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Abstract. Sharp transitions in the internal stratification of a star
give rise to a characteristic signature in normal-mode frequen-
cies. In particular, if in the Sun such a feature were located well
inside the acoustic cavity of many solar p modes, it would give
rise to a signal that was a periodic function of the frequency
of the modes. We use this signature to detect the base of the
solar convection zone and to investigate the existence of con-
vective overshoot into the radiative interior. Two methods are
considered. The “absolute” method obtains the residuals in the
frequencies after making a smooth fit in mode order n, and then
uses an asymptotic description of the eigenfunctions to make a
fit to the residuals. The “differential” method makes an asymp-
totic fit to the differences between solar frequencies and the
frequencies of a theoretical model. Various theoretical models
of overshoot at the base of the convection zone predict the exis-
tence of a rather abrupt transition to subadiabatic stratification
at the base of the overshoot region. We find no strong evidence
for the existence of an overshoot region of this kind. Indeed if
the overshoot consists of an essentially adiabatic extension of
the convection zone followed by an abrupt transition to radiative
stratification then we may (at the 95% confidence level) put an
upper limit of 0.07 local pressure scale heights on the extent of
the overshoot layer.
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1. Introduction

The Sun oscillates in modes which correspond to waves trapped
between the surface layers and alower region in which the waves
undergo total internal reflection. Each mode has an associated
resonant cavity defined by these two reflecting boundaries, and
therefore the characteristics of a mode, e.g. its frequency, will
depend on the properties of the medium constituting the cavity.
By using such a dependence, helioseismology has proved to
be an excellent window on the interior of the Sun, providing
otherwise inaccessible information about the physics of the solar
interior.

From our ignorance of the physics of convection comes one
of the present problems in stellar structure: to investigate the
existence and extent of convective overshoot under stellar con-
ditions and its effects on the equilibrium configuration and evo-
lution of a star. An overshoot layer in the Sun is generally ex-
pected at the boundary between the convectively stable radiative
interior and the envelope where the fluid undergoes convective
motions. Indeed, hydrodynamic simulations, and the observa-
tion of other transition layers in nature, suggest that convective
motions within the gas do tend to penetrate beyond the con-
vectively unstable region into the region in radiative equilib-
rium, therefore forcing a configuration where the near-adiabatic
stratification goes below the boundary location predicted by
the Schwarzschild stability condition. When modelling stars,
overshoot from a convective envelope should be included (e.g.
Alongi et al. 1991). Even more significant is the similar process
of overshoot from a convective core; this would add fuel to the
nuclear-burning region of the star and hence would strongly af-
fect the evolution of the star (e.g. Maeder 1976). But since we
have noreliable theory to predict the penetration depth as a func-
tion of the local stratification, the effect is in general modelled
through the introduction of a parameter (similar to the ratio «
between mixing length and pressure scale height employed in
mixing-length theory). Such a parametric description must be
constrained observationally if any predictive capability is to be
retained from modelling stellar interiors.

The work presented here is an attempt to determine, using
solar seismic data, whether overshoot is present at the base of the
solar convective envelope and to put an upper limit on its extent.
The basic idea is that any abrupt change in the stratification of
the star, such as occurs in the local sound speed at the base of the
convection zone, will contribute with a characteristic periodic
signal to the frequencies of oscillation. Thus, if such a periodic
signal can be isolated and analyzed, the relation between the lo-
cal conditions and the characteristics of the signal may be used to
infer valuable information concerning that region. In particular,
the period is associated with the acoustic depth of such a feature
in the structure (e.g. Gough 1990), while the amplitude of the
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signal is related to the abruptness of the transition. If the transi-
tion from adiabatic to subadiabatic stratification occurs where
the Schwarzschild condition is marginally satisfied the second
derivative of the sound speed is discontinuous. However, several
theoretical models (e.g. Schmitt et al. 1984; Zahn 1991) sug-
gest that in the presence of overshoot it is the first derivative that
is discontinuous. Therefore, one expects to see a much higher
amplitude of the periodic signal in the seismic data if overshoot
is present, the amplitude increasing as the penetration depth of
the overshooting gas increases.

Pursuing this possibility we construct a method for isolat-
ing this signal in the frequencies and through the study of its
characteristics provide a direct constraint on the penetration dis-
tance at the base of the convective envelope in the Sun. Briefly,
our method consists of an iterative process whereby a smooth-
ing function is used to remove a ‘smooth’ approximation to the
frequencies of oscillation, leaving in the residuals the periodic
signal we are trying to study. We then fit to the residuals, consid-
ered as a function of mode frequency, an asymptotic expression
obtained from a variational principle for nonradial oscillations.
Major complications in such an isolation procedure are the rel-
atively small amplitude signal we are dealing with, and the con-
tribution to the frequencies from other localized effects, such as
the helium ionization zone.

We start by deriving an asymptotic expression for the sig-
nature in the frequencies of oscillation of the transition layer
at the base of the solar convective envelope, using a variational
principle for adiabatic nonradial oscillations. A simple anal-
ogy is presented to elucidate the underlying physical reason for
this signature and its periodicity. If moderate-degree data are
included the simple relation of the periodic signal with period
given by the acoustic depth of the transition layer is destroyed.
Hence we introduce a compensating higher-order term to al-
low the use of such moderate-degree data. A discussion of the
contribution from the surface layers is also presented in order
to estimate the effect on the values inferred for the parameters
of the signal. After describing the numerical method used to
isolate the signal, the models constructed to test the method are
presented and the results reported. Finally, we present a com-
plementary method which uses frequency differences between
the Sun and a theoretical model. The possibilities of using this
method are briefly discussed. The paper ends with a discussion
of the implications of our results for overshoot at the base of the
solar convective envelope.

2. Variational analysis

We consider a variational principle for nonradial adiabatic oscil-
lations, assuming zero pressure at the surface located at radius
R as a boundary condition (Chandrasekhar 1964; Unno et al.
1979). For high-order acoustic modes one may neglect terms
associated with the perturbation in the gravitational potential,
to obtain

Wwr=0L/I, )]
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Here w is the frequency of the mode, and r, p, ¢ and g are
distance from the centre, density, adiabatic sound speed and
gravitational acceleration, respectively. The Lamb frequency is

= Le/r with L? = [(I+1), [ being the degree of the mode,
and the horizontal and vertical components of the displacement
vector are, respectively, &, and &,..

In a simple analysis of the overshoot region the transition
from adiabatic stratification, extended due to the penetration of
the convective motions, to radiative energy transport can be re-
garded as discontinuous (Pidatella & Stix 1986; Zahn 1991).
This implies that instead of having a discontinuous second
derivative of the sound speed due to the transition from con-
vectively unstable to stable regions we have a discontinuity in
the first derivative resulting from the forced adiabatic stratifi-
cation into the stable region. Such features may be regarded as
localized perturbations to a smooth structure, the condition for
smoothness being that the scale height of the second derivative
of the sound speed be much larger than the local wavelength
of the modes. The actual star differs from the smooth model
by having small localized deviations §p and 6¢? in its structure,
resulting from smoothing the discontinuity at the base of the
convective envelope.

‘We now apply the variational principle to obtain the change
in frequency, due to the small perturbations §p and éc?, from
the value wy for the smooth reference model. The result is

8L —wisI; 61
Sw? = w2 = 22T W0l
w? = w—wp T T )
where
R
dép 1 [d(r%,)
- 22900 1 2 4 2
51_/0 { e [ 5 ]5( ) + L*€2 6(pc?)
d(T?fr g d(r'ed)
5 9 Q78
L2637 (") - r2 dr bpt

209 €L 6p— €+ DD Sp bar. )
All quantities correspond now to the equilibrium structure of
the smooth star.

By integrating by parts, and neglecting the perturbation to
the pressure, this may be written as an integral of a sum of terms,
each of which is an nt? derivative of the product of a smooth
function and the perturbation in sound speed multiplied by an
integral of the squared eigenfunction. If the (n — 1)** deriva-
tive of 6¢? is discontinuous, the n** derivative in the integral
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so obtained may be represented by a 6-function centred at the
acoustic position of the discontinuity. If overshoot is present
then n=2, while in its absence n =3. Hence the integral is re-
placed by the value of the integrand at this position, substituting
the asymptotic expression for the eigenfunction, leading to an
expression for the periodic component associated with §I (see
Appendix A for the details of this derivation). The final result
for the periodic signal in the frequency can be written as

R 2\ 1/2
bwp ~ A(w, ) cos [Zw/ (1 — %) d_cr +2¢} . 6)

d

(Note that we have dropped the subscript “0” in wq since no
confusion is likely to arise.) The amplitude A(w, ) is in gen-
eral a function of frequency, degree and of the local structure at
the position 74 of the discontinuity. It follows from the analy-
sis in Appendix A that, to leading order, A may be considered
independent of [; if overshoot is present, A is approximately
proportional to w™!, whereas A x w2 if the transition occurs
for the Schwarzschild condition. The phase ¢ comes both from
the effect of the upper turning point on the frequency of the
modes and from the behaviour at the discontinuity; it is in gen-
eral function of w and [. In the case of overshoot, ¢ is smaller
by 7 /4 than for no overshoot.

For future reference we define here the argument of the
signal as '

R 2\ 1/2
A(w,l)=2w/ (1—5—3) 9 2.
w C

Td

M

To illustrate the physical reason for the presence of the os-
cillatory signal we now consider a simple problem of a potential
well. The advantage of this example, with an analytical solu-
tion, is that the analogy with stellar oscillations can be easily
established.

For [ =0 the eigenfunctions of the modes of oscillation for
the Sun satisfy asymptotically an equation of the type

d?y

37t [W~VAD]Y =0

®)
(e.g. Vorontsov & Zharkov 1989), where V(1) is an acoustic
potential (independent of w) and Y () is the oscillation eigen-
function. Figure 1 shows the potential for two solar models: one
without and the other with overshoot at the base of the convec-
tion zone as described in Sect. 5. This potential includes terms in
the first and the second derivative of the sound speed. Hence any
discontinuity in the first derivative of the sound speed gives rise
to a 6-function in V, while a discontinuity in the second deriva-
tive of the sound speed causes a step function in V. Clearly,
since V' depends on the structure of the star, the exact solution
of Eq. (8) can be obtained only numerically for a realistic model.

To simulate the effect on w of a discontinuity we consider
instead simpler problems by defining potentials for which we
can determine an exact solution. The reference state is deter-
mined by a constant potential V, (much smaller than w) in the
interval between 0 and 7y, with eigenvalue wy. Next, we define
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Fig. 1. Acoustic potential V(7), 7 being the acoustic depth, for two
Models: a non-overshoot model (Y; - dotted line) and an overshoot
model (Z; - continuous line). Both potentials are for [ = 0

V(x)
W e e e -
............................................................... V.
Vb 1 : :
L e e e e e e = B -
0 oy Oy 1

X=T/T,

Fig.2. Example of a potential which is constant everywhere in the
interval [0, 7:] and two types of perturbation: a step at ;7 and a §
function at a7

two perturbations to this potential: one reducing its value to V;
between 0 and o 7y; and the other adding a d-function at a7y
(0 < a; < 1) (see Fig. 2). These changes cause perturbations to
wp with periodic components given by

2 Tt
Buwny ~ popye sin [2 A (wg-vj)l/zdr] )
and
A& QT
Swpy ~ S <08 [2 /0 (wg—Vaz)'/sz] ) (10)
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respectively, where §V2 = V2 — V2 is the step in the former
potential and As the amplitude associated with the §-function
in the latter. (See Appendix B for the details of the calculation.)

The nature of the signal in the frequencies for these simple
cases is very similar to the result obtained for a star. Note the
difference in the phase, and in the power of wy in the amplitude,
of the signal, depending on whether the potential has a step
or a ¢-function. If many mode frequencies are available, we
can in principle distinguish between the two types of potential
on the basis of the phase and the frequency dependence of the
amplitude, and determine 6V? and ayr, in the first case, or A
and a7y in the second case, hence obtaining the nature, position
and magnitude of the perturbations.

The method used to obtain expressions (9) — (10) can also
be used for a star (e.g. Roxburgh & Vorontsov 1993; Basu et
al. 1993). In this approach, suitable matching conditions on the
eigenfunction are imposed at the base of the convective enve-
lope.

3. Moderate-degree data and surface effects

Clearly, for low-degree data Eq. (7) gives that A ~ 2wrg+2¢ to
a first approximation. Hence we obtain a simple periodic signal
with period equal to twice the acoustic depth 74 = 7(rq) of the
discontinuity, the acoustic depth at radius r being defined as

R
7'(7‘)=/ d_cr

This kind of periodic signature was identified in the frequencies
of a solar model by Gough (1990) using second differences, and
was also investigated by Thompson (1988), Vorontsov (1988),
and Gough & Sekii (1993). Such a periodic signal may in prin-
ciple provide information for stars other than the Sun, where
only low-degree modes are expected to be observed. It would
indicate the presence of an abrupt transition in the star, and with
sufficient observational precision the nature of the transition and
its acoustic position may be constrained.

However, as discussed by Monteiro et al. (1993a,b), current
low-degree solar data have a noise level higher than the ampli-
tude expected for the solar signal given by Eq. (6), and hence
cannot be used for our analysis. This indicates the necessity of
including moderate-degree data, although evidently restricted
to modes with their lower turning point below the base of the
solar convective envelope; with existing observations, modes in
the range 5 <1 <20 are suitable. If such data are included, the
analysis based on a simple periodic signal proves to be inade-
quate.

This is illustrated by Fig. 3a, which shows how the coherent
behaviour of low-degree data is destroyed due to the effect of the
[ dependence. This has two possible sources. One arises because
the amplitude A(w, [) of the signal is a function of both degree
and frequency. However, this effect is at most of order 512 /wz;
hence, for modes with small S} /w it is negligible. In principle,
the [-dependence could be taken into account by including in the
expression for the amplitude a new parameter &°=[c(r4)/74)%,

amn
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Fig.3. a Signal versus frequency for Model Z; (cf. Table 1) and b
the same signal but now plotted against w — 7,L?/2w74 to show the
corrective effect of including 7, (cf. Eq. (19)). The symbols are: (x)
1=5-10,(A)I=11-15, and (+) I=16-20

in accordance with Egs. (A29), (A6) in Appendix A for the
dependence of A(w, 1) on [; this parameter should then be de-
termined as part of the fit. However, because the effect of this
term is very small for almost all the modes used in this analysis
the fit does not improve substantially; consequently, we choose
to neglect it, writing A = A(w). Specifically, based on the be-
haviour expected in the case of no overshoot and overshoot, we
express the amplitude as a sum of two terms, one proportional

to w™! and one proportional to w™?:

N2 _
AWw) =ay (g) +a (-:-) )

where a; and a, are constants and for convenience we have
introduced @ /27 = 2500 uHz.

The second contribution to the [-dependence is a phase shift;
geometrically this arises because as [ increases the ray paths
through the convection zone depart more and more from the
vertical, so that the path length from the surface to the disconti-
nuity becomes longer. In order to use moderate-degree modes,
without destroying the signal, we must account for this shift by
including a first-order correction in A. Writing

1/2
()"
w? -

(12)

_S S

s gt (13)
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it follows that to first approximation we have

R 2
A:2w/ (1__“5115)9_7”__,_2(;3. (14)
ra 2w c
Therefore,
L2
A:Zu)‘rd—'yd:+2¢>, (15)
where
R
'yd=/ ﬁdr. (16)
Td

Figure 3b shows the effect of introducing -y4. Evidently this ac-
counts for essentially the full [-dependence of the signal, which
demonstrates that the phase shift is the dominant cause of the
disorderly appearance of Fig. 3a. This may also be argued as
follows. It is shown in Appendix A that the relative contribution
to the amplitude from the degree is of order S} /w* if overshoot
is present and S? /2w? if it is not. Consider then the ratio of the
latter to the change in éw), arising from the [-dependence of the
phase (Eq. 14). This ratio may be shown to be approximately
(¢/7)? /(2wrya)cot A = (1/20)(@/w)cotA. Except when w is very
small or cotA happens to be large, the ratio is small and so the
change in phase dominates.

Additional difficulties arise from the contribution of the sur-
face layers to the characteristics of the mode; here the simple
asymptotic analysis breaks down, and in addition the uncer-
tain effects of turbulent convection and energy transfer modify
the properties of the oscillations. Consequently, as mentioned
above, ¢ becomes a function of frequency and degree (Gough &
Vorontsov 1993). Hence the determination of 7; and ~y4 will be
affected. However, modes with degree [ <20 propagate almost
vertically near the surface, so the [-dependence should be weak.
Thus we write

2
B, D)= do +agw + a3, (1
where ¢, as and a., are constants. Here the w-dependence has
been approximated as being linear, and we have retained only
the [-dependent term that is functionally indistinguishable from
the term in 4 [as defined in Eq. (15)]. Substituting this into Eq.
(15) it follows that

L2
Asz?d—ﬁd;+2¢0, (18)
where we introduced
Tq=T4+0ag and Fg=Yd+ Oy - (19)
Finally, this gives the following expression for the signal:
L2
Swp ~ A(w) cos (2w?d - ﬁd—J + 260 ) , (20)
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Fig. 4. Plot of the phase function ¢(w,l) for Model Y; obtained from
the acoustic phase o, determined by using the Duvall law (Christensen-
Dalsgaard & Pérez Hernédndez 1992). Symbols as in Fig. 3

with A(w) given by Eq. (12).

For a model of known structure, and assuming adiabatic
oscillations, ¢ can be determined. The result is shown in Fig. 4,
for one of the models discussed in Sect. 5. From these results
we may estimate the value of a4 to be of the order of 200 s (see
Table 1). Evidently, any determination of 74 will only give 74
if ay is known. However, asymptotically ¢ ~ 7/4 — ma(w, ),
and hence

da
ag ~ —T—
¢ dw’

21
where a(w,l) is the phase function in the Duvall law (cf.
Christensen-Dalsgaard & Pérez Herndndez 1992). As is well
known, da/dw is undetermined observationally, and hence the
period of the signal does not pin down the location of the dis-
continuity: unless model-dependent information is used, the de-
termination of the location in acoustical depth is in error by an
amount of order ag4, i.e., about 200 s.

We also note here the difficulty of inferring radial distance
from acoustic depth due to the uncertain treatment of the stellar
surface layers. Because |d7/dr| = ¢! is relatively large there,
any error in the physics of the last few per cent of the star is sub-
stantially amplified in the radius determined from the acoustic
depth. However, if an accurate measurement of -y, is achieved
this difficulty may be partially overcome. The reason is that vg4,
given by Eq. (16), is relatively insensitive to the surface layers
of the star. Near r = R, the sound speed is much smaller than
in the interior, which together with the factor 1/ r2 reduces the
effect of the uncertain outermost parts of the star’s structure on
the value of +y4. The effect of a., must also be taken into account;
but we may clearly hope to be able to use this method to con-
strain further the value of r4 for the Sun from solar frequency
data.
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Table 1. Characteristics of the models. The letter Y corresponds to models without overshoot while Z is used for models with overshoot (see
text). Column 2 gives the radial location of the base of the nearly adiabatically stratified region (including overshoot), and column 3 gives the
radial location of the base of the convectively unstable envelope according to the Schwarzschild criterion. The acoustic depth corresponding to
rq is given by 74 (see Eq. 11) while «y4 is determined as defined in Eq. (16). The quantities ay and a~ (cf. Eq. 17), were calculated for each

model by linear least-squares fitting of ¢(w, [).

Notes: 1. Model has reduced surface opacity, with § log x = —0.3 forlog T < 4.2. 2. Model
has a broad opacity increase, with §log x = 0.093 for 5 < logT < 6.8, in order to increase the depth of the convection zone.
higher opacity immediately beneath the convection zone, with §log k =

3. Model has
0.093 for5 < logT < 6.4

Model rq/R re/R 7d (8) ay (s)

Ya/2m (uHz)

a /27 (uHz) Notes

Y 7287
Yia 7289
Y, 7132
Y3 7149

7287
7289
7132
7149

2068
2059
2121
2116

201
196
199
201

12.10
1220
13.59
13.54

Al 7132
Z .6994
.6999

7283
7273
7275

2117
2160
2147

201
201
197

13.58
15.01
14.99

-1.43
-1.45
-143
-1.40

W N ==

-1.43 -
-1.44 -
-1.45 1

4. Method to isolate the signal

In this section we outline the method developed to isolate the
signal given by Eq. (20) and hence determine the parameters
Td> V4> o and the function A(w). Full details of our numerical
procedure are given in Appendix C.

The basic idea is to fit all points wy,, for a given [, by a
smooth function such as to leave in the residuals only the signal
we are studying. The best values of the parameters for the signal
are then obtained through a simultaneous least-squares fit to the
residuals for different [.

The smooth function must eliminate all variations of wy; on
scales substantially longer than the contribution from the base of
the convection zone which we wish to isolate, without affecting
the characteristics of the latter. Oscillatory components in the
frequencies arise from any region where the solar structure un-
dergoes rapid variations. Particularly significant is the region of
second helium ionization near the surface, where the adiabatic
exponent I'; = (01np/01n p)s (the derivative being at constant
specific entropy s) changes rapidly on a short scale. This pro-
duces a corresponding signature in the sound speed, and hence
induces an oscillatory signal in the frequencies, which is concep-
tually similar to the one we are considering although differing
in the period and amplitude behaviour. Such contributions are
responsible for the difficulties surrounding the isolation of the
signal from the base of the convection zone; care is required to
avoid that they contaminate the inferred values of the parame-
ters. As described in Appendix C, this is achieved in our method
through a gradual relaxation of the condition of smoothness in
the fit; as aresult, we are able to make a reliable determination of
the parameters associated with the base of the convection zone.
[We note that the oscillatory signal coming from the second he-
lium ionization zone has proven to be a powerful measure of the
helium abundance and a diagnostic of the equation of state; e.g.
Christensen-Dalsgaard & Pérez Herndndez (1991); Vorontsov
etal. (1991, 1992).]

045~ T — T T T T T T T T T T

0.40

U | T

0.35

0.30

din T/d In p

0.25

oo by e e by

P

0200 v ey

0.68 0.70 0.72 0.74
r/R

Fig. 5. Temperature gradient V at the base of the convective envelope
for models: Y1, (continuous line), Y> (dashed line), Y3 (long-dashed
line), Z; (dotted line), Z, (dot-dashed line). Temperature gradients for
models Y; and Za, are also depicted, but these are virtually indistin-
guishable in the figure from those of models Y;, and Z, respectively

5. Models

To test the method we use a number of theoretical models (see
Table 1). Apart from the inclusion of overshoot, the models were
calculated essentially as described by Christensen-Dalsgaard
(1982), although with substantially higher numerical precisions
and using opacities based on the Los Alamos Opacity Library.
For simplicity, full evolution sequences were not computed; in-
stead the hydrogen abundance was obtained by scaling from a
suitable model of the present Sun, the scaling factor being deter-
mined, together with the mixing-length parameter, to obtain the
correct solar luminosity and radius (cf. Christensen-Dalsgaard
& Thompson 1991).
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Fig. 6. Relative sound-speed differences (c; — c1)/c, at fixed r; here
¢ refers to Model Y1, and c; to the following Models: Y1, (continuous
line), Y5 (dashed line), Y3 (long-dashed line), Z, (dotted line), Z (dot-
dashed line), Z,, (triple dot-dashed line)

Models Z; Z, and Z,, have overshoot, Z; being the least
extreme. In order to study the applicability of the method pro-
posed we have implemented overshoot in the simplest possible
way, through a model which simulates the results of more de-
tailed calculations, with a few adjustable parameters which may
be used to specify the extent of overshoot and the thickness of
the transition zone. Specifically, the actual temperature gradient
V=dInT/dInp is related to the adiabatic gradient V,q and the
radiative gradient Vg4, through

vad - Vrad

Vi~V = TF 1T = (Vaa— V)]

(22)

when 0< V4~V <Z;inthe convection zone V is computed
from the usual mixing-length expression. Here & and & are
adjustable parameters, determining the extent of overshoot and
the thickness of the transition region to radiative stratification,
respectively. This expression clearly has the desired form; also
it might be noted that the expression is purely local, and hence
easily implemented. We have used & = 10° (giving a very abrupt
transition), and values of & chosen to obtain the desired depths
of the overshoot region.

The other models do not have overshoot. Model Y; is a
“standard” solar model. The remaining models incorporate lo-
calized changes in the opacity, defined as in Eqs (3) and (4) of
Christensen-Dalsgaard & Thompson (1991). Model Y3 is dis-
tinguished by having a localized opacity increase, relative to
the other models, near the base of the convection zone, to see
whether this can distinguished from overshoot. Model Y, has
a broader opacity change in order to increase the depth of the
convective envelope relative to Y; such that its base is at the
location of the base of the overshoot region in Model Z;.

Figure 5 shows V for some of the models considered, both
without and with overshoot.
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standard deviation obtained for 100 realizations of randomly generated
errors for each model. (¢) corresponds to the values found for the solar
data of Libbrecht et al. (1990)

To test the effect of near-surface uncertainties, Models Yi,
and Z,, differ from Y; and Z, in having different atmospheric
opacities and hence different frequencies and phases ¢. This
causes the acoustic depth of the base of their adiabatic region
to be slightly different from that in the corresponding model
without opacity modification, though the atmospheric change
hardly affects the depth in terms of radius.

The difference in adiabatic sound speed is important for un-
derstanding the differences in the model frequencies. Figure 6
therefore shows relative sound-speed differences, at fixed ra-
dius, between several models and Model Y;.

6. Results for artificial data

In testing the method we used a set of 197 frequencies of modes
with degrees in the range 5 < [ < 20, the same set as was used
in the analysis of the solar data (see Sect. 7 below). For each
model the frequencies of oscillation were calculated. We first
applied our procedure to these “data” to test it in the absence
of errors. Then, to determine the effect of observational errors
on our inferences we constructed 100 realizations of randomly
generated errors and added these to the numerical frequencies
of each model. The errors were independent and normally dis-
tributed with zero mean and standard deviations (which differed
from one mode to another) given by the estimated uncertainties
for the observational data (see below). Table 2 lists the inferred
values in the error-free case of the parameters of the fit and
also the mean values and standard deviations for the realiza-
tions with errors. Figure 7 is a plot of a representative value of
the amplitude against 4.

As expected, the inferred amplitudes of the signal are largest
for the models with overshoot, particularly for Models Z, and
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Table 2. List of the inferred values of A, 5/27 (uHz) (A2 5 being the amplitude A evaluated at w /27 =2500 uHz), Tq (8), 74/27 (4Hz) and
¢o (rad), from error-free frequencies and for 100 realizations of randomly generated errors, with the corresponding solar o value added to
the frequencies of the models. The values for the error-free case are shown as well as the standard deviation and mean values for the error
realizations. The solar values inferred from the Libbrecht et al. (1990) data are also shown in the last row

Model error free case mean value standard deviation
Az,5/27‘r Td Wd/ZTI' do A2,5/27r Td ﬁd/Zﬂ' bo AA2,5/27T ATy A_'y'd/ZTr Ay

Y 075 2264 103 1.21 076 2261 100 124 .007 25 2.3 .39

Yia 075 2249 106 1.42 076 2246 107 145 008 25 24 39

Y, .087 2322 12.6 1.06 .087 2321 126 1.10 .009 22 23 45

Ys 11 2325 12,7 1.01 120 2325 128 1.01 .009 19 1.8 28

VA 132 2307 120 0.84 132 2309 11.8 0.81 .008 14 1.5 22

Z 207 2360 139 0.59 207 2359 13.8 0.61 .009 9 1.1 .14

Za 212 2346 139 0.80 213 2346 137 0.81 .009 9 1.0 .14

Sun 085 2334 122 0.67
Z,4 in which the extent of overshooting is greatest. The model [ ' T ' T
with a localized increase in opacity (¥3) also has a fairly large 0.30 ]
amplitude which, though smaller than that of any of the over- r 1
shoot models, comes close to the amplitude for Model Z;. Mod- | i ]
els with neither overshoot nor a very localized opacity increase = | 1
have substantially smaller amplitudes. 2 I ]

Comparison of Tables 1 and 2 shows that, as explained in é 020~ 7
Sect. 3, the inferred “depth” 7 is a poor estimate of the actual 3 1
acoustic depth 74 of the base of the adiabatic layer but is rather < 015 ]
an estimate of 74 + a4 [cf. Eqs (17) and (19)]. For the models ?3 ' ]
considered the values of a4 are very similar, all being of theorder 73 .
of 200 s. Therefore the inferred value of 7; can adequately be  ~ ¢ ]
corrected, within the accuracy of approximating ¢ by expression )
(17), to give an estimate of the actual acoustic depth. Y, 1

The mean results from 100 realizations of data with random 008 b 2010(; '25'00' '3 0'00' : ‘3510 0
errors (Table 2) are in good agreement with the results from w/2m  (uHz)

error-free data, indicating that random data errors do not in-
troduce any significant systematic error into our procedure. Of
course, the uncertainty in a single realization is very relevant
to the interpretation of the results from observational data The
standard deviations are reasonably modest. In particular, the un-
certainty in the amplitude (less than 0.009) is small compared
with the difference between “standard” models Y7, Y14, Y2 and
the overshoot models. The uncertainty in the inferred 74 is of
order 25 s for models without overshoot and less than 14 s for
models with overshoot. (The systematic difference between the
two groups is as one would expect, given that the signal am-
plitude for the overshoot models is greater, so that the signal’s
characteristics should be easier to determine.)

Figure 8 illustrates (w/&)*A(w) for some of the models. As
predicted by Eq. (A29) the frequency dependence of the ampli-
tude differs by a factor of w between models with and without
overshoot. This is particularly evident from a comparison of
Models Z; and Y3 where the overall level of the amplitude is
similar; these results suggest that the frequency dependence of
the amplitudes might be used to distinguish between overshoot
and a localized change in the opacity. However, we caution that

Fig. 8. Inferred amplitudes multiplied (w/@)? (see Eq. 12) for all mod-
els; the shadowy areas show 1o deviations obtained from 100 error
realizations for Models Y; and Z; (all other models have a similar
behaviour). The behaviour obtained for solar data is shown as a thick
dashed line

the clear distinction in A(w) for error-free data between over-
shoot and non-overshoot models can be blurred by the presence
of data errors. The values of ¢ (see Table 2) also show a sys-
tematic difference between models with and without overshoot,
in accordance with expectations. However, it is clear from the
results for Y} and Yj, or Z, and Z,, that its actual value is
sensitive to the surface layers; this, together with the high un-
certainties from observational errors, makes ¢q of little use for
analyzing the solar data.

7. Results for observational data

The solar data of Libbrecht et al. (1990) were used in this study.
The modes were selected according to the criteria that they
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Fig. 9. Solar signal versus reduced frequency. The error bars correspond
to the observational errors for the solar data

should contain the base of the convective envelope well within
their acoustic cavity, and that their observed frequencies should
have relatively small errors. Thus we used modes with 5 <[ <20
and 1700 uHz < w/27 < 3500 pHz, which left a total of 197
modes, with a mean of the quoted errors of 0.05 uHz. This set of
modes was used also for the tests on models, described above,
and the same procedures were used on both observational and
artificial data.

The solar signal has been plotted in Fig. 9 against corrected
frequency. Results of the fit are given at the bottom of Table
2 and are also shown in Fig. 7. The solar data have a lower
amplitude than any of the overshoot models. Its amplitude is
12 standard deviations below the values for Z, and Z,, (which
have overshoot regions 0.03R in extent), and about 5 s.d. be-
low Model Z;, which has a 0.015R overshoot distance. On the
other hand, the solar amplitude is over 1 s.d. greater than those
of Models Y] and Y7,, and is closest to the non-overshoot Model
Y5, both in terms of amplitude and 74. Although the statistical
analysis is somewhat uncertain, we estimate from these results
that overshoot of the nature considered here does not exceed
0.005R in the Sun, at a 95 per cent confidence level. From
Fig. 8 it also appears that the solar data favours the frequency
dependence of the amplitude shown by models without over-
shoot (i.e., A(w) o< 1 /wz) instead of overshoot models (with
A(w) « 1/w). Indeed, for the entire frequency interval consid-
ered the solar amplitude is within 1o of the amplitude found for
model Y.

As mentioned in Sect. 3, 7, should in principle be less sen-
sitive to the surface layers of the Sun, and therefore give a better
estimate of the position of the base of the adiabatically stratified
region, than 74. Figure 10 shows ¥, versus rq for all models,
with error bars given by the 1o deviations found from the 100 er-
ror realizations. The value obtained for the solar data is shown as
adotted line. The observational errors clearly limit the accuracy
with which we may currently determine the value of 7;; how-
ever, it seems to confirm that r4 is between 0.71R and 0.72R,

255
"""" IR SARLA LU B AL EL L AL AL AL AL BRI AL
4
14 Za, 4
Zy
Ya
R 0 S e G
ile 7, il
& r f\ﬂ.
Q L
o
I~ 10 Y, —
81 n
r
......... | IS RT AT AT EE SR U0 S ATV S SN SN AT UTAT Sl BT SR STUT AT ST AT ST S AR
0.690 0.700 0.710 0.720 0.730 0.740
r/R

Fig. 10. Plot of 7, versus the radial position of the base of the convec-
tive envelope in the models. The error bars correspond to the standard
deviation for 100 error realizations while the dotted line is the value
inferred for the solar data

in accordance with the value found by Christensen-Dalsgaard
et al. (1991). Obviously, this statement assumes that the con-
tribution from a, can be considered as a shift in Fig. 10, not
strongly affecting the relative positions on the plot. From Table
1, we see that a., /27 varies from model to model by at most
0.05uHz. Provided the differences in the surfaces layers of the
models reflect the possible differences between models and the
Sun, we conclude that this corresponds to an uncertainty in r4
from 7,/2m of about 5 x 10~*R. This is much smaller than
the uncertainty introduced in the determination of r4 from 74
due to the uncertainties in the sound speed behaviour near the
surface as determined from helioseismic inversions. We cannot
exclude, however, that neglected effects in the near-surface lay-
ers of the Sun might make additional significant contributions to
74> beyond those that have been considered here. Nonetheless,
%4> may well prove very useful as an extra position indicator,
especially if more accurate data become available for the deter-
mination of 7.

8. Differential method

An alternative approach to detecting the signature of convec-
tive overshoot in solar frequencies is to analyze the differences
between the observed frequencies and those of a solar model
(Berthomieu et al.1993; Monteiro et al.1993b). From simple
asymptotics, which assume that the internal structure of the Sun
and model vary only on scales large compared with the wave-
length of the modes, one finds that the relative frequency dif-
ferences (scaled by .S, which describes the degree dependence
of the mode inertia) are approximately the sum of a function of
w/L (where in this section we use the definition L=1[+1/2) and
a function of frequency:
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6

s 7“’ ~ Hy(w/L) + Hy(w) 23)
(Christensen-Dalsgaard et al. 1989). In particular, H; depends
on the relative sound-speed difference between Sun and model

(or between pairs of models):

R 2\ —1/2
H,(w):/ (l—w(;ﬂ) fscfd?r

T

24

(with the integration from the point where the square root van-
ishes up to the surface). Differences in near-surface structure and
mode dynamics contribute a fairly slowly-varying component
to H,(w). If, however, there is a localized difference in sound
speed then this will contribute an additional, more rapidly vary-
ing signal. As for the analysis in Sects. 2 and 3 above, this has the
form of an oscillatory function of frequency if the perturbation
is located near the base of the convection zone and only low de-
gree modes are considered, while the inclusion of higher-degree
modes will introduce a phase shift into the signal.

To illustrate how overshoot might be detected in fre-
quency differences we consider pairs of theoretical models from
amongst the models introduced in Sect. 5. As a proxy for the Sun
we take the overshoot model Z,,, and we consider the difference
between its frequencies and those of three other models, namely
Y1, Y3, and Z,. Sound-speed differences for the various models
were presented in Fig. 6. Frequency differences, scaled by S, for
the three model pairs are shown in Fig. 11. The only structural
differences between Z,, and Z, are in the near-surface layers,
so the scaled frequency differences are just given by the H, term
in Eq. (23). This term also dominates the frequency differences
for the other pairs, though the sound-speed difference between
Z,, and Y] is large enough for the contribution from H; to be
quite visible in the figure as a spread in the frequency differ-
ences. On the other hand, although the difference between the
sound speeds of Z,, and Y3 is evident in Fig. 6, its integrated ef-
fect on the frequency differences is rather small. Consequently
a simple comparison of frequency differences (Fig. 11) cannot
readily distinguish whether Z,, more nearly resembles model
Z, (with overshoot) or model Y3, which has no overshoot but a
localized opacity enhancement. This would be particularly the
case if the data had errors.

The reason for the difficulty is that the differences in the
surface regions give a substantial H;, which masks more subtle
variations coming from the base of the convection zone. This
can be overcome by removing the surface contribution, using a
two-spline fit (Christensen-Dalsgaard et al.1989). To illustrate
how this works we consider further the scaled frequency differ-
ences between Models Z,, and Y;. The scaled differences less
the fitted smooth H, are presented in Fig. 12a. The big jump
around w/2m L =100 uHz reflects the substantial difference in
sound speed near the base of the convection zone, indicating
that the models do not have adiabatically stratified regions of
the same depth. The scatter for larger values of w/27L (ie.,
for modes that penetrate beneath the convection zone) shows
that the models have a sharp difference in sound speed at some
radius. The extent of this scatter is clearer in Fig. 12b, which
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shows the scaled differences less the sum of H; and H,. The pe-
riodic nature of these residues is manifest there if only degrees
1=0-5 are taken (dashed line).

The periodicity of the residuals to the asymptotic fit is anal-
ogous to the periodic signal sought in the absolute method. The
drawback to this differential approach is that even if it is not
sharp a localized sound-speed difference due to a mismatch in
convection-zone depths tends to contribute to the apparent sig-
nal. A strategy therefore might be to reduce the substantial step
in Hy atw/27w L ~100 pHz by finding a model that has an adi-
abatic region of the correct depth, and then to use the scatter
for more deeply penetrating modes to distinguish whether the
remaining difference is sharp or fuzzy. We have not yet pursued
this further, however.

9. Conclusion

In this work we propose two methods for studying overshoot
at the base of the solar convection zone, using seismic data.
The first, an absolute method, consists in using directly the sig-
nature of this region on the frequencies of oscillation. From
the variational principle for linear, adiabatic nonradial oscilla-
tions an expression for this signal was determined, valid also
for moderate-degree data. The expected amplitude of the signal
was calibrated as a function of the abruptness of the transition
by using solar models with different characteristics at the base
of their convective envelopes. In this way we may put an upper
limit to the depth of convective overshoot at the base of the so-
lar convective envelope of 0.005R (corresponding to 0.07Hp,
where H), is the local pressure scale height) with a 95 per cent
confidence level.

As theoretically expected, there is also a different frequency
dependence of the amplitude between models with and without
overshoot. Here again, the solar data favour the behaviour found
for models without overshoot.

Our results are consistent with the findings of Basu et al.
(1993) who extended the idea of using second differences of fre-
quencies to higher-order differences. Provided this is not taken
too far, it enhances the signal from the base of the convection
zone without the effect of data errors becoming dominant. Basu
et al. conclude that a two-sigma upper limit of 0.1H}, can be
placed on the extent of overshoot, in close agreement with our
result.

It must be noted, however, that our analysis assumed a spher-
ically symmetric solar model. In reality, the overshoot probably
has the form of plumes with a distribution of penetration depths
in space and time; hence, although each plume quite likely ex-
hibits the structure obtained in simple models, with a nearly
adiabatic region followed by an abrupt transition to radiative
transport, the average structure felt by the modes of oscillation
is likely to be more fuzzy. Additional apparent fuzziness might
result from a possible oblateness of the base of the convection
zone. Therefore, if on physical grounds we prefer to assume
that overshoot must be present, the results obtained here should
be interpreted as constraining the simplest possible model, with
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overshoot extending the adiabatically stratified region below the
Schwarzschild boundary, with a sharp spherically symmetric
transition to the stratification corresponding to radiative energy
transport. With improved data, we may hope to place tighter
constraints on the transition from adiabatic to radiative stratifi-
cation, and in this way test average properties of more realistic
hydrodynamical models for convective overshoot.

The other important information potentially provided by the
analysis of the solar data is the radial position r4 of the transition.
But, as shown, in the oscillatory signal the acoustic position oc-
curs in combination with a term resulting from the effect of the
surface layers; here the turning point depends on the frequency
of the mode, causing a phase shift that is frequency dependent
and observationally undetermined. Furthermore, to determine
radial position from acoustic depth, accurate knowledge of the

sound speed near the surface is required. We point out that a
different parameter of the fitting carries information about the
location of the transition, while being less sensitive to uncer-
tainties near the surface. However, since it is of higher order
than 7y in the expansion of the signal, it is more strongly af-
fected by current observational errors, limiting the precision of
the r4 determination to worse than 0.005 R. To this accuracy, the
results confirm the value determined by Christensen-Dalsgaard
et al. (1991). We also note that the absolute value of 4 is af-
fected by the [-dependence of the surface phase; however, our
model calculations indicate that this is unlikely to produce a
significant relative difference between the models and the Sun
when going from «y,4 to 7. Therefore, in determining r4 from
relative values of 7, the expected error from this source is less
than 5 x 10™*R. In addition, the neglect of the dependence of
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the signal amplitude on degree will mainly affect 5, amongst
the parameters considered in the fit; however, as discussed in
Appendix A this effect is also very small. Therefore, the deter-
mination of r¢4 discussed above is not changed significantly by
these uncertainties, in comparison with present observational
errors.

The second method is a differential technique, based on
analyzing frequency differences between two models, or be-
tween a reference model and the Sun. Using such a technique,
Berthomieu et al. (1993) inferred the presence of overshoot in
the Sun. However, Monteiro et al. (1993b) pointed out that sim-
ple inspection of the frequency differences cannot distinguish
between effects of overshoot and, e.g., localized errors in the
opacity. Here we find, using an asymptotic decomposition of
suitably scaled differences, that it is possible with proper choice
of reference model to isolate an oscillatory signal which reflects
the presence of overshoot. On the other hand, given the potential
sensitivity of the result on the properties of the reference, we feel
that the absolute method of analysis, properly calibrated against
results obtained from the frequencies of theoretical models, is
preferable for this problem.
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Appendix A: variational analysis

We start from Eq. (5) for 41 in terms of the perturbations 6 p
and 6(pc?) and the equilibrium structure of the smooth star. The
horizontal component of the displacement vector is eliminated
by substituting

1 c d("'zgr
Sh = [ &~ Bodr |

Furthermore, we replace integration over r by integration over
acoustic depth 7 defined by d7 = —dr/cand 7 = 0 at r = R;
we also truncate the integration at the lower turning point r; of
the mode (corresponding to 7 = 7¢), since the eigenfunction is
very small below this point. The result is an expression of the

form
T dE? E\’
5I=/ [fl(r)Ef+f2(r ~ r (d r) }dr; (A2)
0 d dr

here the f;’s are functions of the background state and the per-
turbations &p and 8(pc?). Also, E, is a scaled eigenfunction
given by

E.=r\/pc & . (43)

The scaling factor is introduced in order to remove from &,
the radial dependence of the amplitude within the propagating
region. We now use

dE,\*> 1 d°E? B
ar ) T2

(A1)

d’E,
Todr2

(A4)
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and substitute the asymptotic result

d’E,
—7 = W (1-0) B, (45)
with
S2 I+ 1)e?
A= ;7 oz (A6)
to obtain
Tt 2 22
6I=/ (631 dE; d Er >d7-+
0
i déBo 2
+ Erdr (A7)
0 Tdr
Here
2
5B =2 dct g 6(I'ip) (48)

12Agdl 7'_2_
TU=AY ¢ dr 8

d M\ Al-24) g
[—k’g ,7)} AT NEN c2} r2

4

g d g 1 gd 72

2 o L) - — 2 = )=
+{c dar & pc) 1- chIOg(pc

1 1 [d. /r\]> A ¢) éTip)
4 1-A {drl g(?)] TToA g} I'ip ’ (49)
1-2A ¢ 1 A d r2\ ) 6c?
6BZ__{(1—A)2 ARG a“’g(“c')} @
g 1 1 d 61p)
{I—A ¢ 2 1°A ar® g( )} Tp 0 (A0
1A 6P 1 6(I'1p)
Yh= T2 0aY @ T2 A7 T “ib
We have used
6(T1p) _ 6(pc?)
Tip  pc? (412)
and
op _6Cip) 62 (A13)

p Tip &

Now an interval [7,, 73] is considered, with 0 < 7, <7 <T¢
and T, — T, < T, such that 6¢?/c?, 6(T'1p)/T'1p and all their
derivatives are equal to zero outside it. Integrating Eq. (A7) by
parts we obtain

T [ 42 [ 2 I
81 = / {d B F s %(5321»530) EZ+

+d2633
dr?

E,%} dr,  (Al14)
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with
T [
BEm= [Bmin- [ | [ B . ws)
‘We have asymptotically that in this region
. s? 1/2
E.(t) ~ Ey cos [w/o ( _E) d7'+¢>] (A16)

~ Ey cos(A/2),

where Ej is the amplitude of the eigenfunction envelope, and we
use A(T) to represent twice the argument of the eigenfunction.
It then follows that

—_ 2
77 ~ % 2 [’T +2e;T7+2e, cos(A) ] (A7)

2 T 4w(1-A)

where the e;’s are constants of integration.

It follows from the equation of hydrostatic support that any
discontinuity in the m*" derivative of c? is associated with a
discontinuity in the (m+1)*" derivative of I';p (provided that
discontinuities in 'y arising from the change in thermodynamic
state can be ignored). Hence we shall neglect the contributions
from the terms in §(I"; p), being left with only terms in the inte-
gral which are coefficients of 6c?/c? or its derivatives.

If the nth derivative of the sound speed in the original struc-
ture of the star is discontinuous we have that

dn+1

[h (T ) ] ~ Agi hy(1) 6(T—14) (A18)

dr drntl
where 7 is the acoustic depth of the discontinuity, Ay the am-
plitude associated with the 8-function and h; any of the coeffi-
cients of 6¢?/c? in Eqs (A8) — (A11) which are slowly varying
functions of 7. We label the cases without and with overshoot
with index k = 1 and 2, respectively.

Consider first the case with overshoot. Here the delta func-
tion appears in the second derivative of ¢, and hence Eq. (A14)
is already of the appropriate form. Substituting Eq. (A18) into
Eq. (A14) we obtain a periodic component 61, of the form

85I, ~

Td S2 ]/2
Dy(w,1,74) cos 2w/ (1—w—l2> dr +2¢| .
0

For most of the modes considered A < 1 at the discontinuity;
this condition corresponds to requiring that the lower turning
points of the modes are substantially deeper than the location
of the discontinuity. Furthermore, we note that for the high-
order acoustic modes considered w > (g/7)'/? ~ (gs/R)'/?,
gs being the surface gravity of the star. From Eqs (A8) — (A11)
we then have that

8By + 6B, ~ @),
6B ~ OW?)
§Bs ~ OW) .

(A19)

(A20)

259
Furthermore,

B EBEnOWY), B E~OWY, (421)

so that the dominant contributions (i.e., those with the highest
power in w) are the factors associated with § By and § B3. Thus

2
Dy(w,l,rg) ~ # (lfA)Z - % (1_AA)2] As E}
(A22)
N_A.Q 1-2A
8 (1-A)p

Note that for small S;/w the A-dependence in this expression
is (P(A?), and so the amplitude D, depends only weakly on the
degree.

In the case without overshoot, the second derivative is dis-
continuous rather than the first; to obtain a delta function, we
therefore integrate Eq. (A14) once again to obtain

PR = & =
5I=/ru |: a3 E,% 57_—3(632+6B0) E,,2.+
468
= E%:ld’r, (A23)
where
ﬁu-/ﬂmmn (A24)
N 1 g2 T3 4+3e;724+6e,7+3€;3 ___cos(h)
270 6 8u3(1—AY/2

Hence in this case we obtain

0Ip ~
Td SZ 1/2
Di(w,1,74) sin Zw/ (1—512-) dr +2¢| , (A25)
0
where the dominant contribution is
As1 1-2A
Finally, from in Eq. (5) we get
I~ / E%dr ~ %nEg. (A27)
0

Hence in both cases, without and with overshoot, we can write
the oscillatory component of the frequency as (omitting the de-
pendence of the amplitudes Ag =Dy /mwE? on rg)

8k
6wpk _20.)11
. 52 1/2 (A28)
~Ag(w, ) cos [Zw / ( 1 —w—l2> dr + 2%}
0

© European Southern Observatory ¢ Provided by the NASA Astrophysics Data System


http://adsabs.harvard.edu/abs/1994A%26A...283..247M

rTOVAAGA T SZ830 TTATM!

260

Thus it follows from Egs (A19), (A22), (A25) and (A26) that
As /A xw and ¢y — ¢, ~7 /4. To cover both cases, we express

the amplitude as
@\’ @
<——> +ay (—)} , (A29)
w w

where @ is chosen to correspond to a cyclic frequency of
2500 4Hz and a; and a, are two constants associated with the
structure at the discontinuity. It follows from our asymptotic
considerations that we expect a, < a; if overshoot is not present
and a; < a, if it is.

Note that for small values of S; /w the factorin A is O =
@(S} /w*) while the one associated with a; is approximately 1+
S? /2w* ~1+@(A). Therefore the amplitude can be considered
weakly dependent on degree.

A(w,l) ~

1—2A ai
(1-Ay |(1-A)/2

Appendix B: simple example

We consider the following equation:

2
ar, W= VAD]Y (1) =0,
dr?
and determine the eigenfunction Y (7) which is the solution for
the eigenvalue w for a given potential V(7). As boundary con-
ditions we take reflecting boundaries (Y =0) at 7=0 and 7=1¢.
Our reference solution is assumed to correspond to the po-
tential being constant everywhere, V' =V,, say. The solution for
frequency wy, satisfying the boundary condition at 7 = 0, is

Y(r) = 4o sin [ / (wi—v2)"? dT] ,
0

where Ay is a constant. Imposing also the boundary condition
at T = 73, we obtain the following dispersion relation:

2
2 2 nmw
wo*%—(;;) )

(B1)

(B2)

(B3)

n being an integer corresponding to the (number of zeros—1)
of the eigenfunction.

To illustrate the effects of discontinuities or singularities,
we consider two perturbed potentials. The first is defined by

W for0<t<oyr
Vi) = {Va forogT <7<, (B4)
while the second is given by
Va(r) = Vo + Asb(T — aote) (B5)

(see also Fiz. 2). Imposing the same boundary conditions, and
requiring that Y (7) be continuous everywhere, we find the so-
lutions for the two cases as, respectively,

Yiu(r) = 4 .Sm[A—b(T)] for 0<r<arm
sin[Ag(army)] 56)
Yio(r) = 4 sin[Aq(7, ~7)] for aym <t <

sin[Aq(1y —aumy))
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and,
Yau(1) = Ay M for 0<7<aum
sin[Aq(art)] (B7)
Yoo(r) = Ay sinfAq(r; —7)] for apr < <7 .

sin[Aq (s —aamy)]

Here A; and A, are constants, and
M= [ @) Par = @V s e (B9)
0

We now need to impose a condition on dY/dr. To do so,
Eq. (B1) is integrated around o7 (i=1,2), giving

Q;Tee 32 Qi Tete
/ ng = —/ (w*=V?) Ydr.
«

dr?
iTi—€ Q;T—€

(B9)

Substituting the potentials in Eqs (B4) and (B5), and taking the
limite — O of these relations, we obtain the matching conditions

[dY;, dYu]

o e, B10)
and

[dYs,  dYay ]

Rl = As Yai(agm) = As Yo(ogr), (Bl1)
| d7 dr | o

in the two cases. By using the solutions given in Eqs (B6) and
(B7), we finally derive the following two dispersion relations:

W22\ /2
tan[Ap(aim)] = — (uﬂ — Vf’z ) tan[Aq (7 —aumy)] (B12)
and
tan[A4(aam)] =

B tan[Aq (7 — ary))
1 - As*~ V)™ tan[Ag(r—agmy)]

These relations determine the values of w satisfying the bound-
ary conditions for the first case in terms of V,,, V}, and a4, while
in the second case in terms of V,,, As and as.

We now expand the expressions to first order in the small
quantities Sw=w—wy, §V2=V,2—V;? and V*/w?. For the step-
function potential V;(7) we obtain the periodic component of
bw, given by

(B13)

Sw sV?2
2 4Ttw§

sin [2Ao(a174)] (B14)

while the delta-function potential V,(7) gives rise to a periodic
component

A
Swpy ~ 27':00 cos [2Ap(anTt)] ; (B15)
here
Ag(r) = / W -V 2dr . (B16)
0
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Appendix C: numerical method

In this Appendix we describe in detail the numerical procedure
used in the process of isolating the oscillatory signal associated
with a discontinuity, as discussed in Sect. 4.

The principle of the method is to subtract from the frequen-
cies wy; a smoothed frequency wffl), and to fit the residual to
the periodic signal dw,, in Eq. (20), with A(w) represented by
Eq. (12). Thus we have developed a process that will iterate to
determine the minimum of

%=Z{meﬂﬁFﬂwf}- (1)
l n
Here the function f(wy,;) is expressed as
@\ @
flwn) = [al (—) +ay (-)} X
Wni Wnl
L2
X COS (2wnl'7’d - ’y‘dzj— + 2¢0) , c2)
nl

with © /27 = 2500 uHz.

The smooth frequency "‘)Sz) is obtained separately for each
degree [, fitting a smoothing function of mode order n, to the
reduced frequency

)

W) = wat = flwm) - (©3)
As smoothing functions use the polynomials

N,
pm)=Y af n*', (C4)

k=1
constructed for each [, given the NV} points (n, wffl)), by deter-
mining the values a (k=1, ..., IV;) that minimize
N; 3 2

r) 12 d

3 { [pi(ns) — )7 + A (ﬁ) } : (€5)
i=1 n;

If A = 0, p; will interpolate all points; however for non-zero
A the second term will try to reduce the third derivative of p;,
making it smoother. The choice of a smoothing condition based
on derivatives of frequency comes from the fact that components
varying over a shorter scale in frequency dominate in higher
derivatives. Therefore, we have selected the lowest derivative of
w(n) for which the signal from the base of the convection zone
dominates over the signal from the helium ionization zone, and
at the same time the smooth component of the frequencies is
removed.

The actual numerical procedure consists of finding the pa-
rameters aj, az, 7 4, 74 and ¢o minimizing 42 using two iterative
cycles. The inner cycle iterates, given a value of ), the values
of the parameters in f(w,,;) in order to decrease .72; thus, using
the same A\ we repeat the cycle:

find w™ — smooth wgl) — fit (wpy —wﬁfl)) by f(wni).

nl
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This iteration is surrounded by an outer cycle, where X is suc-
cessively reduced by a factor two. In the initial step of these
cycles we take f(wni) =0 when determining wffl), since in this
step all parameters are unknown.

This group of steps will isolate from w,,; a component of
the form given by Eq. (20), returning the best values of the
parameters, in a least-squares sense, characterizing the signal.
The initial value )\ of A determines the period of the signal to
be isolated. If g is chosen to be larger, the smoothing step fails
to remove the signal associated with the helium ionization zone,
which would then dominate the least-squares fit (C1). Here we
have used the same g, 4 x 10~7, in all fits to model and observed
frequencies.

Note that the observational uncertainties o,,; have not been
included in the expressions (C1) and (C5). Because oy, in-
creases with w or n (see the error bars in Fig. 9), taking the
uncertainties into account in the least-squares fits would give
relatively more weight to low-frequency data, where the signal
from the helium ionization zone has a larger amplitude. The re-
sult would be a systematic error in the inferred value of 74 due
to the contamination of the smooth function from such a signal,
as well as of the fitting. One can of course take the uncertainties
on individual mode frequencies into account while introducing
an extra weighting to compensate for the general trend of the
uncertainties with frequency, but we have chosen not to do so,
given the arbitrariness of such a weighting.
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