MCCAMMOND’S NORMAL FORMS FOR FREE APERIODIC
SEMIGROUPS REVISITEDf{

J. ALMEIDA, J. C. COSTA, AND M. ZEITOUN

ABSTRACT. This paper revisits the normal forms introduced by J. McCammond to solve the word
problem for w-words over the pseudovariety A of aperiodic semigroups. The proof of the uniqueness
of these normal forms for w-words, given by McCammond, is based on his solution of the word
problem for certain Burnside semigroups. In this paper, we describe a new proof of correctness
of McCammond’s algorithm which is based on properties of certain languages associated with the

normal forms. This method leads to several new applications beyond w-words.
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1. INTRODUCTION

An w-term is a formal expression obtained from letters of an alphabet X using the operations
of concatenation and w-power. These expressions naturally define implicit operations on finite
semigroups S: the concatenation is viewed as the semigroup multiplication while the w-power is
interpreted as the unary operation which sends each element of S to its unique idempotent power.
An implicit operation defined by an w-term in the elements of a pseudovariety of semigroups V
is called an w-implicit operation over V. The w-semigroup formed by these implicit operations,
denoted by Q%V, is the V-free w-semigroup generated by X.

The w-word problem for a pseudovariety V is the problem of determining whether two w-terms
represent the same operation on the elements of V, that is, is the word problem for €2%V. This prob-
lem has received some attention lately. The case of the pseudovariety J of all J-trivial semigroups,
solved by the first author in [I], constitutes a classical example. Another remarkable example,
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achieved by McCammond [23] and which plays an important role in the Krohn-Rhodes complexity
problem, is given by the pseudovariety A of all aperiodic semigroups. A much simpler case, obtained
by the second author [I6], is the one associated with the pseudovariety LSI of local semilattices.
More recently, the first and third authors [T4] solved the word problem for Q%R, where R is the
pseudovariety of R-trivial semigroups.

The w-word problem for a pseudovariety V is an instance of a more general problem: the word
problem for og-semigroups 2%V, where o is an arbitrary implicit signature (a set of implicit oper-
ations containing multiplication). This problem is mainly motivated by recent research [3, 12 [T3],
4, 24] that has shown that detailed knowledge of the o-semigroups Q%V yields important infor-
mation about V. Indeed, through the seminal work of Ash [I5] and its generalizations found by
the first author and Steinberg [3l, [13, [[2], an important property that a pseudovariety V may enjoy
has emerged: the so-called tameness. Roughly speaking, it serves as a strong form of decidability,
entailing that it is decidable whether a finite system of equations with rational constraints over a
finite alphabet X admits a solution in every X-generated semigroup from V. By a standard com-
pactness argument, the existence of such solutions can be reduced to the existence of solutions in
QxV, the pro-V semigroup freely generated by X (i.e., the semigroup of all implicit operations over
V on the alphabet X). Basically, the idea of tameness is to reduce the search of solutions in such
a semigroup, which is often uncountable, to a countable subsemigroup, namely a subalgebra Q%V
generated by the same set X with respect to a suitable signature o, which turns out to be itself
a relatively free algebra. The signature in question should be made up of “natural” operations on
profinite semigroups, including the multiplication. Among such operations, the most encountered
is the pseudoinversion, or (w — 1)-power. In the group case, this operation is the group inversion
and the corresponding countable subsemigroup of the free profinite group is just the free group on
the same generating set. In the aperiodic case, the (w — 1)-power reduces to the w-power, in which
case an algebra in our signature is simply called an w-semigroup.

To prove tameness, one must establish that the word problem for the chosen relatively free
algebra 1%V is decidable and, since the existence of solutions of certain systems in the relatively
free profinite semigroup must be shown to entail the existence of solutions in the chosen subalgebra,
it is important to understand well how the subalgebra fits in the profinite semigroup. For the case
of the pseudovariety of all finite groups, a restricted form of tameness was first proved within
the framework of semigroup theory [I5], but also independently a special case was proved using
methods from profinite group theory [25] 26], and later was rediscovered as a model-theoretic result
(19, [T0), [T1].

Unlike the cases of LS| [I8, 7] and R [8, @], tameness of A has not yet been published, but the
above mentioned solution of the word problem for {24 A, which has been obtained by McCammond
in 2001, is a step forward in that direction. McCammond’s solution [23] consists in the reduction
of arbitrary w-terms to a certain canonical form. McCammond then goes on to show that different
w-terms in canonical form cannot represent the same implicit operation over A, which he does by
invoking his results on free Burnside semigroups [22].

In this paper, we describe an alternative proof of the uniqueness of McCammond’s normal forms
for w-terms over A which is independent of the theory of free Burnside semigroups. Our approach



consists in associating to each w-term « and positive integer n a certain rational language L[],
whose key property is that, if a is in McCammond normal form and n is large enough then L, [a]
is a star-free language. Another crucial step in our proof is the fact that if o and 3 are both w-
terms in normal form and n is sufficiently large such that L,[a] N L,[3] # 0, then a = 3. This new
approach, and most particularly the star-freeness of the languages L, [«], permits also to obtain new
important applications. We show for instance that, over A, every factor of an w-implicit operation
is also an w-implicit operation. In turn this result is a central piece in [6], whose main result
provides a characterization of the implicit operations which are given by w-terms thus contributing
to a deeper understanding of how the w-subsemigroup generated by a finite alphabet X fits in the
free pro-A semigroup on X.

The paper is organized as follows. After a section of preliminaries, where we review most of the
basic background material including the description of McCammond’s normal form, we introduce
term expansions and the languages L,[a] in Section Bl and prove some of its basic properties.
Section B contains some combinatorial lemmas concerning factors of terms of rank 1. In Section H,
we present the main properties of the languages L,[a] and the alternative proof of uniqueness of
McCammond’s normal forms for w-terms over A. Section [ is devoted to establish the star-freeness
of the languages L, [a] for a in normal form and n large enough. Finally, we investigate in Section [
other properties of the languages L,[«] and derive some applications.

2. PRELIMINARIES

In this section we briefly recall the basic definitions and results that will be used throughout the
paper. The reader is referred to [2, 24] for general background, and to [5] for a quick introduction,
about the classical theories of pseudovarieties, rational languages and profinite semigroups. For
further details about combinatorics on words see [21].

In the following, X always denotes a finite non-empty set called an alphabet. The free semigroup
generated by X, viewed as the set of all finite non-empty words in the letters of X, is denoted
by X*. The free monoid on X, denoted by X*, is obtained from X by adding the empty word.
The length of a word w € X* is denoted by |w|. The following result is known as Fine and Wilf’s
Theorem (see [21]).

Proposition 2.1. Let u,v € XT. If two powers u* and v' of v and v have a common prefix of
length at least |u| + |v| — ged(|ul,|v]), then u and v are powers of the same word.

A primitive word is a word that cannot be written in the form «™ with n > 1. Two words w and
z are said to be conjugate if there exist words u,v € X™* such that w = uv and z = vu. We notice
that, if w is a primitive word and z is a conjugate of w, then z is also primitive. Let an order be
fixed for the letters of the alphabet X. A Lyndon word is a primitive word that is minimal, with
respect to the lexicographic ordering, in its conjugacy class. The following proposition (see [21])
gives an alternative definition of Lyndon words.

Proposition 2.2. A word w € X is a Lyndon word if and only if w is strictly less than any of
its proper non-empty suffizres.



A word v € X* is said to be a border of another word w € X when v # w and v is both a prefix
and a suffix of w. If a word w € X admits a non-empty border then w is called bordered, otherwise
it is called unbordered. An immediate consequence of Proposition is that every Lyndon word is
an unbordered word.

Let V be a pseudovariety of semigroups. A pro-V semigroup is a projective limit of elements
of V. Equivalently, we may say that a topological semigroup is pro-V if it is compact and residually
in V. In particular, all semigroups of V, endowed with the discrete topology, are pro-V. A pro-
S semigroup, where S is the pseudovariety of all finite semigroups, is also called profinite. The
projective limit of all X-generated semigroups from V is denoted by QxV. For each mapping
v : X — S into a pro-V semigroup S there is a unique continuous homomorphism % : QxV — S
extending ¢, that is QxV is the pro-V semigroup freely generated by X. The elements of QxV
are called pseudowords over V and they are naturally interpreted as (X-ary implicit) operations on
pro-V semigroups S: the interpretation of w € QxV on S is wg : SX — S mapping each function
¢ € S¥ to B(w). For instance, for X = {x,y}, the pseudoword w = xy is interpreted as the
semigroup multiplication from S x S into S. If X = {z}, the interpretation of the w-power z*
is the mapping which associates each element s € S to s, the unique idempotent of the closed
subsemigroup generated by s.

Given u,v € QxS, we call the formal equality u = v a pseudoidentity. For a profinite semigroup S,
we then say that S satisfies the pseudoidentity v = v, and write S = u = v, when ug = vg.
A pseudovariety V satisfies a pseudoidentity u = v, denoted V = u = v, if every semigroup from V
satisfies u = v. Given u,v € QxS, it is well known that V = u = v if and only if py(u) = py(v),
where py : QxS — QxV is the only continuous homomorphism which sends each free generator to
itself.

An implicit signature is a set of pseudowords containing the multiplication xy. In this paper we
will be interested in the signature {zy, 2}, which will also be denoted w. Every pro-V semigroup S
has a natural structure of an w-semigroup, via the interpretation of the elements of w as operations
on S. We denote by Q% V the w-subsemigroup of QxV generated by X, whose elements are called
w-1mplicit operations over V. Each w-implicit operation has a representation by a formal term over
X in the signature w. These terms are called w-terms and they are obtained from the letters of X
using multiplication and w-power. More conveniently, since we are interested in semigroups, we will
consider equivalence classes of w-terms resulting by collecting together w-terms that can be obtained
from each other by applying the associative law of multiplication. The resulting equivalence classes
of w-terms on a set X are called w-words. They constitute the unary semigroup Uy freely generated
by X.

We now recall the definition of McCammond’s normal form for w-words. To simplify the notation,
McCammond [23] represents w-words over an alphabet X as correctly parenthesized words in the
alphabet Y = X U{(, )}, for which the parentheses are thus viewed as letters. The w-word associated
with such a word is obtained by replacing each matching pair of parentheses () by (x)“. Conversely,
every w-word over X determines a unique correctly parenthesized word over Y. We define the length
of an w-word « to be the length of the word over Y which it determines, and we denote it |a|.

From hereon, in the absence of mention to the contrary, we will refer to an w-word meaning its



associated word over Y. Note that the words in the extended alphabet that represent w-words are
precisely those for which, by removing all other letters we obtain a Dyck word. In fact, it is easy
to check that the w-subsemigroup of the free semigroup Y generated by X, where the w-power is
interpreted as the operation w +— (w), is freely generated by X as a unary semigroup. Thus, we
identify Ux with the set of well-parenthesized words over the alphabet X. In particular, there is a
natural homomorphism of w-semigroups € : Ux — Q%A that fixes each x € X when we view X as a
subset of Ux and Q%A in the natural way. To avoid ambiguities in the meaning of the parentheses,
we will write e[w] for the image of w € Ux under €. The elements of 5 A will sometimes be called
w-words.

The w-word problem for A (over X)), consists in deciding when two elements of Ux have the
same image under €. This problem was solved by McCammond by showing that it is possible to
transform any w-word into a certain normal form with the same image under ¢, and by proving that
two w-words in normal form with the same image under € are necessarily equal. For the description
of the normal form, fix a total ordering of the alphabet X, and extend it to Y = X U {(,)} by
letting ( < x < ) for all z € X. The rank of a word of YT is the maximum number of nested
parentheses in it.

McCammond’s normal form is defined recursively. The rank 0 normal forms are the words
from X*. Assuming that rank i normal form terms have been defined, a rank i + 1 normal form
term is a word from Yt of the form

ao(Br)ar(Be) - - - an—1(Bn) o,

where the a; and () are w-words such that

(a) each f is a Lyndon word of rank i;
(b) no intermediate «; is a prefix of a power of 3; or a suffix of a power of ;1;
(c) replacing each subterm (%) by (i /[k, we obtain a rank ¢ normal form w-word;
(d) at least one of the properties |(b)| and [(c)| fails if we remove from «a; a prefix 3; (for 0 < j) or
a suffix ;41 (for j < n).
McCammond’s procedure of transformation of an arbitrary w-word into one in normal form
consists in applying elementary changes determined by the following rewriting rules:

L () = ()

2. (%) = (o)

3. (a)(a) = (@)

4. (a)a = (a), a(a) = (o)
5. (af)a = a(fa)

If an w-subword given by the left side of a rule of type 14 is replaced in an w-word by the right
side of the rule, then we say there is a contraction of that type. If the replacement is done in the
opposite direction than we say that there is an expansion of that type. For the rules of type 4, we
may add an index L or R to indicate on which side of the w-power the base was added or deleted.

Since all the rules are based on identities of w-semigroups that are valid in A (in fact, all but those
of type 4 are valid in S), it follows that the elementary changes preserve the value of the w-word
under €. Hence McCammond’s algorithm does indeed transform an arbitrary w-word into one in



normal form with the same image under e. We don’t describe here McCammond’s procedure because
usually we will work with w-words already in normal form (or almost). The reader interested in
more details of the algorithm is referred to the original paper [23] or to [6] for a more condensed
discription of its steps.

To prove that distinct w-words in normal form have different images in %A, McCammond used
his solution of the word problem for certain free Burnside semigroups [22]. We have obtained a
direct combinatorial proof of the same result, which will be described in Sections Bl to B, which
leads to other applications presented in Section [d

3. WORD EXPANSIONS

The main differences between the following definition and McCammond’s “rank ¢ expansions”
[23, Definition 10.5] are that we require the exponents to be beyond a fixed threshold and we do
not require that the be in normal form.

Definition 3.1 (Word expansions). Let n be a positive integer. For a word a € X*, we let
E,la] = {a}. For an w-word

(3.1) a =7(01)y1---(0r)y, where all the v; and d;, are w-words, the J; have the same
rank ¢ and all the ; have rank at most 1,
we let
Enla] = {y0d{ 16"y © na,.. e =}
For a set W of w-words, we let E,[W] = ,cy Enla]. For an w-word a we let
Lyla] = E;™ (o],
and, for a set W of w-words , we let L,[W] = J, e Lnla].

We recall now terminology introduced by McCammond for an w-word « as in (BJ) that will be
used later. The w-subwords of o of the form (6;)v;(dj41) are called crucial portions of o, whereas
the prefix v (1) and the suffix (d, )y, are called respectively its initial portion and its final portion.
Lemma 3.2. The following formulas hold:

(a) for w-words a and f3,
E,lo] E,[f] if ranka = rank 3
E,[af] = { a E,[[] if rank o < rank 3
E,[a] B if rank o > rank (.
(b) for an w-word «, Lyla] = Ly[Ey[a];
(¢) for sets U and V of w-words of bounded rank, L,[UV] = L,[U] L,[V].
(d) if a« =~0(01)y1 -+ (8:)Yr is a factorization of an w-word as in [Bl), then
Lypla] = Loyo] Ln[(61)] Lu[m1] - - - Ln[(67)] Lnlyel;

(e) for an w-word o, Ly,[(a)] = Ly|a]™ Ly [a]*.



Proof. is immediate from the definition of the operator E,. For [(0)] since E,[a] is a set of
w-words whose rank is rank o — 1, we have

Lu[Enla]] = B Y[ Ey[a]] = E™[a] = Ln|a].

For we proceed by induction on the maximum rank m of the elements of U U V. In case
m = 0, both sides of the equation are equal to UV. Assuming m > 1 and the result holds for sets
involving terms of rank less than m, we first note that, if v and v are w-words of rank at most m,
then

Ln [Enu]Env]] if ranku = rank v
Ly [uv] = Ly [Ep[uwv]] = < Ly[uE,[v]] if ranku < rankv p = Ly[u] Ly, [v]
L, [E,[u]v] if rank w > rank v

where the last equality follows from @ and the induction hypothesis. To conclude the induction

step, we note that

Luvi= |J ILnlwl= |J LululLn[v] = La[U]La[V].
ueU,veV ueU,veV

Property follows from by induction on the number of factors.

For we have
Lp[(e)] [ Ln[En[(a)]] = U Ln[am] U Lyp[a]™ = Lyp[a]"Ly[a]". O

In case «v is a rank i + 1 w-word in normal form, the elements of E[a] are precisely the McCam-
mond’s “rank i expansions of «”. Since Lemma 10.7 of [23] states that every such rank ¢ expansion
of « is an w-word in normal form and since Ei[a] 2O Es[a] 2 Es[a] O -+, we obtain the following
result which will be very useful in the sequel.

Lemma 3.3. Let n be a positive integer. If o is an w-word in normal form and w € E[a], then

w s also an w-word in normal form. O
We now associate to each term a parameter which plays an important role in this paper.

Definition 3.4 (Parameter p[a]). Let o = v9(01)71 -+ (0,)y be an w-word as in (BI). Let ula]
denote the integer

pla) =44 2max{[6;v;0;+1l, [0r7r], [N001] 1 g =1,...,r — 1}
In case « is a word, we let u[a] = |a|.

It is easy to check that, if the above expression for « is its normal form, then pa] > max{pu[v;], n[6;]}.
It is also important to point out the following simple observation.

Lemma 3.5. If « is an w-word with ranka > 1 and o € E,[a], then pla’] < plal. O



4. SOME COMBINATORIAL LEMMAS

Given words uw and v, write v = v if u is a prefix of v and u < v if u is a proper prefix
of v. The following is a simple consequence of a well-known combinatorial result on words [20),
Proposition 1.3.4].

Lemma 4.1. Suppose that u,v,w are words such that u is nonempty and uv = vw. Then v is a
prefiz of a power of u. O

We will use repeatedly the following consequence of Fine and Wilf’s Theorem on the relationship
between the periods of a sufficiently long word and their synchronization.

Lemma 4.2. Let u and v be Lyndon words and suppose that w is a word such that |w| > |u|+|v| and
w is a factor of both a power of u and a power of v. Then u = v. Moreover, for all factorizations
u™ = zwy and v = zwt, there is a factorization w = wiws such that Twq, zwy € u*.

Proof. By Fine and Wilf’s Theorem (Proposition EZTI), since both u and v are primitive words, and
they are periods of w, with |w| > |u| + |v| — ged{|u|, |v|}, we conclude that they are conjugates of
each other. But, since they are also Lyndon words, they must be equal.

k

Since zwy and zwt are powers of u, there are factorizations w = wiwy = wywy, v = vz’ and

z = u'z such that 2’w; = z’ws = u, and ws, wy are prefixes of some power of u. Furthermore, since
lw| > 2|u| and |w;| < |ul|, we have |wa| > |ul, and therefore u < wsy. Similarly u < wy4. Therefore,
wiu R wiwe = w and wau < wywyg = w so that wiu and wsyu are <-comparable.

If wy # w3, then we may as well assume that |wq| < |ws| so that wiu < wsu and wy < ws.
Therefore, there exist t1,%9,t3 such that ws = wyt1, u = t1t9 = tot3. Now, since Lyndon words
are unbordered and ts is a border of the Lyndon word u, it follows that t5 = 1. Hence u = t1, so
w3 = wiu. Since |ws| < |u|, this implies that w; = 1 and wg = u. Therefore, 2’ = u and 2’ = 1, so
Twi, 2wy € ut.

If wy = w3, then 2’w; = 2’wy = v and again zwq, zw; € u*, which completes the proof. O
The next two lemmas establish important properties of factors of certain of rank 1.

Lemma 4.3. Let a = ug(v1)us - - - (vp)u, be an w-word of rank 1, where each u; and each v; is a
word of X*, such that each crucial portion (v;)u;(vi+1) is in normal form and let z be a Lyndon
word. Let w = ugvi*uy - - - vpmu, € Epla] with n > max{ulal,|z| + 1} and suppose that w = sz"t
with
lugvtuy - ol T < Js| < Juovytug vt ool

Let = be the word given by uovlmul---v?_i]lui_lvfi = sx. Then v; = z and exactly one of the
following cases holds:

(a) |2"| < |z| and there is a factorization u;—1 = pv¥ such that s = ugv} uy - - v, p;

(b) |2"| < |z| and there is a factorization s = ugv uy - - v, ui—1vF such that k < n; —n;
|uil

(c) |viz| < |z| < |2"| and s = ugvtuy -+ v T us—vF for some k such that 0 < k < mn; —n+ LWJ

Proof. Suppose first that |2"| < |x|. Since

2] > |21 = (Juy_q | + 1)]2] > Jugma| + [vi] + 2] = Jwima | + [viz],



and 2" is a prefix of , which in turn is a suffix of u;_1v]", we deduce that there is a common factor
of 2™ and v of length |v;| + |z|. Lemma E2 then implies that v; = z and the conditions in
or [(B)] hold, depending on whether or not the inequality |s| < |ugv} uy - v, T u;—1| is verified.

Consider next the case |v;z| < |z| < |z"]. Since

1
o > [0 = (2] + D)ui] > oiz],

z is a prefix of 2" and z and v;" are suffixes of the same word, we deduce that the suffix of v of
length |v;z| is a factor of z". By Lemma EE2, we conclude that v; = z and there is an exponent ¢
such that 0 < ¢ < n and svf = ugv uy -+ v, w0}, Let k = n; — £ > 0. Thus, to show that
holds, it remains to prove that k < n; —n + L‘ui‘j. Note that u; is not a prefix of a power of v;

[vi]
n—~{

because the crucial portion vi'u;vy | is in normal form. Since u; and 2"~" are prefixes of the same

word, it follows that the largest possible exponent of a power of z which is a prefix of w; is U‘Zl"j

Hence n — ¢ < L‘u”j which, together with ¢ = n; — k, implies the desired inequality.

[vi]
It remains to consider the case where 1 < |z| < |v;z|. Since

|27 = 21 = (ogu| + D)2l > fus| + |oi] + [2] = [ws] + |viz] > [wi],

we conclude that 7 < r. Hence

2" = |zu] = [ 2] — |

= (lviugvisa| + 2)|2| — [wui|

> |viuvip] + 2|z| — |zl

= |viviga| + 2|z] — |z|

> |vit12].
By Lemma B, we have z = v;4; and szF = ugvitug - v T w1 v, for some k such that
1 < k < n. Since |s| < |ugvtug -] 7 w0, it follows that u; is a suffix of 2 = vfﬁrl,

contradicting the hypothesis that vi’u;vy’ | is a crucial portion in normal form. This shows that at

least one of the cases and holds. O

Lemma 4.4. Let a = ug(v1)uq - - - (vy)u, be an w-word of rank 1, where each u; and each v; is a
word of X*, such that each crucial portion (v;)u;(vi+1) is in normal form and let

be a crucial portion of rank 1, also in normal form. Let w = upvy'uy--- v} u, € Ey[a] with
n > max{ula], } and suppose that w = sz'yzht with

n ni—1 n Ti—1 n;
lugvytuy -+ v, 7| < |s| < |upvitug v uimg v
n ni—1 N
Then z1 = v;, Yy = u;, 22 = Viy1, and ugvy ' uy -~ v, "] uv, " = 827
Proof. The equality z; = v; follows directly from Lemma 3 As in that lemma, let x be the word
given by ugv uy -+ - v, u;—1v)" = sx. Note that the last equality in the statement of the lemma
is equivalent to x = 2. We now consider the three cases of Lemma

[([@)] The inequality |27| < |z| holds and there is a factorization w;—1 = pvf such that s =
upvytug - v?_iilp. Since y is not a prefix of a power of z1 = v;, we



must have
n ni ni—1,, ng __ n
sv; < uvytur v U0t = ST < sUY

ie, vy <2 < v'y. Since n > > |y|, the factor y after the prefix sv must end somewhere

//—ni\‘ Mi41

U1 Yy 3 Ui Yit1

| 1 ] 1 ) 1 T 1 ' I
! R | yp——— 71 7 ‘
P PU Yo vip

S N ) n __ ,n
27 =v; Y 2y = v,

FIGURE 1. Case (a) of Lemma 7]

. . M4 .
within the factor uiviﬁl or, more precisely,

ny ni—1,_ ni| _ n n1 ni—1,_ ni, o Mitl
(4.1) lugvy ug vt )| = | < sviy| < lugvytug - vt w1 uu
Hence, by Lemma B3, 2z = v;41. Moreover, we have uov?lul---v?_ﬁlui_lvfi_k = s, y =
vfi_"Jrky’ and u; = y'v{,,. Hence ¢/ is not a prefix of a power of v; (since otherwise y would also

have that property) nor is it a suffix of a power of v; 1 (for that would entail that u; would have the
latter property). If u; is not synchronized with y, that is n; —n+k > 0, or both n; —n+k = 0 and
u; # y, then neither (v;)u;(vi+1) nor (v;)y(vi+1) = (21)y(z2) would be crucial portions in normal
form, their normal form being (v;)y’(vi+1). Hence u; = y and they are synchronized in the two
factorizations of w, which proves that x = 27.

In case [B)} the inequality |2}| < |z| holds and there is a factorization s = ugv} uy -+ - v} u;_q 0¥

. n; _k
such that k£ < n; —n. In this case, :Euivifll and v]'yzy are prefixes of the same word and z = v."
is a power of v;. If vl'y were a prefix of x, then y would be a prefix of a power of 21 = v;,
X
/m—\ _—
Ui—1 : U5 ! Uy Vit1

| —_— : R : |

! P ! I 7 !

: v s ¥y vip :

n __ n n n
§ L =Y y Zy = Viqq

FIGURE 2. Case (b) of Lemma 7]

which is impossible since (v;)u;(vi4+1) is in normal form. Hence z < vl'y. On the other hand,
ly| < <n < Jugvi it £

In case the inequalities |v;z1| < |z| < |2}] hold and s = wugv} uy -+~ v, u;—1vF for some
k such that 0 < k < n; —n + L‘ﬁz“ As in the previous case, a:u,fu?jfll and v]'yzy are prefixes

of the same word and x is a power of v;. Since (v;)u;(vi+1) is in normal form, w; cannot be a

10



Ui—1 VUt : Uj Vit1
! ko . . :
: b ; ; !
S n __ ,n n __ ,n
27 = Y 2y =0,

FIGURE 3. Case (c) of Lemma 4]

prefix of a power of v;, which implies that v’ < xu;. Hence the factor y that follows the prefix
sv;' of w overlaps with the factor u; in the other given factorization of w. As in the other cases,
since |y| < n < |u;v;{1"|, we deduce that the inequalities (EZT) hold.

I:] then yields that u; and y are synchronized in the two factorizations of w, so

that y = u;, 22 = v;41, and = = v, which means that this case cannot actually occur. O

5. THE w-WORD PROBLEM OVER A

In this section we reveal how the languages L;,[a] can be used to obtain an alternative proof of
McCammond’s solution of the word problem for w-words over A.
The fundamental property of the languages L,[a], whose proof will be left to the next section,

is the following.

Theorem 5.1. Let a be a term in normal form and let n > ula]. Then the language Lyla] is
star-free.

A simpler but also important property is that if two in normal form have a common
expansion then one of them is an expansion of the other.

Lemma 5.2. Let o and 8 be two in normal form with ranka < rank (3, and let n >
max{yule], p[B]}. If Lnla] N Ly [B] # 0, then o € EL[5].

Proof. Let w € Ly[a] N L,[B]. We proceed by induction on rank o = i. Suppose first that i = 0,

that is to say a € AT, so that w = o.. Hence a € L,[8] = EF™P[3]. Assume next that i > 1 and
that the result holds for pairs of in normal form whose minimum rank is less than 4.

By definition of L, and the choice of w, there exist a; € E™k~1[a] and 8 € EX™771[8] such
that w € Ly[a1] N Ly[61]. By Lemma B3 oy and 3y are rank 1 in normal form.

Let ug(v1)ug -+ (vr)u, and zg(t1)z1 - - (ts)zs be the normal form expressions of ay and [, re-

spectively. Then there exist exponents n;,m; > n such that
w = upuytug U Uy = 2oty S 2.

Taking into account Lemma B35, by Lemma E4l it follows that » = s, v; = ¢; and n; = m;

(t=1,...,7),and u; = 2z; (i =0,...,r). Hence o; and ; are the same term. This shows that
(5.1 e o] ) EEA1 5] £ 0,
If i = 1, then a; = a so that a € Eﬁankﬁ_l[ﬂ]. We now assume that ¢ > 1 and, to apply

induction, we distinguish the inner, rank 1, parentheses as new letters, namely with the extended

11



ordering [ < z < ] (z € X) so that, under this interpretation, o and 5 can be viewed as w-words
a and 3, respectively, over the enlarged alphabet X U {[,]}. Note that & and 3 are w-words in
normal form, 1 < rank& = ranka — 1 < rank 8 — 1 = rank 3, u[a] = pla], and p[B] = u[g], while

Ly[a] N L,[B] # 0 by (B1). By the induction hypothesis, we deduce that @ € E*[§] and, therefore,
that a € E[(3], which completes the induction step and the proof of the lemma. O

By raising the lower bound for the integer n, we can present a more precise result.

Theorem 5.3. Let a and (3 be two in normal form and let n > max{|a|, ||, ula], n[8]}-
If L,Ja] N Ly [8] # 0, then o = 3.

Proof. Suppose that rank o < rank 3, so that, by Lemma B2 o € E}[5]. If rank 3 > ranka, it
follows that |a| > n, which contradicts the assumption on n. Hence we must have rank 8 = rank o
and so a = 3. O

For a subset L of QxS, denote its topological closure in QxS by cl(L). If L € X, then the
closure of L in QxA is pa (CI(L)) which will be denoted by cla(L). Combining Theorems BTl and B3,
we obtain a new proof of uniqueness of McCammond’s normal form for elements of Q% A.

Corollary 5.4 (McCammond’s solution of the w-word problem over A [23]). If a and 3 are

in normal form which define the same implicit operation over A, then o= (.

Proof. Let n be any integer greater than max{|«|,|8|, ula], x[F]}. By Theorem B3, it suffices to
show that L,[a] N L,[3] # 0. Suppose to the contrary that the intersection is empty. Since Ly [a]
and L[] are star-free languages by Theorem B], their closures in xA, which are respectively
cla(Lyn[a]) and cla(Ly,[G]), are clopen subsets and therefore they are also disjoint. Since the latter
sets contain respectively e[a] and €[], it follows that e[a] # €[], that is a and ( define different
implicit operations over A, and this proves the corollary. O

Given an w-implicit operation w € Q%A, the unique w-word in normal form that represents it
will be called the normal form representation or simply the normal form of w. For instance, if
a,b € X are such that a < b, then
e (a)ab(b) is the normal form of (a)(b) and of a(a®)a(a?)b®(b);

e b(ab)abaa(a)aaab(aab) is the normal form of (ba)(a)ba(aba)ab;
e ((a)ab(b)ba)(a)ab(b) is the normal form of ((a)(b)).

6. STAR-FREENESS OF THE LANGUAGES Ly,[q]

This section is dedicated to the proof that the languages L,[a] are star-free when « is an w-word
in normal form and n > pfa].
We say that an w-word « is in circular normal form if either:
e « is a word;
e « is an w-word of positive rank of the form o = (01)7y1 - - - (6,)vr, where each §; and each ~; is
an w-word of smaller rank, such that each w-word (9x)yx(dx+1) with £ € {1,...,r} is in normal
form, where we let v,.11 = 1.

12



A consequence of Lemma B3] is that the property of being in circular normal form is preserved

by expansions.

Lemma 6.1. Let o be an w-word in circular normal form and let w € Ey|a]. Then w is also in
circular normal form.

Proof. If a is a word, then w = « is certainly in circular normal form. Otherwise o and w are of
the form o = (61)y1 -+ (6,)y and w = 671 - -+ 6", with each nj > n. Note that, according to
LemmaBA[(a)} w? € L,[a]* = L,[o?]. By LemmaB3 applied to the crucial portions (0x)vx(0k+1)
ijll is in normal form. Now, each crucial portion of w?
is a crucial portion of some factor of the form 52’“7&2&1 and, therefore it is in normal form. Hence

of a?, we conclude that each factor 8k y,0

w 1s in circular normal form. O

We now prove that if an expansion of an w-word of rank 1 « in circular normal form has an /th

root z, then « itself admits an /th root @ and z is an expansion of a.

Lemma 6.2. Let a be an w-word of rank 1 in circular normal form and let n > pla). If 2° € Ly[a]
then there exists an w-word of rank 1 in circular normal form & such that a = &* and z € Ly,[a].

Proof. Let a = (v1)uy - - - (v,)u, be a circular normal form expression for a and let w = z¢. Then
there is a factorization of the form w = vj*u - - - v/ u,, with ny,...,n, > n. By hypothesis, each
u; is neither a prefix of a power of v; nor a suffix of a power of v;41.

If £ = 1 then we can just take @ = « and there is nothing to prove, and so we assume that ¢ > 1.
We start by eliminating the cases in which the word z is a prefix of a power of v;.

k

Case 1: z < vy. If v1 = 2" is a power of z, then k > 2 and we set t = z. Otherwise, let t be the

prefix of z defined by the overlap between z and vy in the following picture:

U1 U1
) —
'\/ ... e

z z V4 z z z

Since z < wy, it follows that t is both a proper suffix and a proper prefix of vy, which is in
contradiction with the assumption on «, which implies that each v; is a Lyndon word.
Case 2: z = of. Since w admits a factorization of the form w = v ujw’, it follows that

wmw' = v and, therefore, uy is a prefix of a power of vy, which is in contradiction with the

kl—n1
1
hypothesis on a.

Case 3: v]f_l <z < v’f for some k > 2. Let t be the prefix of z defined by the overlap between

z and vy in the following picture:

v U1 Uy U1 U1 U1
w
z z

Note that, since vq is a prefix of z, t is both a proper prefix and a proper suffix of v;. Since v; is a
Lyndon word, it cannot admit such a border. Hence Case 3 does not occur.

The above shows that v]? < z and that z is not a prefix of any power of v;. In particular,
|z| > n > pla] > |u,|. It follows that, for every i € {1,...,¢ — 1} there exists m; € {2,...,r} such

13



that

(6.1) ot v S L < ot o

Taking into account that v < z, and applying Lemma B3] with s = 2%, we conclude that v; = vy, .
Moreover, by Lemma B4l we deduce that vi = vp,;, U1 = Uy, and vy = vy, 1. Inductively, it
follows that v; = vm,4j—1, Uj = Um;+j—1 and Vj41 = Upy,4; for all j < r —m;. By considering

2 is in circular normal form, we may also apply Lemma B4l to establish that

w? € L,[a?], where «
Um,;—1 = u,. Hence the word & = (v1)uy - -+ (Umy—1)Um,—1 is a period of the word a. Moreover,

z € Lp(@) by Lemma EEAl which completes the proof. O

We will call primitive an w-word which is primitive when represented as a parenthesized word.
An immediate consequence of Lemma is the following observation.

Corollary 6.3. Let « be an w-word of rank 1 in circular normal form and let n > pla]. If a is
primitive and w € Ly[a] then w is also primitive. O

The next result may be regarded as a sort of analog of Corollary for w-words of larger rank.

Corollary 6.4. Let a be an w-word of rank i > 1 in circular normal form and let n > plal. If «

is primitive and w € Ey[a], then w is also primitive.

Proof. We distinguish two types of parentheses in the w-word a: write (,) for the parentheses
corresponding to the outmost w-powers of rank i and [, ] for the remaining parentheses. Consider
the alphabet Y = X U {[,]}, with the extended ordering [ < < ]| (z € X). Then w may be
viewed as a word wy over Y and « as an w-word of rank 1 ay over the same alphabet such that
wy € Ly[a]. Moreover ulwy| = p[w] and it is clear by McCammond’s definition of rank ¢ normal
form that «y is a primitive w-word in circular normal form (over Y), whence ay and wy satisfy
the hypotheses of Corollary To conclude the proof, it suffices to invoke Corollary O

Tterating the application of Corollary B4l we obtain the following extension of Corollary to
w-words of any rank.

Proposition 6.5. Let o be an w-word of rank i > 1 in circular normal form and let n > pla). If
a is a primitive w-word and w € Ly[a] then w is a primitive word.

Proof. Let a = (v1)uy - - - (v )u, be a circular normal form expression for a. We proceed by induction
on i. The case ¢ = 1 is given by Corollary B3 Assume next that ¢ > 1 and that the result holds for
w-words of rank ¢ — 1. By definition of L, [a], there is an w-word &' of the form o/ = v u; - - - V" u,,
with ny,...,n, > n, such that w € L,[a/]. By Corollary B4l ' is a primitive w-word. Moreover,
note that pla/] < pla], by Lemma B, and that, by Lemma B3, o is in circular normal form.
Hence, by induction hypothesis, w is primitive, which completes the induction step. O

The following result generalizes Lemma in case « is a primitive w-word.

Lemma 6.6. Let « be a primitive w-word of rank i > 0 in circular normal form and let n > pla].
If 2t € Ln[a]k then z € Ly[a]™ for some m such that 1 < m < k.
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Proof. Note that we may as well assume that z is a primitive word. Recall that the equality
Ly[a)* = L,[a*] holds by Lemma To prove the lemma, we proceed by induction on i =
rank a.

In case i = 0, « is a primitive word and L,[a] = {«a}. Since z is also assumed to be primitive,
2 = aF is a power of the two primitive words z and «. By Fine and Wilf’s Theorem it follows
that z = a and so we must take m = 1. So we may assume that ¢ > 1 and that the result holds for
w-words of rank less than i.

Since 2¢ € L[] = E,[Er2"ke=1[a*]], there is some w-word o/ € EF*"k2~1[a*] of rank 1 such
that 2¢ € E,[o/] = L,,[¢/]. By Lemmal], o is in circular normal form. By LemmalE2 there exists
an w-word 3 of rank 1 such that z € L,[8] and o/ = 3°. In particular, we have 3¢ ¢ Eranka—1[oF],

Consider first the case where i = 1. Then 3¢ € E'*k2~1[o*] means simply that 3° = oF. Since
« is primitive, it follows that 8 = o™, for some m. Hence z € L,[5] = L,[a|™, thus completing
the proof in case ¢ = 1. From hereon, we assume that ¢ > 1.

For a word w € Uy, let w be the word which is obtained by replacing all the subexpressions
of the form (z), where z € X T, by [2]. Let Y = X U{[,]} and note that the correspondence
w +— W is an isomorphism from Uy onto Uy which sends circular normal forms to circular normal
forms. Hence we have 3¢ € L,[@"]. Since rank @ = ranka — 1 > 1, note that the definition of s
implies that n > pla] = u[@]. By the induction hypothesis, it follows that there exists m such that
1<m<kand e L,[a™]. Since w —  is invertible, we deduce that 3 € Er*ko=1[o], Hence,
we have z € L,[3] = E,[a] C EX*k*[a™] = L, [a™]. O

We say that an w-word « is in quasi-normal form if one of the following conditions holds:

e « is a word;

e aisof rank 1, there is an w-word factorization of the form a = 4% (91)v1(2) - - - (6—1)¥r—1 ()05
such that vo(01)71(d2) - -+ (0r—1)7r—1(0 )7 is in normal form;

e ranka > 1 and there is an w-word factorization a = 79(61)7y1 - - - (6,)7y- such that 837y - - - 527,

is in quasi-normal form.

Note that, if 70(d1)v1 -+ (6,)7, is in normal form then each of the w-words ~; and §; is in quasi-
normal form. This follows easily from condition (c¢) on the definition of normal form. Also, if « is
in circular normal form, then « is in quasi-normal form.

The next lemma is a key result to our objectives. It presents a sort of factorization scheme, for
an w-word « in quasi-normal form, induced by factorizations of elements of L,[«].

Lemma 6.7. Let a be an w-word of rank i in quasi-normal form, n > pla], and m = |5|. Then
there exists a finite set P, , of pairs of w-words and a function m,, associating to each pair of
words (wy,ws), with wiwy € Ly[a], an element (&1, &) of Py such that the following conditions
hold:

(a) wg € Lypfag] and |ag| < i+ 1) - |af - (m+1) (k=1,2);
(b) each &y, is in quasi-normal form;
(c) it is possible to apply McCammond’s expansions of types 3 and 4 to « to obtain the w-word

d1d2;

15

JA: this is writt
rather different st
the usual encodi
perhaps it would |
to isolate the pror
the encoding in a

lemma.



>d this blue para-
» explain the ob-
1. However, to
Lemma B2 (is
I had to
the value of n,

sary?)

my opinion is not
m. (JC)

understand what
on, this is OK,

wgument is rather

(d) if two factorizations wiws, wijwh € Ly[a] are such that T (w1, we) = Tan (W), wh), then the
crossed products wiwh, wiws belong to Ly[a) and Ta (w1, we) = Tan (W), w) = man(wi, wh).

Proof. We proceed by induction on ¢, the case i = 0 being obvious. Suppose that ¢ > 1 and the
result holds for w-words of rank less than i. Write av = 9(d1)71 - - - (0,), where the crucial portions
(05)7;(d;41) are in normal form. Let wy, w2 be words such that wiwy € Ly[a]. By LemmaB2l there

exist integers ni,...,n, > n and words vjj, € Ly,[d;], u; € Ly[y;] such that wiws = wovju; - - - vy,

where v} = Vj1°" Ujn;- We distinguish two cases according to where w; ends in the second
expression.
Suppose that wi = ugvjuy---vy_jup_1vp21, Ug = 2122, Wo = 22Uy, Ugy1- - Uy Then, by

the induction hypothesis, applied to the relation z1z9 € Ly,[y], we conclude that there is a pair
(Fe,15Ye,2) = Tyym(21, 22) € Py, n. It suffices to take

ar =001y (0e=1)ve=1(0)7e1  and a2 = Fo2(de41)ve41 - (0r)

for it is easy to check that |ay| < i-|a|-(m+1) while, by LemmaB2Xc)| wy, € Ly, [ay] for k =1,2. We
put T n(wi, w2) = (@1, &2) in P, , and we observe that condition holds for every additional pair
(wh,wh) of words. Indeed, if such pair verifies the hypotheses of condition then wjw) € Ly[a]
and w| € Ly, [@]. Therefore, we deduce from Lemma EAl that w] ends in the factor of w}wf which
corresponds to 7 (as it happens with w; in wywsy), and the observation follows from the induction
hypothesis. Finally, note that conditions and are immediate consequences of the hypothesis
that the corresponding conditions hold for ~,.

Suppose next that there are factorizations wy = uofuiul cee vé_luz_lvg,l S Vg p21, Veptl = 2122,
W = 2oVp py2 - vg,nzuwéﬂwﬂ -+ vlu,. By the induction hypothesis applied to the relation z; 29 €
L, [0¢], we conclude that there is a pair (&71, 5@72) = 75,n(21,22) € P, n. We let

and a2 = 67200V (Ses1)Ver1 - (00)Yr,

a1 =0(01)71 -+ (60—-1)7e—105 501

where p = p if p < m and 6 = (§;) otherwise, and similarly for g and 52_, where ¢ = ny—p—1. Note
that, since p+ ¢ + 1 > n, we cannot have both p,q¢ < m and so at least one of the w-words 55 and
5? is equal to (dy). Hence @jas can be obtained from « by applying expansions of types 3 and 4.
We can also easily check that |ag| < (i + 1) - |a| - (m + 1) while, by Lemma wk € Ly |ag]
for k = 1,2. We put (&, @) = man(wi,w2) in P,, and we note that condition holds for
every additional pair (w},w)) of words. Finally, note that conditions @ and are immediate
consequences of the hypothesis that the corresponding conditions hold for &,.

To conclude the proof of the lemma it suffices to notice that, since each P,,,, and Fj,,, is finite
by hypothesis and p and g can only take a finite number of values, P, ,, is finite. O

In the situation of the last but one paragraph of the proof of the preceding lemma, we say that the
factorization wjwsg of an element of L,[a] induces a cut of o at mazximal rank. More generally, we
say that m, (w1, ws) is the cut induced by the factorization wjws of an element of Ly [c]. Moreover,
in the notation of the proof of Lemma 6.7, we say that the cut takes place at vy or at dy according
to whether the first or the second situations in that proof hold.

With the help of Lemma [E7 we can establish the following important property of the languages
L, [a] for primitive w-words a. In its proof, we apply in both directions Schiitzenberger’s Theorem
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[27], stating that a language is star-free if and only if its semigroup is finite and satisfies

the pseudoidentity z“+! = zv.

Lemma 6.8. Let o be a primitive w-word in circular normal form and let n > pla). If Lyla] is a
star-free language, then so is Ly[a]*.

Proof. Let M be an integer such that the syntactic semigroup of L,[a] satisfies the identity =™ =
2M+1 and let K be a positive integer to be identified later. Let N > MK be an integer and
suppose that x, %, z are words such that 2y z € L,[a]*. The result follows from the claim that, for
sufficiently large K, depending only on « and n, zy™V ™'z belongs to L,[a]*.

To prove the claim, we start with a factorization a:yN Z = wi - Wy, where each w; € Ly[a].
Consider each product of M consecutive y’s within the factor y. If at least one of the factors
appears completely within one of the w;, then we have a factorization w; = 2’ yM 2 as indicated

in Figure @l In particular, the word 'y 2’ belongs to the star-free language L,[a]. By the choice

wh Wj—1 wj Wij+1 Wm
\// yM K//
(Eyp yN—M—pZ

FIGURE 4. Case where some yM falls within some wj

of M, we deduce that w} = 2'yM+12" € L,[a]. Hence, for p as in Figure B,

N+1

w1y = gyP - ML

N—-M-— /
y p’z:wl"'wj—lewj-i-l"'wm

is again a word from L,[a]™, independently of the value of K > 1.
We may therefore assume that no factor y™ appears completely within some factor w;. Thus,
the first K < N/M consecutive factors y™ which form a prefix of y"V as well as the product

yN=EM 5 each starts in a different Wy, say I Wy, ..., Wi, With j1 < -+ < jg41. This determines
factorizations
(6.2) Wj, = Wi, 1Wj, 2
(6.3) yM = wj prewj 1 (s=1,..., K)
Tr = x/wjl,l
yV M = ijng’

where each xg, 2/, and 2’ is a word from L,[a]*, as represented in Figure Bl

Let P, and 7, 5, be as in LemmalG.7 and choose K to be | P, ,,|+1. By the pigeonhole principle,
there exist two indices p, ¢ such that 1 < p < ¢ < K and the pairs (w;, 1,w;, 2) and (wj, 1, wj,2)
have the same image under 7, ,. By property of Lemma B7 we deduce that w;, 1w;, 2 belongs
to Ly[a]. Hence the word

) M(q—p—-2),,,. s — . M(q—p—-1),,. — . . q—p
Wip1,1Y Wjg—1,2Lq—1Wjg,1 ° Wy, 2Tp = Wy, 4 1,1Y w]pﬂxp—(wypﬂ,lwyp,ﬂp)
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T Wy 1 Wiy Wi Tk Wikt o
C Wy W,
I } } f } t } } t } } } -
! Wjy,1; Wjy,2 Wjy,1 1 Wyy,2 Wi ,1 1 Wiige,2 Wi 1,1y Wikg,2 !
x M M N—-KM
Y Y Y Z

FIGURE 5. Case where each y™ overlaps several w

belongs to L, [a]* where, for the second equality, we use the factorization (G3]) with s = p for each
yM. Now, Wj, ,,1W;, 2Tp 18 a conjugate of yM again by E3) and, therefore, it is of the form ¢
where t is a conjugate of y. By Lemma B8 ¢t belongs to L,[a]*. On the other hand, note that

N, _ . ) ) P s ) /
TY 2=T WjT1: - Wi, 1 Lp-1Wj,Tp * Wiy Lp41 " Wi TKWpe 1 Z

N+1

f— / . ... . . . . . .. . . /
Ty 2 =T WjHT Wip 1 Tp—1Wj, Tp t Wipt1Lp+1 Wi K Wjge 12

where each of the factors separated by the -’s belongs to L,[a]*. Hence zyN*1z € L,[a]*. O

We are now ready to complete the proof of aperiodicity of the languages L, [a] with « in normal
form and n > plal.

Proof of Theorem BTl Let ¢ = ranka. If ¢ = 0, then L,[a] = {a} is certainly a star-free
language. We will therefore assume that ¢ > 1. Let o = 9(d1)71 -+ (6,)7- be the normal form
expression of a.

We claim that each of the languages Ly, [v], Ln[d;] and Ly [6;v;] (7 = 1,...,r) is star-free. It will
then follow, by Lemma [6.8] Lemma and since the set of star-free languages is closed under
concatenation, that each language Ly[(0;)7;] = Ln[6;]*Ln[0;]" 1 L,[6;7;] is also star-free. Taking
also into account Lemma we conclude that the product

Lyla] = Ly[yo]Ln[(61)71] - - Ln[(67) 7]

is star-free, as stated in the theorem.

To prove the claim, we proceed by induction on ¢ > 1. The case ¢ = 1 is immediate since then
all the v; and 9, are words in X™*. Suppose that ¢ > 2 and assume inductively that the claim holds
for w-words of rank less than ¢. Consider the w-word

o =70016171 - -+ 6,0,

By Lemma B3], ¢’ is in normal form. By Lemma BH, since ranka > 1 and o' € Es[a], we have
ula] > pla’]. Hence n > p[a’] and we may apply the induction hypothesis to the w-word o of rank
i —1 > 1. Since « is in normal form and the w-words d; are Lyndon words of positive rank, the
first letter of each ¢; is the opening parenthesis of an w-subword of highest (and positive) rank.
Hence, if o/ = ug(vi)us - - (vs)us is the normal form expression of ¢, then each factor 7o, d;,d;;
(j = 1,...,7) must be a product of some of the factors ug, (vg), (vg)ur (K = 1,...,s). By the
induction hypothesis, each of the languages L [ug], Ln[vg], and Ly[vgug] (K =1,...,s) is star-free.
By the above argument, it follows that so are the languages Ly [ug], Ly[(vx)], and Ly[(vg)ug] (k =
1,...,s). Finally, by Lemma we deduce that each of the languages Ly[vo], Ln[0;], Ln[d;7;]
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(j = 1,...,r) is star-free, thus proving the induction step. This proves the claim and completes
the proof of Theorem Bl O

We do not know whether the bound n > pla] is optimal but we do know that some bound is
required, that is that L,[a] may not be star-free for o in normal form. An example is obtained by
taking o = ((a)ab(b)a®b?), where a and b are letters. Then Li[a] N [a?b?]* = [a®b?ab?]T so that
L1[a] is not star-free since [a?b?]* is star-free and [a?b%a?b?]* is not.

7. FACTORS OF w-WORDS OVER A

In this section we present further properties of the languages L, [a] and derive some applications.
The main result of this section is that every factor of an w-implicit operation in QxA is also an
w-implicit operation.

For a finite semigroup S let ind(S) be the smallest £ > 1 such that, for some k£ > 1 and every
s € 8, stk = 5!, Equivalently, ind(S) is the minimum positive integer ¢ such that S satisfies the
pseudoidentity z¢t¢ = 2f. We begin by proving that finite aperiodic semigroups do not separate
an w-word from its expansions of sufficiently large exponent.

Proposition 7.1. Let u € Ux be an w-word and S € A. If n > ind(S) and ¢ : QxS — S is
a continuous homomorphism, then |p(Ly[u])] = 1. In particular, if n > |S| and w € Lylu|, then

S E eu] = w.

Proof. Since n > ind(S5), for every m > n, S satisfies the identity ™ = z". Hence, for every
word w € Lyful, o(w) = p(u'), where v’ is the word which is obtained from u by replacing all
occurrences of the w exponent by n. For the second part of the statement of the proposition, it
suffices to observe that ind(S) < [S|. O

The following consequence of Proposition [l will be useful.

Corollary 7.2. If u € Ux is an arbitrary w-word, then

pa((l(Lalu))) = {elul} = (pa(cl(Lulu])).

n

Proof. Denote by 0 the unique homomorphism of w-semigroups Ux — QxS extending the identity
mapping on X so that € = pa o 0. First note that, since O[u] € cl(Ly[u]) for every n, certainly

{elul} € pa((eULalu)) € (Vpalcl(Lnlu)))

n

Let v € (), pa(cl(Ly[u])). For a continuous homomorphism 1 : QxA — S onto a finite aperiodic
semigroup S, let ¢ = 1 o pp and choose any n > ind(S). Then

»(v) € p(cl(Ln[u])) = o(Lnlu]) = {(3[u])}
where the first equality follows from the continuity of ¢ and the finiteness of S, and the second

equality is a consequence of Proposition [l Since QxA is residually in A, it follows that v =
elul. O

We also have the following somewhat more precise result for w-words in normal form.
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Theorem 7.3. Let w € Q%A and let a be the normal form representation of w. Then

pa (w) = [ elLala)).

n

Proof. The inclusion (), cl(Ly[a]) € py'(w) follows from Corollary For the reverse inclusion,
assuming that v € QxS is such that pa(v) = w, we have pa(v) € pa(cl(Ly[a])) for all n. Let
(vn)n be a sequence of words converging to v in QxS. Then limv, = w in QxA and so, since by
Theorem 1], the set pa (cl(Ln [a])) is open and contains w, by taking a suitable subsequence we
may assume that v, € pa(cl(Ln[a])) N XT = Ly[a]. Since (Ly[a]), is a decreasing sequence of
languages, it follows that v € cl(Ly[«a]) for all n. O

We now prove the announced main result of this section which does not apparently follow easily
from McCammond’s results.

Theorem 7.4. If v € Q%A and u € QxA is a factor of v, then u € Q%A.

Proof. By symmetry, it suffices to prove the result when w is a prefix of v, that is, when there
exists w € QxA such that uw = v. Let o be the normal form representation of v. We proceed
by induction on rank a. We assume inductively that the result holds for all elements of Q%A with
rank strictly smaller than rank a.

Since, by Theorem Bl L,[a] is a star-free language for every n > ula], its closure cla(Ly,[a]) is
an open subset of QxA. Hence, there exist sequences (Upm)m and (wyy, )y, converging respectively to
u and w such that u,w, € L,a].

As an w-word, a admits a unique factorization in Uy of the form o = zoz122 - - - X2p—172p Where
each xg; is a finite word and each x9;_1 is an w-word of the form x9;_1 = (y2;—1). Note that we
include here the case where « is a word, for which p = 0. Since « is in normal form, each ;1 is an
w-word of rank less than rank « (although not necessarily of rank & — 1). In view of Lemma and
each relation u,w, € L,la], there is a “cutting” index ¢,, € {0,...,2p} and there are factorizations

Uy = uhul and w, = w,w! such that
/ L ", ! L " L
Up € Ln[wo - @e, 1], upwy € Lnlze,], wy € Ln[Te, 41+~ @3]

Since the number of possible cutting indices depends only on a and not on n, there is a strictly
increasing sequence of indices (ny ), whose corresponding cutting indices are all equal to a certain
fixed c. By compactness of QxA, one may further assume that the sequences (tp, s (um, ks (Wi, s
and (wy, ) converge, say respectively to u’,u”,w’,w”. By continuity of multiplication, and since
(L [B])n is a decreasing sequence of languages for every w-word f3, it follows that

u € ﬂclA(Ln[xo sz q]), '’ € ﬂClA(Ln[$C]), w” e ﬂclA(Ln[xcH e Top)).

By Corollary [[2, the preceding intersections are reduced respectively to the w-words xg - - zq—1,
T¢, and Ty -+ - Top. Hence v/, w” € QLA and . If ¢ is even, then " is a prefix of the
word z. and hence u = v'u” € QLA, as required. Hence we may as well assume that « is of the
form a = (y).

By Lemma we have Ly,[a] = L,[y"|Ly[y]*. Thus, in view of the relation )
there exist factorizations u, = u,u, and w, = w]w) such that u), € L,[y"™], ulw] € Ly,[y], and
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w € Ly[y*"], with r, + s, + 1 > n. If there is a strictly increasing sequence of indices (ny)x such
that r,,, = r is constant, then we may assume that the sequences (uy, )&, (un, )k, (wy,, )r, and (wy, )k
converge, say respectively to u’,u”, w',w”. As above, it follows that «',w"” € Q%A and
Since ranky < rank «, the induction hypothesis then implies that u” is an w-word and, therefore
so is u = u'u”.

Hence we may assume that 7, — 0o as n — oo. This implies that y™» — (y) in Q% A. Assuming
again that (uy, )&, (un, )k, (wy, )k, and (wy, )i converge respectively to u’,u”,w’,w”, we conclude
that € Q%A and . Invoking once more the induction hypothesis as above,

the induction step is finally achieved, which proves the theorem. O

Some applications of Theorem [[4] can be found in [6]. It plays, in particular, an important role
in establishing the main result of that paper, namely a characterization of pseudowords over A
which are given by w-words. Other applications of Theorem [[4] and of properties of the languages
L,[a], such as an algorithm to compute the closure cla(L) of a rational language L, will appear in

a paper which is under preparation [7].
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