

where we depict only the rows corresponding to the smi elements of the
lattices (minus the top).

Note that the maximal decomposition of FIF7; as join of sji’s would
include 35 factors.

Proposition 5.7.12 mindeg F; = 4.

Proof. It follows from our complete description of the minimal lattice rep-
resentations that Fya = 4 = Fy3. Thus mindegF7 = 4 by Corollary 5.6.4.
O

Further information on the Fano plane and boolean representations, un-
der a different perspective, can be found in [41].

5.7.3 The uniform matroid Us;,

We shall analyse in this subsection the uniform matroids of the form Uz,
with n > 5. For the simpler cases n = 3,4, we can adapt the discussion of
T3 in Subsection 5.7.1.

Given F' € FSubsF1Us,,, we define a graph F'y = (V,E) with pq € E
whenever p, g are distinct and pg ¢ F. This graph is actually the complement
of the graph of flats of Us ,, (see Section 6.4). We prove that:

Lemma 5.7.13 Letn > 5. Then the following conditions are equivalent for
F € FSub,F1Us,,:

(1)) F €im¥;
(i1) gth Fy >3 and |V \ F| < 1.

Proof. (i) = (ii). Suppose that gth Fy = 3. Then there exist distinct
p,q,r € V such that pg,pr,qr ¢ F. Hence Clp(zy) = V for all distinct
x,y € {p,q,r}. Since pgr € H, this contradicts F' € Im 6 in view of Corollary
5.5.3. Thus gth F'y > 3.
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Suppose next that z,y € V' \ F are distinct. Let a,b,c € V' \ {z,y} be
distinct. By Corollary 5.5.3, xya admits an enumeration x1, xo, x3 satisfying

Clp(l'll‘gxg) D) ClF(.Tgxg) D ClF(xg). (5.15)

Since F' C P<y(V) U{V'}, we get w3, x9w3 € F and so x3 = a and i,a € F
for some i, € {x,y}. Similarly, i;b,i.c € F for some 4,i. € {x,y}. Since
{ia,ip,ict| < 2, we may assume that i, = i, = z, hence © = iza Niyb € F,
a contradiction. Therefore |V \ F| < 1.

(ii) = (i). Let z,y,z € V be distinct. By Corollary 5.5.3, it suffices
to show that zyz admits an enumeration x1,x9, x3 satisfying (5.15). Since
gth F'y > 3, we have {xy,zz,yz} N F # (. We may assume that zy € F.
Since |V \ F| < 1, we have either x € F or y € F. In any case, (5.15) is
satisfied by some enumeration of z,y, z and we are done. [J

We discuss next the minimal and sji cases.

Proposition 5.7.14 The following conditions are equivalent for F €
FSubsF1U3 ,,

(i) F = (L,V)8 for some minimal (L,V) € LRU3,;
(ii) gth Fy > 3, diam F'y = 2 and

maxdeg Fy > |V|—-2= |V \ F|=1. (5.16)

Proof. (i) = (ii). By Proposition 5.5.13, the minimal cases are once more
characterized by the following property: removal of some X € smi(F) \ {0}
must make condition (ii) in Lemma 5.7.13 fail. It is easy to see that smi(F)\
{0} contains precisely the 2-sets and the points which are not intersections
of 2-sets in F, i.e. vertices of degree > |V| —2 in Fy.

By Lemma 5.7.13, we have gthFy > 3 and |V \ F| < 1. Suppose
that maxdeg F'y > |V| — 2. Then there exists some p € V such that p
occurs at most in one 2-set in F. Thus p € smi(F). If V C F, it follows
from Proposition 5.5.10 that condition (iv) of Proposition 5.5.13 fails if we
remove p from F (since condition (ii) in Lemma 5.7.13 is still satisfied).
Hence |V \ F| = 1.

Finally, since |V| > 2 and gth Fy > 3, we have diam F~y > 2. Suppose
that x,y € V lie at distance > 2 in Fvy. Then we could add an edge
x — y and still satisfy condition (ii) in Lemma 5.7.13. Since adding an
edge corresponds to removal of the smi xy from F', this contradicts (L, V')
being minimal.



5.7. EXAMPLES 85

(ii) = (i). Since diam F'y = 2, it is clear that we cannot add any extra
edge and keep gth Fy > 3, hence removal of 2-sets from F' will takes us out
of Im # by Lemma 5.7.13. On the other hand, also in view of Lemma 5.7.13,
we can only remove a point from F if V' C F, and by (5.16) this can only
happen if maxdeg Fy < |[V| — 2. However, as remarked before, this implies
that no point is in smi(F"). Therefore (L, V') is minimal as claimed. [

Proposition 5.7.15 The following conditions are equivalent for F €
FSubsF1U3 ,, :

(i) F = (L,V)8 for some sji (L,V) € LRU3,;
(ii) gthF~y > 3 and one of the following cases holds:

there exists a unique uv € Py(V') such that d(u,v) > 2

in Fry and (5.16) holds; (5.17)

diamFy=2 and (Fy= Ky, =|V\F|=1). (5.18)

Proof. (i) = (ii). Lemma 5.7.13 yields gth F'y > 3, which implies diam Fy >
2.

Suppose first that diam Fy = 2. As remarked in the proof of Proposition
5.7.14, we cannot remove a 2-set from F', and smi points correspond to
vertices of degree > |V| — 2 in Fy. Therefore there is at most one such
vertex in Fy. Since K, has two, then (5.18) must hold.

Finally, assume that diam F'y > 2. Then there exist u,v € V' at distance
3 in Fv, and adding an edge u — v does not spoil condition (ii) of Lemma
5.7.13. Since (L, V) is sji, then the 2-set uv is unique. Similarly to the proof
of Proposition 5.7.14, (5.16) must hold to prevent removal of an smi point.
Therefore (5.17) holds.

(ii) = (i). If (5.17) holds, then the unique edge that can be added to the
graph and keep its girth above 3 is « — v. On the other hand, since (5.16)
holds, the possibility of removal of an smi point is excluded. Thus (L, V) is
sji in this case.

Assume now that (5.18) holds. We cannot remove a 2-set from F' in view
of Lemma 5.7.13, since adding an edge to a graph of diameter 2 implies girth
3, forbidden in view of Lemma 5.7.13. On the other hand, having an option
on removing an smi point would imply the existence of two points of degree
> |V| — 2, which in view of gth Fy > 3 implies F'y = K3 ,. But in view of
(5.18) and previous comments, only one of these points can be present on
F. Thus (L, V) is sji also in this case. [
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It is now a simple exercise, for instance, to check that the minimal repre-
sentations of Us ¢ correspond (up to permutation of vertices) to the graphs

NP

and to F1, Fo, F3 € FSubsFI H given respectively by

F ={V,12,13,23,45,46,56,1,2,3,4,5,6,0};

Fy = {V,12,34,35,36,45,46,56,1,3,4,5,6,0};

F3 = {V, 23,24, 25,26, 34, 35,36, 45,46, 56,2,3,4,5,6,0};
Fy={V,13,14,16,24,25,35,36,46,1,2,3,4,5,6,0}.

The corresponding lattices are now

12 13 23 45 46 56
1
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N NBSBA

3

~F

2 % ;N\ 56

The non-minimal sji representations of Us g can be easily computed. In
fact, it is easy to see that if (5.17) holds, then by adding an edge u — v to
the graph Fv we get a graph of diameter 2 and still girth > 3. The converse
is not true, but a brief analysis of all the possible removals of one edge from
a minimal case graph to reach (5.17) gives us all such sji representations.

Those of type (5.18) are obtained by adding the seventh point to the
minimal representation given by K5 (the other types already have the
seven points or are excluded by the implication in (5.18).

Therefore the graphs corresponding to the sji representations of type
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X

/RN,

obtained by removing an edge from K33 and K> 4, respectively. Adding the
(essentially unique) case (5.18) representation, we obtain types

Fy = {V,12,13,23,34,45,46,56,1,2,3,4,5,6,0};
Fs = {V,12,23,34,35, 36,45,46,56,2, 3,4,5,6,0};
Fr = {V,23,24,25,26,34, 35,36, 45, 46,56, 1,2, 3,4, 5,6, 0}.

The corresponding lattices are
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S e

Nz

It is easy to count 20+ 30464 180 = 236 minimal lattice representations
for Usg only (but they reduce to 1 +1+ 1+ 1 = 4 in the alternative
counting of Remark 5.5.9)! The sji’s (including the minimal cases) amount
t0 236 +90+120+6 =452 and 4+ 1+ 1+ 1 = 7 in both countings.

Note that the lattices in the examples in which V' C F'| after removal
of the top and bottom elements, are essentially the Levi graphs [12] of the
graphs F'vy. The Levi graph of Fv can be obtained by introducing a new
vertex at the midpoint of every edge (breaking thus the original edge into
two), and the connection to the lattice is established by considering that
each of the new vertices lies above its two adjacent neighbors.

Note also that famous graphs of girth > 3 and diameter 2 such as the
Petersen graph [15, Section 6.6] turn out to encode minimal respresentations
via the function ~ (in Us 10, since the Petersen graph has 10 vertices).

Finally, we compute mindegUs ,:

Proposition 5.7.16 Forn > 3,

n(n472) if n > 6 and even
(n—1)2 .
mindeg Us ,, = T if n > 6 and odd
5 ifn=>5
3 ifn=23or4

Proof. Assume first that n = 2m with m > 3. We assume that M is an
RxV boolean representation of U3 »,,, with minimum degree. By Proposition
5.2.4(ii), we can add all the boolean sums of rows in M and still have a
boolean representation of Us 2, and we can even add a row of zeroes (we are
in fact building the matrix M* € M from Section 3.4). Now by Proposition
3.5.4 we have M* = M(L,V) for some (L,V) € LRUs3 2, and so F =
(L, V)6 satisfies gth Fy > 3 by Lemma 5.7.13. By Turén’s Theorem [15,
Theorem 7.1.1], the maximum number of edges in a triangle-free graph with
2m vertices is reached by the complete bipartite graph K, ,, which has m?

56
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edges. Therefore Fy has at most m? edges. Since 2V has (2;”) =m(2m—1)
2-sets, it follows that I has at least m(2m—1)—m? = m(m—1) 2-sets. Since
the 2-sets represent necessarily smi elements of M*, it follows that M =
M(L, V) has at least m(m — 1) elements and so mindeg U3 2,, > m(m — 1).
Equality is now realized through Fy = K, ,,. Note that in this case no
vertex has degree > |V| — 2, hence all the points are intersections of 2-sets
in F' and so the smi rows of the matrix are precisely the k(k—1) rows defined
by the complement graph of K, ,,,. Therefore mindegUs 2, = m(m — 1).

Assume now that n = 2m + 1 with m > 3. The argument is similar to
the proof of the preceding case, so we just discuss the differences. Again
by Turdn’s Theorem [15, Theorem 7.1.1], the maximum number of edges
in a triangle-free graph with 2m + 1 vertices is reached by the complete
bipartite graph K, ;m+1 which has (m + 1)m edges. Therefore Fy has at
most (m + 1)m edges. Since 2" has (2”1;1) = (2m + 1)m 2-sets, it follows
that F has at least (2m + 1)m — (m + 1)m = m? 2-sets. Note that, since we
have m > 3 no vertex has degree > |V| — 2 in Ky, mt1.

Assume now that n = 5. The preceding argument shows that F' has at
least 4 2-sets but this time in K> 3 there is a vertex of degree 3, implying the
presence of an smi point in F. Therefore the above arguments yield only
4 < mindeg U3 5 < 5. Suppose that there exists some M = (m;;) € Myx5(B)
representing Uz 5. Note that in view of Lemma 5.2.1 we may assume that
no row of M has more than two zeroes. Let F' = FIM N P(V). In view
of Corollary 5.5.3, every X € P3(V) must contain some Y € F. Now it is
straightforward to check that any graph with 5 vertices and at most 4 edges
admits a 3-anticlique except (up to renaming of vertices)

Therefore the unique possibility is to have (up to congruence) a matrix of
the form

4——-1375

—= =0 O
= o = O
_ o O
O = =
S ==

But then 45 is not c-independent and we reach a contradiction. Therefore
mindeg Us 5 = 5.
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For the cases n = 3 and n = 4, it is immediate that the matrices

1 0 0 0 0 1 1
0 1 0 and 1 0 0 1
0 0 1 1 1 0 0

constitute representations of minimum degree. [J

5.7.4 Steiner systems

A Steiner system with parameters ¢ < r < n is an ordered pair (V,B),
where |V| =n and B C P,(V) (the set of blocks) is such that each ¢-subset
of V is contained in exactly one block. It follows that |B N B’| < t for all
distinct B, B’ € B. For details on Steiner systems, the reader is referred to
[1, Chapter 8].

We denote by S(t,r,n) the class of all Steiner systems with parameters
t < r < n. Two Steiner systems (V, B) and (V', B’) are said to be congruent
if there exists a bijection ¢ : V' — V' inducing a bijection on the blocks. If
there exists a unique element of S(t,7,n) up to congruence, it is common to
use S(t,r,n) to denote it.

If (V,B) € S(t,r,n) and p € V, let B,y = {X CV\{p} | X U{p} € B}.
It is easy to see that (V' \ {p},B() € S(t — 1,7 —1,n —1). It is called a
derived system of (V,B).

A Steiner system in S(2,3,n) (respectively S(3,4,n)) is called a Steiner
triple system (respectively Steiner quadruple system) and the notation

S(2,3,n) = STS(n), S(3,4,n) =5SQS(n)

is standard. It is known that SQS(n) # () if and only if n = 2 mod 6 or
n =4 mod 6. It is known that SQS(8) and SQS(10) are unique, while
S@QS(14) has 4 congruence classes and SQS(16) has 1,054,163. We present
next a construction of SQS(8). We will use this description in Theorem
5.7.18(iii) to show that the minimum degree of the paving matroid defined
below corresponding to SQ.S(8) is 6.
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Consider the cube C' depicted by

Write V' = {1,...,8} and let F' denote the set of all 4-subsets of V' which
correspond to faces of C. We define

B={X e P(V)||XNY]is even for every Y € F}.
It is easy to see that B contains 14 elements:
e the 6 faces 1234, 1458, 1256, 2367, 3478, 5678;
e the 6 diagonal planes 1278, 1357, 1467, 2358, 2468, 3456;
e the 2 twisted planes 1368, 2457.

Then (V,B) = SQS(8).
It is easy to check that B is closed under complement. Moreover,

|B N B'| is even for all B, B’ € B. (5.19)

Indeed, if |BN B’| is odd, we may assume that |B N B’| = 3 by replacing B
by its complement if necessary. Then a 3-subset of V' would be contained in
two distinct blocks, a contradiction.

We note also that the Fano plane of Subsection 5.7.2 (which is ST'S(7) =
S5(2,3,7)) is a derived system of SQS(8) = S(3,4,8).

Now every (V,B) € S(r — 1,7,n) induces a paving matroid (V, H(B)) €
BPav(r — 1) (boolean representable in view of Theorem 5.2.10) defined by

H(B) = P<,(V)\B.
Its lattice of flats is easy to compute:

Lemma 5.7.17 Let (V,B) € S(r — 1,r,n). Then:
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(i) FI(V, H(B)) = P<,_5(V) UBU {V};
(ii) smi(FI(V, H(B))) = B.

Proof. (i) We have P<, (V) U {V} C FI(V, H(B)) by Proposition 4.2.2.
Let B € B and suppose that X € H(B) N 2% and p € V \ B. We may
assume that | X| = r — 1. Since B is the unique block containing X, we have
X U{p} ¢ B and so X U{p} € H(B). Thus B € FI(V, H(B)).

Next consider X € P._1(V). Since X U {p} € B for some (unique)
p € V\ X, it follows that X ¢ FI(V, H(B)). Finally, assume that X C V
is such that |X| > r and X ¢ B. If every r-subset of X is in B, then
|X| > r and some (r — 1)-subset of X must be contained in two distinct
blocks, a contradiction. Hence X must contain a facet and so C1 X =V by
Proposition 4.2.3. Therefore X ¢ F1(V, H(B)).

(ii) It suffices to show that every (r — 2)-subset X of V' is an intersection
of blocks. Indeed, for every p € V' \ X, there exists some p’ € V such that
X U{p,p'} € B. Suppose that ¢ € Npcyr\x{p,p'}. Since |V \ X[ > 3, it
follows that there exist two distinct B, B’ € B such that BN B’ = X U {¢},
a contradiction. Thus X = Npep\x (X U {p,p'}) as required. O

Theorem 5.7.18 Let (V,B) € S(r —1,r,n). Then:
(i) M(B,V) is a boolean representation of (V, H(B)) € BPav(r — 1);
(i) mindeg (V, H(B)) < |B];

(#ii) if r =4 and n =8, then mindeg (V, H(B)) = 6.

Proof. (i) By Theorems 5.2.5 and 5.2.10, M (F1(V, H(B))) is a boolean rep-
resentation of (V, H(B)). By Corollary 5.5.11, we only need to keep the
rows corresponding to smi elements. Now the claim follows from Lemma
5.7.17(ii).

(ii) Immediate from (i).

(iii) Let F' denote the set of all 4-subsets of V' which correspond to faces
of the cube C. We show that M = M(F,V) is a boolean representation
of (V,H(B)). Since F' C FI(V, H(B)), in view of (i) and Lemma 2.2.3(i) it
suffices to show that every 4-subset in H(B) is c-independent with respect
to M.

Let X € H(B) with |X| = 4 (note that, being a matroid, (V, H(B))
is pure). By definition of B, there exists some Y; € F such that | X N Y|
is odd. Exchanging Y] by its complement if needed, we may assume that
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| X NY7| = 3. Using the symmetries of the cube, we may assume without loss
of generality that Y7 = 5678 and X = x567. Let Yo = 2367, Y3 = 3478 and
Yy = 1234. Then M[Y1,Ys,Ys,Yy;2,5,6,7] is a lower unitriangular subma-
trix of M and so X is c-independent. Thus M is a boolean representation
of (V, H(B)) and so mindeg(V, H(B)) < 6.

Now suppose that M is a (reduced) boolean representation of (V, H(B))
with degree < 6. By Theorem 5.2.5, we have M = M(F,E) for some
F CFIV,H(B)). Let X € B\ F. Using the symetries of the cube, we may
assume that X = 1234. Let Y = 1238 € Py(V)\ B C H(B).

Since Y is then c-independent with respect to M, then Y has a witness
in M by Proposition 2.2.6. Hence there exists some Z € F such that |Y N
Z| = 3. Thus Z € B by Lemma 5.7.17(i), a contradiction since the only
face of the cube sharing 3 elements with Y is the absent X. Therefore
mindeg(V, H(B)) =6. O

We are interested in generalizing Theorem 5.7.18(iii) (see Question
9.1.3(iv)).



Chapter 6

Paving simplicial complexes

We devote this chapter to the particular case of paving simplicial complexes,
with special emphasis on the case of dimension 2. We shall develop tools
such as the graph of flats, which will lead us in Chapter 7 to results involving
the geometric realization of the complex.

6.1 Basic facts

In this chapter, we consider only simple paving simplicial complexes.
We start by establishing an alternative characterization of paving sim-
plicial complexes using the lattice of flats:

Lemma 6.1.1 Let H = (V,H) be a simplicial complex of dimension d.
Then the following conditions are equivalent:

(i) H is paving;
(11) P<q—1(V) C FIH.

Proof. (i) = (ii). By Proposition 4.2.2(iii).

(ii) = (i). We show that P<x(V) C H for k = 0,...,d by induction.
The case k = 0 being trivial, assume that k € {1,...,d}, X € P<(V) and
Poy_1(V) C H. Take x € X. Then X \ {z} € P<_1(V) C HNF1H and
so X € H. Thus P<;(V) C H. By induction, we get P<4(V) C H and so H
is paving. [

Next we simplify the characterization of boolean representable paving
simplicial complexes:

95
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Proposition 6.1.2 Let H = (V,H) € Pav(d). Then the following condi-
tions are equivalent:

(i) H is boolean representable;
(ii)) VX e HON Py (V) Jz € X : x ¢ CIX \ {2});
(iti)) VX e HN Py (V) 3z € X = CUX \ {z}) # V.

Proof. (i) = (ii). By Theorem 5.2.6.

(ii) = (iii). Immediate.

(iii) = (i). By Corollary 5.2.7, it suffices to show that every X € H
admits an enumeration x1, ...,z such that

Cl(z1,...,25) D Cl(za,...,zk) D ... D Cl(zg) D CLD). (6.1)

By condition (ii) in Lemma 6.1.1, this condition is satisfied if | X| < d. Thus
we may assume that | X| = d+1. By condition (iii), there exists some z1 € X
such that C1(X \ {z}) # V. By Proposition 4.2.3, we have C1.X = V. Hence
ClX D Cl(X \ {z1}). Now (6.1) follows easily from Lemma 6.1.1. O

Since every matroid is pure, it is only natural to wonder which good
properties pure paving simplicial complexes might possibly have. We close
this section with a few counterexamples:

Example 6.1.3 Not every pure H = (V,H) € Pav(2) is boolean repre-
sentable and the smallest counterexample occurs for |V| = 5.

Indeed, it follows easily from Example 5.2.11 that every pure H €
BPav(2) is boolean representable when |V| < 4. Now let V = {1,...,5}
and H = P<o(V) U {123,124,125,345}. It is immediate that H is paving
and pure. Take 345 € H. It is easy to check that 1,2 € 34,35,45 and
so 34 = 35 = 45 = V. In view of Proposition 6.1.2, H is not boolean
representable.

Example 6.1.4 Not every pure H = (V,H) € BPav(2) is a matroid and
the smallest counterexample occurs for |V| = 5.

It follows easily from Example 5.2.11 that every pure H € BPav(2) is
a matroid when V| < 4. Now let V. = {1,...,5} and H = P<3(V) \
{134,135}. It is immediate that # is paving and pure. It is easy to check
that 12, 23,45 € F1 H. Since every facet must contain one of these flats, H
is boolean representable by Proposition 6.1.2. Finally, (EP) fails for I = 145
and J = 13 and so H is not a matroid.
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6.2 Graphic boolean simplicial complexes

A simplicial complex H = (V, H) is said to be graphic boolean if it can be
represented by a boolean matrix M such that:

e M contains all possible rows with one zero;
e cach row of M has at most two zeroes.

It follows from Lemma 6.1.1 that H = Uy || or H € BPav(2).

We can then of course represent H by a graph where the edges correspond
to the flats of the matrix having precisely two elements. This construction
will be generalized in Section 6.3 under the notation I'M.

Proposition 6.2.1 Let H = (V,H) € Pav(2). Then the following condi-
tions are equivalent:

(i) H is graphic boolean;
(i) if X € HN P3(V), then X \ {z} € F1H for some x € X;
(iii) there exist no abc € H and x,y,z € V such that abx, ayc, zbc ¢ H.

Proof. (i) = (ii). Let H be represented by a boolean matrix M satisfying
the conditions in the definition of graphic boolean. Suppose that X € H.
Then, permuting rows and columns if necessary, we may assume that M has
a 3 X 3 submatrix of the form

Q|0 0
S0 RO
QA= O O

It follows that there is a row in M having zeroes precisely at columns b and
¢, and this implies that zbc is c-independent for every z € V'\ {b, c}. Hence
zbc € H for every z € V' \ {b,c} and so X \ {a} € F1H.

(ii) = (iii). Suppose that exist some abc € H and z,y,z € V such that
abzx, ayc, zbc ¢ H. Then ab, ac,bc ¢ F1 H.

(iii) = (i). Let M = Mat H and F = {X € FIH | |X]| <2}. We claim
that M[F,V] is a boolean representation of H.

If X CV is c-independent with respect to M[F, V], it is so with respect
to M by Lemma 2.2.3(i) and so X € H by Lemma 5.2.3.

Conversely, assume that abc € H. By (iii), we may assume that abx € H
for every z € V \ {a,b} and so ab € Fl H. Hence ab € F and since
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P<1(V) € F by Lemma 6.1.1, it follows that abc is c-independent with
respect to M[F,V]. The equivalence is of course immediate for smaller
subsets, hence M[F, V] is a boolean representation of H and so H is graphic
boolean. [

We provide next a series of examples and counterxamples involving
graphic boolean simplicial complexes:

Example 6.2.2 Not every H = (V, H) € BPav(2) is graphic boolean and
the smallest counterexample occurs for |V| = 5.

It is a simple exercise to show that H € BPav(2) is graphic boolean if
|[V| <4 (see Example 5.2.11). Let V = {1,...,5} and

H = P<3(V) \ {123,145, 245, 345}

Then F1 H = P<;(V) U {123,V}. For every X € P3(V) N H, we have
| X N123| =2, say X N123 =ij. Writing X = ijk, we get

V = ClX D123 = Cl(ij) D i = Cl(5) D 0 = CI().

The cases X € H \ P5(V) being immediate, it follows from Corollary 5.2.7
that H is boolean representable. It is not graphic boolean since it fails
Proposition 6.2.1(ii).

Example 6.2.3 Not every graphic boolean simplicial complex H = (V, H)
is a matroid and the smallest counterexample occurs for |V| = 4.

The case |V| < 3 is trivial. For |V| = 4, we consider Example 5.2.11(iii),
where it is shown that T is not a matroid and F1T5 = P<;(V) U {12, V'}.
Therefore T5 is graphic boolean by Proposition 6.2.1.

Example 6.2.4 Not every matroid H = (V, H) € Pav(2) is graphic boolean
and the smallest counterezample occurs for |V| = 6.

The case |V| < 4 is easy to check in view of Example 5.2.11. Assume
next that # is a paving matroid of dimension 2 with V' = {1,...,5}.

Suppose that 123 € F1 H. Then 124,125,134, 135,234,235 € H. Since
124,134,234, 45 € H, it follows easily from (EP) that at least two of the 3-
sets 145,245, 345 belong to H. Hence P<3(V')\ H has at most two elements.
Since the elements abx, ayc, zbc in the statement of Proposition 6.2.1 must
be all distinct, it follows that H is graphic boolean.
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Hence we may assume that F1 H contains no 3-set. Suppose that 1234 €
F1 H. Then ab5 € H for all distinct a,b € {1,...,4} and so ab € F1 H
for every a € {1,...,4}. By Proposition 4.2.3, H contains no other 3-set,
hence the flats a5 suffice to build a representation of H and so H is graphic
boolean.

Therefore we may assume that F1 H contains neither 3-sets nor 4-sets.
Thus H is graphic boolean if |V| = 5.

Finally, let V' = {1,...,6} and H = P<3(E) \ {124,135,236}. Since
123 € H, it follows from Proposition 6.2.1 that H is not graphic boolean.
However, H € Pav(2) and any two distinct elements of P<3(V) \ H share
precisely one element, so it follows easily that H is a matroid.

6.3 Computing the flats in dimension 2

We develop in this section techniques to compute the lattice of flats of a
given H € BPav(2) from a given boolean representation.

We introduce the definition of partial euclidean geometry (abbreviated
to PEG). This concept has been extensively studied in a number of contexts
in incidence geometry, incidence structures and set intersection problems.
For example, see [10, 13, 37, 46, 47]. For the purposes of this book, it is
convenient for us to call these structures PEGs.

Given a finite nonempty set V and a nonempty subset £ of 2V, we say
that (V, £) is a PEG if the following axioms are satisfied:

(G1) if L, L’ € L are distinct, then |L N L'| < 1;
(G2) |L| > 2 for every L € L.

The elements of V' are called points and the elements of £ are called lines.

Let H = (V, H) € BPav(2) be represented by an R X V boolean matrix
M = (myp). By Lemma 5.2.1, Z, = {p € V | m;, = 0} belongs to F1 H for
every r € R. We say that Z, is a line of M if 2 < |Z,| < |V|. We denote by
L the set of lines of M and write

GeoM = (V,L).
Proposition 6.3.1 Let M be a matriz representation of H € BPav(2).
Then Geo M is a PEG.
Proof. Since M has a submatrix congruent to

1 0 0

? 1 0
? ? 1
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then L7 is nonempty. Now it suffices to prove axiom (G1). Suppose that
|LNL'| > 1 for some distinct L, L' € Lj;. We may assume that L L. Let
p € LN L. By Proposition 4.2.2,

pc{pycLNnLl/cLCV

is a chain in F1 H. Since ht F1 H = 3 by Corollary 5.2.8, we reach a
contradiction. Therefore (G1) holds and Geo M is a PEG. O

Assume now that £ C 2V is nonempty (not satisfying necessarily axioms
(G1) or (G2)). We say that X C V is a potential line with respect to L
if | XNLH <1forevery L € L\ {X}. We denote by Po(L) the set of
all potential lines with respect to £, and by Pom(L) the set of maximal
elements of Po(L) (with respect to inclusion).

Let # = (V, H) be a simplicial complex. The rank function rg : 2V — N
is defined by

Xrg =max{|I|| I €2*nH}.

The maximum value of rg is the rank of H and equals dim H +1. We collect
more detailed information on rank functions in Section A.6 of the Appendix.
We prove now the following lemma:

Lemma 6.3.2 Let M be a boolean representation of H = (V, H) € BPav(2).
Then:

(’i) ,CM g Pom(ﬁM);
(11) Po(Pom(Lyr)) € Pom(Lyr) U P<1(V);
(iii) if X CY € Po(La) \ Lar, then X € Po(Lyr);

() Xrg <2 for every X € Po(Lyr).

Proof. (i) We have Ly C Po(Lys) by Proposition 6.3.1. Suppose that
L Cc X with L € Ly and X € Po(Lps). Then | X NL| = |L| > 1. Since
X # L, this contradicts X € Po(Lys). Thus Ly € Pom(Lys).

(ii) Tt follows from part (i) that Po(Pom(Lyr)) € Po(Lyr). Suppose
therefore that X € Po(Pom(Lyr)), |X| > 1 and X C Y for some Y €
Po(Lyr). Then we may assume that Y € Pom(Lys). Since | X NY| = |X| >
1, this contradicts X € Po(Pom(Lyr)). Thus X € Pom(Lys).

(iii) Supose that | X N L| > 1 for some L € L3y \ {X}. Then [YNL| > 1
and Y ¢ Ly yields L # Y. Thus Y ¢ Po(Lyr), a contradiction.
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(iv) Suppose that I € H N 2% with |I| = 3, say I = abc. After possible
reordering of rows and columns, M has a submatrix of the form

T 1 0 0

T9 ? 1 0

T3 ? ? 1 (6.2)
a b ¢

It follows that b,c € X N Z,,, contradicting X € Po(Ly). O

In the following lemma, we show how to recover H from Lj; and
Pom(Lyy):

Lemma 6.3.3 Let M be a boolean representation of H = (V, H) € BPav(2).
Then
H = Po(V)u( | {(Xer()|IXnL|=2})
LeLly
= P3(V)\ U P(Y).

YePom(Lyy)

Proof. Let X € H \ P<2(V). Then |X| = 3. Since X is c-independent
with respect to M, there exists some submatrix of M of the form (6.2) with
X = abe. Then Z,, € Ly satisfies | X N Z,,| = 2 and so H C P<3(V) U
(ULELM{X € P3(V) | |1X N L‘ = 2})

Next, assume that X € Ps(V) satisfies | X N L| = 2 for some L € Ly;.
Suppose that X CY for some Y € Pom(Lys). Then Y NL| > 2, and Y €
Po(Lyr) yields Y = L. Thus | X| = |X NY| = 2, a contradiction. Therefore
Po(V)u( | {(XemM) [IXnLI=2}) CPu(V)\ | B

Lely YePom(Lyy)

Finally, assume that X € P<3(V)\ H. Then |X| = 3, hence we must
show that X CY for some Y € Pom(Lyr).

Suppose that | X N L| > 2 for some L € Ly;. Then X C L € Pom(Ls)
by Lemma 6.3.2(i) and we are done. On the other hand, if |[X N L| = 2 for
some L € Ly, say X N L = be, we use the fact that the b and ¢ columns
in M must be different (otherwise bc € H is not c-independent) to build
a submatrix of M of the form (6.2), contradicting X ¢ H. Hence we may
assume that | X N L| < 1 for every L € Ly, i.e. X € Po(Lyr). Taking
Y € Pom(Ly) containing X, we reach our goal. [

Now we use the operators P and Pom to describe F1 H from L ;:
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Theorem 6.3.4 Let M be a boolean representation of H = (V,H) €
BPav(2). Then

FlH = P<;(V)U{V} U Po(Pom(Ly)).

Proof. Let X € F1 H. We may assume that 1 < |X| < |V]|. Suppose that
X ¢ Po(Lps). Then | X NL| > 1 for some L € L\ {X}. Since Ly CF1H
by Lemma 5.2.1, this contradicts Proposition 6.3.1 (applied to the matrix
Mat H). Hence X € Po(Lyr).

Suppose that |[X NY] > 1 for some Y € Pom(Ly) \ {X}. Then X €
Po(Ly) yields Y ¢ X. Take a,b € X NY distinct and p € Y\ X. Since
ab € H and X is closed, we have abp € H and so Yryg > 2, contradicting
Lemma 6.3.2(iv). Therefore X € Po(Pom(Lyr)).

Regarding the opposite inclusion, we have P<i(V) U {V} C F1 H by
Proposition 4.2.2. Let X € Po(Pom(Ly;)) and assume that I € HN2X and
p € V\ X. We must show that I U {p} € H.

Since P<3(V) C H, and in view of Lemma 6.3.2, we may assume that
|I| = 2, say I = ab. Suppose that abp C Y for some Y € Pom(Lys).
Since p ¢ X, we have X # Y. However, | X NY| > 2, contradicting X €
Po(Pom(Lyy))-

Thus no element of Po(L)s) contains abp. In particular, abp ¢ Po(Lys)
implies that there exists some L € Ly \{abp} C F1 H such that |LNabp| > 1.
Since Ly € Po(Lpr) by Lemma 6.3.2(i), we cannot have abp C L, hence
|L N abp| = 2. Hence, taking = € L Nabp, it follows that abp is a transversal
of the successive differences for the chain ) C {z} ¢ L C V in F1 H, and so
abp € H by Theorem 5.2.6. Therefore X € F1 H. O

Example 6.3.5 Let V ={1,...,7} and H = (V, H) be represented by

M:

— o O
e )
_ O
==
S = O

1 1
10
00
We compute F1 H.

Note that M has no zero columns (hence every point is c-independent)
and all columns are different (hence all 2-sets are c-independent). Since 123
is also c-independent, we have H € BPav(2). We generalize this example in
Question 9.2.5.
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If we represent Geo M as lines in the real plane,

—
—

1

\
—

it is easy to see that Pom(Lyr) = Ly U {146,247,345,2346}. Since 2346
shares at least two points with each element of {146,247, 345,2346}, it fol-
lows that Po(Pom(Lyr)) = Layr and so F1 H = P<; (V) U{V} U Ly by
Theorem 6.3.4. Since dim H = 2, any representation must have degree > 3,
hence mindeg H = 3. Note also that by Lemma 6.3.3 H contains all 3-sets
except those contained in some element of Pom(Lys). Thus

7

H = P5(V) \ {125,137, 146, 234, 236, 246, 247, 345, 346, 567} .

Given an R x V matrix M, we define a (finite undirected) graph 'V =
(V, E), where E contains all edges of the form p — ¢ such that p # ¢ and
pq C Z, for some r € R. When M is a boolean representation of ‘H, I'M
can be of assistance on the computation of F1 H from L.

Theorem 6.3.6 Let M be a boolean representation of H = (V, H) € BPav(2).
Then:

FI1H = P<1(V)U{V} U L U {superanticliques of T M}.

Proof. By Lemma 5.2.1 and Theorem 6.3.4, we have P<;(V)U{V}ULy C
Fl H. Assume now that X is a superanticlique of T M. Let I € HN 2% and
p € V\ X. We must show that I U {p} € H.

Suppose that |I| = 3. By the first equality in Lemma 6.3.3, we have
|I NL| = 2 for some L € L)y, contradicting X being an anticlique of T'M.
Hence |I| < 2, and we may indeed assume that |I| = 2, say I = xy. Since
X is a superanticlique of I'M, we have p € nbh(x) U nbh(y), hence we may
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assume that p € nbh(z). It follows that px C L for some L € Ly;. Since
y ¢ nbh(z), we have y ¢ L and so zyp € H by the first equality in Lemma
6.3.3. Therefore X € F1 H.

Conversely, let X € F1 1. We may assume that 1 < |X| < |V|. Suppose
first that there exists an edge + — ¥y in I'M for some x,y € X. Then
xy C L for some L € Ly C Fl H. Since |X N L| > 1, it follows from
Proposition 6.3.1 (applied to the matrix Mat H) that X = L € Lj;. Hence
we may assume that X is an anticlique. Let x,y € X be distinct and let
p € V\ X. Since zy € H and X is closed, we have xyp € H. By the first
equality in Lemma 6.3.3, xyp is not an anticlique. Since x ¢ nbh(y), we get
p € nbh(z)Unbh(y) and so V'\ X C nbh(z)Unbh(y). The opposite inclusion
holds trivially in the anticlique X, hence X is a superanticlique. [

We remark that, being easier for our eyes to detect cliques than an-
ticliques, it is often useful in practice to work within (I'M)¢ to exchange
superanticliques by supercliques.

Next we combine Lemma 6.3.3 with Theorem 6.3.6 to obtain a new
description of H in terms of M:

Proposition 6.3.7 Let M be a boolean representation of H = (V,H) €
BPav(2). Then

H = P<3(V)\ ({3-anticliques of TM}U | | P3(L)).
Lelys

Proof. Let X € P3(V). By the second equality in Lemma 6.3.3, it suffices
to show that X C Y for some Y € Pom(L)ys) if and only if X € Ureg,, P3(L)
or X is an anticlique of I'M.

Assume first that X C Y for some Y € Pom(Lys) and X is not an
anticlique of ' M. The latter implies |X N L| > 2 for some L € L and so
also [Y N L| > 2. Hence Y = L and so X € P3(L).

For the opposite inclusion, in view of Lemma 6.3.2(i), we may assume
that X is an anticlique of I'M. Then X € Po(L)s) and so is contained in
some Y € Pom(Lyr). O

Example 6.3.8 Let V ={1,...,5} and H = (V, H) be represented by

M =

O = O
O O =
— = O

01
00
11
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Then M has minimum degree among the representations of H and FI1H =
Pgl(V) U{V} ULy U{14,25,45}.

Note that all the columns are nonzero and different, and it follows easily
that H € BPav(2). We cannot represent dimension 2 with two rows, hence
M is a representation of minimum degree.

Now (I'M)¢ is the graph

1

2 3 4
5
Clearly, the supercliques of (I'M )¢ are 14,25 and 45. By Theorem 6.3.6, we

get FIH = Poy(V)U{V} U Ly U {14,25,45}.
By Proposition 6.3.7, we get also H = P<3(V) \ {135, 234}.

6.4 The graph of flats in dimension 2

We explore in this section the concept of graph of flats. Recalling the
definition of I'M in Section 6.3, we define I'F1 H = I'Mat H for every
H = (V,H) € Pav(2). Thus we may write I'F1 H = (V, E), where p — ¢ is
an edge in F if and only if p £ qand pg C V.

In Chapter 7, the graph of flats will play a major role in the computation
of the homotopy type of a simplicial complex in BPav(2), namely through
the number and nature of its connected components.

We can characterize simple matroids through the graph of flats:

Proposition 6.4.1 Let H € Pav(2). Then the following conditions are
equivalent:

(i) H is a matroid;
(ii) TF1H is complete.

Proof. (i) = (ii). Write # = (V, H). Let =,y € V be distinct. Since every
matroid is pure, there exists some z € V' \ zy such that xyz € H. It follows
from Proposition 4.2.5(ii) that z ¢ Ty, hence there exists an edge x — y in
I'FI1 H. Therefore I'F1 H is complete.
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(ii) = (i). Suppose that (EP) fails for I,J € H. Since P»(V) C H, then
|I| = 3. Since JU{i} ¢ H for every i € I'\ J, we must have I C J. Hence J
contains a facet and so J = V by Proposition 4.2.3. Since |J| = 2, it follows
that I'F1 H is not complete. [J

Given a graph I' = (V, E), we define two simplicial complexes H! (T') =
(V,H'(T")) and #°(T') = (V, HO(T)) by

HY(T) = {X € P<3(V)| X is not a 3-anticlique of '},
H°T) = {X € P<3(V)| X is neither a 3-clique nor a 3-anticlique of I'}.

Clearly, HY(T') C H}(T'). We shall see that H!(T") and H°(T') are max-
imum and minimum in some precise sense. Note also that different graphs
may yield the same complex, even if they have at least 3 vertices, even if
they are connected:

Example 6.4.2 We may have H!' (T') = H° (') = H' (V) = H° () for
nonisomorphic graphs I' and T”.

Indeed, let " and I" be depicted by

Then H!(T) = HO(T') = H! (I") = HO (I") = P<3(V) since there are neither
3-cliques nor 3-anticliques in either graph.

Lemma 6.4.3 Let H = (V, H) € Pav(2) and let T = TFIH. Then H°(T) C
H.

Proof. Write I' = (V, E). Let X € H%T). Since H is simple, we may
assume that X = abc with ab € E and ac ¢ E. Hence ab C V = @c and so
c ¢ ab. Since ab e H, we get X € H. [

The following lemma is essentially a restatement of Proposition 6.1.2:

Lemma 6.4.4 Let H = (V,H) € Pav(2) and let ' = T'FIH. Then the
following conditions are equivalent:

(i) H € BPav(2);
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(ii) H C HY(T).

Proof. (i) = (ii). Suppose that H ¢ H(T)). Then there exists some pqr €
H which is an anticlique. It follows that pg = pr = qr = V, contradicting
Proposition 6.1.2 since H is boolean representable. Therefore H C H'(T).

(ii) = (i). Let pgr € H. Then pgr € HY(I') and so we may assume
that pg C V. If r € pqg, then pg contains a facet of H and so pg = V
by Proposition 4.2.3, a contradiction. Hence r ¢ pg and so H is boolean
representable by Proposition 6.1.2. [

We now compute the flats for #! (T') and H° (T):

Proposition 6.4.5 Let I' = (V| E) be a graph. Then:
(i) FIHY(T) = P<1(V)U{V} U E U {superanticliques of T'};
(i) F1HO (T) = P<1(V)U{V }U{supercliques of T }U{superanticliques of T'}.

Proof. (i) We have P<;(V) U {V} C Fl H! (I') by Proposition 4.2.2. If
pq € E, then pgr € H(T') for every r € V' \ pq and so pg € F1 H! ('). Now
assume that S is a superanticlique of T and let I € H'(T)N2% pe V \ S.
The case |I| = 3 is impossible and |I| < 1 yields I U {p} € HY(T) trivially.
Hence we may assume that |I| = 2, say I = ab. But then p € nbh(a)Unbh(b)
and so I U {p} € HY(T'). Therefore S € F1H!(T).

Conversely, let X € F1 #! (T') and assume that X ¢ P<;(V) U {V}.
Assume first that X is not an anticlique. Let p,q € X be such that pg € F.
Since pq € F1 H! ('), we have a chain

DCcpCpgCXCV.

If pg C X, it follows that M = Mat H' (T") possesses a 4 x 4 lower unitrian-
gular matrix and so there exists a c-independent 4-set with respect to M.
Hence dim #! (I') > 3 by Lemma 5.2.3, a contradiction. Thus X = pq € E.

Finally, assume that X is an anticlique. Let a,b € X be distinct and
let p € V\ X. Then abp € HY(T') yields p € nbh(a) U nbh(b). Hence
V'\ X C nbh(a) Unbh(b) and the opposite inclusion follows from X being
an anticlique. Thus X is a superanticlique.

(ii) We adapt the proof of part (i). If X € P<;(V)U{V} or X is a
superanticlique, we get X € F1 H (I') by the same arguments. Assume
now that S is a superclique and let I € HO(T')N 2% p € V\ S. The case
|I| = 3 is impossible and |I| < 1 yields I U {p} € H%(T) trivially. Hence we
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may assume that |I| = 2, say I = ab. But then p ¢ nbh(a) N nbh(b) and so
IU{p} € HO(I'). Therefore S € F1H°(T).

The opposite inclusion is a straightforward adaptation of the analogous
proof in (i). O

Corollary 6.4.6 Let I' = (V, E) be a graph. Then:
(i) H'(T) is boolean representable;

(ii) HO (') need not be boolean representable.

Proof. (i) Let pgr € H'(T"). Then we may assume that pg € E. Since pq is
closed by Proposition 6.4.5, it follows from Proposition 6.1.2 that H! (T') is
boolean representable.

(ii) Let " be the graph described by

VAVAN
NN\

Then 345 € HY(T'). Suppose that H° (T') is boolean representable. By
Proposition 6.1.2, we may assume without loss of generality that 5 ¢ 34
or 4 ¢ 35. The only maximal cliques containing 34 are 134 and 348, and
it is easy to check that none of them is a superclique. Hence 34 = V by
Proposition 6.4.5(ii). Similarly, the only maximal anticliques containing 35
are 356 and 357, and none of them is a superanticlique. Hence 35 = V by
Proposition 6.4.5(ii). Thus we reach a contradiction and therefore H° (T') is
not boolean representable. [

We shall give next abstract characterizations of I'F1 H for H € Pav(2)
and ‘H € BPav(2).

Theorem 6.4.7 Let I' = (V, E) be a graph. Then I' 2 TFIV, H) for some
(V,H) € Pav(2) if and only if the following conditions are satisfied:

(1) VI =3;

(ii) every 2-anticlique of T is contained in some 3-anticlique;
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(iii) for every 3-anticlique X of ', there exists some 3-anticlique Y such
that | X NY|=2.

Proof. Assume that I' = I'FI(V, H) for some (V,H) € Pav(2). Clearly,
|V| > 3. Suppose that pq is an anticlique of I'. Then pq is not closed and so
pgr ¢ H for some r € V \ pq. By Lemma 6.4.3, we get pgr ¢ H°(T'), hence
pqr is an anticlique of T and (ii) holds.

Assume now that pgr is an anticlique of I'. Suppose first that pgr € H.
Since pq is not closed, we have pgs ¢ H for some s € V' \ pq. Hence s # r.
By Lemma 6.4.3, we get pgs ¢ H°(I'), hence pgs is an anticlique of I' such
that |pgr N pgs| = 2.

Thus we may assume that pgr ¢ H, hence |V| > 3. Suppose pqr is closed.
Since pgr is an anticlique, this implies V' = pqr, a contradiction. Hence pqr
is not closed, and so we have zys ¢ H for some xy C pgr and s € V' \pqr. By
Lemma 6.4.3, xys is an anticlique of I' such that |pgr N zys| = 2. Therefore
(iii) holds.

Conversely, assume that conditions (i)—(iii) hold. Let S denote the set of
all the 2-anticliques of I' which belong to two different maximal anticliques.
Assume that Xi,...,X,, are all the maximal anticliques of I' having more
than 3 elements and containing no element of S as a subset. Fori =1,... m,
choose Y; € P3(X;) and define

H=H'T)U{Yy,..., Y}

Suppose that E = (. It follows from (iii) that |V| > 3. But then V is the
unique maximal anticlique and has more than 3 elements, hence Y; € H and
so dim (V, H) = 2. The case E # () is immediate, hence (V, H) € Pav(2) in
all cases.

Assume that pg € E. Since H'(I') C H, it follows from Proposition
6.4.5(1) that pg € F1(V, H) and so p — ¢ is an edge of I'FI(V, H).

Finally, assume that pg ¢ E. We need to show that pg = V. Suppose
first that pg € S. Then there exist two different maximal anticliques X and
Y of I' such that pg C X NY. Let z € X \ pq and suppose that pgr € H.
Since X is an anticlique, we have pgz ¢ H'(I'). Hence pgr = Y; C X; for
some i € {1,...,m}, contradicting pq € S. Hence pgr ¢ H and so X C pgq.
Similarly, Y C pg. Now, since Y # X and X is a maximal anticlique, there
exist some x € X and y € Y such that xy € E. Hence pg N H'(T') contains
a 3-set and so pg = V by Proposition 4.2.3. This settles the case pg € S.

Therefore we may assume that pg ¢ S. Let X be the unique maximal
anticlique of I' containing pg. By (ii), we have | X| > 3. By (iii), and since
pqg ¢ S, we have |X| > 4. Suppose that pgr ¢ H for every z € X \ pq.
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Then X C pg and we may assume that X = X; for some i € {1,...,m},
otherwise we use the case pg € S applied to some p'q’ € Po(X) N S to get
V = p/q’ C pg. But then Y; C pg and so pg = V by Proposition 4.2.3.

Thus we may assume that there exists some pgr € H N 2%. Since X is
an anticlique, we must have pgr = Y; C X; for some j € {1,...,m}. By
uniqueness of X, we get X = X;. Let s € X \ pgr. We cannot have pgs = Y},
for some k because pg ¢ S. Since X is an anticlique, it follows that pgs ¢ H
and so s € pq. If ¢s € S, we may use the case pg € S applied to ¢s, hence
we may assume that X is the unique maximal anticlique of I' containing gs.

Suppose that grs € H. Since grs ¢ H'(T'), we must have qgrs = Yz C X,
for some k € {1,...,m}. Since X} is a maximal anticlique of I" containing
gs, we get X; = X = X}, and so qrs = Y}, =Y, = pgr, a contradiction.

It follows that grs ¢ H and so r € gs C pg. Then pgr C pg and so
pq =V by Proposition 4.2.3 as required. [J

In particular, it follows that the square

is not of the form I'F1(V, H) for some (V, H) € Pav(2).
As we remarked before, going to the complement graph may make things
easier, so we state the following corollary:

Corollary 6.4.8 LetI' = (V, E) be a graph. Then I' = TFI(V, H) for some
(V,H) € Pav(2) if and only if the following conditions are satisfied:

(1) V| =3;
(ii) every edge of I'° is contained in some triangle;
(iii) every triangle of I'° shares exactly an edge with some other triangle.

We consider now the boolean representable case:

Theorem 6.4.9 LetI' = (V, E) be a graph. Then I' = T'FI(V, H) for some
(V, H) € BPav(2) if and only if the following conditions are satisfied:

(1) V| =3;
(ii) E #0;
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(iii) T' has no superanticliques.

Proof. Assume that I' = T'FI(V, H) for some (V, H) € BPav(2). Then there
exists some 3-set X € H and so (i) holds. On the other hand, (ii) follows
from Lemma 6.4.4.

Now assume that X is a nontrivial anticlique of I". Note that X C V since
E # (). However, since |X| > 2, we have X = V by definition of TFI(V, H).
It follows that X is not closed and so there exist some I € H N 2% and
r € V\ X such that I U{r} ¢ H. Now, since (V, H) is simple, we must
have |I| > 2. Since [ is an anticlique, |I| = 3 contradicts Lemma 6.4.4,
hence |I| = 2, say I = pq. Since pqr ¢ H, we have ¢ € pr and so pg C pr.
Since ¢ ¢ nbh(p), we have pg = V, hence pr = V. Similarly, g7 = V and
so pqr is a 3-anticlique of I'. Thus 7 ¢ nbh(p) Unbh(g) and so X is not a
superanticlique of I'.

Conversely, assume that conditions (i), (ii) and (iii) do hold. By Corol-
lary 6.4.6, (V, H'(T')) € BPav(2). By Proposition 6.4.5, and in view of (iii),
we have

FIH ()= P<,(V)U{VIUE
and so TFI(V, H'(T')) =T. O

Corollary 6.4.10 Let T' = (V, E) be a graph.

(i) If T 2 TFIV, H) for some (V, H) € BPav(2), then H'(T') is the great-
est possible H with this property with respect to inclusion.

(ii) If T is triangle-free and T' = TFI(V, H) for some (V,H) € BPav(2),
then H = HY(T') and (V, H) is graphic boolean.

Proof. (i) By the proof of Theorem 6.4.9, together with Lemma 6.4.4.

(ii) By part (i), we have H C H'(T'). Since I is triangle-free, pg = pq
for every edge p — ¢q of I', and so H(I') C H. Moreover, every F €
FI(V,H) \ {V} has at most two elements (to avoid triangles in I'), thus
(V, H) is graphic boolean. O

The following example shows that the conditions of Theorems 6.4.7 and
6.4.9 are not equivalent, even if the graph has edges:

Example 6.4.11 We have K; 4 = TFI(V, H) for some (V,H) € Pav(2) but
not for (V, H) € BPav(2).
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Next let C] denote the class of all graphs having precisely n connected
components and m nontrivial connected components.

In the disconnected case, we can get more precise characterizations than
Theorem 6.4.9:

Proposition 6.4.12 Let I' = (V, E) be a disconnected graph. Then T' =
I'FI(V, H) for some (V, H) € BPav(2) if and only if I is not of the following
types:

(i) I € Cy for some n;

(i) T € C% with nontrivial connected component C, and C¢ has a complete
connected component;

(i) T € C3 with connected components C1,Cs, and Cf,CS both contain
1solated points.

Proof. Assume that I' = T'FI(V, H) for some (V,H) € BPav(2). Then
|E| # 0 by Theorem 6.4.9 and so I is not type (i).

Suppose that T" is type (ii). Let X be a complete connected component
of C¢ and write V' \ C = {z}. Then X U {z} is a nontrivial anticlique of I'.
Suppose that a,b € X U{z}. Then a € C or b € C and so nbh(a) Unbh(b) =
V\ (X U{z}). Hence X U {z} is a superanticlique, contradicting Theorem
6.4.9. Thus I is not type (ii).

Suppose now that I' is type (iii). Let z; be an isolated point of Cf for
i = 1,2. Then z12zo is a superanticlique of I', contradicting Theorem 6.4.9,
hence T is not type (iii) either.

Conversely, assume that I" is neither type (i) nor type (ii) nor type (iii).
We must show that the three conditions of Theorem 6.4.9 are satisfied. This
is clear for the first two, so we suppose X to be a superanticlique of I'.

Suppose first that I' has at least three connected components. Since
I is not type (i), has a nontrivial connected component C. Since X is a
maximal anticlique, we can choose distinct z,y € X \ C and z € C'\ X.
Then z ¢ nbh(x) Unbh(y), contradicting X being a superanticlique.

Suppose next that I' € C3 with connected components C7, Co. Since X
is a maximal anticlique, it must intersect both Cj and Cy. If | X| = 2, then
the two elements of X must be isolated points of C{ and C§, respectively.
Since I is not type (iii), it follows that | X| > 2. Hence we may assume that
there exist two distinct elements x,y € X N C; and take z € Cy \ X. It
follows that z ¢ nbh(x) Unbh(y), contradicting X being a superanticlique.

Therefore we may assume that I' € C? with nontrivial connected compo-
nent C'and V\C = {z}. Since I' is not type (ii), XNC cannot be a connected
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component of C¢ (because it is a clique). Hence there exists an edge x — y
in C° with x € X and y € C'\ X. It follows that y ¢ nbh(z) U nbh(z),
contradicting X being a superanticlique.

Therefore I has no superanticliques and so I' = I'FI(V, H) for some
(V,H) € BPav(2) by Theorem 6.4.9. O

6.5 Computing mindegH in dimension 2

In this section, we compute mindeg H for every H € BPav(2) with I'F1 H
disconnected.

Assuming H = (V, H) fixed, write M = Mat H. Let V; denote the set
of points which belong to some single line L € L3, (any line). Let also V}
denote the set of points which belong to no line L € Lj;. Note that 1}
consists of the isolated points in I'F1 H, and

V1 C smi(F1 H).

We define
0 ifVo=10
Qo = 1 ifFFngKm,lLlKl
[Vo| =1  otherwise
Write also

,M:{XeﬁM ‘Xﬂ‘/i:@}.

Theorem 6.5.1 Let H = (V, H) € BPav(2) with I'FIH disconnected. Let
M = MatH. Then

mindeg H = |Ly;| + V1| + Qo.

Proof. Assume that N is a boolean matrix representation of H of minimum
degree. By Theorem 5.2.5, we may assume that IV is a submatrix of M. Thus
Ly C Ly and so I'N is a subgraph of I'F1 H with the same vertex set V/,
hence disconnected. Suppose that L € L\ Ly. Take z,y € L distinct. By
Theorem 6.3.6 applied to N, we have nbhrys(z) Unbhras(y) = V' \ L and so
L intersects all the connected components of I''V. Since I'NV is a subgraph of
I'F1 H, it follows that I'F1 H is connected, a contradiction. Hence Ly = L.

Since N contains no row of zeroes and FIN C Fl H, it follows that
FIN = Ly UF for some F C P<;(V). How small can F be? We start this
discussion by decomposing V' into a disjoint union

V=VuWrus.
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Clearly, every p € V5 must belong to at least two lines L, L', and so p = LNL’
by Proposition 6.3.1. By minimality of N and Proposition 5.2.4(ii), we have
p ¢ FIN.

Let L € L\ £, and suppose that p,q € LNV} are distinct. Since pg €
H is c-independent with respect to N, and lines can’t help to distinguish
the two points, it follows that either p or ¢ must belong to FIN. Hence
F1 N must contain at least |LNV;| — 1 flats of the form p (p € LNVy). This
implies the existence of |Vi| — (|Las] — |£),]) points of V; in F.

Next suppose that p,q € Vj are distinct. Similar to the preceding case,
either p or ¢ must belong to F1 N. Hence FI N must contain at least [Vp| —1
flats of the form p (p € V).

Finally, suppose that I'Fl H = K, 1LUK;. Let p be the vertex of degree m
(note that m > 1 necessarily, otherwise H = P<3(V') and I'F1 H is complete,
a contradiction). Since p € H is c-independent with respect to N, and p
belongs to every line, we must have () or ¢ in F1N for some ¢ # p. In any
case, we may assume that F contains Qg flats of the form p (p € Vp).

Write

K = [Lu| + Vil = (ILa] = |£04]) + Qo = [Ly| + [Vi] + Qo.
All the above remarks combined show that
mindeg H = |[FIN| > K

in all possible cases.
To prove the opposite inequality, we build a boolean representation N’
of H with K rows. Indeed, let FI N’ contain:

(a) every L € Ly;

(b) for every L € Ly such that |L N Vi| > 1, all subsets of the form p
(p € LN V1) but one;

(c) all subsets of the form p (p € V) but one;
(d) @, if TF1H = Km,l U K;.

It is easy to check that FIN’ C F1 H and |FIN’| = K. It remains to show
that every X € H is c-independent with respect to N’. We assume that the
rows are indexed by the corresponding flats.

Assume first that X = p. We must show that p ¢ F for some F € FIN’.
In view of (a) and (c), we may assume that p € L for every L € L and
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|[Vo| < 1. Since I'F1 H is disconnected, we must have indeed |V| = 1.
Suppose that |L'| > 2 for some L’ € L. Since p € L for every L € Ly and
by Proposition 6.3.1, it follows that L\ {p} C Vi and so the claim follows
from (b). Thus we may assume that |L| = 2 for every L € Lj;. Therefore
I'FIH = K1 UK and so p ¢ ) € FIN'. This completes the case |X| = 1.

Assume next that |X| = 2, say X = pg. Suppose that there exists some
L € Ly such that p ¢ L and g € L. Since there exists some F' € FI N’ such
that ¢ ¢ F, the submatrix N[L, F';p, q] is of the form

L
F

=N =
Q= O

and so pq is c-independent. Hence we may assume that p and ¢ belong
to the same lines. By Proposition 6.3.1, it follows that either p,q € Vj or
p,q € LNV for some L € Lys. Using (c) or (b), respectively, and the case
|X| =1 as above, we complete the case |X| = 2.

Finally, the case | X| = 3 is proved using Lemma 6.3.3 (to get a row of
the form 100) and the case |X| = 2 (to complete the construction of the
lower unitriangular submatrix). Therefore every X € H is c-independent
with respect to N” and so mindeg H = K. 0

Example 6.5.2 Let V = {1,...,6}. We compute mindeg H for the simpli-
cial complex H = (V, H) represented by the matriz

o = = O = O
— o= = = O = O

_ = = O = == O
— —_ O R = = O

R OoOR R R F~ROR
O = e e

It is easy to check that H € BPav(2) and that the maximal potential
lines are given by

Pom(Lyr) = Ly U{abb | a € {1,2,3},b € {4,5}}.
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Hence Po(Pom(Lyr)) = Ly and by Theorem 6.3.4 we get F1 H = FIM U
{V,0}. Hence I'F1 H is the graph

and is therefore disconnected. We may therefore apply Theorem 6.5.1:
We have V) = {6}, hence Qo = 0. Moreover, Vi = {1,...,5} since the
two lines are disjoint, and so £, = (. Thus Theorem 6.5.1 yields

4——35 6

mindeg H = [Ly| + [Vi| + Qo =0+5+0=5.

It follows easily from the proof of Theorem 6.5.1 that

0 00111
111001
011111
101111
111011

is a boolean representation of H with minimum degree.



Chapter 7

Shellability and homotopy
type

In this section, we relate shellability of a simplicial complex H € BPav(2)
with certain properties of its graph of flats. We then use shellability to
determine the homotopy type of the geometric realization || H || (see Section
A5 in the Appendix) and compute its Betti numbers. We use the so-called
nonpure version of shellability, introduced by Bjérner and Wachs in [5, 6].

7.1 Basic notions

A simplicial complex H = (V, H) is shellable if we can order its facets as
Bi,...,B; so that, for k =2,...,t and if I(By) = (Uf:_fZBi) N 28k then

(By, I(By)) is pure of dimension |By| — 2 (7.1)

whenever |Bg| > 2. Such an ordering is called a shelling. We say that By
(k > 1) is a homology facet in this shelling if 25+ \ {B} C Uf;fQBi.

Let Xiq,...,X,, be mutually disjoint compact connected topological
spaces. A wedge of X1,...,X,, generically denoted by Vi* ; X;, is a topolog-
ical space obtained by selecting a base point for each X; and then identify-
ing all the base points with each other. If each of the X; has a transitive
homeomorphism group (i.e., given any two points x,y € X; there is a home-
omorphism taling x into y), then V], X; is unique up to homeomorphism.
This is the case of spheres: a sphere of dimension d is a topological space
homeomorphic to the euclidean sphere

(X e R7 | |X] =1,

117
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where | X | denotes the euclidean norm of X.

Given topological spaces X and Y, a homotopy between continuous map-
pings ¢,% : X — Y is a family of continuous mappings 6; : X — Y
(t € 0,1]) such that 6y = ¢, 81 = ¢ and, for every z € X, the mapping

0,1] — Y
t — .1‘915

is continuous for the usual topology of [0, 1].
We say that two topological spaces have the same homotopy type if there
exist continuous mappings o : X — Y and 8 : Y — X such that:

e there exists a homotopy between af and 1x;
e there exists a homotopy between Sa and 1y.

The homotopy type of a geometric simplicial complex (see Section A.5
in the Appendix) turns out to be undecidable in general, as we note in
the end of this chapter, so the following theorem from Bjérner and Wachs
illustrates the geometric importance of shellability. We omit defining some
of the concepts appearing in it, and we omit the proof as well:

Theorem 7.1.1 [5] Let H be a shellable trim simplicial complex of dimen-
sion d. Then:

(i) || H || has the homotopy type of a wedge W (H) of spheres of dimen-
sions from 1 to d;

(i1) fori=1,...,d, the number w;(H) of i-spheres in the construction of
W (H) is the same as the following two numbers:
— the number of homology facets of dimension i in a shelling of H,

— the i-th Betti number (i.e the rank of the ith homology group) of
HH .

For more details on shellability, the reader is referred to [52].
Our aim is to discuss shellability within Pav(2). We start with the low
dimension cases which are easy to establish. The proof is left to the reader.

Proposition 7.1.2 Let H be a simplicial complex of dimension < 1. Then
the following conditions are equivalent:

(1) H is shellable;
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(ii) there exists at most one nontrivial connected component of (I'H)¢.

As preliminary work to the dimension 2 case, it is useful to establish
when a simplicial complex with 3 vertices is pure of dimension 1. The proof
is left to the reader.

Lemma 7.1.3 Let H = (V, H) be a simplicial complez of dimension 1 with
|V| = 3. Then H is pure if and only if one of the following conditions holds:

(i) H contains exactly one 2-set but the third element of V is not in H;

(i) H contains at least two 2-sets.

We may refer to simplicial complexes satisfying (i) (respectively (ii)) as
type 1 (respectively type 2).

The following result, due to Bjorner and Wachs [5, 6], shows that we
may always rearrange the facets in a shelling with respect to dimension:

Lemma 7.1.4 [5] Let H be a shellable simplicial complex. Then H admits
a shelling where the dimension of the facets is not increasing.

Proof. Let By, ..., B; be a shelling of H. Suppose that m = |B;| < |Bit+1| =
n. We may assume that m > 2. We write (Bj, I(B;)) with respect to the
original shelling and (Bj,I'(B;)) with respect to the sequence obtained by
swapping B; and Bj41.

Let X be a facet of (Bjt1,I'(Bit1)). Then X € I(B;y1). Since the
complex (Bjt1,(Bit+1)) is pure of dimension n—2, we have X C Y for some
Y € I(Bj4+1) of dimension n — 2. Since B; € B;+1 and B; has dimension
<n-—2,wegetY € I'(B;jt1) and so (Bjt1,I'(Bi+1)) is pure of dimension
n— 2.

Now let X be a facet of (B;,I'(B;)). Suppose that X ¢ B;i1. Then
X € I(B;) and so X CY for some Y € I(B;) C I'(B;) of dimension m — 2.
Hence we may assume that X C B;yq1. Since (Bjt1,[(Bit+1)) is pure of
dimension n — 2, we have X C Y for some Y € I(B;y1). Since |Y| > m and
B;  Bijt1, it follows that Y € U§;1123j and so X € I(B;). Since (B;, I(B;))
is pure of dimension m — 2, we get X C Z for some Z € I(B;) C I'(B;) of
dimension m — 2. Therefore (B;, I'(B;)) is pure of dimension m — 2. Since
(B;,I'(Bj)) = (Bj,1(Bj)) for the remaining j, we still have a shelling after
performing the swap. Performing all such swaps successively, we end up
with a shelling of the desired type. [
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We end this section with a very useful result, due to Bjorner and Wachs
[5], involving the notion of contraction. Given a simplicial complex H =
(V,H) and Q € H \ {V}, we define the contraction of H by Q to be the
simplicial complex (V' \ Q, H/Q), where

HIQ={XCV\Q|XUQe H.

When the simplicial complex H is implicit, this contraction is also known
as the link of @ and denoted by 1k(Q). See Section 8.3 for more details on
contractions.

Proposition 7.1.5 The class of shellable simplicial complezes is closed un-
der contraction.

Proof. Let H = (V,H) be a shellable simplicial complex with shelling
Bi,...,Byand let A € H\{V}. Given X C V \ A, we have X € H/A
if and only if X UA € H. Let P = {i € {1,...,t} | A C B;} and let
i1,...,%m be the standard enumeration of the elements of P. It is straight-
forward to check that B;, \ 4, ..., B;, \ A constitutes an enumeration of the
facets of 1k(A). We prove that it is actually a shelling.

Let k € {2,...,m}. Then

I(B, \ A) = (UEZ12P5\) gBua

(with respect to the enumeration in 1k(A)). Suppose that X, Y are facets of
I(Bj, \A). Then XUA € I(B;,) (with respect to the enumeration in %) and
it is easy to check that it is indeed a facet of I(B;,): if XUA C X’ € I(B;,),
then X € X'\ A € I(B;, \ 4), a contradiction. Similarly, also Y U A is a
facet of I(B;, ). Since (By,,I(B;,)) is pure, we get | X U A| = |[Y U A| and
so also |X| = |Y|. Thus (B;, \ A,1(B;, \ A)) is pure. If |B;, \ A| > 2, it is
easy to see that (B;, \ A, 1(B;, \ A)) has dimension |B;, \ A| — 2, therefore
Ik(A) is shellable. [

7.2 Shellability within BPav(2)

We present in this section the main result of the whole chapter: the charac-
terization of the shellable complexes within BPav(2) by means of the graph
of flats I'F1 H defined in the beginning of Section 6.4. We prove a sequence
of lemmas which, combined together, give the main theorem.
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Let V be a finite set which we assume totally ordered. Let VT denote
the set of all finite nonempty words (sequences) on V. Given two words
r=x1...0;m and Yy = y1...yn (2;5,y; € V), we write x < y if one of the
following conditions is satisfied:

e there exists some k < m,n such that x; = y; for 1 <i < k and xp < yg;
e m<nanduz; =y; forl <i<m.

This is a total order known as the alphabetic order on V*.

Given a simplicial complex H = (V, H) and a total order on V, we define
the alphabetic order on fct H as follows. Given B € fct H, let ord(B) denote
the word of VT obtained by enumerating the elements of B in increasing
order. Given B, B’ € fct H, we write

B < B’ if ord(B) < ord(B’)
for the alphabetic order on V.

Lemma 7.2.1 Let H € BPav(2) with at most one nontrivial connected com-
ponent in U'F1H. Then H is shellable.

Proof. Write H = (V, H). Note that, in view of Theorem 6.4.9, I' = I'F1 H
has precisely one nontrivial connected component C'. Consider Geo Mat H
={F eFlH|2<|F|<|V|} and write

GeoMat H = {Fi,..., F,}.

Each F; defines a clique in I', and these cliques cover C' completely. Since C
is connected, we may assume that Fi,..., F}, is an enumeration such that

FEN(FRU...UF_1)#0

for i = 2,...,m. By Proposition 6.3.1, there exists a unique element
v, € FEN(FLU...UF;_)

for i = 2,...,m. We write also
F =F\(FLU...UF;_1)

fori=1,...,m.
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Now, if F] # 0, we fix a total order on F] having v; as minimum (if
i > 1). We fix also an arbitrary total order on V' '\ C. We glue these total
orders together according to the scheme

FI<Fy<...<F, <V\C

to get a total order on V.

We consider now an enumeration B1, B, ..., B, of the facets of H with
respect to the alphabetic ordering. We claim that this enumeration is a
shelling of H.

Let k € {2,...,n}. Assume first that |By| = 2, say By = zy. Suppose
that € C. If y is not adjacent to z, take z € V adjacent to z. Then y ¢ 7z
and Lemma 6.4.3 yields xyz € H, contradicting By € fct H. Hence we may
assume that z — y is an edge of I". Taking z € V' \ Ty, once again Lemma
6.4.3 yields xyz € H, contradicting By, € fct H.

Therefore we must have B, NC = (). Let a — b be an edge in C. Then
abzx,aby € fct ‘H in view of Lemma 6.4.3. Since abz,aby < By, it follows
that (By, I(By)) is pure of dimension 0.

Hence we may assume that |Bg| = 3. Write ord(Bj) = zyz. By Lemma
6.4.4, we have |By N C| > 2. Hence z € F) for some i € {1,...,m}.

Assume first that y € F]. Then z ¢ F; in view of Proposition 4.2.3.
Suppose that ¢ > 1. Since v; € F;, it follows from Lemma 6.4.3 that
voxrz,voyz € H. Since vg < z < y, we get voxrz,voyz < Bjp and so
(By, I(By)) is pure of dimension 1 by Lemma 7.1.3.

Hence we may assume that ¢ = 1. Let p < ¢ denote the first two elements
of V. If z # 1, by adapting the preceding argument we get pxz,pyz € H,
pxz,pyz < By and so (By, I(By)) is pure of dimension 1.

Thus we may assume that z = p. If y # ¢, we repeat the same argument
using pqy,pqz. Therefore we may assume that y = ¢q. But then the only
elements which can precede By in the ordering of fct H are of the form pgr
with ¢ < r < z and so (By, I(By)) is pure of dimension 1 also in this case.

Thus we may assume that y ¢ F;. Then y € F; for some j > i. Then z €
F; by Lemma 6.4.4. Let 2’ € F;\{z}. It is easy to check that za'y, z2'z € H,
xx'y, xx'z < By and so (B, I(By)) is pure of dimension 1 in this final case.

Therefore By, Bs, ..., B, is a shelling of H. O

The following example shows that the ordering of V' cannot be arbitrary,
even if I'FI H is connected. This is in contrast with the case of matroids,
where the shelling can be defined through any ordering of the vertices [4]
(see also [52]).
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Example 7.2.2 Let I' be the graph described by
1—5—3—4—6—7—2

where the vertices are ordered by the usual integer ordering. Then the al-
phabetic order on the facets of H' (T') does not produce a shelling.

First, we check that I has no superanticliques and so I' = I'F1 H! (I")
by Theorem 6.4.9 and Corollary 6.4.10. Then we note that the alphabetic
order on the facets starts with

125 <127 < 134 < ...

and so (134, 1(134)) is not pure of dimension 1.

The following example shows that Lemma 7.2.1 may fail if H is not
boolean representable:

Example 7.2.3 Let H = (V,H) be defined by V = {1,...,5} and H =
Py (V) U {123,124,125,345}. Then:

(i) He Pav(2);
(ii) H is not boolean representable;
(i4i) TFIH € Cf;
(iv) H is not shellable.
It is straightforward to check that
FI'H = P<;(V)uU{12,V}.

Since 345 ¢ H'(T), it follows from Lemma 6.4.4 that H is not boolean
representable. Moreover, I'F1 H is the graph

1——2 3 4 )

and is therefore in Cf.

Clearly, 1k(5) = ({1,...,4},H’) for H' = P<;(1234) U {12, 34}, hence
1k(5) is not shellable by Proposition 7.1.2. By Proposition 7.1.5, H is not
shellable either.

Lemma 7.2.4 Let H € Pav(2) with TF1H € C' and m > 1. Then H is
pure.
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Proof. Write H = (V,H) and I' = I'F1 ‘H = (V, E). Suppose that pq is
a facet of H. If pqg ¢ E, we can take x € nbh(p) since I' has no trivial
connected components. Then pgr € H°(T') € H by Lemma 6.4.3. On the
other hand, if pg € F, we can take y in some other connected component
and we also get pgy € H°(T') C H. Therefore H is pure. [

Lemma 7.2.5 Let H € Pav(2) with TFIH € C3. Then H is shellable.

Proof. Write H = (V,H) and I' = I'F1 H = (V, E)). We consider first the
particular case of ‘H being boolean representable.

Let V = AU B be the partition defined by the connected components.
Write A = {ay,...,an} and assume that, for every i € {2,...,m}, we have
a;a;q € F for some iar < 7. Such an enumeration exists because A is the set of
vertices of a connected component. Similarly, we may write B = {b1,...,b,}
and assume that, for every j € {2,...,n}, we have bjbjzg € E for some
jB < j. By Lemma 6.4.3, a;ajb, € H whenever a;a; € E. Similarly,
a;b;b, € H whenever b;b;, € E.

Suppose now that a;ajar, € H. By Lemma 6.4.4, at least two of these
three vertices must be connected by some edge. Since they belong to the
same connected component, and permuting i, j, k if necessary, there exists
some path in I' of the form

QG — Q5 — Y1 — .. — Y¢ — ag. (72)

We denote by Hj the set of all a;ajay such that there is a path of the form
(7.2) in T" and ¢ is minimal. Similarly, we define H;' considering the facets
b;b;by.

Consider the sequence of facets of (E, H)

agagabl, e ,amamabl, a2a2abg, e ,amamabg,
<y a2a20bp, . . ., A Gmabn,

followed by successive enumerations of:
e the remaining facets of the form a;a;by,
e the facets of the form a;b;by,
e the facets of Hy, Hy, ...,

e the facets of H{, H,....
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In view of Lemma 7.2.4, it is easy to see that this is an enumeration of all
the facets of H. We claim it is indeed a shelling. In most of the instances,
this involves straightforward checking that can be essentially omitted, hence
we just focus on the hardest cases: the H, (the H| cases are similar).
Suppose that a;aja, € H). We may assume that we have a path

Qg —(Ij — ag,

hence a;a;b1 and ajaiby appeared before and we may use Lemma 7.1.3.

Suppose now that a;ajar € Hy with £ > 0, and assume that (7.1) holds
for all facets in H; ;. We may assume that there is a path in I" of the form
(7.2) with ¢ minimal.

Suppose that ajyear, ¢ H. Since geay, is closed, it follows that a; € yeay,
hence ajay C year C V (since year € E) and so there is an edge a; — ay,
contradicting ¢ > 0. Thus a;y,a;, € H.

Suppose now that a;ajy, ¢ H. Since a;a; is closed, it follows that y, €
a;a;j, hence a;y; C a;a; C V and so there is an edge a; — y¢. By minimality
of ¢, it follows that £ = 1. Moreover, aj, ¢ @;a; (otherwise @;a; C V would
contain a facet, contradicting Proposition 4.2.3), hence we get aj, ¢ @;7; and
so ajyear € H. Similarly, @7y C @;a; yields ap ¢ a;y¢ and so a;year, € H.
Now note that a;ysar € Hf), and in fact also a;yea), € Hj since @;yz C @;a; C
V. Hence a;ay,ajar € I(ajajar) and so (7.1) holds for a;ajar by Lemma
7.1.3 in this case.

Thus we may assume that a;a;y, € H. It follows that a;ysax, a;a;y, €
H,_,, hence a;a;,ajay € I(a;a;ar) and so (7.1) holds for a;a;ay too in this
case.

This completes the discussion of the crucial H; cases and the proof of
the boolean representable case.

We consider now the general case. Let J = H N HY(T'). Then (V,J) €
Pav(2). Write TFI(V,J) = T" = (V,E’). We claim that F1 H C F1(V,J).
Indeed, let X € Fl H. We may assume that X C V. Let I € JnN2¥
and p € V' \ X. Since P<3(V) C J, we may assume that |I| > 2. On the
other hand, |I| = 3 implies that X contains a facet of # and so X =V
by Proposition 4.2.3, a contradiction. Thus |I| = 2. Since J C H and
X € F1 H, we get TU{p} € H. Now I C X € F1 H \{V} implies that
I is a clique in T, hence I U {p} € H'(I') and so I U {p} € J. Therefore
F1H C FI(V, J).

It follows that E C E' and so J C HYT') € HY(I"). By Lemma 6.4.4,
(V,J) € BPav(2). Since we have already proved the boolean representable
case, we may assume Bi,..., B; to be a shelling of (V,J). Clearly, every
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facet of dimension 2 of (V,J) is still a facet of H. We enumerate the facets
of H starting with By,..., B, followed by the remaining facets Bf,..., B},
in an arbitrary way. We claim this is a shelling of H.

Indeed, by Lemma 7.2.4 we may write B, = pqr. Since B] ¢ J, it is an
anticlique of I'. Let o € nbh(p) and ynbh(q). Then par, ygr € H°(T') and so
prr,yqr € H by Lemma 6.4.3. Since H°(I') C HY(T'), we get pxr,yqr € J
and so pr,qr € I(B}). Therefore (7.1) holds for B and we have indeed a
shelling. [

The next example shows that, in general, we cannot assume that the
shelling is defined by an alphabetic ordering, evidence of further deviation
from the matroid case [4].

Example 7.2.6 Let I' be the graph described by

78\8
/

1——2 /
6 \ / 3 12\
b——4 11——10
Then no shelling of H' (T') can be defined through an alphabetic ordering of
the facets.

First, we check that I' has no superanticliques and so I = T'F1 H#! (I")
by Theorem 6.4.9 and Corollary 6.4.10. Fix an ordering of the vertices.
We may assume without loss of generality that 1 is the minimum element.
Let X = {7,8,...,12}. All facets of H have three elements. Note that if
B € fct ‘H contains precisely two elements of X, then these two vertices
must be adjacent in I' by definition of H! (T).

We may assume that minX = 7 and min{8,...,12} € {8,9,10} for our
ordering. We split the discussion into these three cases.

Suppose first that min{8,...,12} = 8. If {9,10,11, 12} are ordered as
a < b < ¢ < d, then the first facets contained in X to appear in the
alphabetic order are

< TRa < ... <TR< ... < TR < ...<T8d < ...

Let B = {7,8,10}. Now I(B) contains 78 (since 178 is a facet and 178 <
78a) but does not contain {7, 10} because these two vertices are not adjacent
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and so could not have appeared as part of a facet containing an element of
{1,...,6}. Similarly, {8,10} ¢ I(B). However, 10 € I(B) since the facet
{1,10, 11} must have appeared before. Thus (B, I(B)) is not pure.

Suppose next that min{8,...,12} = 9. Then the first facet contained
in X to appear in the alphabetic order is of the form 79z for some x €
{8,10, 12} (since two of the vertices must be adjacent). It is easy to check
that (B,I(B)) is not pure if x # 8, hence we may assume that the first
facets contained in X to appear in the alphabetic order are:

e 798,
e {7,9,10} and {7,9,12} (in any order),
e {7,8,10}, {7,8,11} and {7,8,12} (in any order).

Let B = {7,8,12}. As in the preceding case, it is easy to check that
(B,I(B)) is not pure.

Finally, suppose that min{8,...,12} = 10. Then the first facet contained
in X to appear in the alphabetic order is of the form B = {7,10,z} and
it follows easily that (B, I(B)) is not pure. Therefore the alphabetic order
never produces a shelling in this example.

Lemma 7.2.7 Let H € BPav(2) with I'FIH € C;,

vou>2,v>3. Then H is
not shellable.

Proof. Write I'F1H=T = (V,E). Let V =V, U... UV, be the decompo-
sition of V in its connected components.

Assume first that ' has at least one trivial connected component. As-
sume that Vi,...,V; are the nontrivial ones and write V,,, = {v}. In view of
Proposition 7.1.5, it suffices to show that lk(v) is not shellable.

Let p,q € V' \ {v} be distinct. By Lemma 6.4.4, pqv € H implies pq € E.
Conversely, if pg € E, then v ¢ pg C V and so pqu € H. Thus pq is a facet
of Ik(v) if and only if pg € E. Since I' has at least two trivial connected
components, it follows that (I'lk(v))¢ has more than one nontrivial connected
component. Thus lk(v) is not shellable by Proposition 7.1.2 and so is H.

Assume now that I" has no trivial connected components. We consider
first the particular case in which each connected component of I' is complete
and H = HY(T'). Note that, by Corollary 6.4.10 and Proposition 6.4.12, we
have indeeed (V, H(T')) € BPav(2) for such a graph I'. Moreover, all the
facets have dimension 2 by Lemma 7.2.4.

Suppose that By, ..., B; is a shelling of H. Let B;,, B;,, ..., B;, , denote
the type 1 facets (recall the terminology introduced after Lemma 7.1.3).
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Clearly, 3 symbols have their first appearance in B;, = Bj, and then they
appear one at the time in B;,,...,B;, , (cf. Lemma 7.1.3). We build
an enumeration of the facets through blocks Q,..., 9, o satisfying the
following properties:

e Q) contains only the facet By;

o for j = 2,...,n — 2, Q; starts with B;;, and continues with all the
facets in H \ (Q1U...UQ; 1 U{B;;}) which are type 2 with respect
to the facets in Q1 U...UQ;_1 and those which already precede them
n Qj.

To prove that this is a shelling, we show that
{Bl,BQ,Bg,...,Bij+1_1}gQ1U...UQj forj=1,...,n—2, (7.3)

where we make i,,_1 = t 4+ 1. This holds trivially for j = 1 since io =
2. Assume that j > 1 and (7.3) holds for j — 1. We have B;, € Q; by
construction. On the other hand, B;;+1,..., B;;,,—1 are type 2in By, ..., By.
Using the induction hypothesis, and proceeding step by step, it follows that
all these facets must belong to Q; (unless they already appeared before in
some Q; (i < j)). Therefore (7.3) holds.

Now we claim that the facets B;; are type 1 in the new sequence: if j > 1,
one of the symbols of B;; makes its first appearance, and the other two (say
p, q) are such that pg C By, for some k < i; (since By, ..., B; is a shelling),
and then we apply (7.3) to get pg C C for some C' € Q; U...U Q. Of
course, all the others facets are type 2 by construction in the new sequence,
hence our new enumeration is indeed a shelling.

For j =1,...,n—2, let Q; = (W;, E;) be the graph with vertex set
W; = B1U...UB,; and edges p — ¢ whenever pg C B for some B €
Q1 U...UQ,;. We say that a vertex p € V; has color i. We claim that

if pq, qr € E; and pgr € H, then pr € Ej. (7.4)

Indeed, if pq, qr € E;, then pgz, qry € Q1U...UQ, for some x,y € V. Since
pqr € H, it follows that pgr € Q; U ... U Q; and so pr € Ej.

On the other hand, if we try to construct €}; from €2;_;, we have to
adjoin a new vertex corresponding to the letter p making its first appearance
in B;;, = pqr, and two new edges p — ¢q and p — 7. The efect on the graph
of adjoining a facet B = xyz € Q; \ {By,} (if any), is that of adjoining an
edge y — z in the presence of two edges © — y and x — 2z involving at
most two colors. Of course, xyz € H if and only if z,y, z have at most two
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colors, since H = H'(I") and we assume all the connected components of I'
to be complete.

In view of (7.4), we define a graph Q; having as vertices the monochro-
matic connected components of €; (i.e. maximal sets of vertices of the
same color which induce a connected subgraph of €2;), and having an edge
X — Y between two distinct vertices X and Y if ; has an edge z — y
with z € X and y € Y. By (7.4), this is equivalent to saying that {2; has an
edge x — y for all x € X and y € Y. Note also that if X — Y is an edge
of Q;, then X and Y have different colors.

Next we prove that:

Qjisatreefor j=1,...,n—2. (7.5)

This is obvious for j = 1, hence assume that j > 1 and Q;_; is a tree. If
we construct €2; from €;_q, we have to adjoin a new vertex corresponding
to the letter p making its first appearance in B;; = pgqr, and two new edges
p — q and p — r. Furthermore, by (7.4) and the comments following it,
(2, is obtained by successively adjoining new edges * — z whenever x — y
and x — z are already edges with zyz € H.

Assume that p € Vy, ¢ € Vy and r € V. Let D (respectively D', D")
denote the monochromatic connected component of p (respectively ¢,r) in
Qj—l-

If d = d’, then the new edges of ; connect p to every vertex in D and
in every monochromatic connected component adjacent to D in Qj,l, hence
Q; = Q;_; and is therefore a tree. Hence, by symmetry, we may assume
that d # d’,d". Since pgr € H = H'(I'), it follows that d = d” and so
D' = D" (since there exists an edge ¢ — r in ©;_; due to pgr being type
1). Now, if there exists in ﬁj,l a monochromatic connected component F'
of color d adjacent to D', it is easy to see that the new edges of ; connect
p to every vertex in F' and in every monochromatic connected component
adjacent to F' in ﬁj_l, so we get once again ﬁj = ﬁj_l. Hence we may
assume that in €;_; there exists no monochromatic connected component
of color d adjacent to D'. It follows that the new edges of €; connect p to
every vertex in D’. Hence p is going to constitute a new monochromatic
connected component of its own in {2; and so ﬁj can be obtained from Qj,l
by adjoining the new vertex {p} and the new edge {p} — D’. Therefore Q;
is a tree and so (7.5) holds for every j by induction.

In particular, €2,,_2 is a tree. However, since P<o(V) C H and H is pure,
every 2-subset of V' eventually occurs as a subset of some B; in the sequence,
hence ),,_5 is the complete graph with vertex set V, and so ,,_o should be
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the complete graph with vertex set {Vi,...,V;,}, which is not a tree since
m > 2. We reached thus a contradiction, so we can deduce that H is not
shellable for the particular case of H considered.

Finally, we consider the general case. Let I be the graph obtained
from I' by adding all possible edges to each connected component and let
H' = HY(TI"). Since H is boolean representable, we have H C HY(T') C H'
by Lemma 6.4.4. Suppose that By, ..., B; is a shelling of . Since all the
facets of H have dimension 2 by Lemma 7.2.4, it follows that Bi,..., B;
are facets of (V, H') and every X € P<9(V) occurs as a subset of some B;.
Therefore, if we extend the sequence Bi, ..., By by adjoining the remaining
facets of (V, H'), we obtain a shelling of (V, H'), a contradiction in view of
our discussion of the particular case. Therefore H is not shellable. [

‘We can now obtain:

Theorem 7.2.8 Let H € BPav(2). Then the following conditions are equiv-
alent:

(i) H is shellable;

(ii) TFIH contains at most two connected components or contains exactly
one nontrivial connected component.

Proof. Write I'F1H € C;. Then v > 1 by Theorem 6.4.9. Now we combine
Lemmas 7.2.1, 7.2.5 and 7.2.7. O

We can use Theorem 7.2.8 to produce a characterization of the complexes
in BPav(2) wich are sequentially Cohen-Macaulay. For details, we shall refer
the reader to [7, 18, 51].

Let H = (V, H) be a trim simplicial complex of dimension d. For m =
0,...,d, we define the complex pure,,(H) = (Vin, Hp,), where

Vin = U(H N Ppy1(V)),  Hpm =Uxennp, ., )2

It is easy to check that pure,,(#) is a trim pure complex of dimension m.
In view of [18, Theorem 3.3], we say that H is sequentially Cohen-
Macaulay if

Hi(pure,, (Ik(X))) = 0

for all X € H and k < m < d, where Hj, denotes the kth reduced homology
group.
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Since we are only considering dimension 2 here, we only need to deal
with low dimensions. We proceed next do define ﬁk for £ > 1 since it is
enough to use H; in our proof.

Let J = (V,J) be a simplicial complex. Fix a total ordering of V' and
let & > 1. Let Cy(J) denote all the formal sums of the form ., n; X; with
n; € Z and X; € J N Py (V) (distinet). Given X € J N Pyy1(V), write
X =xoz1 ... 2 With zg < ... < zp. We define

k

X0 =) (~1)'(X\{z:}) € Ce1(T)

=0

and extend this by linearity to a homomorphism 0 : Cx(J) — Ci_1(J).
Then the kth reduced homology group of J (which coincides with the kth
homology group since k > 1) is defined as the quotient

I:Ik(j) == Ker@k/ImakH.

We can now characterize the sequentially Cohen-Macaulay complexes in
BPav(2).

Corollary 7.2.9 Let H € BPav(2). Then the following conditions are
equivalent:

(i) H is sequentially Cohen-Macaulay;
(ii) H is shellable;

(iii) TFIH contains at most two connected components or contains exactly
one nontrivial connected component.

Proof. It is known [7, 51] that every shellable simplicial complex is sequen-
tially Cohen-Macaulay. In view of Theorem 7.2.8, it remains to be shown
that H is not sequentially Cohen-Macaulay whenever I' = I'F1 ‘H € C', with
m >2and n > 3.

Let H = (V, H) be such a complex. Let A;, Ay and Az denote three
distinct connected components of H with Aq, Ao nontrivial. Fix vertices
a; € A; for i = 1,2,3. We may assume without loss of generality that
a1 < az < ag. Let X = () and J = purey(1k(X)) = purey(H). Let a; —
b; be an edge of I' for i« = 1,2. Then ai1biao, aibias, asboas € H and so
ajas,aias, asas are faces of 7.

Let u = ajas — ajas + azas € Ca2(J). Since

udi = (araz — ara3 + asaz)or = (a2 — a1) — (a3 — a1) + (a3 — az) = 0,
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we have u € Ker 0. Note that u corresponds to the boundary of the triangle
ajasas.

Let Y contain all 2-subsets of V' intersecting two distinct connected com-
ponents of I'. Given w = >, _,;m; X; € C2(J), let w( denote the sum of the
n; such that X; € Y.

Since H is boolean representable, it follows from Lemma 6.4.4 that every
face pgr in ‘H (and therefore in J) has at least two vertices in the same
connected component, hence (pgr)da( is even. It follows that (Im d2)¢ C 27Z.
Since u¢ = 1, then Im 9 C Ker d; and so ﬁ[l(j) # 0. Therefore H is not
sequentially Cohen-Macaulay as required.

In other words, ajasas is not a face, hence u is a cycle which is not a
boundary, yielding the desired nontrivial homology. [

el

7.3 Shellability within Pav(2)

It is not likely to obtain a generalization of Theorem 7.2.8 to Pav(2) because
a simplicial complex is not boolean representable precisely when its flats are
not rich enough to represent it!

However, we can discuss, for a given graph in C;” (¢ > 2,m > 3) the
possibility of making it the graph of flats of some shellable H € Pav(2). It
can be done in most cases:

Theorem 7.3.1 LetI' = (V,E) € C[* witht > 2,m > 3. Then the follow-
ing conditions are equivalent:

(i) T 2 TFIV, H) for some shellable (V,H) € Pav(2);
(i) T is not of the form K, U KsU Ky for some r,s > 1.

Proof. (i) = (ii). Assume that I' = T'FI(V, H) for some (V, H) € Pav(2).
Suppose that I' =2 K, LUK K7 for some r, s > 1, corresponding to connected
components Vi, Va, Vs, respectively. Suppose that X € H intersects all three
connected components. Write X = xjxox3 with x; € V.

Let y € V \ {z1,22}. Then either y = z3 or y € nbh(z;) U nbh(xg).
Note that, in the latter case we must have yxizo € H by Lemma 6.4.3.
Thus yzi1xe € H in any case and so z1z9 € FI(V, H). It follows that x; is
adjacent to xo, a contradiction.

Therefore no element of H intersects all three connected components,
hence H C H*(T') and so (V, H) is boolean representable by Lemma 6.4.4.
Thus (V, H) is not shellable by Lemma 7.2.7.
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(ii) = (i). Let V.= V4 U... UV, be the decomposition of V in its
connected components, where Vi,...,V; are the nontrivial ones. For each
ie{l,...,m}, fix a; € V;. For each i € {1,...,t}, fix also b; € V; \ {a;}.
We may assume that:

(AS1) if there exist non complete components, the first component is among
them;

(AS2) if the ith component is not complete, then a; and b; are not adjacent.
We define

H:Hl(l“) U {alaiaj]1<i<j§t}
U {alaiaj]1<i§t<j<m}
U {blbiam|1<i§t<m}.

Clearly, (V,H) € Pav(2). Note also that, given 3 distinct connected com-
ponents, there is at most one face of H intersecting them all. We claim
that

FI(V,H) = P<;(V)UEU{V}. (7.6)

Since H1(T') C H, it is easy to see that P<1(V)UEU{V} C FI(V, H).
To prove the direct inclusion, we start by the following remarks:

if |X| > 3 and X is not an anticlique, then X = V. (7.7)

Indeed, if this happens then X contains some facet Y € H*(T') C H and so
X =V by Proposition 4.2.3.
We show next that

if X intersects 3 connected components, then X = V. (7.8)

We may assume that |X| = 3. Suppose first that X = pgr intersects two

nontrivial connected components, say p € V; and g € V;. Take p’ € nbh(p)

and ¢’ € nbh(q). It is impossible to have pg'r,p'qr € H simultaneously,

hence p’ € X or ¢ € X. In any case, we may apply (7.7) to get X = V.
Thus we may assume that g and r are isolated points. Then zqr ¢ H for

every z € V; and so V; C X and so X =V by (7.7). Therefore (7.8) holds.
Finally, we claim that

pq = V whenever p, g are two non adjacent vertices. (7.9)

Assume first that p,q € V;. Then V \ V; C pq since pgr ¢ H for every
z € V\V;. Thus pg =V by (7.8).



134 CHAPTER 7. SHELLABILITY AND HOMOTOPY TYPE

Thus we may assume that p € V; and ¢ € V; with 7 # j. Suppose first
that there exists some k € {1,...,t}\{4,7}. Then pgr ¢ H for some r € V},
hence r € pg and so pg = V' by (7.8). Thus we may assume that i =1, j =2
and t = 2. If m > 4, then either pgas ¢ H or pqa,, ¢ H, hence we get as
or a, into pg and so pg = V by (7.8). If m = 3, then we may assume that
p = b1 (otherwise pgas ¢ H and we use (7.8) as before). It follows from (ii)
and (AS1), (AS2) that a; ¢ nbh(p). Hence a1pq ¢ H and so a; € pg. Now
aiqasz ¢ H yields a3 € V and so (7.9) follows from (7.8).

It follows that (7.6) holds and so T'FI(V, H) = T". All we need now is to
prove shellability. Let B denote the set of facets of dimension 2 of (V, H).
For i€ {1,...,t}, let B; =BN2%. For 1 <i<j<m,let

Bij = (B N 2ViUVj> \ (Bl U BJ)
It is easy to check that

B = BiU(U_y(B1iUB:)) U (Urcicj<i({arasa;} U Byj))
U (UpckemBir U (Uy({araiar} U Bi)))
U Bim U (U_y({b1biam} U Binm)),

where the two last lines are omitted if ¢ = m.

We claim that we can use this decomposition, followed by arbitrary
enumeration of the facets of dimension 1, to produce a shelling. For in-
stance, for By we write Vi = ¢11¢12. . . ¢in, With ¢11 = ay, ¢12 € nbh(ay), and
c1j € nbh(cy;r) for some j° < i. Then we enumerate successively:

e facets of the form ciici2c14, for j =3,...,n1;
e for each ¢ = 3,...,n1: all the remaining facets of the form cy;¢157¢15;
e all the remaining facets in Bj.

We adapt this same technique to deal with each one of the segments B; and
Bi;. It is easy to check directly that the other facets also satisfy (7.1), hence
we have a shelling as claimed. [J

7.4 Betti numbers

We compute next the Betti numbers for the particular case of shellable
H € Pav(2). We define

SingH ={p €V |pgr ¢ H for all ¢,r € V distinct}.

Denote by fct; H the set of all facets of dimension 4 in H.
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Theorem 7.4.1 Let H = (V, H) € Pav(2) be shellable. Then:
(i) wi(H) = |fcty H | — |[Sing H |;
(i) wo(H) = [fet H | — |Sing H |+ HEVD 4,

Proof. We adapt the construction of the graph sequence in the proof of
Lemma 7.2.7. Let m = |fctoH | and ¢ = |fcty H |. Let By,..., B4t be a
shelling of H. By Lemma 7.1.4, we may assume that |B;| = 3 for i« < m and
|Bil =2ifm<i<m-+t.

For i = 1,...,m, let Q; = (V;, E;) be the graph with vertex set V; =
Bi1U...UB; and edges p — q whenever pq C B for some B € B;U...U B;.
Let h; denote the number of homology facets among By, ..., B;. We claim
that

hi=1i—|E;j|+|Vi| - 1 (7.10)

fori =1,...,m. Indeed, since dim H = 2, we have m > 1 and 1 — |Ey| +
Vil -1=1-3+3—-1=0= h;. Hence (7.10) holds for i = 1.

Assume now that i € {2,...,m} and (7.10) holds for i — 1. We consider
three cases:

Case 1: B; € V.
Then |V;| = |Vi—1| + 1 and |E;| = |E;j—1| + 2. Hence

hi = hisi=i—1—|Ei4|+|Vicq| -1
= i1 |E| 424+ Vi —1—1=i— |E|+|Vi| - 1.

Case 2: B; C V;_1 and B; is not a homology facet.
Then |V;| = |Vi_1| and |E;| = |E;—1| + 1. Hence

hi = hisi=i—1—|Ei4|+|Vi| -1
= i—1-|E|+1+ V| -1=i—|E]+ |V -1

Case 3: B; C V;_1 and B; is a homology facet.
Then |V;| = |V;—1| and |E;| = |E;—1|. Hence

hi = hia+1l=i-1—|Eq|+|Via|-1+1
= i—1—|E|+|Vi| =i— |Ei| + |Vi| — 1.

Thus (7.10) holds for 4 in all three cases. By induction, it follows that (7.10)
holds for m and so by Theorem 7.1.1

wa(H) = hyp =m — |Ep| + |Vin| — 1. (7.11)
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Now V,,, consists of all the points that appear in some pqr € H, hence
|[Vin| = |[V|—|Sing H |. On the other hand, since H is simple, for all distinct
p,q € V, either pq € E,, or pq € fct; H. Hence |E,,| = (‘g') — |fct; H | and
so (7.11) yields

wo(H) = m = |Ep|+ |Vin| =1 =m — (1}]) +-¢ 4 V| - [Sing 7 | ~ 1
= |fctH|—|SingH|+M_1

and (ii) holds.

Finally, since there exist |Sing #H | points which do not appear in the
facets of dimension 2, they will make their first appearance in the facets of
dimension 1. This ensures that at least [Sing H | facets of dimension 1 are
not homology facets. It is immediate that all the other facets of dimension 1
must be homology facets, since all their points have already appeared before.
Thus wy(H) = |fcty H | — [Sing H | by Theorem 7.1.1. O

Before discussing the boolean representable case, we prove the following
lemma:

Lemma 7.4.2 Let H = (V,H) € BPav(2). Then fct; H = Py(V') for
V' ={p eV |nbh(p) =0 in TF1 H}.

Proof. Write I' = T'F1 H. Let ab € fct; H. Suppose that nbh(a) # 0. If
b € nbh(a), then ab C V and abx € H for any z € V \ ab. contradicting
ab € fct; H. On the other hand, if b ¢ nbh(a), we take ¢ € nbh(a) to get
abc € H(T') C H by Lemma 6.4.3, a contradiction too. Thus nbh(a) = () =
nbh(b) and so fct; H C Po(V').

Conversely, let ab € Py(V'). Suppose that abc € H for some ¢ € V' \ ab.
By Lemma 6.4.4, we have abc € H(T), contradicting ab C V'. Thus ab €
fct1 H as required. 0O

Theorem 7.4.3 Let H = (V, H) € BPav(2) be shellable with T'F1H € C}!.
Then:

(Z) wl(H) = |fct17—[ ’ — (”;k),

Proof. In view of Theorem 7.4.1 and Lemma 7.4.2, it suffices to show that
Sing H = (. Let p € V. By Theorem 6.4.9, there exists some ¢ € V' \ {p}
with nbh(gq) # 0 in TF1 H. By Lemma 7.4.2, pq is not a facet of H and so
p ¢ SingH. O
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In view of Theorem 7.1.1, the combination of Theorems 7.2.8 and 7.4.3
allows an efficient determination of the homotopy type of || H || when H €
BPav(2) is shellable. In particular, we obtain the following corollary.

Corollary 7.4.4 Let H € BPav(2) be such that I'FIH contains at most two
connected components or contains exactly one nontrivial connected compo-
nent. Then H has the homotopy type of a wedge of spheres of computable
number and dimension.

This is in contrast with the situation for arbitrary simplicial complexes
of dimension 2, where the homotopy type is undecidable, in view of the
following argument. By [45, Theorem 7.45], every finitely presented group G
occurs as the fundamental group of a simplicial complex H (G) of dimension
2. Now H (G) is simply connected (i.e has the homotopy type of a point)
if and only if G is trivial. Since it is undecidable whether or not a finitely
presented group is trivial [36, Theorem IV.4.1], it is undecidable whether or
not H (G) is simply connected.
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Chapter 8

Operations on simplicial
complexes

We consider in this chapter various natural operations on simplicial com-
plexes and study how they relate to boolean representability. The particular
case of restrictions will lead us to introduce prevarieties of simplicial com-
plexes and finite basis problems.

8.1 Boolean operations

Boolean representability behaves badly with respect to intersection and

union, even in the paving case, as we show next.
Given simplicial complexes H = (V, H) and H'= (V, H'), we define

HNH=(V,HNH) and HUH=(V,HUH).
First, we recall a well-known fact.

Proposition 8.1.1 FEvery simplicial complex H = (V, H) is the intersection
of matroids on V.

Proof. For every circuit X of H, let Mx = (V, Hx), where Hx consists of
all subsets of V' not containing X. We claim that Mx is a matroid.

Clearly, Hx is closed under taking subsets, so let I,J € Hx be such
that |I| = |J]| + 1. We may assume that J € I. If |J N X| < |X|— 1, then
JU{p} € Hx for every p € V, hence we may assume that |JNX| = | X|—1, so
X\ J = {x} for some x € X. Since J Z I, there exists some ¢ € I\ (JU{z}).
Then J U {i} € Hx and so Mx is a matroid.

139
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To complete the proof, it suffices to show that

H= ﬂ Hy, (8.1)
XeC

where C denotes the set of all circuits of H. The direct inclusion is obvious.
For the opposite, let Y € 2V \ H. Then Y contains some X € C, hence
Y ¢ Hx and (8.1) holds as required. [

In view of Theorem 5.2.10, we immediately get:

Corollary 8.1.2 FEvery simplicial complez is the intersection of boolean rep-
resentable simplicial complezes.

Thus, like matroids, boolean representable simplicial complexes are not
closed under intersection.
The next counterexample shows that paving does not help:

Example 8.1.3 Let V = {1,...,4}, H = P<o(V) U {123,124} and H' =
P-5(V)U{123,134}. Then (V,H),(V,H') € BPav(2) but (V, HNH’) is not
boolean representable.

Indeed, both (V,H) and (V,H’) are Ty and therefore boolean repre-
sentable (see Example 5.2.11). Since H N H' = P<y(V) U {123}, then
(V,HN H') is T1 and therefore not boolean representable (also by Example
5.2.11).

Union does not behave any better.

Example 8.1.4 Let V = {1,...,6}, J; = P<3(V)\ {123,125, 135,235, 146,
246,346,456} and J, = P<o(V)U{123,124,125,126}. Then (V,.J1), (V, J) €
BPav(2), but (V,J1 U Ja) is not boolean representable.

Indeed, it is easy to check that 1235 € FI(V, J;). Since |xyz N 1235| = 2
for every xyz € Ji, it follows from Proposition 6.1.2 that (V,.J;) is boolean
representable. Similarly, since 12 € FI(V,.Jy), it follows that (V,.J2) is
boolean representable.

Now J; U Jy = P<3(V) \ {135, 235,146, 246, 346,456} and it is straight-
forward to check that in this simplicial complex 13 = 14 = 34 = V. By
Proposition 6.1.2, (V,J; U Jz) is not boolean representable.

However, closure under union can be satisfied in some circumstances.
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Proposition 8.1.5 Let (V, Hy),(V, Hy) € BPav(2) be such that
X eFI(V,H)\{V}=1]X|<3 (8.2)
holds for i =1,2. Then (V, H; U Hy) € BPav(2).

Proof. Let Clj,Cly and Cl denote respectively the closure operators of
(V,Hy),(V, HQ) and (V, Hy U Hy).

Let abc € Hy U Hy. We may assume that abc € Hy. Since (V, Hy) is
boolean representable, we may assume by Proposition 6.1.2 that ¢ ¢ Cl; (ab).
If Cli(ab) = ab, then abz € H; for every = € V' \ ab, hence ¢ ¢ ab = Cl(ab).
Hence we may assume that ab C Clj(ab). By (8.2), we may write Cl;(ab) =
abd for some d € V' \ abe.

If abd € Hy, then abx € Hy U H; for every x € V' \ ab and so Cl(ab) = ab.
If abd ¢ Ho, then it is easy to check that Cl(ab) = abd. Thus, we get
¢ ¢ Cl(ab) in any case and so (V, H; U Hy) is boolean representable by
Proposition 6.1.2. O

8.2 Truncation

Given a simplicial complex H = (V,H) and k > 0, the k-truncation of
H is the simplicial complex Hy = (V, Hy) defined by Hy = H N P<x(V).
In line with the negative results from Section 8.1, we show that boolean
representability is not preserved under truncation. However, we succeed in
characterizing those simplicial complexes which are truncations of boolean
representable simplicial complexes.

The next example shows that boolean representability is not preserved
under truncation, even in the simple case.

Example 8.2.1 Let V ={1,...,6},
H = (P<3(V) \ {135,235, 146, 246, 346,456} ) U {1234, 1236, 1245, 1256 }
and H = (V,H). Then H is boolean representable, but Hs is not.

Indeed, it is easy to check that P<;(V)U{12,1235} C F1 H. By Corollary
5.2.7, to show that H is boolean representable it suffices to show that every
X € H admits an enumeration x1, . ..,z satisfying (5.2). We may of course
assume that |X| > 2. Hence X cannot contain both 4 and 6. Since 1235 is
closed, it can be used to exclude 4 or 6, if one of them belongs to X. Hence
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we may assume that X C 1235. Since we only need to care about X being
a 3-set, we are reduced to the cases X € {123,125}. Now 1 C 12 C 1235
yields the desired chain of flats, and so H is boolean representable.

On the other hand, H3 is the simplicial complex (V, J; U J2) of Example
8.1.4, already proved not to be boolean representable.

Recall the notation fct H introduced in Section 4.1. In the following
result, we characterize the flats of a truncation.

Proposition 8.2.2 Let H = (V, H) be a simplicial complex and let k > 0.
Then
FlHp = {X € F1H | fet H, N2%X =P} U {V}.

Proof. Let X € Fl H; \{V}. By Proposition 4.2.3, X cannot contain a
facet of Hy. Let I € HN2X and p € V \ X. Since I ¢ fct Hy, we have
|I| < k and so I € H. Now X € Fl1 Hy, yields TU{p} € Hy C H. Therefore
X € FI H and the direct inclusion holds.

Conversely, assume that X € F1 H and X does not contain a facet of
Hy. Let I € H,N2% and p € V\ X. Since H, C H and X € F1 H, we get
ITU{p} € H. But I is not a facet of Hy, hence |I| < k and so I U {p} € Hy.
Thus X € F1 Hy as required. [

Given a simplicial complex H = (V, H) of dimension d, we define
TH)={TCV|VXecH;n2'YpeV\T XU{p}ecH}.
The following lemma is clear from the definition.
Lemma 8.2.3 Let H = (V, H) be a simplicial complex. Then:
(i) T(H) is closed under intersection;
(i) FIH C T(H).

Given X C V, we write X € H” if X is a transversal of the successive
differences for some chain of T'(H), that is, if there exists an enumeration
Z1,...,2, of X and Tp,..., T € T(H) such that To D 11 D ... D T} and
2, €T, \T; fori=1,...,k. Clearly, (V,HT) is a simplicial complex.

Lemma 8.2.4 Let H = (V,H) be a simplicial complex of dimension d.
Then:

(i) (H")a1 € H;
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(i) T(H) C FI(V,H");
(iii) (V, HT) is boolean representable.

Proof. (i) We prove that
(HT)e C H (.3)

for k=0,...,d+ 1 by induction on k.

The case k = 0 being trivial, assume that & € {1,...,d+ 1} and (8.3)
holds for k — 1. Let X € (H");. We may assume that |X| = k. Then
there exists an enumeration x1, ...,z of X and Ty, ..., T € T(H) such that
ToD>TiD...DTyand z; € T, \T; fori =1,... k. Let X' = {xa,..., 2}
Since X’ € (HT),_1, it follows from the induction hypothesis that X’ € H.
Now | X'| < d, X' C Ty and 21 € V \ T1, hence it follows from Ty € T(H)
that X = X’ U{x;} € H. Thus (8.3) holds for £ =0,...,d + 1.

(i) Let X € T(H). Let I € H' n2X and p € V' \ X. Since I € HT,
there exists an enumeration z1, ...,z of I and Ty,...,T) € T(H) such that
To DTy D ... DT and x; € T;_1 \ T; for i = 1,...,k. Now by Lemma
8.2.3(i)

ToNXo>ThNnX>...oTpNX

is also a chain in T'(H) satisfying z; € (T;-1NX)\(TiNX) fori=1,...,k.
Since V'O Tp N X is also a chain in T(H) and p € V' \ (Tp N X), we get
Tu{p} € H" andso X € FI(V,HT).

(iii) Let X € HT. Then X is a transversal of the partition of successive
differences for some chain of T(H). By (ii), this is also a chain in FI(V, HT).
Now it follows easily from Corollary 5.2.7 that (V, HT) is boolean repre-
sentable. [

Now we can prove the main result of this section:

Theorem 8.2.5 Let H = (V, H) be a simplicial complezx of dimension d.
Then the following conditions are equivalent:

(i) H = Jg41 for some boolean representable simplicial complex (V,J);
(ii) H=(H")g,1.

Furthermore, in this case we have FI(V, HT) = T'(H).

Proof. (i) = (ii). We start by showing that

FI(V,J) C T(H). (8.4)
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Let F € FI(V,.J). Suppose that X € H;N2F and p € V' \ F. Since H C J,
it follows from F' € F1(V,J) that X U {p} € J. But now |X| < d implies
X U{p} € Jgy1 = H and so F € T(H). Therefore (8.4) holds.

Now let X € H. Since H C J, it follows from Theorem 5.2.6 that there
exists an enumeration z1,...,x; of X and Fy,...,Fy € FI(V,J) such that
FhOoOF,D...0F,and z; € F;_1 \ F; fori =1,... k. By (8.4), we have
Fo,...,F, € T(H) and so X € HT. Since dim H = d, then X € (H)441
and so H C (HT)441. Therefore H = (H")441 by Lemma 8.2.4.

(ii) = (i). This follows from Lemma 8.2.4(iii).

It remains to be proved that FI(V, HT) = T(H).

Let X € FI(V,HT). Let I € Hyn2X and p € V\ X. Then I € H”
by (i) and so X € FI(V, HT) yields I U {p} € HT. Since |I| < d, we get
Tu{p} € (H")441 = H and so X € T(H). The opposite inclusion follows
from Lemma 8.2.4(ii). O

Example 8.2.6 The tetrahedron complex T1 cannot be obtained as the trun-
cation of a boolean representable simplicial complex.

Indeed, any boolean representable simplicial complex satisfies (PR) by
Proposition 5.1.2, and it is easy to see that (PR) is preserved by truncation.
However, T} does not satisfy (PR), as shown in Example 5.1.3.

Example 8.2.7 Let V = {1,...,6} and H = P<3(V) \ {135,235, 146, 246,
346,456}. Then (V,H) is not boolean representable, but (V,HT) is and
H = HT.

Indeed, we have just remarked in Example 8.2.1 that (V,H) is not
boolean representable. It is easy to check that P<;(V) U {12,1235,V} C
T(H). Considering the chains

VD212352iD>0, V212245200, VOkD0

in T(H) for i € {1,2,3,5}, j € {1,2} and k € {4,6}, it is easy to see that
H C HT. In view of Lemma 8.2.4(i), it follows that H = HI. Note that
(V, HT) is boolean representable by Lemma 8.2.4(iii).

8.3 Restrictions and contractions

In the theory of matroids, restrictions and contractions are combined to build
the concept of minor. As we shall see next, these two operators behave quite
differently with respect to boolean representability.
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Let H = (V, H) be a simplicial complex and V' C V' be nonempty. The
restriction of H to V' is the simplicial complex (V/, H N2"").
The following result follows easily from the definitions:

Proposition 8.3.1 The following classes of simplicial complexes are closed
under restriction:

(i) boolean representable simplicial complexes;
(ii) paving simplicial complezes;
(iii) graphic boolean simplicial complezes;

(iv) simplicial complexes satisfying (PR);

(v) matroids.

Proof. (i) If M is an R x V boolean representation of H = (V, H), then
MR, V'] is a boolean representation of the restriction of H to V.
(ii) — (v). Straightforward. O

However, the next example shows that the restriction of a pure simplicial
complex H needs not to be pure, even if H € BPav(2):

Example 8.3.2 Let V = {1,...,5}, H = P<3(V) \ {134,234} and H =
(V,H). Then H € BPav(2) and is pure, but the restriction of H to V' =
{1,...,4} is not pure.

Indeed, it is immediate that H € Pav(2) and is pure. Since 12,15,...,45 €
Fl H, and every 3-set in H must contain one of these, H is boolean repre-
sentable by Corollary 5.2.7.

However, the restriction H' = (V’, P<3(V"')\ {134, 234}) is not pure since
34 is a facet of H'.

The next result relates flats and closures in a simplicial complex and its
restriction:

Proposition 8.3.3 Let H' = (V' H') be a restriction of a simplicial com-
plex H = (V,H). Then:

(i) if X € F1H, then X NV’ € FIH/;

(i1) Clyy X C Cly X for every X C V.
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Proof. (i) Let I € H'N2X" and p € V/\ (X NV’), then I € HN2¥ and
p € V\X, hence I U{p} € H since X € F1H. Thus I U{p} € H' and so
XNV eFIH.

(i) Let X C V. By (i), we have (ClyX) NV’ € F1 H'. Since X C
(ClyX) NV’ we get Cly: X C (ClyX)NV'. O

We turn now our attention to contraction. The following remarks are
easy and well known. We include a short proof for completeness.

Proposition 8.3.4 The following classes of simplicial complexes are closed
under contraction:

(i) paving simplicial complexes;
(ii) matroids.

Proof. (i) Let H = (V, H) be paving and let @ € H \ {V}. Assume that
X € H/Q andY C V \ Q satisfies |Y| = |X| —1. Then X UQ € H and
[YUQ|=|XUQ|—1. Since H is paving, it follows that X U@ € H and so
Y € H/Q. Therefore 1k(Q) is paving,.

(ii) Let H = (V,H) be a matroid and let Q € H \ {V}. Assume that
I,J € H/Q satisty |[J| = |[I| = 1. Then IUQ,JUQ € H and [IUQ| =
|JUQ| — 1. Since H is a matroid, it follows that J U Q U {i} € H for some
ie(TuQ)\(JUQ)=1I\J. Thus JU{i} € H/Q and so 1k(Q) is a matroid.
U

The remaining classes of simplicial complexes featuring Proposition 8.3.1
behave differently:

Example 8.3.5 The following classes of simplicial complexes are not closed
under contraction:

(i) boolean representable simplicial complezxes;
(ii) graphic boolean simplicial complexes;
(iii) simplicial complezes satisfying (PR).

Indeed, consider the tetrahedron complex T5 = (V, H) defined by V =
{1,...,4} and H = P<o(V) U {123,124}. We saw in Example 5.2.11 that
T5 is boolean representable, in fact the computation of the flats there shows
that Tb is graphic boolean. Now 1k(4) = ({1,2,3},{0,1,2,3,12}) fails (PR)
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for 12 and 3. In view of Proposition 5.1.2, T, serves as a counterexample
for all the three classes above.

The following result, proved by Izhakian and Rhodes, shows that con-
tractions and (PR) together can characterize matroids:

Proposition 8.3.6 [27, Proposition 2.26(iii)] Let H be a simplicial complez.
If all contractions of H satisfy (PR), then H is a matroid.

Proof. Suppose that H = (V, H) is not a matroid. Then there exist I,.J €
H such that |I| = |J|+1and JU{i} ¢ H foreveryi € I\J. Let X =1NJ
and assume that | X | is maximal for all possible choices of I, J.

Let k(X) = (V\ X,H'). Write I' =T\ X, J/=J\ X € H'. Since
J' = () implies J C I, which is impossible, we can take j, € J'.

Suppose that 1k(X) satisfies (PR). Then there exists some i, € I’ such
that 1" = (I' \ {i(}) U {4} € H'. Hence I"UX € H. Clearly, JU{i} ¢ H
for every i € (I"UX)\J C I\ J. Since (I"UX)NJ =XU{j)} DX, this
contradicts the maximality of | X|. Thus lk(X) fails (PR) and we are done.
O

We can also prove the following proposition:

Proposition 8.3.7 FEvery simplicial complex is a contraction of some boolean
representable simplicial complex.

Proof. Let H = (V,H) be a simplicial complex and take a new symbol
2¢ V. Let H'= (V', H') be the simplicial complex defined by V' = V U {2}
and

H ={Iu{z}|I€H zeV'}UH.
It is easy to see that H C F1 H'. Let X € H' be nonempty. Then there
exists some € X such that X \ {z} € H. Since x ¢ X \ {z}, which is closed
in H', it follows from Corollary 5.2.7 that H’ is boolean representable.

It is easy to see that H is a contraction of H’ by verifying that H = lk(z).
]

Unlike the matroid case, negative results appear also when we consider
the notion of dual. Given a simplicial complex H = (V, H), we define the
dual simplicial complex H*= (V, H*) through the equivalence

XeftHaV\XeftH (XCV).

It is well known that the dual of a matroid is a matroid [53, Section 5.2].
The next example shows that this property fails for boolean representable
simplicial complexes:
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Example 8.3.8 The tetrahedron complex T5 is boolean representable but its
dual is not.

Indeed, To = (1234, P<2(1234) U {123,124}) is boolean representable
by Example 5.2.11(iii). We have fctTo = {123,124, 34}, hence fct T =
{4,3,12} and so

T = (1234, P<1(1234) U {12}). (8.5)

Since Ty fails (PR) for 12 and 3, it follows from Proposition 5.1.2 that T
is not boolean representable.

In the boolean representable setting, unlike in the matroid case, contrac-
tion is not the dual operation of restriction.

Example 8.3.9 Let V = {1,...,4} and To = (V,P<2(V) U {123,124}).
Then the restriction of Ty to V' \ 13 is not the dual of the contraction of T
by 13.

Indeed, by (8.5), the restriction of T to V' \ 13 = 24 is (24, {0,2,4}).
On the other hand, the contraction of Ty by 13 is (24, {0,2}) and has dual

(24,{0,4}).

In matroid theory, a minor of A is any matroid obtained from H by a
sequence of restrictions and contractions. A consequence of Example 8.3.5 is
that the theory of forbidden minors for matroids (see [53, Chapter 7]) cannot
be generalized to the boolean representable case. In the next section, we
show that we can somehow get away with restriction only.

8.4 Prevarieties of simplicial complexes

Since prevarieties of simplicial complexes are not known in the literature,
we dare to define them: classes of simplicial complexes closed under isomor-
phism and restriction. Hence all the classes in Proposition 8.3.1 constitute
prevarieties of simplicial complexes.

Let ¥ denote a set of simplicial complexes. We denote by FR(X) the
class of all simplicial complexes having no restriction isomorphic to some
element of 3, so FR stands for forbidden restriction.

Given a simplicial complex H and k € N, let Resg(#) denote the set of
all restrictions of H with at most k vertices. We denote by Res'(H) the set
of all proper restrictions of H.
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Let SC denote the prevariety of all simplicial complexes. Given a preva-
riety V C SC of simplicial complexes, write

V={HeSC\V|Res(H)CV}.

Lemma 8.4.1 (i) For every set 3 of simplicial complexes, FR(X) is a
prevariety of simplicial complexes.

(ii) For every prevariety V of simplicial complexes, V = FR(V).

Proof. (i) Clearly, FR(X) is closed under isomorphism. Let (V, H) € FR(X)
and let V! C V, H = HnN2"'. Suppose that (V’, H') has a restriction
(V" H") isomorphic to some element of .. Then (V" H") is itself a restric-
tion of (V, H), contradicting (V, H) € FR(X). Thus FR(X) is closed under
restriction and constitutes therefore a prevariety.

(ii) The inclusion V C FR(V) is immediate. Conversely, if H € SC\ V,
then H must have some restriction in V, hence H ¢ FR(V). O

If V = FR(X), we say that X is a basis of V. We say that V is finitely
based if it admits a finite basis. The size of a nonempty basis is

sup{|V| | (V. H) € S}.

By convention, the size of the empty basis is 0 (note that FR(() is the class
of all simplicial complexes). We say that V has size k € NU {co} (and write
sizV = k) if V admits a basis of size k, but not smaller. Since we do not
need to keep isomorphic simplicial complexes in a basis, V is finitely based
if and only if sizV < oo.

The following example shows that prevarieties need not be finitely based,
even if their elements have bounded dimension. In Subsection 4.1.2, we iden-
tified (finite undirected) graphs with trim simplicial complexes of dimension
<1.

Example 8.4.2 Let A denote the class of all finite undirected acyclic graphs.
Then A is a non finitely based prevariety of simplicial complexes.

Indeed, since a subgraph of an acyclic graph is necessarily acyclic, then
A is a prevariety of simplicial complexes. Suppose that .4 = FR(X) for some
finite set X of simplicial complexes. Let k be the size of ¥ and let H be a
graph consisting of a single cycle of length k+1. Since H ¢ A, then H must
have some retriction H’ isomorphic to some element of ¥. But then H’ has
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at most k vertices and so H'€ A, contradicting A = FR(X). Therefore A is
not finitely based.

We complete this section by proving two results that will help us to
compute sizes in Section 8.5:

Lemma 8.4.3 Let X,%' be classes of simplicial complexes and let V,V' be
prevarieties of simplicial complexes. Then:

(i) FR(X)NFR(Y) = FR(ZUYXY);
(i1) siz(V NV') < max{siz V,sizV'};

(11i) if V,V' are finitely based, so is VNV .

Proof. (i) is straightforward, (ii) follows from (i) and (iii) from (ii). O

Theorem 8.4.4 Let V C SC be a prevariety of simplicial complexes. Then

sizV =sup{|V| | (V,H) € V).

Proof. By Lemma 8.4.1(ii), V is a basis of V, hence
sizV <sup{|[V| | (V,H) € V}.

Suppose that V = FR(X) with siz¥ = sizV. Let H = (V,H) € V. Then
H ¢ FR(X) and so H has some restriction isomorphic to some complex in 3.
Since Res’'(H) C V, it follows that H itself is isomorphic to some complex
in ¥ and so

V| <sup{|V'| | (V',H') € £} =siz ¥ =siz V.

Therefore
sup{|[V| | (V, H) € V} <sizV

and we are done. [
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8.5 Finitely based prevarieties

We introduce now some notation for prevarieties of simplicial complexes:
e PV: paving simplicial complexes;
e PR: simplicial complexes satisfying (PR);
e BR: boolean representable simplicial complexes;
e GB: graphic boolean simplicial complexes;
e MT: matroids;
e PM = MT NPV
e PB=PVNBR.

Given a prevariety V of simplicial complexes and d € N, we define also the

prevariety
Vo={H eV |dimH <d}.

In general, we need to consider dimension restrictions to obtain finitely based
prevarieties. But Example 8.4.2 shows that dimension restrictions do not
imply finitely based.

Theorem 8.5.1 Letd > 1. Then
(i) sizPVg=2d+1;
(ii) sizPRqg=d+ 2;
(iii) siz MT g =sizPMg=d+2;
(iv) sizGB = 6.

Proof. (i) Let H = (V,H) € 751761. If dim H > d, then Ugyo 412 ¢ PVg is
a restriction of H and so |V| = d + 2 by minimality. Hence we may assume
that dim H = r < d. It follows that there exist I € H N P41(V) and
J e P.(V)\ H. Thus (IUJ, HnN?2"Y) ¢ PV; and by minimality we get
ITuJ=V. Thus |V| < |I|+|J|=2r+1<2d+1and sosizPVy < 2d+1
by Theorem 8.4.4. -

Equality comes from presenting some (V, H) € PVy with |V| = 2d + 1.
We take V = {0, ...,2d} and

H=(PyV)\{{d+1,d+2,...,2d}}) U{01...d}.
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Then (V, H) ¢ PV,. Let V! C V with |V'| = 2d and write H' = Hn2Y".
If 01...d C V', then

H' = P_y(V)u{01...d}.
If01...d Z V', then
H' = P(V)\{(d+1)(d+2)...(2d)}

and so in any case we get (V/,H') € PVy. Therefore (V,H) € PV, as
desired. o

(i) Let H = (V,H) € PRq. If dim H > d, then Ugyo 412 ¢ PRq is a
restriction of A and so |V| = d + 2 by minimality. Hence we may assume
that dim H = r < d. Since H ¢ PRy, there exist I,{p} € H such that
(I'\{i}) U{p} ¢ H for every i € I. It follows that the restriction induced
by I U{p} is not in PR either, hence sizPR; < d + 2.

Equality follows from noting that Ugio 442 € 7;7\3/51-

(iii) Let # = (V, H) € MTq. If dim H > d, then Ugyogso ¢ MTqis a
restriction of A and so |V| = d + 2 by minimality. Hence we may assume
that dim H =r < d.

Let I,J € H fail (EP). By minimality of |V|, every proper restriction
of H is a matroid, whence TUJ = V. Let a € J\ I and let (V’, H') be
the restriction of (V, H) determined by V' = V' \ {a}. Applying (EP’) twice
in succession to I,J' = J \ {a} € H', it follows that there exist distinct
i,i" € I'\ J such that I' = J' U {i,7} € H'. Now (EP) fails also for I’ and
J, and by minimality of |V'| we must have I’UJ = V. Since |[I'\ J| = 2, we
get |V] =1|J|+2=r+2<d+2. Therefore sizMT4 < d+ 2 by Theorem
8.4.4. -

Equality now follows from Ugyg 442 € MT4. With the same proof, we
get also the equality sizPMg =d + 2.

(iv) In view of Proposition 6.2.1 and Theorem 8.4.4, we have sizGB < 6.

Now let V = {1,...,6} and H = P—3(V)\ {124, 135,236}. Note that H
is obtained by excluding from P<3(V') the lines of the PEG

S\,
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By Proposition 6.2.1, (V, H) is not graphic boolean. Let V' C V with
V'] = 5 and write H' = HN2"".

Then P<3(V')\ H' has at most two elements. Since the elements abz, ayc
and zbc in the statement of Proposition 6.2.1 must be all distinct, it follows
that (V',H') € GB. Hence (V,H) € GB and so sizGB = 6 by Theorem
8.4.4. O

Boolean representability is a tougher challenge. We start with the paving
case before facing the harder general case.

Theorem 8.5.2 (i) sizPB; = 3.
(ii) For every d > 2, sizPBg = (d+1)(d+2).

Proof. (i) Let H = (V,H) € PBy. If dim H > 1, we get |[V| = 3 as in
the proof of Theorem 8.5.1(i). On the other hand, Corollary 5.3.2 excludes
dim H < 0, hence we may assume that dim H = 1. If H is not paving,
we may proceed as in the proof of Theorem 8.5.1(i) to get |V| = 3, hence
we assume that H¢ BR. By Proposition 5.3.1, there exist a,b,c € V such
that ab,bc ¢ H but ac € H. It follows also from Proposition 5.3.1 that the
restriction of # induced by V' = abc is not in BR either. Thus V = V'’ and
so sizPBy = 3. -

(ii) Let H = (V,H) € PBy. If dim H > d, we get |[V]| = d+2 <
(d+ 1)(d + 2) as in the proof of Theorem 8.5.1(i). On the other hand, if
H is not paving we get |V| <2d+ 1 < (d+ 1)(d + 2) by Theorem 8.5.1(i).
Hence we may assume that H € PV, and so H ¢ BR. Since the function
(d+ 1)(d + 2) is increasing for d > 2, we may assume that dim H = d. By
Proposition 6.1.2, there exists some A € HNP;1(V) such that A\ {a} =V
for every a € A. Assume that A = ag...aq and write 4; = A\ {a;}. For
each 1 =0,...,d, let S; CV be maximal for the properties

o A, CS5;;

. Pd+1(si) NH=1.

Note that A; would satisfy both conditions above, hence there exists some
maximal S; satisfying them. We claim that, for : =1,...,m,

dz;0 € V\SZ' Elxil,...,xigd €S;:

8.6
(Tioxi1 ... xig € H and zixige1...Ti2q € H). (8.6)

Indeed, since dim H = d we have S; C V = A;. Hence S; is not closed.
Since H N Py11(S;) = 0 and P<4(V) C H, it follows that there exist distinct
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Tidil,----Ti2d € S; and x;0 € V \ S; such that zjox;gy1...%i0a ¢ H.
On the other hand, since ;9 ¢ S;, it follows from maximality of S; that
Zi0%41 - .. Tig € H for some distinct x;1, ..., 29 € S;. Thus (8.6) holds.

Note that, in view of our notational conventions, we are assuming x;1, . . .,
z;q to be distinct and w; 441,...,%;24 to be distinct as well, but these two
sets may intersect each other. Therefore, we may assume that

Til - Tig = A or Tidil - .- Ti2d = Aj. (8.7)
Let (V', H') be the restriction of % induced by the subset
VI:{.TZ‘]‘ ‘iIO,...,d; j:O,...,Qd}.

In view of (8.7), we have A € H'. Let C'X denote the closure of X C V'
in (V/,H') and let i € {0,...,d}. Given s € S; \ A;, we have A; U{s} ¢ H'
by definition of S;, hence 4; € H' yields S; C CI'A;. Now @ 441...%i24 €
H' N 2% and Ti0Tidt1 - - - Tiod & H' together yield z;o € CI'A; and so Cl'4;
contains the (d + 1)-set xjoz41...2,4 € H'. By Proposition 4.2.3, we get
ClA; = V' for i = 1,...,m. By Proposition 6.1.2, (V’, H') is not boolean
representable. By minimality of |V|, we get V/ = V.

Now (8.7) implies that each aj occurs d times among the z;;. Hence
V=V < @d+1)2d+1)—(d+1)(d—1) = (d+ 1)(d + 2) and so
sizPBg < (d+ 1)(d + 2) by Theorem 8.4.4.

To prove equality, we build some (V, H) € PBq with |V| = (d+1)(d+2).

Let A= {ao, v ,ad} and BZ = {bi07 . e -7bid} for i = 0, e ,d. Write also
Ai =A \ {CLZ} and

Ci = Pir1(Ai U (Bi\ {bio})) U{B;}.
We define

d d

V=AUl /B, H=PqnuV)\|JC.
i=0 =0

Clearly, |V| = (d + 1)(d + 2)). We show that (V, H) is not boolean repre-

sentable.

We have A € H. Leti € {0, ceey d} Since HﬂPd+1(AiU(Bi\{bio})) = (),
it is easy to see that B;\ {bio} C A; and so B;\ {bio} € HN2% together with
B; ¢ H yields also by € A;. Thus A; U {bjo} € HN24% and so A; = V by
Proposition 4.2.3. By Proposition 6.1.2, (V, H) is not boolean representable
and so (V, H) ¢ PBg.

Consider now v € V and let (V’, H') be the restriction of (V, H) induced
by V! =V \ {v}. Clearly, (V',H') € PV, so all we need is to prove that
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(V/,H') € BR. Let CI'X denote the closure of X C V' in (V',H’). By
Proposition 6.1.2, it suffices to show that, for every X € H' N Py (V'),
there exists some z € X such that z ¢ CI'(X \ {z}). We consider three
cases.

Assume first that X € Py.1(A; U B;). Then by € X and a; € X for
some j # i. Taking € X \ {bio, a;}, it follows easily that X \ {z} is closed
in (V/,H') and so z ¢ CI'(X \ {x}).

Assume next that X contains simultaneously elements b;; and y ¢ A; U
B;. Taking z € X \ {b;j,y}, it is easy to check that X \ {z} is closed in
(V',H') and so x ¢ Cl'(X \ {z}).

Therefore we may assume that X = A. It follows that v € B; for some
i. Let # = a;. We claim that z ¢ CI'(X \ {z}) = CI'4;. Once again, we
get B; \ {bio,v} C CI'A;. Since B; € V', it is straightforward to check that
A; U (B; \ {bio,v}) is closed in (V’, H'), hence z ¢ Cl'(X \ {z}) in all three
cases and we are done. [

If we drop the paving restriction, things get more complicated, but we
still have a finitely based prevariety. We need the following lemma:

Lemma 8.5.3 Let H = (V, H) be a simplicial complezx of dimension d > 1
and let X CV, a € X. Then there exists a restriction (V' H') of H such
that |V'| < (d+1)d?*+1 and a belongs to the closure of XN V" in (V', H').

Proof. Given Y C Z C E, let ClzY denote the closure of Y in the re-
striction (Z, HN27). We define a finite sequence Xg, X1, ..., X, of disjoint
subsets of V' as follows. Let Xg = X. Assume that Xg, X1,..., X1 are
defined. If X1 =0 or X; | = XoU...U X} contains a facet of H, the
sequence stops at Xp_1. Otherwise, let

X,={beV\X, ,|YU{b} ¢ H for some Y € HN2%1},

We prove that n < 2d.

We may assume that X # (. Suppose first that {z} ¢ H for every
x € X. Then X1 ={x € V\X | {z} ¢ H}. If X1 # (), then X5 = (), yielding
n < 2 < 2d. Hence we may assume that there exists some ag € X N H.

Suppose that n > 2d. Let a; € Xo; for i = 1,...,d and write A; =
apay ... a; € X),. Since Ay € H, we can define k to be the maximum value
of A; such that A; € H. Suppose that i < d. Then A;11 = A;U{a;11} ¢ H
and so a;4+1 € Xoi41, contradicting a;+1 € Xo(i41). It follows that Ay € H
and so X/, contains a facet, contradicting n > 2d. Thus n < 2d.
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Next we show that, for all : < n and p € X,
p € Cly, (X NV}) for some V, C V such that [V,| < d". (8.8)

We use induction on i. If i = 0, we take V, = {p} and the claim holds.
Assume now that ¢ > 0 and the claim holds for smaller values of ¢. Since
p € X;, there exists some Y € H N 2%i-1 such that Y U {p} ¢ H. Since
Y| < d (otherwise Y would be a facet and X; would not be defined), and
using the induction hypothesis, we find for each y € Y some V;, C V such
that y € Cly, (X NV,) and |V,| < d"~'. Writing V, = UyeyV,, we claim
that p € Cly, (X NV},). Indeed, it follows from Proposition 8.3.3(ii) that
Y C Cly, (X NV,). Since Y € H and Y U{p} ¢ H, we get p € Cly, (X NV}).
Since [Vp| <3 oy [Vyl < d- di=! = d’, then (8.8) holds.

We consider now two cases. Suppose first that a € X/. Since n < 2d,
we may apply (8.8) directly to prove the claim of the lemma. Hence we may
assume that a ¢ X/. Note that the sequence (X;); terminates due to one
of two reasons. Either X,, = () or X/ contains a facet of H. Suppose that
X, = 0. Tt follows easily that X/, is closed, contradicting a € X in view
of a ¢ X]. Thus X/ must contain a facet Y of H. Since |Y| < d+ 1, we
can apply (8.8) to each of the elements of ¥ and take V' = {a} U (Uyey'V})
as in the proof of (8.8). Therefore a € V' = Cly/(X NV’) and V'] <
(d+1)d" +1 < (d+1)d*! + 1 as required. [

Theorem 8.5.4 (i) sizBR; = 3.
(i1) siz BRo = 12.
(iii) For every d > 3, sizBRgq < (d 4+ 1)2d?? +d + 1.

Proof. (i) This follows immediately from the proof of Theorem 8.5.2(i).
(i) Let H = (V, H) € BRj. Similarly to the proof of Theorem 8.5.1(i),
we may assume that dim ‘H = 2 and so H ¢ BR. By Corollary 5.2.7, there
exists some nonempty A € H such that a € A\ {a} for every a € A.
If |A] = 3, then we adapt the proof of Theorem 8.5.2(ii), defining the
subsets S; exactly the same way. We claim that, for ¢ = 1,2, 3,

E|$10€V\SZ’ Elxil,...,xiAESi:

8.9
(Iioxﬂxig € H and Ti0T;3Ti4 ¢ H) ( )

Indeed, since a; ¢ S; we have S; C A;. Hence S; is not closed. Hence
there exists some Y; C HN2% and some z; € V'\ S; such that Y;U{z;} ¢ H.
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Since P3(S;) N H = 0, we have |Y;| < 2. Completing the elements of Y; with
others if necessary, it follows that there exist distinct x;3,xz;4 € S; such
that z0xi3x4 ¢ H. On the other hand, since z;9 ¢ S;, it follows from the
maximality of S; that x;px;12;0 € H for some distinct x;1,x;0 € S;. Thus
(8.9) holds.

Now we mimic the proof of Theorem 8.5.2(ii) to get |V| < 12 in this
case.

It remains to be considered the case |A| = 2, say A = ab. Suppose
that all the connected components of the graph I' H are cliques. Let Cj,
denote the vertices in the connected component of a. Similarly to the proof
of Proposition 5.3.1, we have

a=(V\H)UC,,

hence b ¢ @, a contradiction. Hence there exist distinct edges v — y — z
in I'H such that x is not adjacent to z, i.e. zz € H. Taking V' = {x,y, 2},
it follows from Proposition 5.3.1 that the restriction induced by V' is not
boolean representable and so |V| = 3 by minimality.

From both cases we deduce siz BRo < 12. For equality, we may of course
use the same simplicial complex as in the proof of Theorem 8.5.2(ii).

(iii) Let H = (V, H) be a simplicial complex not in BR;. Without loss
of generality, we may assume that dim H = d: if dim H > d, then H has a
restriction Ugyg g4+2, and the case dim H < d is a consequence of the case
dim H = d since our bound increases with d.

By Corollary 5.2.7, there exists some A € H such that a € A\ {a} for
every a € A. By Lemma 8.5.3, for every a € A there exists a restriction
(Va, Hy) of H such that |V,| < (d + 1)d?? + 1 and a belongs to the closure
of (A\ {a})NV, in (V,, H,). Now we take V' = UzecaV,. By Proposition
8.3.3(ii), a belongs to the closure of A\ {a} in (V/,HN2""). Since

V[ < (d+D)|Va| < (d+1)°d* +d+ 1,

we get siz BRg < (d+1)2d?? +d+1. O
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Chapter 9

Open questions

As a general objective we would like to raise the results in this monograph
from dimension 2 to dimension 3 and further.
Below we will list more specific questions on the representation/combina-
torial /geometric/topological theories of BR and on the theory of finite posets.
Many of these questions remain new and important when restricted to
matroids.

9.1 Representation theory of BR and matroids

Question 9.1.1 Given H € BR, is mindeg H always achieved by an sji (a
minimal) lattice representation of H?

Question 9.1.2 s there additional structure on the set of boolean repre-
sentations of a given H € BR beyond the structure with join “stacking of
boolean matrices” detailed in this monograph? For example, is there a tensor
product of semilattices structure?

Question 9.1.3 Calculate the minimal/sji representations and mindeg for
the following matroids:

(i) all projective planes (we did the Fano plane in Subsection 5.7.2);
(i) Dowling geometries of arbitrary rank for every finite group (see [16]);

(iii) the uniform matroids Up, n for 3 < m < n (we did Us,, in Subsection
5.7.3);

(iv) (V,H(B)) for a Steiner system (V,B) € S(r — 1,r,n) (see Theorem
5.7.18(iii) for r =4 and n =8);

159
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(v) every example of matroid with at most 12 points at the back of [38].

Question 9.1.4 Using [27, Theorem 5.4] and [20], apply the boolean rep-
resentation theory of matroids to get conditions on when a matroid has a
matriz representation over a given finite field F.

Following the proof of [27, Theorem 5.4], we note that a boolean repre-
sentation of a matroid H = (V, H) can be constructed from a field represen-
tation of H by stacking matrices. We describe briefly this procedure.

Let d = dim H and n = |V|. Assume that M = (a;;) is an m x n matrix
over a field F representing H, so that H is precisely the set of all subsets of
independent column vectors of M (over IF). Since d = dim H, the matrix M
has rank d+1. By performing standard row operations on M such as adding
to a row a multiple of another row, we may replace M by a matrix having
precisely d+ 1 nonzero rows, and producing the same subsets of independent
column vectors. Hence we may assume that m = d + 1.

Let M’ = (b;j) be an m’ X n boolean matrix satisfying the following
condition: (cy,...,c¢,) is a nonzero row vector of M’ if and only if there
exists a linear combination of row vectors of M having zero entries at the
same positions than (c1,...,¢,). Let X C {1,...,n}. We claim that

{M][_,j]|j € X} is independent over F if and only if

{M'[_,j] | 7 € X} is independent. (9-1)

Assume that {M]_,j] | j € X} is independent over F. Then there exists
some subset Y of | X| rows such that M[Y, X] has nonzero determinant. By
adding to a row a multiple of another row, we may transform M[Y, X] into
a matrix N congruent to a lower triangular matrix. Each row of N is a
(nonzero) linear combination of rows in M[Y, X|. Computing these same
linear combinations for the full matrix M provides a set Y/ of rows in M’
such that M'[Y’, X] is congruent to a lower unitriangular matrix. Thus
{M'[_,j]|j € X} is independent.

Conversely, assume that {M'[_,j] | j € X} is independent. Then there
exists a subset Y of | X| rows of M’ such that M'[Y’, X] is congruent to a
lower unitriangular matrix. Each row M’[i,_] (i € Y') arises from a linear
combination C; of row vectors of M. Let M" be the matrix over F obtained
by adding to M the row vectors C; (i € Y’). Since M"[Y’, X] has clearly
nonzero determinant, then {M"[_,j] | j € X} is independent over F. Since
adding linear combinations or rows does not alter independence of column
vectors, it follows that {M][_,j] | j € X'} is independent over F and so (9.1)
holds.
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Thus M’ is a boolean matrix representation of H. Now, being a matroid,
‘H is pure, so we only need to put enough rows into M’ to make the facets of
‘H independent. If H has ¢ facets, it follows easily from the above algorithm
that we need at most mf rows in M’. Therefore

mindeg H < (dim H +1)|fct H |.

Since not every matroid is field representable, we know that there is no
general method for reverting this process. But can it be done for particular
subclasses of matroids? We intend to develop these connections in the future.

Question 9.1.5 Look at [9, 35, 40] and apply the boolean representation
theory of matroids to the theory of Coxeter matroids and Bruhat orders.

9.2 Combinatorial theory of BR and matroids

Question 9.2.1 Provide better or sharp bounds for sizBRy (see Theorem
8.5.4(iii)).

Question 9.2.2 FEztend the analysis of mindeg for BPav(2) (Theorem 6.5.1):
(i) to the case where I'F1H is connected;

(ii) to BPav(3) and higher dimensions.

Question 9.2.3 Discover the structure of all simplicial complexes of di-
mension d which are not in BR but have all proper restrictions in BR.

Question 9.2.4 Is there some generalization of the greedy algorithm char-
acterization of matroids which applies to BR?

Question 9.2.5 We say that a simplicial complex H is a boolean module of
type B™ if it admits an n x (2™ — 1) boolean matriz representation where
all columns are distinct and nonzero.

(i) Calculate the independent sets of H.
(ii) Calculate the flats of H.

(iii) Relate to known combinatorial objects in the literature.

For n = 3 the independent sets are all the sets with at most two elements
plus 25 3-sets, see Example 6.3.5 for the list of the dependent 3-sets.
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9.3 Geometric theory of BR and matroids

Question 9.3.1 Extend the geometric analysis of BPav(2) in Sections 6.3
and 6.4 to BPav(3) and higher dimensions, especially Lemma 6.53.3 and
Theorem 6.3.4, for geometrically computing independent sets and flats, re-
spectively.

Question 9.3.2 Generalize I'M to BPav(3) and then generalize the results
of Sections 6.3 and 6.4 which use I'M.

9.4 Topological theory of BR and matroids

Question 9.4.1 Let H = (V,H) € BPav(2) with at most one nontrivial
connected component in IU'F1 H. Which total orders on V produce a shelling
of H through the alphabetic order?

Question 9.4.2 Extend the shellability results for BPav(2) to BPav(3) and
beyond, defining the appropriate connectivity conditions which generalize the
conditions using U'F1 H in Chapter 7.

Question 9.4.3 Do the concepts of shellable and sequentially Cohen-Macaulay
coincide for all (paving) boolean representable simplicial complexes? If not,
do they coincide for some nice subclass?

Question 9.4.4 Have boolean representable simplicial complexes shown up
in the topological literature before? If so, where?

One of our current lines of research indicates that boolean representabil-
ity can provide important information on the homotopy groups of the com-
plex, at least on the fundamental group. We recall that any finitely presented
group can occur as the fundamental group of some simplicial complex of di-
mension 2.

9.5 Applications of the theory to finite posets

Question 9.5.1 Sections 3.2 and A.4 develop the theory of boolean repre-
sentations of finite posets through the Dedekind-MacNeille completion. De-
velop this theory of c-independence for finite posets along the lines of this
monograph. Solve Question 9.1.5 in the poset setting.



Appendix A

We collect in this appendix complementary material of two types:

e classical results which contribute to making this monograph self-con-
tained;

e related subjects which may be of interest for future research.

A.1 Supertropical semirings

As an alternative to the perspective presented in Section 2.1, we can view
SB under the viewpoint of tropical algebra, as we show next.
Let S be a commutative semiring and let I C S. We say that I is an
ideal of S if
I+IC1I and I-SCI.

Let G = {a+a | a € S}. It is immediate that Gg is an ideal of S. Let
v : S — Gg be the canonical map defined by a¥ = a + a.

Supertropical (commutative) semirings admit the following axiomatic
definition. We say that a commutative semiring S is supertropical if, for all

a,bes:

(ST1) Gs C S;

(ST2) (&) = a*;

(ST3) a+b=a” if a* = b";
(ST4) a+b € {a,b} if a” # V.

In this case, we say that Gg is the ghost ideal of S and a” is the ghost of
a. The ghost ideal replaces favorably 0 in many instances, namely in the
key definition of independence of vectors. In fact, the ghost ideal provides a
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supertropical semiring with an algebraic and geometric theory much deeper
than in the general case of arbitrary (commutative) semirings (see [31]).

The next result collects some properties that shed some light on the
structure of supertropical semirings.

Proposition A.1.1 [31, Section 3] Let S be a supertropical semiring. Then:
(i) a4+ a+a=a+a for every a € S.
(it) (Gs,+) is a submonoid of (S,+).

(iii) Gg is totally ordered by

a<b ifa+b=>.

() for all a,b € S,
a if a¥ > b”
atb=14 b ifar <b
a’  ifad’ =b

Proof. (i) By (ST2), we have (a”)” = a”, hence a + a” = a” by (ST3). i.e
at+a+a=a+a.

(ii) By (ST3) and (ST4), Gg is closed under addition. Since 0 = 0V,
(Gs,+) is a submonoid of (S, +).

(iii) fa <b<cinGg,thena+c=a+ (b+¢c)=(a+b)+c=b+c=c,
hence a < ¢ and so < is transitive. By (ST3) and (ST4), a+b € {a, b} for all
a,b € Gg. Since + is commutative, it follows easily that < is a total order
on G.

(iv) Let a,b € S. In view of (ST3), we may assume that a” < b”. Then
a’ 4+ b” = b”. On the other hand, (ST4) yields a + b € {a,b}. Suppose that
a+b=a. Then

bW =a"4+b=a+a+b+b=a+b+at+b=a+a=a",
a contradiction. Thus a + b = b and (iv) holds. O

The next result shows that SB can be characterized as the smallest su-
pertropical semiring.

Proposition A.1.2 [27, Appendix B| SB is a supertropical semiring and
embeds in every supertropical semiring.
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Proof. It is immediate that SB satisfies (ST1) — (ST4), hence SB is a
semitropical semiring. Let (S, +,-,0, 1) be an arbitrary supertropical semir-
ing. We claim that the mapping ¢ : SB — S defined by

0—0, 1—~1, 217

is injective. Indeed, if 1 = 1%, then a = a-1 = a - 1¥ for every a € S,
contradicting (ST1). On the other hand 0 = 1 implies 0 = 1 by Proposition
A.1.1(i), thus ¢ is injective.

Let a,b € SB. It remains to be proved that

(a+b)p=ap+bp and (a-b)p =ayp-bp.

Indeed, Proposition A.1.1(i) implies that 1 + 1¥ = 1” holds in S. On the
other hand, (ST2) yields 1¥ 4+ 1¥ = (1¥)” = 1¥ and

1" 1"=(14+1)-1"=(1-1)+(1-1")=1"+1" =1".

These three equalities imply that (14 2)¢ = 1o 4+ 2¢, (2+ 2)p = 2¢p + 2¢p
and (2-2)p = 2¢ - 2¢p, respectively. The remaining cases being immediate,
© is a semiring embedding as claimed. [

Note that Gsg = G, in the notation introduced in Section 2.2.

A general theory of matrices over supertropical semifields has been de-
veloped by Izhakian and Rowen (see [24, 25, 30, 31, 32, 33, 34]) and SB is
just a particular case. In particular, the results in Section 2.2 hold in this
more general setting.

Tropical algebra has become an important area of research since the
tropical context allowed the development of a consistent and rich theory of
tropical linear algebra and tropical algebraic geometry (see e.g. [19, 49]).

Interesting refinements have been considered recently, allowing further
generalization of important concepts from the classical theory. We refer the
reader to the survey article [26] by Izhakian, Knebusch and Rowen.

A.2 Closure operators and semilattice structure

We establish in this section the various equivalent alternatives to the concept
of closure operators for lattices.
The following properties can be easily deduced from the axioms.

Lemma A.2.1 Let £ : L — L be a closure operator on a lattice L and let
a,b e L. Then:
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(i) (aVb)§ = (agVbE)E;
(i) (ag AbE) = (ag A bE)E;
(i1i) max{x € L | 2§ = a&} = af.

Proof. (i) Recall the axioms (C1) — (C3) from page 24. By (C1), we have
a < a& and b < b, hence (a VvV b) < (a&V bg). Thus (a Vb)) < (a& V bE)E by
(C2).

On the other hand, a < (a V b) yields a < (a V b)§ by (C2). Similarly,
b¢é < (aVb)¢, whence (aéVbE) < (aVb)€ and so (a&VbE)E < (aVb)E? = (aVb)E
by (C2) and (C3).

(i1) We have (a€AbE) < (a&ADE)E by (C1). On the other hand, (a§AbE) <
a€ yields (aé AbE)E < a&? = a& by (C2) and (C3). Similarly, (aé AbE)E < bE
and therefore (a& A b&)E < (a& A DE).

(iii) We have a§ € {x € L | z§ = a&} by (C3). On the other hand, if
x€ = a&, then z < z€ = a& by (C1) and the claim follows. [

The set of all closure operators on L will be denoted by CO L. We define
a partial order on CO L by

£<¢ ifaé < a¢ for every a € L.
This partial order admits several equivalent formulations, as we show next.

Lemma A.2.2 Let L be a lattice and let £,&' € CO L. Then the following
conditions are equivalent:

(i) £ <¢;

(i1) €' =
(i) §'¢=¢';

(i) LE D LE';

(v) Keré C Ker¢'.

Proof. (i) = (ii). Let a € L. By (C1), we have a < a&, hence af’ < a&f’
by (C2). On the other hand, a& < af’ yields a&¢’ < a&’¢’ = a&’ by (C2) and
(C3). Thus &' =¢'.

(ii) = (iii). Let a € L. By (ii) and (C3), we have af’¢¢’ = af’¢’ = af/,
hence af’¢ < a&’ by Lemma A.2.1(iii). Now a&’¢ > a’ follows from (C1).
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(iii) = (i). Let a € L. By (C1) and (C2), we have a§ < a&’§. Now (iii)
yields a¢ < a€’.

(iii) = (iv). We get L&' = LE'¢ C LE.

(iv) = (iii). Let a € L. Then af’ = b for some b € L. Hence af’¢ =
bee = be = af’ by (C3).

(ii) = (v). Let a,b € L be such that a§ = b¢. Then a&’ = a&&’ = b&&’ =
b¢" and so Ker & C Ker ¢'.

(v) = (ii). Let a € L. Since (a,a€) € Ker& by (C3), we get (a,af) €
Ker ¢ and so af’ = a&é’. O

Lemma A.2.3 Let L be a lattice. Then (CO L, <) is a lattice and

a( N ) = (a€ A af) (A1)
forallae L and £,¢' € CO L.
Proof. Given £,& € COL, let n: L — L be defined by

an = (ag A ag)

for every a € L. We claim that n € CO L. Indeed, it is immediate that n
satisfies (C1) and (C2). It remains to be proved that an? < an.

Since an < a¢, we have ané < a&? = a& by (C2) and (C3). Similarly,
ané’ < a&’ and so

an® = (ané A an€’) < (a& Aa€) = an.

Thus n € CO L.

It is immediate that n < £,&. Let £ € CO L be such that £’ < £, ¢,
Then, for every a € L, we have af” < (a§ A a&’) = an and so n = (E N ).
Thus (A.1) holds and (CO L, <) is a lattice (with the determined join). O

We show next how the semilattice structures of L determined by meet
and join relate to closure operators.

We start by considering A-subsemilattices. We assume that SubaL is
partially ordered by reverse inclusion (2). Since SubsL is closed under
intersection, we have

(Svs)y=5nys (A.2)
for all S, S’ € Subp L and so Subx L constitutes a lattice (with the determined
meet).

The next proposition describes the connection between closure operators
and A-subsemilattices (see [22, Subsection 1.3.12]).
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Proposition A.2.4 Let L be a lattice. Then the mappings

P

COL Subs L

q>/
defined by & = LE and a(SP') = A(SN a?) (a € L) are mutually inverse
lattice isomorphisms.

Proof. If ¢ € COL, then T¢ =T by (C1). In view of Lemma A.2.1(ii), we
get LE € SubsL and so @ is well defined.

Let S € Sub,L and write £ = S®’. It is immediate that g satisfies
axioms (C1) and (C2). To prove (C3), it suffices to show that SN a 1=
SN a&sT, i.e. to prove the equivalence

s> a< s> afs (A.3)

for all a € L and s € S. Indeed, if s > a, then s € SN a1 and so s > a&g,
and the converse implication follows from (C1). Thus {g satisfies (C3) and
so @' is well defined.

We show next that L& = S. The direct inclusion follows from S €
Suba L. For the opposite inclusion, it suffices to note that s{g = s for every
s € S, and this claim follows from (C1) and taking a = s in (A.3). Therefore
®'® is the identity mapping on Sub, L.

This implies that ® is surjective, and injectivity follows from the equiv-
alence (i) < (iv) in Lemma A.2.2. Therefore ® and ®' are mutually inverse
bijections. By the same equivalence, they are poset isomorphisms, hence
lattice isomorphisms. [J

The set of all V-congruences (respectively A-congruences) on L will be
denoted by Cony L (respectively ConpL).

We can assume that ConyL is partially ordered by inclusion. Since
Cony L is closed under intersection, we have

(cnd)y=0cnd (A.4)
for all 0,0’ € ConyL and so Cony L constitutes a lattice (with the deter-
mined join).

The following proposition establishes V-congruences as kernels of V-
maps.

Proposition A.2.5 Let o be an equivalence relation on a lattice L. Then
the following conditions are equivalent:
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(i) o € ConyL;
(ii) o = Ker ¢ for some V-map of lattices ¢ : L — L.

Proof. (i) = (ii). Without loss of generality, we may assume that T'c # Bo.
Let L' = L/o and define a relation < on L' by

ac < bo if (aV b)ob.

If aca’ and bob/, then (a V b)o(a VvV b')o(a’ V') since o € Cony L, hence the
relation is well defined.

Assume that aoc < bo < co. Then (aV b)ob yields (a VbV c)o(bV c) and
(bV c)oc yields (a VbV c)o(aV c). Hence

(aVe)o(aVbVe)o(bVc)oe

and so ac < co. Since < is clearly reflexive and anti-symmetric, it is a
partial order on L’.

Next we prove that the join ao V bo exists for all a,b € L. Indeed, we
have ao,bo < (a V b)o. Suppose that ao,boc < co for some ¢ € L. Then
(aVc)ocand (bV c)oc yield (aVbVc)o(bV c)oc and so (aVb)o < co. It
follows that

(ac Vbo) = (aVb)o

and so L' is a lattice (with the determined meet).
It is immediate that the canonical projection

p:L — L
a — ac

is a V-map with kernel o.
(i) = (i). Let a,b,c € L. If ap = by, then (aVc)p = (ap V cp) =
(b V cp) = (bV c)p and so o is a V-congruence. [J

We end this section by associating closure operators and V-congruences,
making explicit a construction suggested in [43, Theorem 6.3.7].

Proposition A.2.6 Let L be a lattice. Then the mappings

34

COL Cony L

\I//

defined by £V = Keré and a(o¥') = maxy ao (a € L) are mutually inverse
lattice isomorphisms.
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Proof. Let £ € COL and let a,b,c € L be such that a¢ = b¢. By Lemma
A.2.1(i), we have

(aVe)§ = (agV c§)§ = (bEV c§)§ = (bV c)g,

hence Ker ¢ € Cony L and so ¥ is well defined.

Now let ¢ € Cony L and write £, = oW¥’. Note that a&, is well defined
since every class of a V-congruence must have a maximum element, namely
the join of its elements in L. Now axioms (C1) and (C3) follow immediately
from a, aé, € ao.

Assume that @ < bin L. Then b = (a V b), hence (a,)oa yields (a&, V
b)o(a VvV b) = b. It follows that al, < (aé, V b) < b€, thus (C2) holds and
U’ is well defined.

Let £ € COL and let a € L. Then

a(§V¥') = maxya(§¥) = maxy a(Keré) = maxp{x € L | 2§ = a&}
— at

by Lemma A.2.1(iii), hence 0¥/ = €.
Now let ¢ € ConyL and a,b € L. Then

a(cW' V)b < a(o¥') = b(o¥') & maxy, ac = maxy, bo < aob,

hence o¥'¥ = ¢. Therefore ¥ and ¥’ are mutually inverse bijections. By
the equivalence (i) < (v) in Lemma A.2.2, they are poset isomorphisms,
hence lattice isomorphisms. [J

In view of Proposition A.2.5, Proposition A.2.6 establishes also a corre-
spondence between kernels of V-maps and closure operators.

A.3 Decomposition of V-maps

We show in this section how V-maps can be decomposed using the concepts
of MPS (introduced in Section 3.1) and MPI. We recall also the notation
Pab set at the end of Section 3.1.

Proposition A.3.1 Let o : L — L' be a \V-surmorphism of lattices. Then:
(i) If ¢ is not one-to-one, then ¢ factorizes as a composition of MPSs.

(it) If a covers b andb is smi, then pgy is a minimal nontrivial V-congruence
on L.
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(117) ¢ is an MPS if and only if Kero = pqp for some a,b € L such that a
covers b and b is smi.

Proof. (i) Since L is finite, there exists a minimal nontrivial V-congruence
p1 € Kerp and we can factor ¢ as a composition L — L/py — L’ (cf.
the proof of Proposition A.2.5 in the Appendix). Now we apply the same
argument to L/p; — L’ and successively.

(ii) Let z € L. We must prove that (zVa,zVb) € p,p. Since b is smi, a
is the unique element of L covering b. Hence either (xVb) = bor (zVb) > a.
In the first case, we get z < b and so (z V a) = a; in the latter case, we
get (xVb) = (xV(xVvb)>(xVa) > (rVd) and so (z Vb) = (zVa).
Hence (z V a,x V b) € pgp and so pgyp is a (nontrivial) V-congruence on L.
Minimality is obvious.

(iii) Assume that ¢ is an MPS and let a € L be maximal among the
elements of L which belong to a nonsingular Ker ¢ class. Then there exists
some x € L\{a} such that zp = ap. It follows that (zVa)p = (zpVay) = ap
and so by maximality of a we get (xVa) = a and so x < a. Then there exists
some b > x such that a covers b. Since every V-map is order-preserving, we
get ap = xp < bp < ap and so ap = bp.

Suppose that b is not smi. Then b is covered by some other element ¢ # a,
hence b = (a A ¢) and a,c < (a V ¢). It follows that (a V ¢)p = (ap V cp) =
(b V cp) = cp. Since ¢ # (aV c¢) and a < (a V ¢), this contradicts the
maximality of a. Thus b is smi. Since p,p C Ker ¢, it follows from (ii) that
Kery = Pab-

The converse implication is immediate. [

We prove next the dual of Proposition A.3.1 for injective V-maps. We
say that a V-map ¢ : L — L' is a mazimal proper injective V-map (MPI) of
lattices if ¢ is injective and Ly is a maximal proper V-subsemilattice of L’.
This amounts to saying that ¢ cannot be factorized as the composition of
two proper injective V-maps.

Proposition A.3.2 Let ¢ : L — L’ be an injective V-map of lattices. Then:
(i) If ¢ is not onto, then ¢ factorizes as a composition of MPIs.
(i1) If a € sji(L’), then the inclusion v : L' \{a} — L' is an MPI of lattices.
(i11) ¢ is an MPI if and only if Lo = L'\ {a} for some a € sji(L’).

Proof. (i) Immediate since L’ is finite and each proper injective V-map
increases the number of elements.
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(ii) Let x,y € L'\ {a}. Since a is sji, the join of z and y in L' is also the
join of z and y in L'\ {a}. Hence L'\ {a} is a V-semilattice and therefore a
lattice with the determined meet. Since (z¢V yt) = (zVy) = (z V y)t, then
¢ is a V-map. Since |L’\ Im¢| = 1, it must be an MPL.

(ili) Assume that ¢ is an MPIL Let a be a minimal element of L'\ L.
We claim that a is an sji in L’. Otherwise, by minimality of a, we would
have a = (z¢ V yy) for some z,y € L. Since ¢ is a V-map, this would imply
a = (x Vy)p, contradicting a € L'\ L.

Thus a is an sji in L’ and we can factor ¢ : L — L’ as the composition
of o : L — L'\ {a} with the inclusion ¢ : L' \ {a} — L’. Since ¢ is an MPI,
then ¢ : L — L'\ {a} must be onto as required.

The converse implication is immediate. [

Theorem A.3.3 Let ¢ : L — L' be a V-map of lattices. Then ¢ factorizes
as a composition of MPSs followed by a composition of MPIs.

Proof. In view of Propositions A.3.1 and A.3.2, it suffices to note that ¢
can always be factorized as ¢ = 19 with ¢1 a V-surmorphism and @9 an
injective V-map. This can be easily achieved taking ¢1 : L — L defined
like ¢, and @9 : Ly — L' to be the inclusion. O

A.4 Lattice completions of a poset

We discuss in this section two lattice completions of a poset that have in
some sense dual properties, and how they relate to boolean representability.
Let P be a poset. For every X C P, we write

Xda=Mpex P -

In particular, )y = P. Note that X; is a down set. Moreover, for all
p,p € P, we have

p<p eplcyl, p<peplcyl. (A.5)
The sets X4 (X C P) are said to be the flats of P, and we write
FIP = {X,| X C P}.

Note that, if we write P’ = {p ]| p € P} C 2P, then FIP = P’ and so
(F1P,C) constitutes a lattice under intersection and the determined join,
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called the lattice of flats of P. Recalling the matrix M (P) defined by (3.5)
and the notation Z; from Section 3.4, it follows easily that

FIP — FIM(P)
Xd — ﬁpeX Zp

is an isomorphism of lattices, since Z, = p] for every p € P.
As an example, if P is the poset of (3.6), then the Hasse diagram of F1 P
is

12345 (A.6)

\

123 124

A trivial case arises if our poset is already a lattice.

Proposition A.4.1 Let L be a lattice. Then

p:L — FIL
a — al

s a lattice isomorphism.

Proof. Since 0y =T and (al)N(bl) = (aAb)] for all a,b € L, we have
FIL ={al|a € L} and so ¢ is onto. In view of (A.5), ¢ is injective and an
order isomorphism, therefore a lattice isomorphism. [

We say that a mapping ¢ : P — P’ of posets is an order extension if
@ : P — Imy is an order isomorphism. This is equivalent to saying that

P qepp < qp

holds for all p,q € P. We call a lattice L a lattice extension of P if there
exists some order extension P — L. In particular, it follows from (A.5)
that p — p | defines an order extension of P into F1P, hence FI1P is a
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lattice extension of P. In some precise sense, it is indeed the “smallest”
lattice extension of P, as we show next. Note that FI P is also known in the
literature as the Dedekind-MacNeille completion of P (see [3, Section 2.5],
[35] and [40, Section 6]).

Proposition A.4.2 Let ¢ : P — L be an order extension of a poset P into
a lattice L. Then:

(i) ¢ induces an order extension ® :F1P — L;
(ii) if Py V-generates L, then ® can be assumed to be a N-morphism.

Proof. (i) Clearly,
XqgNY; = (X U Y)d (A7)

holds for all X,Y C P. From the particular case X4y = Yy, it follows that
VZeFIPIZ CP(Z=Z, N\VNXCP(Z=X4 = XCZ)). (AS8)

Indeed, it suffices to take Z’ as the union of all the X C P satisfying Z = Xj.
We define @ : F1P — L by Z® = A(Z'¢). For all X,Y € FIP, in view of
(A.7) and (A.8), we have

XCY & X,CYje Xj=XinY)e Xy=(X'uY),
o X' =XUY' &X' 2Y & Xp2Y

Hence X CY implies X® = A(X'p) < A(Y'p) = Y®. Conversely, assume
that X® < Y®. Let v € X = X/,. Then z < p for every p € X', hence
zo < pp and so xp < A(X'p) = X® <Y® = A(Y'p). Thus zp < gp for
every ¢ € Y and so x < ¢, yielding x € Y, =Y. Therefore X C Y and so
® :F1P — L is an order extension.

(ii) Let X,Y € F1P. Since Py V-generates L, by Lemma 3.3.1(ii) it
suffices to show that

pp < (XOPAYP) & pp<(XNY)P (A.9)
holds for every p € P. Now

(XBAYD) = (AX'9) A AY9)) = A((X70) U (V')
— AX'UY")).

Since ¢ : F1P — L is an order extension, it follows that pp < (X® A Y ®)
if and only if pp < gy for every ¢ € X’ UY" if and only if p < ¢ for every
q € X’ UY’. Thus

pp < (XOAY®) = pe (X' UY),. (A.10)
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On the other hand, (X NY)® = A((X NY)'¢) and we get
pp < (XNY)depe (XNY),. (A.11)

Since (A.7) yields (X' UY")y=X,NY;=XNY = (X NY)/, then (A.10)
and (A.11) together yield (A.9) and we are done. [J

The next examples show that the restrictions in Proposition A.4.2(ii)
cannot be omitted. Consider the poset P and its respective lattice of flats
described by their Hasse diagrams,

1234 (A.12)

AN
NN

P FIP

4

and the following lattices:

A <Y
NI |

Let ¢ : P — L be the inclusion mapping, which is an order extension.
Then Py V-generates L, but the unique order extension ® : F1 P — L is not
a V-morphism.

Similarly, let ¢’ : P — L’ be the inclusion mapping, which is also an order
extension. It is easy to see that the unique order extension @' : F1P — L’
is not a A-morphism, but of course Py’ does not V-generates L.
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We intend to take advantage of Proposition 3.6.2 as follows. Given a
poset P, we can view F1P as V-generated by P (by identifying p € P with
pl ). Indeed, since flats are down sets, the equalities

X=Wzl|lzeX}=V{zl|ze X}

hold for every X € FI P and our claim holds. However, this does not imply
that (F1P, P) € FLg since the bottom element of F1 P may be of the form
pl for some p € P, and this happens precisely if P has a minimum. To avoid
this situation, we introduce the lattice FlgP obtained from FI P by adding
() as bottom element (if needed). Now we certainly have (FlyP, P) € FLg.
Note also that, since FlgP is a N-subsemilattice of (2P , ©), it induces a
closure operator on 2% defined by Clg, = (FlgP)® by Proposition A.2.4, i.e.

Clp,X=n{ZeFhyP | X C Z}
for every X C P.

Proposition A.4.3 Let P be a poset and X C P. Then the following
conditions are equivalent:

(i) X is c-independent as a subset of P;
(i) X is c-independent as a subset of F1P;
(ii) X admits an enumeration x1, ...,z such that
(r1d V...Varpl) Do D (mr—1d Vagl) Dol
holds in F1 P;
(iv) X admits an enumeration x1,...,xy such that
Clg,(x1,...,2,) D Clg (z2,...,2) D ... D Clg, (x);
(v) X admits an enumeration x1, ...,y such that
x; ¢ Clg, (Tit1, ..., 2k) (t=1,....k—1);

(vi) X is a transversal of the successive differences for some chain of FlgP;

(vii) X is a partial transversal of the successive differences for some mazi-
mal chain of FlgP.
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Proof. (i) = (ii). Write M = M(P) and M’ = M(F1P). It follows from
Proposition 2.2.6 that X is c-independent as a subset of P if and only if there
exists some Y C P such that M[Y, X] is nonsingular. Let X' = {z ||z € X}
and Y = {yl|y € Y} It follows from (A.5) that the matrices M'[Y’, X'
and MY, X| are essentially the same and so X (which is identified with X’
in F1P) is c-independent as a subset of F1 P.

(ii) = (i). We may assume that there exists some Z' C F1 P such that
M'[Z', X'] is nonsingular. Reordering the elements if necessary, we may
assume that M'[Z’, X'] is lower unitriangular. Let the rows (respectively
the columns) of M'[Z’, X'] be ordered by (Z1)q, - - -, (Zk)q (respectively zq |
yoo oy Tkl ) with Z; C P and z; € P. Then

Since (Z;)q = Nzez, 21, it follows that, for ¢ = 1,...,n, there exists some
z; € Z; such that z;| 2 x;] . Moreover, z; | 2 (Z;)q 2 ;1 whenever j > i,
hence we may replace (Z;)q by z;J in (A.13). Hence the matrix M[Z, X] is
lower unitriangular and therefore nonsingular for Z = {z1,..., zx}. Thus X
is c-independent as a subset of P.

The remaining equivalences from the theorem follow from Proposition
3.6.2 after the following preliminary remarks.

First, we note that the sets p| are nonempty for all p € P, hence it is
indifferent to have F1 P or FlpP in (ii) and (iii).

Second, we claim that

FI(FlP, P) = FlyP. (A.14)

Indeed, given X C P, it follows from the definition that X € F1(FlyP, P) if
and only if X ={pe€ P|plC Y} for some Y € FlpP. Since {p € P | pl C
Y} =Y due to Y being a down set, (A.14) holds.

Third and last, if Cl; X = N{Y € FI(FlyP, P) | X C Y}, it follows from
(A.14) that Clp X = ClFOX.

Now we may safely apply Proposition 3.6.2. [

We can also characterize the c-rank.
Proposition A.4.4 Let P be a poset. Then c-tk P = ht FlgP.

Proof. We have c-tk P = rk M (F1 P, P) by Proposition A.4.3. If FloP #
F1 P, then P has a minimum and so M (FlyP, P) is obtained from M (F1 P, P)
by adding an extra row of 1’s to a matrix which has already one such row.
This operation leaves the rank unchanged, hence c-rk P = rk M (Fly P, P) in
any case. Since rk M (FlyP, P) = ht FloP by Proposition 3.6.4, we get the
desired equality. [
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For instance, back to our example in (3.6) and (A.6), it follows easily
from Hasse F1 P that 5321 is c-independent, by considering the chain

123455123 D0>12D>1 D0,

which admits 5321 as a transversal for the successive differences. Thus 5321
realizes c-tk P = ht Flp P = 4.

We associate now another lattice to the poset P. Let Down P be consti-
tuted by all the down sets of P, ordered under inclusion.

Lemma A.4.5 Let P be a poset and let X C P. Then the following condi-
tions are equivalent:

(1) X € Down P;
(ii) X =p1l U...Upyl for some p1,...,pn € P;
(i) X = (Y1)aU...U (Yy)q for some Y1,...,Y, C P.

Proof. (i) = (ii). If X € Down P, then X = Upcx pl .
(ii) = (iii) and (iii)) = (i). Immediate. O

Lemma A.4.6 Let P be a poset. Then:
(i) Down P is a sublattice of (2F,C);
(ii) FloP C Down P;
(17i) Down P is \/-generated by P (identifying p with pl );
(iv) P is a c-independent subset of Down P.

Proof. (i) Since Down P is clearly closed under union and intersection, and
contains both P and 0.

(ii) Immediate.

(iii) By Lemma A.4.5(ii).

(iv) By Proposition 3.6.2, it suffices to show that P admits an enumer-
ation pq,...,pg such that

(prd U...Upred) D (p2d U...Upkd) Do D (pr—1d Upkd) Dprd -

This can be easily achieved by taking p; maximal in P and p; maximal in
P\{p1,...,pic1i} fori=2,...,|P|. O



A.4. LATTICE COMPLETIONS OF A POSET 179

The following result shows that Down P satisfies in some sense a dual
property with respect to F1 P in Proposition A.4.2.

Proposition A.4.7 Let ¢ : P — L be an order extension of a poset P
into a lattice L V-generated by Pyp. Then there exists an injective N-map
¥ : L — Down P.

Proof. We define a mapping ¢ : L. — Down P by

rp={peP|pp <z}

Since ¢ is an order extension, 1 is well defined. Note that T = P and so
the top element is preserved.
Let x,2' € L. Then

(xna)p = {peP|pp<(zna)}
= {pePlpp<zin{peP|pp<a'}
= (@) N (2'Y),

hence ¢ is a A-morphism and therefore a A-map.
Since L is V-generated by P, it follows from Lemma 3.3.1(ii) that 1 is
injective. [J

The next examples show that the restrictions in Proposition A.4.7 cannot
be removed. Consider the poset P from (A.12). We compute Down P and
define the following lattice L":

1234 T

SN

124 134 234 a

IS ]
~ TN

4 b
0

Down P L
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Consider the unique order extension ¢ : P — F1P (see (A.12)). It is im-
mediate that Py V-generates F1 P, but there is no lattice monomorphism
1 : F1P — Down P.

On the other hand, let ¢ : P — L” be the inclusion mapping, which
is an order extension. Then Py generates L” as a lattice, but it is not a
V-generating set. In this case, it is easy to see that there is not even an
order extension 1 : L” — Down P.

A.5 Geometric simplicial complexes

We present now a brief description of the geometric perspective of simplicial
complexes, viewed as subspaces of some euclidean space R".

A family of points Xg, X1, ..., X, € R™ is said to be affinely independent
if the k vectors X1 — X, ..., X — Xj are linearly independent. The following
lemma provides a useful alternative characterization, implying in particular
that the definition does not depend on the choice of Xj.

Lemma A.5.1 Let Xo,Xq,..., X € R™. Then the following conditions
are equivalent:

(i) Xo,X1,...,Xk are affinely independent;

(ii) for all \; € R,
k . k
O - AXi=0 and > A =0) implies Ao =...=\ =0.
=0 =0

Proof. (i) = (ii). Assume that Z?:o NiXi = T and Zf:o Ai = 0. Then

k k k k
S X - Xo) = (3 M X+ S X =Y Axi =T
=1 =1 =0

i=1
and we get Ay = ... = X\ = 0 since X; — Xg,..., X — Xo are linearly
independent. Hence also A\g = — Zle Ai =0.

(ii) = (i). Suppose that X; — Xo, ..., Xx — Xo are linearly dependent.
Then there exist A\; € R, not all zero, such that Zle Ni(X; — Xo) = 0.
Write A\g = — Zle Ai. Then Zf:o A; = 0. Moreover,

k k k k
S = =3 M Xo+ S AX =S N(X - Xo) = 0.
i=0 i=1 i=1 i=1

Since the \; are not all zero, condition (ii) fails. [
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Another equivalent formulation of affine independence is the inexistence
of an affine subspace of dimension < k in R"™ containing {Xo, X1, ..., Xk}
A subspace S C R" is said to be convez if, for all X,Y € S, the segment

(X, Y]={AX+(1-ANY|0<A <1}

is contained in S. The convezr hull (V)¢ of a subset V' C R™ is the smallest
convex subset of R” containing S.

If V C R" is a finite nonempty affinely independent set, we call its convex
hull S = (V)¢ a geometric simplex in R™. If V = {Xy, X1,..., Xy}, a more
constructive description of S is given by

SZ{)\oXQ—i-...—f—)\ka|)\0,...,)\k20; )\0+...+)\1€=1}.

The numbers Ag, ..., \r are said to be the barycentric coordinates of X =
Ao Xo+ ...+ A Xg. It follows easily from Lemma A.5.1 that the barycentric
coordinates are unique.

The next result shows that V' is actually uniquely determined by S.

Proposition A.5.2 Let S be a geometric simplex in R™. Then there exists
a unique finite nonempty affinely independent V- C R™ such that S = (V)¢.

Proof. Write |Y, Z[ = [Y, Z]\ {Y, Z} and let

s'=J vzl

Y,ZeS

Assume that S = (V)¢ for some finite nonempty affinely independent V' C
R"™. We claim that
V=5\5. (A.15)

Assume that V = {Xg, X1,..., Xi} where all the elements are distinct.
Suppose that Xy € S’. Then X € |Y, Z[ for some Y = \oXp + ... + A\ Xk,
Z = NyXo+ ..o+ N Xy with A\, N, > 0 and SF 00 = S8 N = 1. We

may write Xg = pY + (1 — p)Z for some u € ]0,1[. Hence

k
Xo =Y (phi+ (1= wA)X;.
i=0
Since

k k k

S+ Q=) =Y M) +A—m)Y N=p+1-p=1,

=0 =0 =0
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it follows from Lemma A.5.1 that puXo+(1—p)A; = 1 and pX+(1—p)X, =0
for i € {1,...,k}. Since pu,1 —p >0, we get \; = X, =0 for i € {1,...,k}.
Since Z?:o Ai = Zf:o N,=1 weget \g=X)=1landsoY =Xy =27, a
contradiction. Hence Xy ¢ S’. By symmetry, also X; ¢ S’ for ¢ > 0 and so
VCSs\s.

Conversely, let X € S\ S’. Then we may write X = \oXo + ... + M\ X
with A; > 0 and 3%/ \; = 1. Suppose that 0 < Ag < 1 and let

k i
Y—;l_)\oXi.

Then Yf ;2 = 1532 = landso Y € (V)o = S. Now X = MXp +
(1 —=X)Y € [X0,Y]. In view of Lemma A.5.1, we get X # Xp,Y, hence
X € ]Xo,Y], a contradiction. Thus A9 € {0,1} and by symmetry we get
Ai € {0,1} for every i. Therefore X € V and so (A.15) holds. It follows

that V' is uniquely determined by S. 0O

The elements of V' are said to be the vertices of S = (V)¢ and the
dimension of S is dimS = |V| — 1. A face of S is the convex hull of a finite
nonempty proper subset of V.

Geometric simplices of dimensions 0,1,2 and 3 are respectively points,
segments, triangles and tetrahedra. Beyond these, we get higher dimensional
polytopes.

A geometric simplicial compler IC in R™ is a finite nonempty collection
of geometric simplices in R™ such that:

(GS1) every face of a simplex in K is in K;

(GS2) the intersection of any two simplices in K is either empty or a face of
both of them.

We show next how the two perspectives, combinatorial and geometric,
relate to each other.

Proposition A.5.3 Let K= {Si,...,Sn} be a geometric simplicial complex
in R" with S; = (Vi)e. Let V.= U",V; and H = {V1,..., Vi, 0}. Then
Hic = (V, H) is an (abstract) simplicial complex.

Proof. The claim follows from (GS1) and ) € H. O
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Before reversing this correspondence, we note that, for a given geometric
simplicial complex K = {S1,...,S,} in R, the union UK =S U...US,
is a subspace of R™. It has a natural topology as a subspace of R™ under
the usual topology. We say that U K is the underlying topological space of
K.

Proposition A.5.4 Let H = (V,H) be an (abstract) simplicial complex
with H # {0}. Then:

(i) there exists some geometric simplicial complex KC such that Hyi = H,;

(i) U K is unique up to homeomorphism.

Proof. (i) Write V' = {a1,...,an} and H\ {0} = {I1,...,I;}. For every
i € {1,...,m}, let X; € R™ have the ith coordinate equal to 1 and all
the others equal to 0. Write V' = {Xj,...,X,,} and define a bijection
©:V = V'by ajp =X, Forje{l, . ..k} letS;=(Ijp)c and define
K={51,...,Sk}.

It follows from Lemma A.5.1 that V' is affinely independent. In partic-
ular, each S; is a simplex in R™.

It is imeediate that K satisfies (GS1). To prove (GS2), it suffices to show
that

S;nS; ={LiN1L)e)c (A.16)

holds for all 4,5 € {1,...,k}.

Let X = (A1,...,An) € ;N S;. Since X € S, it follows that A, = 0 if
ar ¢ I;. Moreover, Z;"zl Ap = 1. Similarly, since X € S;, we have A, = 0 if
ar ¢ Ij. Thus A\, = 01if a, ¢ I; N I; and it follows that X € ((/; N I;)p)c.
The opposite inclusion being trivial, (A.16) holds.

Thus K satisfies (GS2) and is therefore a geometric simplicial complex.
Write Hx = (V/, H') and let A C V. In view of Proposition A.5.2, we have

Ap € H' if and only if (Ap)c € K. (A.17)

Since V' is affinely independent (even linearly independent), (A¢)c univo-
cally determines Ay and therefore A. Thus

(Ap)c € K if and only if A € H.
Together with (A.17), this yields

Ap e H' if and only if A€ H,
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hence Hi = H.

(ii) We sketch the proof. Assume now that Hx = Hy for some geometric
simplicial complexes K and K'. It is immediate that  and K’ must have
the same number of simplexes, say K= {S1,...,S;} and K'= {S57,..., 5},
and there exists some correspondence S; — SJ/» preserving dimension, faces
and intersections. If we denote by V = {Xq,..., X,,} (respectively V' =
{X1{,...,X],}) the vertex set of K (respectively K'), we get a bijection

o:V = vV

which induces the correspondence S; — S;-.
Using the barycentric coordinates, we can now define a mapping P :

UK— UK by
O MX)2 =) NX].
=0 =0

Since the barycentric coordinates are unique and the structures of X and K’
match, ® is a bijection. It remains to be seen that it is continuous.

It is immediate that ®|s; : S; — S} is a homeomorphism for every
je{l,....,k}. Let X € UK and let € > 0. Since every simplex in R,, is
compact, there exists some open ball Bs,(X) in R™ which intersects only
those simplexes containing X, say Sj,,...,S;,. Now, since each <I>|g]. 05 —
S% is a homeomorphism, there exist d1,...,d, > 0 such that

VY eS;, (IY —X|<é, = [YO—-XP|<e)
holds for ¢ € {1,...,p}. Taking § = min{d,...,d,}, we obtain
VWeUK (Y -X|<d = [YO-XP|<e).
Therefore ® is continuous. By symmetry, it is a homeomorphism. [

Given an (abstract) simplicial complex H = (V, H) with H # {0}, a
geometric simplicial complex K satisfying Hx = H is generically called the
geometric realization of H and denoted (up to homeomorphism of the un-
derlying topological space) by || H ||

A.6 Rank functions

Recalling the definition of the rank function ry in Section 6.3, we present
now a more abstract viewpoint of rank functions.
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Given a function ¢ : 2V

X,YCV:

— N, consider the following axioms for all

(A1) XCY = Xp<Yy;

(A2) AICX :|I|=1Tp=Xy;

(A3) (Xp=|X|ANYCX) = Yep=|Y|

It is easy to see that the three axioms are independent.

Proposition A.6.1 Given a function ¢ : 2V — N, the following conditions
are equivalent:

(i) ¢ =rg for some simplicial complexr H = (V, H);
(ii) ¢ satisfies axioms (A1)-(A3).
Proof. (i) = (ii). It follows immediately from the equivalence
Xry = |X| & X € H.

(ii) = (i). Let H ={I CV : Iy = |I|}. By (A3), H is closed under
taking subsets. Taking X = ) in (A2), we get o = 0, hence ) € H and so
‘H = (V,H) is a simplicial complex. Now, for every X € V, we have

Xrg =max{|I|| I €2 N H} =max{|I| | I C X, Iy =|I]}.

By (A2), we get Xrg > X¢, and Xrg < X follows from (Al). Hence
@ = ry as required. [

We collect next some elementary properties of rank functions.

Proposition A.6.2 Let H = (V, H) be a simplicial complex and let X, Y C
V. Then:

(i) Xrg <|X]|;
(ii) Xrg+Yryg > (X UY)T’H;

(ii) Xryg+Yry > (XUY)rg+(XNY)ry if some mazimal I € HN2XM
can be extended to some mazimal J € H N 2XYY :

(iv) Xrg+Yrg > (XUY)rg + (X NY)ryg if H is a matroid.
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Proof. (i) By (A2).
(ii) Assume that (XUY)ry = |I| with I € HN2XYY. Then INX,INY €
H and so

(XUY)T’H: ’I| < |IﬂX|+|IﬂY‘ < Xrg+Yry.
(iii) We may assume that (XUY )ryg = |J|and (XNY)rg = |JNXNY|.
It follows that

XUY)rg+(XNY)rg = [J+|JNnXNY|=[JNnX|+|JNY]
< Xrg+Yry.

(iv) This is well known, but we can include a short deduction from (iii)
for completeness.

Let A C B C V, and assume that I € HN24 is maximal. Let J € HN2P
be maximal and contain I. It follows from (EP’) that |J| = Bry. Now we
apply part (iii) to A=XNY and B=XUY. O

In the next result, we apply the rank function to flats.
Proposition A.6.3 Let H = (V, H) be a simplicial complex of rank r.
(i) If X,Y € FIH and Xry = Yry, then
XCY ifandonlyif X =Y.

(ii) 'V is the unique flat of rank r.

Proof. (i) Assumethat X C Y and let I € HN2%X satisfy |[I| = Xry = Yry.
If pe Y\ X, then X closed yields I U{p} € H and Yry > |I| = Xrpy, a
contradiction. Therefore X =Y and (i) holds.

(ii) By part (i). O

It follows that the flats of rank r» — 1 are maximal in F1 % \{V'}. Such
flats are called hyperplanes.

The following result relates the rank function with the closure operator
Cl induced by a simplicial complex.

Proposition A.6.4 Let H = (V,H) be a boolean representable simplicial
complex and let X C V. Then Xrg is the maximum k such that

Cl(a:l, R ,Jl'k) D) Cl(.%'g, . ,a;k) D...D Cl(.%‘k) D) Cl(@)
holds for some x1,...,x, € X.

Proof. It follows from Theorem 5.2.6 and the definition of rg. [
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Lj, 67
M(P', P”) 26
), 2

J], 1
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cr, 112
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M, 30
MT, 151
M, (S), 13
Mpxn(9), 13
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d, 168

o' 168

v, 169

U’ 169

SB, 12
SB", 14
SC, 149
0(n*), 70
Vg, 151
Y(M), 28
Z(M), 28
at(L), 25
BPav(d), 47
Cl, 42

Clp, 60
Clg, 33
Clg,, 176
nbh(v), 40
Cony L, 168
Conp L, 168
COL, 166
degM, 46
diamI", 39
dim I, 38
dim S, 182
dim H, 38
Down P, 178
fet; H, 134
fct H, 38
F1M, 28
F1P, 172
F1(L, A), 30

F1H, 41
FlgP, 176
FSuba L, 23
Geo M, 99
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Hasse P, 21
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(V)e, 181
Lat H, 61
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Mat H, 48
maxdegI', 40
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X, 42

by, 61
ord(B), 121
Ok, 131
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Per M, 13
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Res'(H), 148
Resy(H), 148
po, 61

Pa,b; 64

rk M, 19
Om, 12
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Sing H, 134
sizV, 149
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Suby L, 23
Suba L, 23
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General index

V-congruence, 25
V-generated lattice, 27
isomorphism, 27
quasi-order, 58
V-map, 25
V-morphism, 25
V-subsemilattice, 23
full, 23
V-surmorphism, 64
A-congruence, 25
A-map, 25
A-morphism, 25
A-subsemilattice, 23
full, 23
n-set, 38
n-subset, 38

affine independence, 180
alphabetic order, 121
anticlique, 40

atom, 25

barycentric coordinates, 181
basis, 149
size of a, 149
Betti numbers, 118, 134
Bjorner, 8, 117, 118, 120
boolean module, 161
boolean representation
canonical, 49
degree of a, 46
of V-generated lattices, 27
of posets, 26
of simplicial complexes, 46
reduced, 46
rowmin, 66
bottom, 22
Bruhat order, 161

BIBLIOGRAPHY

c-independence
in posets, 26
in simplicial complexes, 46
c-rank, 26
circuit, 39
clique, 40
closed subset, 25, 42
closure operator, 24, 42
coatom, 25
connected component, 39
nontrivial, 39
convex hull, 181
convex subspace, 181
covering element, 21

Dedekind-MacNeille completion, 174

diameter, 39

dimension
of a simplicial complex, 38
of a face, 38
of a simplex, 182

Dowling geometry, 159

down set, 22, 178

exchange property, 38

face, 38, 182
facet, 38
homology, 117
Fano matroid, 77
Fano plane, 78
flat
of a V-generated lattice, 30
of a matrix, 28
of a poset, 172
of a simplicial complex, 41

ghost, 163
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ghost ideal, 14, 163

girth, 39

graph, 39
complement, 40
complete, 41
complete bipartite, 41
connected, 39
disjoint union, 41
triangle-free, 39

graph of flats, 105

greedoid, 9
interval, 9

greedy algorithm, 161

Hasse diagram, 21
height, 22
hereditary collection, 37
homotopy, 118

type, 118
hyperplane, 186

independence of vectors, 14
Izhakian, 2—4, 14, 15, 26, 28, 35,

45, 46

join, 22
determined, 23

Jordan-Dedekind condition, 54

kernel, 25

lattice, 22
V-generated, 27
atomistic, 54
complete, 22
geometric, 54
semimodular, 54
trivial, 22

lattice representation
quasi-order, 59

lattice extension, 173

lattice of flats
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of a V-generated lattice, 30

of a matrix, 28
of a poset, 173
lattice representation, 56
boolean sum, 62
minimal, 62
sji, 62
length of a path, 39
line, 99
potential, 100
link, 120

marker, 15
matrix
congruence, 15
lower unitriangular, 15
nonsingular, 17
permanent of a, 13
rank of a, 19
matroid, 38
Coxeter, 161
meet, 22
determined, 23
MPI, 171
MPS, 64

neighborhood, 40
closed, 40

order extension, 173

PEG, 78, 99
point
of a PEG, 99

of a simplicial complex, 38

point replacement property, 38

prevariety, 148
basis of a, 149
finitely based, 149
size of a, 149
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projective plane, 159

rank

of a matrix, 19

of a simplicial complex, 100
rank function, 100, 184
reduced homology group, 131
Rees quotient, 24
Robertson-Seymour Theorem, 8

semifield
supertropical, 13, 165
semiring, 11
boolean, 12
commutative, 11
congruence, 12
ideal, 163
quotient, 12
superboolean, 12
supertropical, 163
shelling, 117
simplex, 38
geometric, 181
simplicial complex, 37
abstract, 37
boolean representable, 46
contraction of a, 120
dual, 147
geometric, 182
geometric realization of a, 184
graphic boolean, 97
isomorphism, 37
link of a, 120
minor of a, 148
paving, 38
pure, 38
restriction of a, 145
sequentially Cohen-Macaulay,
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shellable, 117
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